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The problem is the following: How many questions are necessary in the worst case to 
determine whether a point X in the n-dimensional Euclidean space R" belongs to the n-dimensional 
unit cube Q", where we are allowed to ask which halfspaces of (n-D-dimensional  hyperplanes 
contain the point X? It is known that V3n]2-] questions are sufficient. We prove here that cn ques- 
tions are necessary, where c-~ 1.2938 is the solution of the equation x log3 x -  ( x -  1) logs ( x -  1) = 1. 

Let X=(x l ,  x2 . . . . .  x,) be an arbitrary point in the n-dimensional Euclidean 
space R" and let Q" denote the n-dimensional unit cube, that is, 

Q":= {(yi, y~, --., y,): 0 <= y~ ~_ 1; i=1 ,  2, ...,n}. 

Andrew C. Yao [2, Soction 7] proposed the following 

Problem. How many questions are necessary in the worst case to find out whether 
XC Q" if we are allowed to ask which halfspaces of ( n -  1)-dimensional hyperplanes 
Pi contains the point X? (We can choose the i-th hyperplane depending on the 
previous answers.) 

Let f(n) denote the minimum number of questions necessary in the worst 
case, i.e. 

f(n) :---- min max ( ~  questions). 
srategies x E R n 

We have n+ l~=f(n)~2n because the intersection of the halfspaces containing X 
has to be bounded at the end of the algorithm and because asking about the 
2n hyperplanes of the (n-1)-dimensional lateral faces of Q" is obviously :;ufficient 
in order to determine whether X~ Q" or not. 

Notice that this problem is a generalization of the following well-known 
and completely solved problem: Given n distinct real numbers how many comparisons 
are necessary to find their maxinmm and minimum. In other words, let 
X=  (xl, x2 . . . . .  x,) be a point in the n-dimensional Euclidean space R". If we are 
allowed to ask which halfspace of the (n-l)-dimensional  hyperplanes of type 
Xj--Xk=O contains the point X, how many questions are necessary to find the 
maximum and minimum coordinates of X. 
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If this second problem can be solved by g(n) questions and Xm,x and Xm~, 
are the desired coordinates then by asking about the hyperplanes xmi, = 0, Xm,~= 1 
we determine whether XEQ" in g ( n ) + 2  questions. I. Pohl [1] proved that 
V3n/2q-2 comparisons are necessary to find the maximum and minimum numbers 
in the worst case. Obviously V3n/2-1-2 comparisons are sufficient: find the maxi- 
mum of each of the pairs (xa, x.,), (x3, x4) . . . .  then find the maximum of the set of 
the greater elements (completed with x, if n is odd) and find the minimum of the 
set of the smaller elements (completed with x,, if n is odd). (To find the maximum 
(resp. minimum) of a set of k elements we have to perform k - 1  comparisons 
obviously.) Thus f(n)<=V3n/2 -1 and the conjecture is that f(n)=73n/2~ i.e. we 
need question V3n/2-q hyperplanes even if they can be arbitrary ones. We prove 
that f(n)~cn+O(log n), where c ~  1.2938 is the solution of the equation x log~ x -  
- ( x - l )  log~ ( x - l ) =  1, even if the halfspaces are open. 

We give an adversary strategy. This means that we do not fix the point X, 
we merely choose the open halfspaces of each hyperplane asked about so that the 
intersection of the chosen halfspaces should not be empty. 

Adversary strategy. Let P~ denote the i-th hyperplane asked about and let Hi denote 
the chosen open halfspace (that should contain the point X) and let _H~ denote the 
other open halfspace of P~. Let V= {I/1, Vz, ..., Vz,} denote the set of the vertices 
of Q". For a vertex V i let P~(Vi ) denote the set of the hyperplanes Pk (k<-i) such 
that VjEPk. We define a sequence of weight functions co~ from V to N. Let 

co0(Vj) = 2" 

for j =  1, 2, ..., 2". Now if P~ is the first hyperplane asked about then choose Ha 
such that 

Z ~oo(vj)~ Z ~0(vj) 
V.j E H 1 V j  E 17 x 

and 

should hold. Suppose that the halfspaces 111, Hz, ..., Hi have been chosen and 
the weight functions coo, col, ..., co~_1 have been defined ( i~  1). Then let 

[coi_~(Vi)/2 if VjEP, and dim(OPi(Vj))<dim(NP,_a(Vi) ) 
~i(Vi)=|ogi_l(Vj) if VjEPI and dim(Nei(vi))=dim(APi_a(V i) or VjEH i 

[o it" vj~R~ 
and if Pi+l is the ( i+l ) -s t  hyperplane asked about then choose Hi+a such that 

Z ~o,(vj)-_> Z ~o,(vj) 
VjEHi+ 1 Vj~F]I+I 

and 

H k = Q 
k 

hold. It is obvious that Hi÷a can be so chosen. 
Notice that 

~ok(V i) => ~ok-a(V~) 
j = l  j-- 
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and so 

(1) 

for k=>0. 

Z cok(v~-) ~ 2 ' ' -~  

Lemma 1. I f  we know whether XEQ" or not after the i-th question then ~o~(Vj)--<l 
for j = l ,  2, 3, ..., 2". 

Proof. If we know whether XEQ" or not then XCQ" by our strategy, so 
i 

(-] Hk=Q". Suppose that ~oi(Vi)~2 for a vertex Vj of Q". Then Vj is a boundary 
k = l  

i 

point of the polyhedron f~ H, .  Since mi(Vj)~2 we thus have dim(AP~(Vj))= 
k = l  

= d ~ l .  Let e be a straight line such that e c  OP,(Vj). On the other hand VjCH, 
if Pk~Pi(Vj) and so there is a small sphere S with centre Vj such that S=Hk 

i 

if Pk~ P~(Vj). Then the section q =  e f3 S belongs to the closure of the set ~ Ilk and 
k = l  

this section q contains Vj in its interior. The closed cube Q" contains the closure of the 
i 

set CI Hk and so it contains also the section q. But the cube Q" does not contain 
k = l  

any section q that contains a vertex of Q" in its interior, a contradiction. II 

From now on suppose that we know whether XE Q" or not after the i-th question. 
/ 

[That is XEQ" and (~ HkcQ".) Then every vertex Vj of Q" with e0i(Vj)=l 
% 

is 
k = l  

contained in n independent hyperplanes P and for distinct such vertices V i these 
sets of  n independent hyperplanes are different. The number of vertices Vj with 
to/(Vi)= 1 is at least 2 ~-"-~ by (I) and Lemma 1. So we have 

from which we can get the inequality 

i >  ( )  = C O n - } - O  n 

where Co ~ 1,20. We can say more about these sets of n independent hyperplanes. 
L~;t us fix such a set of n independent hyperplanes of Pi(Vj) for every Vj with 
~o,(Vj)= 1. Let us denote this set by P?(Vi). 

Lemma 2. We have the inequality 

~ 1  P~(vJk) < n - t, 
k = l  

for any integer l>=O and for any indiees 1 <=jl<j2<... <j2,+~2" with ~oi(Vjk)= 1. 

21+1 
Proof. Assume by way of contradiction that Pil, Pi2, ..., Pi,,_,~ ('1 P~(Vjk). The 

k = l  

hyperplanes PiI, Pi2 . . . .  ,Pi .... imply n - I  independent equations for the coordi 

/ = 1  
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hates xl ,  xz, ..., xn of the points of  f~ Pi~,. Then there are l free variables in 
m = l  

the general solution of the system of equations. I f  we fix these l coordinates as 0 
or 1 then the other n - l  coordinates are determined so the number of  the 0 - 1  
solutions is at most 2 ~. But the vertices Vii, Vj,, ..., Vjzt+l imply different 0 - -1  
solutions of the system of equations, a contradiction. 

T h e s e a t m o s t ( n i _ l )  s e t s o f n - I  independent hyperplanes can be completed 
f J %, 

to sets P~(V~) of n independentsets ina t  moSt ln t_ l ]2  ' different ways. Any set 
N / 

is obtained [nn_ll times. Thus the number PF(Vj) of independent hyperplanes ?/ 
k / 

of the sets Pr  (V j) is at most n - l  n - l  • On the other hand we have at least 

22"-'  sets P~(Vj) by (1) and Lemma 1. Thus we have 

n - l  2' n - l  

for I=0, 1, 2 . . . . .  n. I t  is easy to see that (2) gives the best estimate if l = i - n  so 
we get 

= 2 n - i  2 n - i  

Using Stirling's formula and taking logarithms to the base 2 we get 

3n - 2i ~ i log2 i + ( i -  n) log2 (i - n) - (2i - 2n) logz (2i - 2 n ) -  n logz n + O (log~ n). 

Hence 
n ~_ i log2 i - ( i - - n )  log2(i--n)--n log2n+O(log2n). 

Let i =  on. Dividing by n we get 

I<= c log2cn- (c -1) log2  ( c - l )  n - l o g 2  n + O [ ~ - ~  

I <=clog2c--(c - 1 ) l o g 2 ( c - - l ) + O ( ~ - ) .  

Finally since the derivative of the function x logz x - ( x -  1) log2 ( x -  1) has 
a positive lower bound in the interval (1; 1.5) we find that  f(n)>-cn+O(logn), 
where c ~ 1,2938 and c log~ c -  ( c -  1) log2 ( c -  I) = 1. 
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