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Let V(n, k) denote the set of vectors of length n whose components are integers j with 
1 ~j~k.  For every two vectors x, y in V(n, k), let a(x, y) stand for the number of subscripts i with 
x~=y,. We prove that for every positive e there is an n(e) with the following property: if n>n(e) 
and k <n z-~ then there is a set Q of at most (6+e)(n log k)/(log n - l o g  k) vectors in V(n, k) such 
that for every two distinct vectors x ,y  in V(n, k) some q in Q has a(q, x)~a(q, y). 

Mastermind is a game for two players,  cal led S.F. and  the P.G.O.M. In the  
beginning,  S.F.  creates a "mys te ry  vector"  m = [ m l ,  m~ . . . .  , m,,] such tha t  each rn i 
is one  o f  the "colors"  l,  2, . . . ,  k. The  P .G .O .M.  (who knows both  n and k) then p r o -  
ceeds to de te rmine  m by asking  a number  o f  quest ions,  which are  answered by S.F.  
Each quest ion q is a vector  [ql, q.z . . . . .  q,] such that  each qi is one o f  the k co lo rs ;  
each answer  consists  o f  a pa i r  o f  numbers  a(q, m), b(q, m) such tha t  a(q, m) is the  
number  o f  subscr ipts  i wi th  q i =  rnl and  b(q, m) is the largest  a(q, ~) with rh running 
th rough  all  the  pe rmuta t ions  o f  m. 

In the  commerc ia l  version tha t  became popu la r  a few years  ago,  n = 4  and  
k = 6  (with each answer represented by a(q, m) black  pins and b(q, m) -a (q ,  m) 
white p ins ) ;  Knu th  [l] has shown tha t  four  quest ions suffice to de termine  m in this 
case. The  general izat ion to a rb i t r a ry  11 and k was suggested by Pierre Duchet ,  who 
asked for  

(i) the smal les t  number  f (n ,  k) such that  the P .G .O .M.  can de te rmine  any m by 
asking J'(n, k) quest ions (waiting, as usual ,  ib r  each answer before asking the 
next quest ion) ,  and  

(ii) the smal les t  number  g(n,  k) such tha t  the  P .G .O.M.  can de termine  any m by 
asking g(n, k) quest ions at  once (wi thout  wai t ing for the  answers).  

Trivial ly,  f(n, k)~g(n,  k); Duchet  also observed  tha t  

(l)  f07, k) => 
n log k 

AMS subject classification (1980): 05 B 99; 94 A 50, 90 D 99. 
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(The proof  is routine: there are alo more than (4-~|n22 I possible answers to each ques- 

tion, and the sequence off(n,  k) answers has to distinguish between every two of the k" 
possible mystery vectors.) The purpose of this paper is to establish upper bounds on 
f(n, k); in particular, we shall show that the lower bound (1) is best possible (up to a 
constant factor) whenever k is small relative to n. Throughout, we shall let In and log 
stand for the natural and the binary logarithms, respectively. 

Theorem 1. For every positi~,e e, there is an n(e) with the .following properO,: i f  
/~>n(O and if  k<t?  -~ then 

l + 2 1 o g k  
(2) g (n, k) ~ (2 + e) n 

log n--  log k" 

Proof. By a difference pattern, we shall mean a nonempty set I of subscripts along 
with two distinct colors x~, y~ for each iE [; we shall say that this difference pattern 
is split by a question q if the number of subscripts iEI with q~=x~ differs from the 
number of subscripts iE I with q~=y~. Note that every two distinct candidates x, y 
for the mystery vector define a unique difference pattern by iEl iff xiCy~, and 
that this difference pattern is split by a question q if and only if a(q, x )#a(q ,  y). 
Thus we only need establish the existence of a set Q of questions such that every 
difference pattern is split by some question in Q, and such that IQI=N with Nstand- 
ing for the right-hand side of  (2) rounded down to the nearest integer. 

We claim that such a set may be obtained by taking N questions at random: 
the probability that the result will fail to have the property required of  Q is less than 
1/n. To justify this claim, let p(d, k) stand for the probability that an arbitrary but 
fixed difference pattern with 111 = d  is not split by a randomly chosen question, and 
observe that 

Since the probability that at least one difference pattern is split by none of the N ques- 
tions does not exceed 

we only need prove that 

(3) [ ])(k(k- 1)r(p < ,-'. 

For this purpose, we divide the range of d into two parts. 
In case d<=n 1-~ with 6=a  3, we shall establish the inequality 

nSa(p(d, k)) N < l 

whichis stronger than(3).  First, observe that (2{)2-~-i~1 whenever i=>l, a n d s o  

( 2~ a 1 a d 2 J  1 1 
• 
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It follows that  

and so 

l np (d , k )  ~ - ~ -  l - -  1 -  ~ - - - ~ ( 1 - - e  ), 

T --5-eJ 1 + 2 l o g  k 1 - e  -~d/k N l n  1 2 '  1 

5d p(d,  k) - 5d l o g n - l o g  k" 2 

Observing th at ( 1 - e-2a/k)/d is a decreasing function o f  d, and that  2n 1 -a/k ~- 2n "-a >= 1 
whenever n>n(e), we conclude that  

N In I 2 +  ~ l + 2 1 o g k  n a 
- -  - -  - ~  - -  > I n  , ,  

5d p (,d, k) ~ 20 n° log n - log k = 10 log n 

whenever n >n(e) .  
In  case d~=n 1-6 with 5 = e  a, we shall establish the inequality 

2"k2"(p(d, k)) ~ < n-z  

which is stronger than (3). First, observe that (2/) 2-'~' <=(~i, -~/~ whenever i ~ l ,  and 

SO 

' d 2 ~  1 [,}U{ 
( 2 } d l  t, (d'~-~12 

 l,TJ + t T J  • 
Since d/k~2n  "-~, it follows that  

( d l-~/2 
p (d, k) <- I,-fk-) 

whenever  n>n ( s ) ,  and so 

l >_ ( 2 + l e ) l + 2 l o g  k ( l - 5 ) l o g n - l o g k - I  
N l o g  p(d, k) = n l o g n - l o g k  2 

= { l + l e l n ( l + 2 l o g k )  ( 1 - 5 ) l ° g n - l ° g k - I  
log n -- log k 

= > [ l + + e ) n ( l + 2 1 o g k ) > n + 2 n l o g k + 2 1 o g n  

whenever n>n(e ) .  I I  



328 v. CHV,~TAL 

When k = n ,  the lower bound (1) is linear in n; the best upper-bound we can 
offer goes as follows. 

Theorem 2. I f  n ~ k ~ n "2 then f(n,  k) ~ 21~ log k + 4n. 

Proof. First, let A (~0 denote the smallest number of  questions that suffice to deter- 
mine the mystery vector m if k = n  (assuming that each question q is answered only 
by a(q, m)). Observe that 

(4) A(r+  s) ~ 2(r  + s - l ) +  A(r )+ A(s): 

the mystery vector may be determined by 

(i) asking r + s q u e s t i o n s  (with qf=j  if 1Ni~ : r , q~= l  if r < i ~ r + s ,  a n d w i t h j  
ranging through 1, 2 . . . . .  r+s)  to find out which colors appear in the first r 
components of  m, 

(ii) asking r + s - 2  questions (with q~---I if l ~ i ~ r ,  q~=j if r < i ~ r + s ,  and 
with j ranging through 2, 3 . . . .  , r + s -  1) to find out which colors appear in the 
last s components of  m, 

(iii) asking A(r)  questions (with q i= l  if r<i~-r+s)  to determine the first r 
components of  m, 

(iv) asking A (s) questions (with q~ = 1 if 1 <= in t ' )  to determine the last s compo- 
nents of  m. 

Since A(1)=0 ,  repeated applications of  (4) with r=s  and r = s + l  show that 

A (n) ~ 2(hi-log n 7 - - 2  r~°g'7 + 1), 

and so A(n)<=2nylog,% 
Next, let B(n, k) denote the smallest number of  questions that suffice to find 

a set C o fn  colors such that m~C C for all i (assuming that each question q is answered 
only by b(q, m)). Observe that 

(5) B(n, 2sn) ~_ 2 n + B ( n ,  sn) for s = 1, 2 . . . . .  n: 

at least sn absent colors may be identified by splitting the set of 2sn colors into dis- 
joint sets C1, C2 . . . . .  C2, of  size s and asking 2n questions, the j - th  of which involves 
all the colors in C i (and no other colors). Repeated applications of  (5) show that  

B(n, 2tn)<=2tn for all t = 0 , 1  . . . .  , F l o g n T ,  

and so B(n, k)<=2nTlog k/n7 whenever n~k<-n  0-. 
Now the theorem follows by observing that f (n,  k)<=B(n, k)+A(n) .  | 

cisely, 
In closing, let us note that f(n,  k),,~k/n as soon as kin ~- log n ~ o  : more pre- 

( k -  1)/n <= f (n ,  k) ~ 7k/n-7 + f (n ,  n "~) 
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for all n and k. To justify theupper  bound, note that Fk/n] questions sufficeto confine 
the range of colors to at most n2: the lower bound is justified by the following trivial 
argument. I f  the P.G.O.M. is allowed fewer than (k -  1)In questions then some two 
colors r, s must be missing from all of his questions; now S.F. can answer all the 
questions by a(q, m)=b(q ,  m)=0 ,  leaving the P.G.O.M. in a painful doubt as to 
which of the 2" vectors composed of r and s is the mystery vector. 

Note added in proof, I had thought it appropriate to dedicate this particular paper 
to E.P. for his birthday, since I learned the kind of methods used here from him. 
Unfortunately, I was too right: over four months after the manuscript was submitted 
for publication, V. R6dl informed me that the problem of determining g(n, 2) had 
been known as the "coin-weighing problem" and, in particular, my proof  of  
Theorem 1 turns out to be an extension of an argument used by Frd6s and R6nyi 
in "On two problems in information theory",  Magyar Tud. Akad. Mat. Kut. Int. 
K6zl. 8 (1963), 229--242. 

Reference 

[1] D. E. KNUTH, The  compu te r  as a MasWr Mind,  Journal o f  Recreathmal Mathematics 9 (1976 
77), 1--6.  

V. CHVATAL 

School o f  Computer Science 
JV1cGill University 
:VIo~ztreal, PQ, H3A 2K6 Canada 


