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A Note on Diffusion in Finite Composite Media
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Mathematical expressions for diffusion in finite composite media were derived analy-
tically. The fact that, contrary to infinite cases, the interface concentration drifts with
time was confirmed. The time course of a finite composite system was displayed graphical-
ly.
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In the course of studies on drug release from ointment bases, one encounters problems
of diffusion in systems in which two media are present. If the system is infinite (infinite
composite media), mathematical solutions to the problem have been given elsewhere.?)

Suppose the region x< 0 is of one medium in which the diffusion coefficient is D;, and in
the region x>0 the diffusion coefficient is D,. In the simplest case, the initial conditions are
that the region x<0 is at a uniform concentration C,, and in x>0 the concentration is zero
initially. If we write C; for the concentration in x< 0 and C, in x>0, the boundary conditions
at the interface x=0 may be written

Cz/C]_:k, x=0 (1)
Dlacl/ax=DzaCz/ax, x=0 (2)
where £ is the ratio of the uniform concentration in the region x>0 to that in x<0 when final

equilibrium is attained. The condition (2) expresses the fact that there is no accumulation
of diffusing substance at the boundary. Solutions are expressed as
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where erf(x)= %Jxe =¥ dy and erfc(x)=1—erf(x).

It may be noted that, as diffusion proceeds, the concentrations at the interface, x=0,
remain constant at the values

Co kCo
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Even if the system is finite, the concentrations at the interface will have the values of (5) for
small £. In general, if ¢ is small, solutions for an infinite system approximate those for finite
systems. At steady state, =0, however, it is apparent that the interface concentrations of
finite systems are to have the values
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where L’s are the respective thicknesses of the media. Therefore, unless (D,/D;)*/2 and (L,/L,)
are equal, the interface concentrations must drift as time passes.
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The aim of this note is to derive mathematical expressions for finite composite systems
and confirm the drift of interface concentrations.

Theoretical

As shown in Fig. 1, we take the finite region —A<x<l, of which —A<x<0 is of
one medium and 0< %</ is of another. We write D, and C, for the diffusion coefficient and
concentration of diffusing substance in the region —A<x<0, and D,, C, for the corresponding
quantities in 0<x<{/. The differential equations to be solved are

91 _p, 2%y

- £>0 ' 7
at 1 ax2 ’ h<x<0) > ( )
aC, 02C,

% —=Dyg— Fey 0<<x<<l, t>0. 8)

If we assume that there is no accumulation of diffusing substance at the interface, =0, and no
diffusion through the ends of the system, x=—#% and x=/, the boundary conditions are equa-
tions (1) and (2) above, and (9) and (10) below.

Dy3C1/3x=0, x=—h, £>0 (9)
D13C,/0x=0, x=I, t>0. ' , (10)

The initial conditions are that the region —A<x<{0 is at a uniform concentration, C,, and
in 0<{x<(! the concentration is zero initially.

Ci=Co, —h<x<0, t=0 (1L
C:=0, 0<x<<l, t=0 (12)

Problems on diffusion in composite media are usually best solved by the Laplace transfor-
mation method.? For the system described above, the subsidiary equations are

— CO
a4 (Cl—_s_) 2 c, ,
prER (Cl—?)=o, —h<2<0 (13)
d2
P —(rq1)2C2—-0 0<<x<<l (14)

where ¢,=(s/D,)'/? and »=(D,/D,)'/2.
These are to be solved with

pl‘ﬁl—p2 , kCi=Ca, =0 (15)
9y e (16)
dx
dc,
—=0, x=I 17
o x 17

A solution of equation (13) is

Ci= %’ + A: cosh (g1x) + B sinh (q1x)

and a solution of equation (14) is
Ca= A cosh (rg1x)+ B; sinh (rq1%)

The unknowns, A’s and B’s, are found from equations (15) through (17) and we get finally
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Cr= Co__ kCosinh(lrgy)cosh[gi(x + )] 18
s s[rsinh(hgi)cosh(lrga)+kcosh( hq1)sinh(lrq1)] (18)
Co= rkCosinh(hq,)cosh[7q:(x— )] (19)

s[7sinh(hg:)cosh(lrq:) + kcosh(hgi)sinh(lrq1)]

To evaluate C, and C, we can use the expansion procedure.®

T8 OREM
C 23 REM  CALCULATION OF PHI
0 2@ REM  BY NEWTON METHOD
43 REM . o
5@ DEF FHFCxy = ZXSIN{Z¥R-SIHC
S Ci, D Co, D» ) D:F FHOOXY = S¥COSCZ¥RI-COS](
é k TR REM
a@ P1=1.5
93 Pa=FHF(P1)-FHDOCPL)
\\\\\\\_¥ 1@ Fl=F1-F3
0 118 IF ARESCPI)> GRB@AEBEA1 THEN
—h 0 l QA

PRIMNT "FHI= ":P1 ® PRINT
Fig. 1. Diagrammatic Represen- EEM o E‘F{LI:‘I_ILHTIEIN ‘ DF -----
tation of a Finite Composite Sy- FEM INTERFHCE CDHC.

stem k=C,/C, (¥=0) lgg EE? fagins T
1 FHSOX2
188 B1=1.75%TANL1. 5K
19 EB2=1 25¥COTC.SXK)

x

o

N e T

Do o XY
AR
m

208 FNS=ERP (- (NAZXTI)/ (X3 (B1-B2)
T = 3
FHI= 1 218 FH END
017 >Z@ REM
. 238 DEF FHCET?
a1 248 S1=0
s Z5@ P2=PI%¥2
.ég@ 268 H=-1
Gt 278 H=H+1
e 280 S59=6
Ro@ 298 Pa=NXP2
&7 c 398 BI=FE+F1
L :3388531288 318 SS=59+FHS (B
696 3415213044 328 Ba=FE+FI
1@ 3425993556 330 So-SovEnsLe®
Sem . 4r217@SB43 358 S9=59+FNS(B9)
4nE . 4539B62@57 36a B?=PQ+P”
S@B | 4BBB1EGETT 378 S3=53+FNS(BI
BB SH14644746 282 81- =Slren . -
‘Sde 5138785415 396 IF ABS(59)>.000RBAE0R1 THEN
gEB 5325439741 L ErB o
amE 5454235244 4@8 FHC= 6+S1k2
| amm  SESi7oc@er 41@ FM END
1.paa 5251 % 428 REN
S onn 232 ;i§223§ 4378 PRINT " DIT CoR=@)0
4,908 5998782147 44@ FRINT
< a@e SoaooIeese 459 IMAGE DROD.DDOD. _n.D:DDDDDDﬂDDD
Z R X aacenne 46 FOR T=.91 TO .@% STEF @1
S aam  Saumoheeal 478 PRINT USING 458 ; T.FHCCT)
& e 2395538 48@ HEST T I
=] E‘F‘IB _Q'::Q‘?QQ .,-_—- 4‘.7”3 F'.lF-.. T=. 1 T‘:l ‘_';' :DTEP . 1 .
18 BEE 2299290951 Sa@ PRIMT LSING 45@ ; T,FNC(TY
4 e SIS 518 NEXT T
Fig. 3. Computer Output after Sze FOR T=1 TO 18 .
: 533 PRINT USING 458 ; T,.FHCLT)
'Runfung the Program shown é: 38 SE#'.T T N
in Fig. 2 S558 ENO

Fig. 2. BASIC Program for the Interface
Concent ration Time Course
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Com 2O g, 3 Sin(hbn)oosl(x-+)Bale™ 2P

h+kl iy B (20)
_RACy _ ® Sin(hBm)cos 7(x—1)Bm]e PPt
Cz——h+kl 27‘kCom2=1 B,,,, (21)
B = Bnl(7214 kh)sin(hfm)sin(rBn) — (rh+ rkl)cos(hBm )cos(r1Bn)] (22)
where 8,’s are positive roots of equation (23).
sin(hﬂ)cos(rlﬂ)+—f7cot(h/3)sin(rlﬁ)=0 (23)

Methods
Three-dimensional graphic display was carried out by the use of the FORTRAN program of Mori® with

a digital computer (DEC, PDP-11/03) and an XY-plotter (Watanabe, WX-4631). Other calculations were
performed with a desktop computer (Hewlett-Packard, HP-85).

Results and Discussion

Drift of the Interface Concentration

For the parameter values of Table I, equations (20) and (22) are reduced to equation (24)
and equation (23) becomes equation (25).

e—ﬂ,i(Dlt)

C1(x=0)=0.6+2 Z

m—1 Bm[1.75tan(1.58m)—1.25c08(0.58x)] @4)
3sin(2B)=sin(B) (25)
Therefore, §,’s are evaluated by equation (26).
Binvi=2nrw+ 90
Pinsa=2nr+x n=0,1,2,,,,00 (26)

Binsa=2nn+2r—¢ J
Binva=2nr+2r

where ¢ is the smallest positive root of equation (25) or 1.40334824758 radian. Numerical
values of equation (24) were obtained with the program shown in Fig. 2. The computer
output (Fig. 3) clearly shows that the interface concentration drifts from the value of (5) to
that of (6).

TasLE I. Parameter Values used
for Calculation

k 1.0
v 7 0.5
h 1.5
) 1.0
Co 1.0

Fig. 4. Three-Dimensional Display of Diffusion
Time Course
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Display of Diffusion Time Course

The diffusion time course of a finite composite system with the parameter values of Table I
was calculated by means of equations (21) through (23) and is displayed three-dimensionally
in Fig. 4, which visually shows momentary change of the concentration distribution, from
the initial condition to final equilibrium.
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