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The equivalent radius for any solution property is the radius of a spherical particle having the same value of
solution property as that of the macromolecule under consideration. Equivalent radii for different properties present
a dependence on size and shape that are more similar than the values of the properties themselves. Furthermore,
the ratios of equivalent radii of two properties depend on the conformation (shape or flexibility), but not on the
absolute sizes. We define equivalent radii and their ratios, and describe their evaluation for some common models
of rigid and flexible macromolecules. Using radii and ratios, we have devised procedures to fit macromolecular
models to experimental properties, allowing the determination of the model parameters. Using these quantities,
we can construct target functions for an equilibrated, unbiased optimization. The procedures, which have been
implemented in public-domain computer programs, are illustrated for rigid, globular proteins, and the rodlike
tobacco mosaic virus, and for semiflexible, wormlike heparin molecules.

1. Introduction

The size and the overall structure of macromolecules (eventu-
ally including flexibility) are traditionally determined from
measurements of properties of dilute solutions. These include
equilibrium properties, such as those derived from the scattering
of electromagnetic radiation, and hydrodynamic properties, such
as the sedimentation and diffusion coefficients and the solution
viscosity. Modern techniques such as size exclusion chroma-
tography with multiple detection (MD-SEC)1 that permit the
simultaneous measurement of various properties, including
scattering, viscometry, molecular mass, and diffusion coefficient,
even for the separate components of a heterogeneous mixture
(see, for instance, refs 2-5), are enhancing interest in dilute
solution properties as indicators of macromolecular size, shape,
and flexibility.

For such structural elucidation in a general situation, experi-
mental data of several properties are compared with results
calculated from theoretical or computational approaches in order
to find the structure that best fits the data. This general approach
can be implemented in many different ways. For instance, the
values of the various properties could be fitted individually or
collectively to the predictions (i.e., seeking structural information
for each property separately, or for all of them together).
Alternatively, values of two properties can be combined to yield
shape-dependent, dimensionless quantities that may facilitate
the structural determination.

However, the way in which these ideas are implemented may
produce important biases in the results or may somehow be
inefficient. In the next two sections of this paper, we comment
on more specific details and propose alternative procedures
based on the equivalent radii for solution properties and the
ratios of radii as effective and unbiased indicators of the overall
structure of macromolecules in solution. In the subsequent
section, we summarize the most commonly employed models

for rigid and flexible macromolecules, namely, ellipsoids,
cylinders, random coils, and wormlike chains, to which solution
data are fitted (although the concepts of equivalent radii and
their ratios are not model-specific and can be applied to any
set of data, either from any model or from measurements). Our
ultimate goal has been to devise robust criteria to fit model
predictions to experimental data, implementing them in easy-
to-use computational tools, Single-HYDFIT and Multi-HYDFIT.
In the last two sections of the paper we respectively describe
the mathematical details of these tools and examples of their
applications.

2. Equivalent Radii

2.1. Motivation. Consider, as an illustrative example, the case
of rodlike particles. For a rod of lengthL and diameterd, the
properties change with dimensions mainly through powers of
L (apart from a secondary influence ond that can be ignored
for moderately small changes). Consider some common proper-
ties such as the radius of gyration,Rg, the translational diffusion
coefficient, Dt, the intrinsic viscosity [η], and the longest
rotational time τ. From classical hydrodynamic theory of
cylindrical particles, we know that the primary dependencies
of properties on length areRg ∝ L, Dt ∝ L-1, [η] ∝ L3, andτ
∝ L3. A difference inL of, say, 5% would produce a change of
about 5% (increase and decrease, respectively) inRg and Dt,
but [η] andτ would have an increase of about 16%. Any global
fitting procedure aimed at determining the particle length, in
which all the properties were given the same statistical
importance, would give results more conditioned by the two
latter properties. Of course, global multitechnique fitting ap-
proaches will in some way employ weights (see, for instance,
the work of Nollmann et al.6). Nonetheless, it is desirable to
devise a way to handle the properties that would avoid their
different sensitivities to the structure, thus making weights
unnecessary or using them for other purposes (like weighting
for experimental errors).
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There are cases where similar biases could be introduced by
some trivial but perhaps unnoticed facts; for example, for
flexible polymers, the coil size can be expressed by the mean
square radius of gyration,〈S2〉, which is the direct outcome of
theories and scattering measurements, and, alternatively, a radius
of gyration defined asRg ) 〈S2〉1/2. Clearly, any change gives
a larger difference (at least twice as large) in〈S2〉 than inRg.
Thus, the way in which this property is employed in a
multiproperty analysis may influence the outcome.

2.2. Definitions for Equivalent Radii. We propose a
systematic form of expressing solution properties: the radius
of the equivalent sphere, which is the sphere having the same
value of that property. This idea has already been expressed
and used in the literature for some properties, that is, the Stokes
radius, which is the radius of a sphere having the same
translational friction coefficient as the experimental system. We
extend the concept to additional solution properties with unified
notation. Actually, the properties that we consider are

• The translational friction coefficient,ft, experimentally
accessible from the diffusion coefficientDt or the sedimentation
coefficients.

• The radius of gyration (or root-mean-squared (rms) radius
of gyration, if the molecule is flexible),Rg, determined by
radiation (light, X-ray, etc.) scattering.

• The intrinsic viscosity, [η].
• A relaxation time,τx. This choice will depend on the case

being considered. For rigid particles, there is a set of five (x )
1, ‚ ‚ ‚, 5) rotational relaxation times.7 These are usually
observed from time- or frequency-dependent electro-optic or
spectroscopy properties. For flexible-chain macromolecules, it
is assumed that there is a long series of relaxation times, and
this is also assumed for semiflexible macromolecules. For these
cases, the quantity that is more easily accessible and the one
that is observed on some molecular properties is the longest
relaxation time,τ1.

• The second virial coefficient,A2 or B,8 or, in the case of
rigid particles, the covolumeu (computable for arbitrary
shapes9), which determines the concentration dependence of
some solution properties.

• For rigid particles, the hydrodynamic volume,V. In some
instances, particularly small globular proteins, this volume is
related to the anhydrous volumeVanh ) MVj/NA, whereVj is the
partial specific volume andNA is Avogadro’s number. The
relationship isV ) Vanh(1 + δ/VjF), whereF is the solution
density andδ is the degree of hydration expressed as grams of
solvent (usually water in such cases) per gram of macromol-
ecule. The consideration of solvation is essential for a precise
determination of the size and shape of macromolecules or small
or medium size, and to determine the hydrodynamic thickness
of long fibrous or chain-like macromolecules. A consensus value
δ ) 0.3-0.4 g/g can be used for both proteins10 and nucleic
acids.11

• The longest distance between any two points in the
macromolecule,H. This quantity is usually determined for rigid
macromolecules from the distribution of distances determined
from the angular dependence of X-ray scattering intensities. For
flexible-chain macromolecules, it could eventually be identified
with the contour length or the length of the chain in its most
extended conformation.

The equivalent radii are listed in Table 1. A single, capital
letter (T, R, I, etc.) is used to denote the property, and the
equivalent radius is denoted asaX, with X ) T, R, I, and so
forth.

As we describe below, the equivalent radii are not merely a
different form of expressing the solution properties; they are
the starting concept for constructing a formalism (and its
implementation) based on these radii, or on the ratios of radii,
which we introduce in the next section, for fitting properties to
models for structural search or optimization. The formalism is
aimed to treat jointly and simultaneously, in a properly balanced
way, a set of various hydrodynamic coefficients and other
quantities, which present diverse sensitivities to structural aspects
or different ranges of experimental error. Experienced research-
ers could employ knowledge of the sensitivity of properties to
size and shape, along with error propagation and other concepts,
to devise valid fitting procedures. The equivalent radii, in
addition to being instrumental for the design of our new
optimization tools, also have the following (formal or practical)
advantages:

(a) For a spherical particle, they all coincide with the
geometric radius.

(b) For a particle of given, arbitrary shape, the radii depend
on the particle size expressed as a linear dimension (not on its
volume).

(c) The numerical values of the equivalent radii for the various
properties are not much different from each other.

3. Ratios of Radii

3.1. Motivation. It is possible to formulate combinations of
two solution properties that are dimensionless and do not depend
on the size, but rather only the shape, of the macromolecular
solute (for a rigid particle, the values for such combinations do
not change in an uniform, isomorphous expansion).

In early, classical works,12 the shape of rigid proteins was
defined in terms of ellipsoidal models. For an ellipsoid of
revolution, with axes (2a,2b,2b), the shape is entirely defined
by the axial ratiop ) a/b. Scheraga and Mandelkern13 showed
that a combination offt (or Dt, or s) with [η], in the form of a
dimensionless parameter

Table 1. Expressions for the Equivalent Radii for Various Solution Properties

property symbol acronym equivalent radii

translational friction coefficient ft T aT ) ft/6πη0

rotational relaxation times τ R aR ) (3kT/4π)1/3(τ/η0)1/3

intrinsic viscosity [η] I aI ) (3/10πNA)1/3([η]M)1/3

covolume u C aC ) (3/32π)1/3u1/3

volume V V aV ) (3/4π)1/3V1/3

radius of gyration Rg G aG ) x(5/3)Rg

longest chord L L aL ) L/2

â )
M1/3[η]1/3η0

1001/3ft
(1)
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depends onp but not on the actual values of the dimensions,
2a and 2b. The lowest bound forâ is that for a spherical particle,
â ) 2.112 × 106. For rigid macromolecules, it is also
conventional, particularly for rigid macromolecules, to combine
a solution property with the volume of the particle itself, or
with a quantity directly derived from it. Thus, it is common
practice to express the frictional coefficient of rigid structures
as

where (in our notation)f0,hyd is the frictional coefficient of a
sphere having the same hydrodynamic (hydrated or solvated)
volume V as the particle. If solvation and other effects could
be ignored,V is, in turn, deduced fromM and the partial specific
volume,Vj, of the macromolecule,V ) VjM/NA. The termf/f0 is
sometimes denoted asP, after Perrin, since the expression off
for ellipsoids is attributed to this author.14 A similar combination
involves the intrinsic viscosity and molecular volume:

ν is also called the Einstein viscosity increment: for a sphere,
the classical work of Einstein gaveν ) 5/2.15 For ellipsoids, as
studied by Simha,16 ν(p) is a function of axial ratio.

In his classical work on the theory of polymer solution
properties, Flory17 showed that the following combination of
the intrinsic viscosity [η] with the radius of gyration,Rg,

whereM is the molecular weight,Rg ∼ 〈S2〉1/2, and〈S2〉 is the
mean square radius of gyration, should take a universal value
for random-coil polymers that would be independent of mo-
lecular weight, local composition, structure, and so forth,
depending only on solvent quality. Thus, it is accepted that, for
every flexible-chain polymer in aΘ (ideal) solvent, there is a
universal value ofΦ ) 2.5× 1023.18 Flory19 proposed a similar
combination involving the translational friction coefficient
(determined from the translational diffusion coefficient,Dt, or
from the sedimentation coefficient,s):

which, in the particular case of the flexible, randomly coiled
macromolecule in theΘ state, takes the valueP0 ) 6.0.18,20

The quantitiesP0 and Φ are not only applicable to flexible
macromolecules. For instance, in the case of a rigid, compact
spherical particle, it is easily found thatP0 ) 9.93 andΦ )
9.23× 1023.

Since the 1950s, many other compound quantities have been
proposed, involving a variety of solution properties, including
those mentioned above and others, such as rotational coef-
ficients, concentration-dependence constants, and so forth. For
instance, compound quantities that combine the relaxation time
with the intrinsic viscosity,Kτ,η, and with the radius of gyration,
Kτ,Rg, have been defined by Navarro et al.21 For a more complete
compilation, see, for instance, ref 22. Our motivation for
reconsidering these compound quantities arises mainly from
some of their inconveniences, such as the following:

(1) It is well-known that the various combinations present
different sensitivities to the macromolecular shape. However,
such sensitivity can be influenced by the definition itself. For
instance, we recall the well-known insensitivity of the Scheraga
Mandelkern parameter (â), which only changes from 2.11×
106 to 2.63× 106 (i.e., 19.7%) if the structure changes from a
sphere to an elongated particle with an axial ratio of 17 (for
instance, tobacco mosaic virus (TMV),Vide infra), or to 2.32
× 106 for a random coil. However, if Scheraga and Mandelkern
had defined their parameter asâ′ ) â3 ) M[η]η0

3/(100f 3),
involving the ratio [η]/f 3 rather than [η]1/3/f, its sensitivity to
shape would be greater, withâ′ going from 9.39× 1018 for p
) 1 to 16.39× 1018 (a 42.7% change) forp ) 17 in the above
example.

(2) A related situation arises with regard to the sensitivity of
the experimental errors. The error of a compound quantity is
determined by the errors of the experimental measurements of
the combined properties, according to the usual rules of
propagation of errors. Following these rules, in the above
example, the error inâ′ would be 3 times larger than that
in â. Obviously, the study of shape sensitivity should be
conducted considering error sensitivity as well, looking for those
quantities that maximize the former and minimize the latter.
The seemingly conflictive effects on the sensitivity to structure
and the effect of experimental errors indicate the need of
systematic and robust definitions of derived and compound
quantities.

(3) Last, but not least, there is a noticeable variety in the
notation employed for the compound quantities (Φ, P0, â, P, ν,
etc.) as well as in the numerical values that they adopt, for
instance, in the limiting case of a spherical particle (9.23×
1023, 9.93, 2.112× 106, 1, 2.5, etc.) or for other typical
structures.

As we anticipated in the Introduction, we propose a new set
of dimensionless, compound, shape-dependent quantities, namely,
the ratios of equivalent radii, that have the same usefulness as
the existing properties, but without their above-described
inconveniences.

3.2. Definitions for Ratios of Radii. Now, we define the
new compound quantities as ratios of the equivalent radii for a
pair of properties. These ratios are denoted by a pair of
capital letters,XY, indicating the properties involved in the
order in which the quotient,aX/aY, is calculated. For a given
pair, this order is chosen so that the ratio is always
greater that unity. In the Appendix, we give a list of these
ratios. Here we list just a selection of them, expressing the
compound quantity that they replace and its relationship
to it:

P ≡ ft
f0,hyd

)
ft

6πη0(3V/4π)1/3
(2)

ν )
[η]
Vj

)
[η]NA

M
(3)

Φ )
[η]M

63/2Rg
3

(4)

P0 )
ft

61/2η0Rg

) kT

61/2η0RgDt

(5)

XY≡ aX/aY (6)

IT ≡ aI

aT
) (3[η]M

10πNA
)1/3 6πη0

ft
) ( 30

πNA
)1/3

6πâ (7)

CT ≡ aC

aT
)

6πη0

f ( 3u
32π)1/3

) (81π2

4 )1/3

ψ1/3 (8)

TV ≡ aT

aV
) f

6πη0(3V/(4π))1/3
) P (9)
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4. Calculation of Equivalent Radii and Ratios

As indicated above, the calculation of the equivalent radii,
and therefore their ratios, just requires the calculation of the
properties themselves. In this section, we summarize the models
and the theory and computational procedures available for such
purpose.

4.1. Rigid Macromolecules with Simple Shapes: Ellipsoids
and Cylinders. When the overall shape is compact or regular,
as in the cases of globular proteins or helical structures, rigid
macromolecules can be regarded, in a more or less simplified
view, as particles with simple geometries, such as ellipsoids or
cylinders. The ellipsoid of revolution is a classical model for
the representation of globular proteins and other rigid biological
macromolecules.12 As mentioned above, the properties in
solution of such ellipsoidal particles can be derived from the
seminal works of Perrin,14,23 Simha,16 and Ishihara24 (the
calculation of other, simpler properties such as volume and
radius of gyration are obvious). For the sake of simplicity, we
restrict our study to axially symmetric ellipsoids, whose only
shape parameter is the axial ratiop, although available theoreti-
cal results for triaxial ellipsoids25,26 could easily be included.

Some macromolecules and macromolecular assemblies are
better described by cylindrical shapes, ranging from disks to
rods. Accurate results for the translational and rotational
diffusion coefficients of rodlike macromolecules, in the sig-
nificant range of axial ratios,27-30 have been recently extended
to the intrinsic viscosity31 and covolume,32 including cylinders
with p < 1 (i.e., circular disks). Furthermore, for a cylinder of
length L and diameterd, the volume, radius of gyration, and
longest distance are, respectively,V ) πLd2/4, Rg

2 ) L2/12 +
d2/8 and H ) (L2 + d2)1/2. Thus, all the properties can be
computed for a wide range of aspect ratios,p ) L/d. The
properties, and therefore the ratios or radii, are available for a
wide range ofp, from thin disks to moderately long rods. Longer
rods are likely to be partially flexible, and they are better covered
by the wormlike model (see below).

For revolution ellipsoids, cylinders, and any axially symmetric
particle, there are two rotational friction coefficients, and the
corresponding rotational diffusion coefficients,Dr

| andDr
⊥, for

rotation around the symmetry axis and a perpendicular axis,
respectively. Rotational diffusion is observed in techniques such
as NMR relaxation and time-dependent fluorescence anisotropy
or electric birefringence. In these techniques, the time or
frequency dependence is determined, for axially symmetric
particles, by up to three rotational relaxation times,τa ) (6
Dr

⊥)-1, τb ) (5Dr
⊥ + Dr

|)-1, andτc ) (2Dr
⊥ + 4Dr

|)-1. In various
instances, onlyτa can be observed. Also, in other circumstances,
one gets an overall correlation time, which is the harmonic mean
of the fiveτ’s (τb andτc are doubly degenerate), given byτh )
[2(2Dr

⊥ + Dr
|)]-1.

Figure 1 shows the equivalent radii of cylinders with diameter
d ) 2 nm and axial ratios fromp ) 0.1 (flat disk) top ) 50
(long rod). It is clear that all theaX values for a given cylinder
are of the same order of magnitude, and all the ratios of radii
(which do not depend on the actual dimensions but only onp),
take values not far from unity.

4.2. Rigid Macromolecules of Arbitrary Shape. For
macromolecules with arbitrarily complex shapes, the popular
bead-model methodologies can be applied.11,29,33-38 These
procedures supply results for the various solution properties,
from which the equivalent radii and the ratios of radii for such
complex structures can be computed. The description of
rotational diffusion for arbitrary shapes involves up to five
relaxation times,τk, k ) 1, ‚ ‚ ‚, 5, and an harmonic mean or
correlation timeτh (also denotedτc) can also be formulated.
So, in these cases, there are six choices for the rotational
quantities but, for simplicity, this can be reduced to those based
on τh, or in the longestτ1. The most recent versions of
HYDRO,39 HYDROPRO,35 and other programs of the HYDRO
suite include the calculation of radii and ratios.

4.3. Flexible-Chain Macromolecules.Some of the classical
universal functions, namely, the Flory constantsΦ andP0, were
initially proposed for flexible-chain macromolecules. The first
case that we distinguish here is that of flexible linear macro-
molecular chains in aΘ solvent. Recent, precise values for the
Flory constants areΦ ) 2.53× 1023 andP0 ) 6.0.18,20 Other
combinations involving the relaxation times areKτr ) 1.8 ×
1024 andKτη ) 0.50.21 Combining these values or relating them
to those for a sphere, it is easy to obtain new values for
some of our new dimensionless functions, which are indicated
in Table 2.

We next consider linear chains in good solvent, with extreme
excluded volume effects. Values of the Flory constants for this
case areΦ ) 1.9 × 1023 and P0 ) 5.3.40 In good solvent
conditions, the second virial coefficientB is nonzero and can
be used to calculate the molecular covolume and the functions
associated with it.B is given by8

whereΨ′ in the limit of very long chains in very good solvents

TG ≡ aT

aG
) f

6πη0

x3/5
Rg

)
P0

x10π
(10)

(RG)x ≡ aR

aG
) (35)1/2 (3kTτx

4πη0
)1/3 1

Rg
) ( Kτr,k

(Kτr,k)sph
)1/3

(11)

Figure 1. (A) Equivalent ratios for cylindrical particles with d ) 2 nm
(typical of double-helical B-DNA) as a function of the length-to-
diameter ratio, p ) L/d, calculated using the results in ref 31). (B)
Some ratios of radii for cylindrical particles, ranging from rods with p
) 50 to disks with p ) 0.1.

B ) 4π3/2NA

〈S2〉3/2

M2
Ψ′ (12)
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takes a limiting value, for which different theories give different
numerical values. A recent, reliable result by Li et al.41 is Ψ′
) 0.25. (see also refs 42 and 43). Recalling thatB ) uNA/
(2M2), we express the covolume

from which we immediately obtain the value for the ratioGC
) 2.96. With regard to the relaxation times, unfortunately we
do not have theoretical results in good solvents. With the
previous results forP0, Φ, andGC, we can obtain results for
other ratios, which are listed in Table 2.

4.4. Semiflexible Macromolecules.This study of equivalent
radii and ratios of radii can easily include macromolecules with
partial flexibility. A common situation is that of filamentous
molecules that can be described by the wormlike model, with
a uniform flexibility measured by the persistence length,P (not
to be confused with the Perrin function, here denoted with the
same symbol, because the usual notations of these two quantities
are identical). Actually, the conformation of the molecule is
determined by the ratio of the contour length of the chain,L, to
this intrinsic parameter. In addition toL andP, the properties
of wormlike chains can have a marginal dependence on the
thickness or diameter,d. The equivalent radii will depend on
these three variables, and the ratios of radii will depend on only
two, which can be chosen asL/P andd/L. For the evaluation of
properties, radii, and ratios, various approaches and theories are
available. In addition to the classical theories of Benoit and
Doty44 and Yamakawa and Fujii,45,46more recent calculations,
mainly based on Monte Carlo simulations, that include the
longest relaxation time, and more extreme values ofL/P and
d/L are available.47,48

The more complex but interesting case of macromolecules
with segmental flexibility, having rigid subunits connected by
more or less flexible joints, is amenable to hydrodynamic
calculation using so-called rigid-body treatment, which combines
Monte Carlo generation of conformations with rigid-body
hydrodynamics for the calculation of properties.49-51 This
approach provides reasonable values for the translational
coefficients and the intrinsic viscosity. The calculation of
rotational (or, more properly, reorientational times) is also
possible from Brownian dynamics simulation.52 The referenced
literature contains details on the procedures. Here we just wish
to emphasize that it is feasible to predict equivalent radii and
ratios of radii for such structures.

5. Conformational Search and Parameter
Optimization with Radii or Ratios

As indicated above, equivalent radii and ratios can serve as
indicators of the macromolecular conformation. The fact that
all the properties are considered in a balanced manner, that the

radii are of similar order of magnitude, and that the ratios are
always not far from unity, for every conceivable macromolecular
structure, allows us to design a robust method to investigate
the macromolecular conformation from experimental data of
solution properties. For all the experimentally available proper-
ties, a set of radiiaX and, subsequently, a set of ratiosXY can
be obtained. We now describe the proper way of comparing
the experimentalaX andXY values with model calculations.

5.1. Conformational Search for a Single Structure.Sup-
pose that we have data for some of the following properties:
translational diffusion coefficient,Dt; sedimentation coefficient,
s; intrinsic viscosity [η]; one of the relaxation timesτx (usually
the longest one, or perhaps the harmonic mean); the radius of
gyration,Rg; the covolumeu; and the volume of the hydrody-
namic particle,V. From them, a set of equivalent radii,aX, and
eventually their ratios, can be evaluated and used as the source
of information for a conformational search. The structural
determination would typically be carried out on a trial-and-error
basis, and more formally as an optimization procedure in which
we seek to optimize the structure (dimensions and/or shape
details) by minimizing the deviation of the values calculated
for it from the experimental ones. This can be done in two
ways: with ratios and with radii.

Using equivalent radii, the so-called target function to be
minimized in the optimization takes the form

Note that∆2 is the mean square relative deviation between the
calculated and experimental equivalent radii. Such mean is a
weighted average, over the available properties,X ) D, S, R,
I, G, V, and C. The equivalent radiiaD andaS are theaT values
obtained fromDt and s, which can be included separately if
these two properties have been measured independently (and
the evaluation ofaS requires the value ofM). Furthermore, we
consider the possibility of assigning statistical weights,wX, to
the various properties. We recall that the use of equivalent radii
gives similar importance to all the properties, and therefore
statistical weights are not generally needed; that is, all the radii
should be weighted identically. Anyway the user of this
procedure may wish to give different importance to each data,
perhaps in terms of the range of error or reliability of some
experimental measurements.

If we are analyzing data for a single sample, there is also an
alternative route based on the ratios of radii, which primarily
determines the particle’s shape, for instance, the parameter,p,
instead of the two sizesL and d. For this we define another
target function based on ratios:

which is the mean square difference between the calculated and
experimental ratios of radii. Note that, in eq 14, the right-hand
side expression is divided byaX(exp) because in that way the
quotients are dimensionless and do not depend on molecular
size, but in eq 15 we do not divide byXY(exp) becauseX and
Y are already dimensionless quotients and very insensitive to
size. The sum runs over all the ratios for the available pairs of
properties,XY. Statistical weightswXY could be optionally
assigned to each pair. If weights are assigned to each property,
a proper choice for the weight of the ratios is the harmonic
mean,wXY ) (1/wX + 1/wY)-1. Otherwise, the weights can be

Table 2. Values of the Ratios of Radii for Flexible Chains

ratio Θ solvent good solvent

GI 1.53 1.69
GT 1.65 1.87
IT 1.08 1.11
GR 1.44
IR 0.87
TR 0.94
GC 2.96
TC 1.58
IC 1.75

u ) 8π3/2 〈S2〉3/2Ψ′ (13)

∆2 ) ( ∑
X

wX)-1 ∑
X

wX[aX(cal) - aX(exp)

aX(exp) ]2

(14)

∇2 ) ( ∑
XY

wXY)
-1∑

XY

wXY [XY(cal) - XY(exp)]2 (15)
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safely omitted.∇2 depends on the particle’s shape instead of
its dimensions; for instance, for ellipsoids and cylinders, it will
be a function of the aspect ratio,p, only.

The expressions for∆2 in eq 14 and∇2 in eq 15 are of the
form of a ø2 deviation. The values to be reported will be the
square roots,∆ and∇. Thus,∆ is the rms difference between
calculated and experimental equivalent radii, and 100∆ is a
typical percent deviation, running over all properties and
samples. Also∇ is an rms deviation for the ratios of radii and
serves as a significant indicator of the goodness of fit provided
by the model. The use of eq 15 may simplify the optimization
procedures, as it works with less information, that is, only with
shape but not size. For instance, if we intend to characterize a
cylindrical particle, in the first method we would face the
minimization of a function of two variables,∆(d,L), while in
the second one we would have to minimize∇(p), which is a
function of only the aspect ratiop.

5.2. Case of Multiple Samples.The methodology can be
extended to the case in which the structural search or the
optimization of the structural parameters has to be carried out
for a collection of samples. For this case, a generalization of
the first procedure, based on equivalent radii seems adequate
and simpler. The target function would be

where the outer summation runs over theNs samples. Note that,
in the definition of ∆2, the use of theaX values avoids the
differences in the sensitivities of the various properties to the
different particle dimensions of the successive samples. Also,
in the case of a multisample analysis, theaX values are larger
for the larger molecules, and this is compensated by taking the
relative deviation, (aX(cal) - aX(exp))/aX(exp), so that the data
for the larger molecules do not have a greater influence on∆.

6. Applications

6.1. Single-HYDFIT and Multi-HYDFIT: Estimation of
Structural Parameters for Ellipsoidal, Cylindrical, and
Wormlike Macromolecules and Microparticles. For the
determination of shape and size for an individual particle, we
have implemented the concepts of equivalent radii and their
ratios in a computer program, Single-HYDFIT, that considers
simple hydrodynamic models, namely, the revolution ellipsoid,
which has well-known theoretical results, and the cylinder,
whose properties have been computed in our previous work.31

The shape and size parameters of the model are evaluated fitting
a series of experimental data of various solution properties. As
mentioned above, the importance of the various properties in
the optimization can be either balanced owing to the use of
radii or ratios, or controlled by the user, introducing specific
weights. The program works in the following modes:

• In modes E1 (for ellipsoids) and C1 (for cylinders), all the
possible equivalent radii are evaluated from the experimental
properties. Then the program attempts to find the dimensions
and shape of the particle by minimization of the∆2 target
function, as defined in eq 14. The parameters considered in the
search are: (1) the aspect ratio,p ) L/d for cylinders orp )
a/b for ellipsoids, and (2) the length along the symmetry axis,
that is, the lengthL of the cylinder, or the length of the distinct
semiaxis,a. The other dimensions are evaluateda posteriori,
asd ) L/p or b ) a/p.

• In modes E2 (for ellipsoids) and C2 (for cylinders), the
experimental properties are employed to evaluate all the possible
ratios of radii. As these quantities depend only on the shape
parameterp but not on the dimensions, the program searches
the optimum of the target∇, defined in eq 15, which is a
function of only one variable,p. These modes, although less
informative, may be computationally more efficient or accurate.

Another instance in which these concepts can be helpful in
the determination of the overall structure and shape is when
we have experimental data for a homologous series of samples
(or fractions, in separation techniques) of the same molecule
with varying molecular weight. The most frequent case is that
of rodlike or wormlike macromolecules. For a series of samples
of varying mass or length, the structural parameters common
to all of them are the hydrodynamic diameter,d, the mass-per-
unit length,ML ) M/L, and the persistence length,P. For this
problem, we have developed another computer program, Multi-
HYDFIT, which considers these three constants as adjustable
parameters and tries to optimize the multisample∆ target
function in eq 16. Here the minimization involves several
variables. The optimizations can be unweighted, or, alternatively,
the user can assign different weights to each property.

For the numerical minimization of a function of up to three
variables, we have tried several procedures.53 The Powell
method54 is rather efficient, but requires a good initial estimate.
We have opted to employ, in a first stage, the simple grid
procedure, in which an interval (lowest/highest limits) is
indicated for each parameter, and a simple search for the
absolute minimum is carried out giving equally spaced values
to each parameter within its interval. Then, optionally, in a
second stage, the minimum so found is refined by Powell
minimization.

It may be interesting to know the uncertainty of the optimum
values of the parameters arising from possible experimental
errors. We have devised a simple procedure for the estimation
of this uncertainty. Initially, typical values of the errors in
experimental data are assigned for each property; for instance,
XM% (say 5%) forM; XG% (say 5%) forRg; XS% (say 3%),
for s; XD% (say 3%), forD; XI% (say 8%) for [η], and so forth.
Then, the original experimental values are modified, adding
“errors” that are random numbers with Gaussian distribution,
so that the mean of the modified values is the original one,
having a standard deviation equal to the above-mentioned typical
error. Then, a full minimization (grid search followed by Powell
refinement) with the modified experimental data is performed,
obtaining values for the parameters. This is repeated a large
number of times. The final values for each parameter are the
averages of those obtained in all searches, and, consistently,
the standard deviations are taken for the error bars.

The uncertainty in the fitted parameters can also be grasped
from plots of the variation of the target functions,∆ or ∇, with
the parameters near the minimum. Our programs provide files
that can be imported to common graphics packages. The
visualization (and the minimization itself) may be difficult when
three parameters are involved. Nevertheless, we could fix one
of the parameters, either because it is scarcely influential in the
properties (this can be the case of the diameter of long rodlike
or wormlike molecules) or because it has a value that is well
defined by the known macromolecular structure (this may be
so for ML).

6.2. Tobacco Mosaic Virus.TMV is a macromolecular
assembly composed by a single-stranded helical RNA sur-
rounded by a capsid of single proteins, in which 16.3 identical
subunits of the coat protein (per RNA helix turn) are inserted

∆2 )
1

Ns
∑
i)1

Ns [( ∑X

wX) -1 ∑
X

wX(aX(cal) - aX(exp)

aX(exp) )2] (16)
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in a fashion similar to a spiral staircase. The structure is very
stiff, the protein completely covers the RNA, and therefore the
TMV particle really resembles a rigid rod. Indeed, electron
micrographs (Figure 2) show clearly this picture, with a length
and diameter of about 310 and 18 nm, respectively. Therefore
this is a paradigmatic example of the application of the rodlike
model, and its solution properties have been extensively studied
to provide the information needed to test the theoretical and
modeling work.

Using the set of consensus values for the various properties
listed in Table 3, our global analysis Single-HYDFIT procedure
for cylinders provides the aspect ratio and dimensions of the
TMV rod. Mode C2, withp as the only parameter, and Mode
C1, which fits bothp andL, coincide in the value ofp ) 16.6
( 1.6. Indeed, a plot of∇ versusp shows a well-defined
minimum at this value, and the contour plot of∆ versusp and
L (Figure 3) shows a minimum at thisp and also gives the value
of L. Thus the dimensions of TMV are finally obtained:L )
318 ( 7 nm andd ) 17 ( 2 nm (averages of the two results
in Table 3), which are in rather good agreement with those seen
by electron microscopy. The minimum of the target function is
∆ ) 0.053, which means that the rms relative difference between
the experimental and calculated equivalent radii is about 5%.
Indeed, Table 4 shows the comparison between experimental
and fitted values for the equivalent radii and the ratios of radii.
The differences are always smaller than 2%, except for the
rotational diffusion coefficient, which is slightly smaller than
the experimental value. If theDr value is not included in the
analysis, the resultingL, p, andd values are practically the same,
and the fit is extremely good, with∆ ) 0.019. The fact that
the observed rotational diffusion is faster than that predicted
by calculation may be explained in terms of some degree of
bending and torsional flexibilities (to which rotational diffusion
is more sensitive than the other properties) that are not
represented by the rigid cylinder. Even includingDr, the overall
outcome is rather satisfactory, showing the performance of our

global analysis procedure and the good predictive capability of
our equations31 for cylinders.

6.3. Ellipsoidal Models for Globular Proteins.Apart from
being the most direct and feasible extension of the hydrodynamic
theory of spherical particles, the hydrodynamics of revolution
ellipsoids has found a classical application in the description
of solution properties of globular proteins, as described in
elementary textbooks.12,55 The possibility of calculating the
hydrodynamic properties of proteins from the atomic-level
structure by means of bead/shell models that closely reproduce
the intricate details of the protein shape (e.g., using HYDRO-
PRO35) makes the ellipsoidal model less necessary.

However, there are instances in which the ellipsoidal model
may be useful. An evident situation is when atomic details of
the macromolecule are not available or cannot be constructed,
and one still needs to relate solution properties to an overall

Figure 2. Micrograph of TMV clearly showing its cylindrical shape.

Table 3. Values for TMV: Experimental Properties, Results from Single-HYDFIT for the Global Fitting, and Calculated Propertiesa

property experimental consensus calculated

molecular weight, M × 106 40,a 40.8c 40.4
partial specific vol, vj, cm3/g 0.73c 0.73
radius of gyration, Rg, nm 85.6,d 93-113,e 92.4a 96 92
sedimentation coeff, s, S 188a 188 192
diffusion coeff, Dt × 108, cm2/s 4.30,d 4.50,b 4.19,g 4.27c 4.31 4.28
rotational diff. coeff, Dr, s-1 312,d 318,g 287h 306 268
intrinsic viscosity, [η], cm3/g 36.7a,e 36.7 37.3

with Dr: p ) 16.6 ( 1.6, ∇ ) 0.068, L ) 320 ( 7 nm, ∆ ) 0.053
without Dr: p ) 17.1 ( 1.4, ∇ ) 0.021, L ) 316 ( 6 nm, ∆ ) 0.019

a Boedtker and Simmons (ref 66). b Fujime 1970 (ref 67). c Johnson and Brown (ref 68). d Kubota et al. (ref 69). eNewman and Swinney (ref 70).
f Santos and Castanho (ref 71). g Wilcoxon and Schurr (ref 72). h Ermolina et al. (ref 73).

Figure 3. Plots of (A) ∇ and (B) ∆ for the global analysis of TMV
properties with the cylindrical model.
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(more or less elongated, or oblate, etc.) estimate of the particle’s
shape. Another utility of the ellipsoidal model is for coarse-
grained modeling of nonglobular, multisubunit macromolecular
structures. In the strategy implemented in the program MultiSUB
(also known as crystallohydrodynamics56), the nearly globular
domains or subunits are represented by cylinders or revolution
ellipsoids. This simplification removes less necessary details
and allows the analysis to concentrate on the more important
aspect of global structure and arrangement of subunits. A recent
example where this strategy is applied to determine the overall
structure of antibodies has been reported by Lu et al.57

It is therefore convenient to have a procedure which could
determine the optimum revolution ellipsoid of semiaxesa
(single) andb (double), with axial ratiop ) a/b (>1 or <1 for
prolate and oblate ellipsoids, respectively), that best reproduces
the solution properties of the particle that is being modeled. In
classical works this was achieved, for instance, by combining
the translational friction coefficient from sedimentation or
diffusion or from the intrinsic viscosity with the molecular
covolume, somehow expanded to include hydration. Such
analysis was done in terms of the “named” (nonsystematic)
combinations that are functions ofp, like the Perrin14 and Simha
functions,16 and others that have been proposed more recently.58

With the global-modeling methodology that we have presented
in this work, the determination of the best-fitting ellipsoid can
be made in a systematic manner, simultaneously analyzing data
for the various solution properties, using the Single-HYDFIT
procedure.

There may be situations in which experimental data for the
solution properties are not available (for instance, when a
domain or subunit cannot be characterized separately), but one
instead has access to an atomic structure. If an optimized
ellipsoid is needed for such species, we propose a strategy based
on HYDROPRO, which can be used to estimate a set of
“synthetic” values of many solution properties, calculated with
this program with the standard value of the hydrodynamic radius
of the atoms (about 3.2 Å), which accounts well for the typical
hydration of globular proteins. The results from HYDROPRO
would be the data given to Single-HYDFIT, which would find
the ellipsoid that best fits the properties previously calculated
for the atomic model.

As an example of these situations, we consider a typical and
well-characterized protein for which experimental data are
abundant: hen egg white lysozyme. With the data compiled by
us in previous work10,35 and those in another recent, compre-
hensive compilation by Rai et al.,59 we adopt the following

compromise values for the following five solution properties:
Dt ) 1.09× 10-6 cm2/s, s ) 1.89 S,Rg ) 14.6 Å, [η] ) 3.3
cm3/g, τ1 ) 8.4 ns (harmonic mean or correlation time). The
analysis ofs and [η] requires additional valuesM ) 14320 Da
andVj ) 0.71 cm3/g. Combining the five properties in a Single-
HYDFIT analysis, we find that the best shape corresponds top
≈ 1, that is, to a spherical particle, which is in contrast with
the well-known, clearly nonspherical shape of the protein. It is
interesting to look at the plot of∇2 versusp (Figure 4) and the
contour plots of∆2 versusp and a (not shown), where we
observe a single but rather wide minimum.

In this first attempt, the volume of the particle has not been
considered as an independent property. However, it is known
that greatest sensitivity to shape is for the combinations that
involve a solution property and the particle’s (hydrated) volume.
This volume can be estimated fromM ) 14320 Da andVj )
0.71 cm3/g and a reasonable guess for hydration of typicallyδ
) 0.3 grams of water per gram of protein, which yieldsV )
2.41× 10-20 cm3. When this value is included in the analysis,
we get the results plotted in Figure 4. Now there are two minima
of practically the same depth, one atp ) 0.5 and another atp

Table 4. Equivalent Radii (in nm) and Their Ratios for TMV, with
Calculated Values of L ) 318 nm and d ) 19 nm

experimental calculated Diff. %

aT (Dt) 498 502 -0.9
aT (s) 511 502 1.6
aV 617 620 -0.5
aG 1208 1210 -0.2
aR 807 843 -4.4
IT (Dt) 1.239 1.232 0.5
IT (s) 1.208 1.232 -2.0
GT (Dt) 2.426 2.396 1.2
GT (s) 2.364 2.396 -1.3
GI 1.958 1.944 0.7
RI 1.340 1.369 4.5
GR 1.496 1.403 6.3
IR 1.958 1.921 1.8

Figure 4. Plot of ∇ vs p for the ellipsoidal model of lysozyme for
various sets of properties: experimental without and with hydrated
volume, and HYDROPRO values.

Figure 5. Contour plot of the target function ∆, for the wormlike chain
model of heparin, as a function of the persistence length and mass
per unit length (the d parameter is fixed to its optimum value, 1.1
nm).
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) 1.5. This situation is reminiscent of the classical analysis of
protein shapes using ellipsoids: there is an ambiguity between
an oblate shape and a prolate one. As described in textbooks
by Tanford12 and Van Holde,60 given the value of a compound
quantity combining two solution properties, there are two
solutions for the ellipsoid axial ratio: one prolate withp > 1
and one oblate withp < 1. When, years ago, low-resolution
crystallographic data were available, they were employed to
choose one of the options. Now combining two or more solution
properties, as we do in our procedure, the fit for one of the
cases is just very slightly, perhaps insignificantly, better. Then,
we also recall the crystallographic structure, which indicates a
prolate shape withp close to 1.5, which is one of the solutions
found by Single-HYDFIT.

Then, we consider the alternative of using the data predicted
by HYDROPRO. Again, the visualization of the plots (Figure
4) shows two minima, the absolute one now forp ) 1.7
(prolate), and the secondary one forp ) 0.5. It is clear that, in
addition to the absolute minimum, which is the primary result
of HYDFIT, the dependence of the target function on the values
of the parameters should be examined, looking for other possible
local minima.

As mentioned above, ambiguities in the optimization can be
resolved with structural information. In other studies where the
globular proteins had to be represented by ellipsoids, a strategy
based on the moments of inertia (which are good indicators of
the distribution of mass) has been employed. This was done,
for instance, in early crystallohydrodynamic works56 represent-
ing proteins by ellipsoids with equalized moments of inertia.
Another example was in the efficient calculation of NMR
residual dipolar couplings based on revolution ellipsoids, as
implemented in program ORIEL.61 We employ here this
strategy, which consists of the following basic steps: (1) Obtain
the gyration tensor (equivalent to the inertial tensor) from the

atomic coordinates. (2) Diagonalize this tensor to obtain the
eigenvalues,G1, G2 andG3. (3) Examine the possible pairs of
these three values to find the pair in which the values are more
similar. Take the mean of that pair asGa, and the remaining
one would beGb. (4) For a revolution ellipsoid with semiaxes
a, a, andb, the eigenvalues of the gyration tensor must bea2/5
(duplicate) andb2/5, which, when equated to the numerical
values, give the values ofa and b. Following these steps for
lysozyme, the results areG1 ) 48.5 Å2, G2 ) 40.2 Å2 andG3

) 112.2 Å2, with Ga ) 44.3 Å2 andGb ) 112.2 Å2, from which,
finally, a ) 23.7 Å andb ) 14.9 Å, so thatp ) 1.59, in good
agreement with the dimension predicted by one of the minima
detected by our hydrodynamic fitting procedure. We propose
that this method should be employed to solve possible ambi-
guities, i.e., make a choice between prolate and oblate alterna-
tives. Once the best choice is made, the values derived from
Single-HYDFIT should be preferred, as they correspond to the
best fit of the hydrodynamic behavior, which is what is pursued
for further hydrodynamic applications.

6.4. Heparin. As an example of the application of the
optimization procedures to a typical wormlike macromolecule
in a multisample case, we describe the determination of the
wormlike-chain parameters of heparin. This polysaccharide,
whose more important physiological functions appear to be that
of an antithrombotic and anticoagulant agent, presents variable
length and composition. The number of uronic acid residues,
and therefore the molecular weight, vary from one fraction to
another, making it a perfect candidate for our application Multi-
HYDFIT.

The experimental study of the solution properties of heparin
recently reported by Pavlov et al.62 provides an excellent source
of data to show the applicability of our concepts and methodol-
ogy. These authors measured four propertiessdiffusion coef-
ficient (Dt), sedimentation coefficient (s), intrinsic viscosity ([η])

Figure 6. Comparison of the experimental values with those calculated with the optimum parameters for the four properties of all the heparin
samples.
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and radius of gyration (Rg)sof 15 well-defined heparin fractions,
with molecular weights in the range of 3.9-37 × 103. The
availability of data for such a large collection of polymers of
varying length is a guaranty of the quality of the resulting
parameters. They analyzed their data in a detailed but rather
labored manner, by means of property-specific procedures, with
the hydrodynamics of the wormlike chain described by the
Yamakawa-Fujii theory.

Employing our results and methodology, the application of
the program for global analysis Multi-HYDFIT to the heparin
data of Pavlov et al. immediately yields the values for the
molecular wormlike parameters:d ) 1.1( 0.3 nm,P ) 4.6(
0.4 nm, andML ) 590( 20 Da/nm. The minimum value of∆
is 0.05, which indicates a typical 5% difference between
calculation and experiments for all the samples and properties.
The dependence of the target function on the model parameters
is depicted in Figure 5 where, in order to make the function
depend on only two variables, the hydrodynamic diameter has
been fixed at its optimum value. Actually, such plots serve as
an indicator of the sensitivity of the fit toP andML. The valley
in the contour plot is appreciably narrower in the direction of
ML than in that ofP. Thus, the uncertainty inP is larger than
that in ML, and this finding is corroborated independently by
another aspect of our procedure, that is, the simulation of errors
in the parameters associated with uncertainties in experimental
data.

The goodness of the fit can be judged looking at plots of
properties versus molecular weight, which are presented in
Figure 6. We note that theRg values of two of the samples are
overestimated, and the [η] of a few samples is underestimated,
with excellent agreement forDt ands. As indicated above, the
difference between experimental and calculated values is always
only a few percent. Thus, this example shows how the
optimization procedures based on equivalent radii and their
implementation in our computer algorithms permit a robust,
unbiased, and efficient determination of macromolecular pa-
rameters, in the rather complex case of the three-parameter
wormlike model applied to various properties of many samples
of this biological macromolecule.

6.5. Other Applications. Solution properties, either experi-
mental or calculated, for any model can be transformed into
equivalent radii and ratios of radii. Therefore, the values of∆
and ∇ can be used to quantify to what extent an assumed
structure or a set of structural parameters conform with
experimental data of solution properties. Our programs of the
HYDRO suite allow the calculation of properties from given
structures in a variety of situations. We have devised an interface
such that Single-HYDFIT can read the results generated for
multicase executions of the HYDRO programs (using our
MultiHYDRO63 and MultiSUB64 or similar tools) with multiple
structures, and find the one that minimizes the∆ or ∇ target
functions.

The global, multiproperty and multisample capacities of
Multi-HYDFIT with our implementation of the wormlike chain
model open the possibility of analyzing in an easy, systematic,
and accurate manner solution properties, for the determination
of the diameter, mass-to-length ratio, and persistence length of
a number of synthetic and biological polymers that are
customarily characterized by MD-SEC. Polysaccharides are
good examples of such possibilities. Programs that would put
the outcome of MD-SEC instruments into the form of Multi-
HYDRO input files can be easily written for that purpose.

7. Computer Programs

Programs Single-HYDFIT and Multi-HYDFIT are of public
domain, and can be downloaded from our Web site, http://
leonardo.fcu.um.es/macromol/.
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Appendix
The following is a list of the definitions of the ratios of

equivalent radii:
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In eqs 17-37, we relate our ratios of axial ratios to other
dimensionless, compound quantities that have been described
in the literature. As mentioned above,P0, Φ, andâ are the Flory
and Scheraga-Mandelkern parameters,P is the Perrin factor,
andν is the Einstein viscosity increment.Kτ,r andH are defined
in refs 21 and 9, respectively, andΨ, ψ, Λ, φ, ured, andG are
defined in either ref 25 or ref 65.
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