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Mathematical modeling of the effect of the oxygen mobility in a solid oxide catalyst on the dynamics of transients of fast

catalytic reactions has been carried out. The analysis was based upon the redox mechanistic scheme with a due regard for diffusion

of oxygen from the bulk of catalyst to its surface. Parameters of kinetic and mathematical models were selected via fitting of the

experimental data for methane selective oxidation into syngas on 1.4%Pt/Gd0.2Ce0.4Zr0.4Ox catalyst. The range of the Thiele

parameter (/) where the oxygen bulk diffusion affects the most strongly reaction transients corresponds to /2[0:3� 7]. For high-

surface-area oxide catalysts, the bulk oxygen diffusion coefficients corresponding to this range of the Thiele parameter are in the

range of10�18 � 10�13 cm2/s.
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1. Introduction

Diffusion of atoms and ions in the lattice of crystal-
line solids is known to be associated with the fluxes of
point defects. As dependent upon the defect structure of
solids, diffusion could involve jump of an atom/ion into
the neighboring vacancy or interstitial position, coop-
erative cyclic movement of several atoms etc [1]. Diffu-
sion in solid catalysts, first of all, oxygen diffusion in
oxides, is a well known phenomenon having pronounced
impact on the reaction dynamics. As the result, reaction
rate is determined not only by the catalytic cycle by
itself, but also by slower processes such as the oxygen
diffusion in the catalyst affecting the state of its surface.
All these processes, including steps of the reaction
mechanism, are characterized by a certain duration, i.e.
relaxation time. Variation of the reaction feed compo-
sition or temperature could affect in a different fashion
the state of the catalyst surface, and, hence, the reaction
rate leading to a complex dynamic behavior of a cata-
lytic system. Hence, studies of the effect of the oxygen
mobility in catalysts on their transient behavior in cat-
alytic reactions are of a great importance, especially, for
realization of processes in the unsteady-state regime,
either in the absence of oxygen in the gas phase [2] or in
its presence [3].

Traditionally, in the selective oxidation processes,
transition metal oxides are used as catalysts or their
components. Degree in which the lattice oxygen is
involved in catalytic processes depends upon the bulk

oxygen mobility and oxygen storage capacity. Thus, in
the process of propylene oxidation on a layered Bi
molybdate, oxygen ions from up to 500 monolayers
could participate in the reaction products formation [4].
At the same time, for catalysts with a low mobility of the
lattice oxygen (V–P–O catalyst, Fe–Sb–O etc), only 2–3
near-surface layers are involved in reaction [5, 6].

Complex oxides with fluorite-like structure, such as
CeO2–ZrO2 system doped by rare-earth cations (Gd, La,
Sm, Pr) [7–13] are now among the most broadly studied
catalysts and supports. Doping of ceria–zirconia solid
solution and promotion by supported platinum group
metals allow to tune the bonding strength, mobility and
reactivity of oxygen [14, 15]. These systems are of a great
interest as catalysts of such important processes as car
exhaust purification from CO, NOx and CHx, [16],
natural gas conversion into syngas by its partial oxida-
tion (POM), steam and dry reforming etc [17–19]. They
possess very high activity in oxidation reactions, so
equilibration of the feed is achieved at ms contact times
[20, 21]. For POM, this appears to be caused by an
efficient activation of CH4 on supported Pt clusters as
well as by the ability of fluorite-like oxides to accumu-
late a considerable amount of oxygen and provide its
fast transfer from the bulk to the Pt-support interface
where CHx species formed on Pt particles are oxidized
[22].

Due to a high reaction rate, the effect of the oxygen
mobility on transient regime dynamics for fast catalytic
reactions could differ considerable from that in tradi-
tional processes occurring at contact times � seconds. In
limits of a very high or very low oxygen mobility, this
effect will be apparently very small. For catalysts based
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upon CeO2 or CeO2–ZrO2, their lattice oxygen was
shown to play an important role in transient regimes of
methane oxidation [23–28]. In this respect, it is of
interest to estimate the range of the lattice oxygen dif-
fusion coefficients for which maximum deviations of the
transient regimes from the steady state will be observed.
This is primarily important for the molecular design of
these nanostructured metal-oxide catalysts by control of
the lattice oxygen mobility through variation of their
chemical composition and defect structure.

This work primarily aims at theoretical analysis of
the effect of the oxygen mobility in a solid catalyst
on the dynamics of transients of fast catalytic reac-
tions. Results were verified by comparison with the
experimental data for dynamics of the methane
selective oxidation into syngas studied in isothermal
conditions.

2. Model formulation

Let us consider in general the mechanism of catalytic
reaction accompanied by the oxygen diffusion from the
bulk. A simplified scheme includes a stage of the disso-
ciative oxygen adsorption (1) and a stage of the gas-
phase reagent interaction with the active site leading to
formation of a product P (2):

O2 þ 2Z$ 2ZO ð1Þ

Aþ nZO! Pþ nZ

Aþ ðn=2ÞO2 ¼ P
ð2Þ

Here, Z centers are considered to include cations in
some intermediate (an optimum one) oxidation state
and/or coordination environment able to activate oxy-
gen and/or retain the most reactive oxygen forms. These
sites could be reduced more deeply by the reaction
mixture components (or products) up to less reactive
sites ZR:

rÞAþ Z! ZR þAO ð3Þ

‘‘Over-reduced’’ sites could be in turn reoxidized by the
gas-phase oxygen:

oÞO2 þ ZR ! Z; ð4Þ

or by the ‘‘mobile ’’ lattice oxygen:

sÞ½O�S þ ZR ! Z ð5Þ

To reflect variation of the bulk oxide stoichiometry, this
can be written as:

AþMeOn ¼MEOn�1
1
2O2 þMeOn�1 ¼MeOn

½O�s þMeon�1 ¼MeOn

Hence, the reaction mechanism can be described by the
next scheme:

Equations for the rates of steps (1)–(5) can be written
as:

r1 ¼ k1YOhZ � k�1hZO; r2 ¼ kpYAhZO;

rr ¼ krYAhZ; ro ¼ koYOhR; rs ¼ kshRrs:
ð6Þ

where YA, YO – mole fractions of reagents A and O2 in
the gas phase; hZ, hZO, hR – fractions of the active sites
Z, ZO and ZR, respectively; ki – reaction rate constants
for steps (1)–(5), c)1; rs – ‘‘oxidation degree ’’ of the
near-surface layer.

Note that step (s) could be called ‘‘reaction’’ only
from the formal point of view. In reality, it corresponds
to filling the oxygen vacancies within the surface layer
by mobile bulk oxygen species.

For simplicity of analysis of transient regimes of
catalytic reaction, let us assume that reaction proceeds
in the completely stirred tank reactor (CSTR), for which
the mathematical model can be written as:

dYi

dt
¼ 1

sg
ðYf

i � YiÞ þ a
XNr

k¼1
mkirkðY; hÞ;

dhj
dt
¼
XNr

k¼1
mkjrkðY; hÞ;

ð7Þ

with initial conditions:

t ¼ 0 : Yi ¼ Y0
i ; hj ¼ h0j ; i ¼ 1;Ng; j ¼ 1;Nd:

and normalizing condition:

hZ þ hZO þ hR ¼ 1:

Here, sg = Vg/w; a is a parameter accounting for the
total number of active sites; Vg is the reactor void vol-
ume, cm3; w is the total gas flow rate, cm3 Æ s)1; Yi

f is the
mole fraction of i-th component in the feed flow; Nr is
the number of the reaction steps; Ng is the number of the
reactants’ components in the gas phase;Nd is the number
of surface complexes; mki is a stoichiometric coefficient.

A degree of the catalyst surface oxidation, rs, is
defined as the ratio of the oxygen content in the surface
layer to its maximum level. It depends upon the rate of
the oxygen ions diffusion from the bulk and the rate of
the surface reduction [29, 30], as can be described by
equation (8):

@r
@s
¼ 1

u2

@2r

@n2
; ð8Þ

ZR

ZZO

A Pr2

r1

rorr rs
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with boundary conditions

n ¼ 0 :
dr
dn
¼ 0; n ¼ 1 :

dr
dn
¼ �u2hRrs: ð9Þ

where /2 = L2ks/D , so / is an analogue of the Thiele
parameter; D is an effective coefficient of the oxygen
diffusion in the bulk of a catalyst; L is a typical size of
the oxide crystallite; s = kst is the dimensionless time;
n = l/L is the dimensionless coordinate in a crystallite.

The boundary condition on the crystallite surface
depicts the fact that, on the one hand, the surface
oxygen is consumed by the reaction, and, on the other
hand, is replenished by the diffusion from the catalyst
bulk.

As follows from equation (9), variation of the oxi-
dation degree (r) with the depth depends only on the
Thiele parameter (/), while its absolute value and the
surface oxidation degree (rs) are also affected by
dynamics of the active sites variation (h).

The system of equations (7–9) was solved via the
Runge-Kutt numerical integration, sweep method being
applied for solving the diffusion equation in each inte-
gration step. This allowed to estimate the surface oxi-
dation degree rs = r(n = 1) and an average integral
oxidation degree of a catalyst:

hri ¼
Z1

0

rðt; nÞdn:

To obtain quantitative characteristics of the effect of the
oxygen mobility on the transients dynamics, numerical
values of the constants of the mathematical (equations
7–9) and kinetic (equation 6) models are required. These
constants were derived by analysis of the experimental
data for methane oxidation into syngas at ms contact
times of the complex ceria–zirconia oxide doped by Gd
and promoted by supported Pt.

3. Experimental

In kinetic experiments, 1.4%Pt/Gd0.2Ce0.4Zr0.4Ox

catalyst (specific surface area 130 m2/g) was used.
Single-phase Gd-doped ceria–zirconia fluorite-like
complex oxide support was prepared via the polymer-
ized precursor route following earlier described proce-
dures [31, 32]. According to X-ray data, an average
particle (domain) size was in the range of 20� 30 nm
[33]. The catalyst weight of 0.02 g (0.25–0.5 mm frac-
tion) diluted with 0.1 cm3 of a quartz sand was loaded
into a flow quartz reactor (internal diameter 2.5 mm)
forming a bed of 25 mm length. After sample pretreat-
ment at 500 �C for 40 min in the flow of 1% O2 in He,
the reactor was purged by He, heated to required tem-
perature (in the range of 650–880 �C) and then He flow
was switched to the stream of 1% CH4+0.5% O2 in He

(feed rate 7.2 l/h, contact time 5 ms). The diluted feed
was used to ensure the isothermal profile in the catalyst
bed. Variation of the outlet concentration of reagents
and products (O2, H2O, CH4, CO, CO2 and H2) up to
the achievement of a steady-state was continuously
monitored by an IR absorption PEM-2M gas analyzer
additionally equipped with electrochemical and polaro-
graphic sensors for O2 and H2detection, a PC being used
for the data acquisition and processing. In all experi-
ments, the oxygen consumption was complete.

4. Results and discussion

Figure 1 presents the experimental data on the vari-
ation of methane conversion with time along with their
fitting. Constants were selected by criteria of the best
matching of experimental curves with the model ones.
Thus, at 650 �C, the best fitting was achieved with the
next combination of constants of the kinetic model (6):
k1 = 104, k) 1 = 1, kp = 1500, kr = 4.6, ko = 0.47,
ks = 10)3, n = 1. Here, kp determines the initial
methane conversion, kr – the curve slope, ks – a shape of
the curve, ko – a steady-state conversion. The decrease of
the Thiele parameter, and, hence, the intensity of the
oxygen flux from the bulk to the surface, flattens the
x) t curve.

Though simplified kinetic model (vide supra) does not
provide for existence of different types of surface active
sites (Ce cations and Pt atoms), for the purpose of
modeling the bulk oxygen mobility effect on the reaction
transients, this is thought not to be of a great signifi-
cance. This is primary determined by a much higher
reactivity of Pt atoms both for methane [7, 22, 23] and
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Figure 1. Dynamics of methane conversion after contact of oxidized

1.4%Pt/Gd0.2Ce0.4Zr0.4Ox catalyst with reaction mixture 1%CH4+

0.5%O2 in He at 880 �C (1), 750 �C (2) and 650 �C (3). Points denote

experiment, lines denote modeling.
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O2 [10, 34] activation, so the surface steps are mainly
controlled by the Pt reactivity, while supports mainly
affects the relaxation features. This is also provided by a
much higher rate of the surface diffusion as compared
with the bulk diffusion [34].

The normalized reciprocal temperature dependences
of constants of the kinetic model are given in figure 2
(R = 8.31 J/mol K). In studied temperature range
(650–880 �C), the Thiele parameter varies rather mod-
erately – from 1 to 0.45, its temperature dependence
being determined by the ks/D ratio. Since ks character-
izes the process of the oxygen atom jumping from the
subsurface position into the surface vacancy, respective
activation energy is expected to be not lower than the
activation energy of the surface diffusion. According to
Galdikas et al. [35], for Pt/ceria–zirconia catalyst, it is
�110 kJ/mol. This allows to estimate the activation
energy of the bulk oxygen diffusion, which is �170 kJ/
mol. This value is rather close to the activation energy of
the ionic conductivity in nanocrystalline ceria–zirconia
system (�150 kJ/mol) estimated by Boaro et al. [36].
The bulk oxygen diffusion coefficient can be estimated as
well. Thus, at 650 �C, / = 1, which corresponds to L2/
D ratio = 1000. At L = 10 nm, the bulk diffusion
coefficient will be equal to 10)15 cm2/s. The rate con-
stants at 650 �C were further used for analysis of the
bulk oxygen mobility on the dynamics of transients.

Effect of the oxygen mobility in the lattice on the state
of catalyst surface is mainly determined by the Thiele
parameter /2 = L2ks/D. This effect is illustrated in fig-
ure 3 where time dependences of the crystallite oxida-
tion degree at different / values are given. Initially, only
oxygen of near-surface layers takes part in methane
oxidation. For low / values (a fast bulk diffusion), the
catalyst is reduced uniformly along the crystallite depth.
For big / values (a slow bulk diffusion), the lattice
oxygen mobility is insufficient for the reoxidation of
reduced surface. As the result, at bigger / values, rs and
methane conversion decline faster (figure 4).

For the efficient control of the process start-up
parameters, the bulk oxygen mobility should not
determine the transients dynamics, i.e., the Thiele
parameter should be small. This requires to define the
range where the effect of diffusion is the highest. This
can be best appreciated by the dependence of conversion
and Æræ on the Thiele parameter (figure 5). Such a range
is limited by the / values varying from 0.3 to 7,
i.e.L2=D 2 ð102 � 5 � 104).

Since Thiele parameter depends upon the L2/D, this
defines some set of L and D values. Hence, for estima-
tion of D values, typical values of the oxide crystalline L
in which diffusion occurs are to be known. They are
determined by the real structure of the complex oxide
(domain size and pore structure). In the first approxi-
mation, a single-domain crystallite could be considered
as a wall separating either pores or disordered domain
boundaries, where oxygen diffusion occurs much faster
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Figure 2. Normalized temperature dependence of reaction rate

constants.
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Figure 3. Dynamics of the crystallite oxidation degree variation at different Thiele parameters.
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as compared with the crystallite bulk. In this case, L can
be considered as a half of the wall thickness. For high-
surface area complex oxides usually used as catalysts or
their active components, typical values of domain size
are in the range of 2–3 nm. This allows to estimate
typical values of oxygen bulk diffusion coefficients being

situated in the range of10�18 � 10�13 cm2/s, which are in
the range of known values for oxides [1, 37].

Table 1 presents some data for the oxygen diffusion
parameters for single –crystalline and polycrystalline
oxides of Ce, Zr and Pr. Due to effect of the samples
real/defect structure as well as the applied method of
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Figure 4. Time dependence of the surface oxidation degree of a crystallite at different values of Thiele parameter.
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Figure 5. Dependence of the average catalyst oxidation degree Æræ and methane conversion on Thiele parameter at different temperatures.
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diffusion estimation, even for the same oxide, data vary
considerably. However, in the temperature range of fast-
occurring processes (such as methane selective oxidation
into syngas etc.) realization, a lot of fluorite-like oxides
have oxygen diffusion coefficients in the range
of10�18 � 10�13 cm/s. Hence, for these oxides as sup-
ports, effect of the bulk oxygen diffusion during start-up

conditions on the transients dynamics should be taken
into account (figure 6).

To illustrate this feature, let us consider a mode of the
main process parameters variation with time t for dif-
ferent / values (figure 7). As / increases (lattice oxygen
mobility decreases), difference between the surface and
bulk oxidation degree (rs and Æræ) increases as well.
Hence, at a low lattice oxygen mobility, reoxidation of
the surface sites is hampered, thus being reflected in a
fast decline of X and decreasing transient duration. On
contrary, a high lattice oxygen mobility increases tran-
sient duration. As dependent upon the specific demands
of the start-up process parameters control (to prevent
the surface coking often caused by its excessive reduc-
tion, or its overheating leading to sintering of active
component), these results are to be taken into account in
design of the active components for monolithic catalysts
of hydrocarbons selective oxidation into syngas at short
contact times.

5. Conclusions

Mathematical modeling of the effect of the oxygen
mobility in solid oxide catalyst on the dynamics of
transients of fast catalytic reactions has been carried
out. This analysis was based upon the redox mechanistic
scheme with a due regard for diffusion of oxygen from
the bulk of catalyst to its surface. Parameters of kinetic
and mathematical models were selected via fitting of the
experimental data for methane selective oxidation into
syngas on 1.4%Pt/Gd0.2Ce0.4Zr0.4Ox catalyst at 650 �C
and 5 ms contact time.

Table 1

Bulk oxygen diffusion coefficients (cm2/s), preexponential factor and activation energies (kJ/mol) for some oxides

Oxide D0 Q (kJ/mol) D at 1000 �C D at 500 �C Comments

CeO2 5.34� 102 306 1.5� 10)10 1.2� 10)18 1150–1550 �C, Pure [38]

9.55� 10)5 91 1.8� 10)8 6.8� 10)11 0.3%Gd (T = 1100–1300 �C)
1.9� 10)4 104 1.0� 10)8 1.8� 10)11 850–1150 �C, (S), Isotope exchange [39]

1.4� 10)4 89 3.1� 10)8 1.4� 10)10 (P)

1.8� 10)5 73 1.8� 10)8 2.1� 10)10 (S)

2.8� 10)17 15 6.8� 10)18 2.7� 10)18 300 �C, Isotope exchange [34]

Gd2O3 5.87� 10)4 120 7.0� 10)9 4.6� 10)12 737–1004 �C, Thermogravimetry [40]

Pr7O12 5.5� 10)6 77 3.8� 10)9 3.4� 10)11 735–865 �C, Isotope exchange [41]

1.3� 10)5 80 6.8� 10)9 5.1� 10)11 830–930 �C
5.5� 10)6 34 2.2� 10)7 2.8� 10)8 730–800 �C
7.34� 10)7 64.5 1.6� 10)9 3.2� 10)11 1013–1153 �C,(S) Isotope exchange [42]

6.28� 10)7 64.5 1.4� 10)9 2.7� 10)11 1013–1173 �C
9.65� 10)7 64.5 2.2� 10)9 4.2� 10)11 1046–1193 �C
6.29� 10)7 62.6 1.7� 10)9 3.7� 10)11 740–900 �C, (P)(S) Isotope exchange [43]

ZrO2 9.7� 10)3 234 2.4� 10)12 1.5� 10)18 800–1000 �C, Radiometry [44]

0.9� 10)3 130 1.1� 10)8 7.0� 10)12 334–470 �C, Pulse kinetic method [45]

1.36� 10)4 119 1.8� 10)9 1.2� 10)12 875–1050 �C [46]

(S) – single crystalline material, (P) – polycrystalline material.

D = Do exp ()E/RT).
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transient dynamics.
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Modeling revealed that there are two ranges of the
Thiele parameter values when the bulk oxygen diffusion
does not affect the dynamics of catalytic transient. The
first one exists at /<0.3, when the rate of the oxygen
diffusion in the bulk is much higher than the rate of the
catalyst reduction, while the second one corresponds to
/>7 where the oxygen mobility is low. Hence, the
range of the Thiele parameter where the oxygen bulk
diffusion affects the most strongly reaction transients
corresponds tou 2 ½0:3� 7]. For high-surface-area
oxide catalysts, the bulk oxygen diffusion coefficients
corresponding to this range of the Thiele parameter are
10�18 � 10�13 cm2/s.
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