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Appendix 1I. Derivation of the equation for contact shift

The spin Hamiltonian for two contact coupled S =3, I =3 spins is given by
H =g pugBoS; —hy Byl + AI- S
=3Z. —3ZN+ A[S, I, +4S,I_+S_1.)]

where Z, and Zy are the electron and nuclear Zeeman energies, and the energy
matrix is

My, M, 12,3> 13 —2> |=2,3> =2 =2
Gl 3Z.—3Zy 0 0 0
iA
G4 o Zo+izy 34 0
4
(=123 0 34 —3Z.—3Zy
—1i4
(=3 -3 0 0 0 ~1Z +1Zy
+34

Diagonalization of the above matrix yields the following energies and eigenfunctions:

E =3Z.—3Zx+34 =133
E;=—-34+3R Pr=cl} —3>+el -3,
Ey=—44—3R Vi=—cl} —D+al-33
Ey=—3Z.+3Zx+34 Vy=|-3. -

where
R=(A2+(Z, + ZyP)'? ¢ = B(l +Z°;ZN>T/2

1 Zo+ Z\ T2
022 5 1— R

Nuclear transition energies are given by E, — E, and E,— E;. By referring for
simplicity to the high field limit, i.e. when Z, > A4, we have

E2—E1=ZN—%A E4_'E3=ZN+%A

The first transition is between states characterized by positive Z,, the second between
states with negative Z,. Note that the nuclear transitions are separated by 4 and
independent of S. However, the nucleus is only able to experience an average
additional field from the magnetic moment of the electron, owing to its fast relaxation
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between the two electronic states. The average transition energy is thus given by
AE,, =P, (Zy—3A)+ P_(Zy +3A) (IL1)

where P, and P_ are the Boltzmann population of the electronic levels, as defined
in Eq. (1.25). Eq. (II.1) can thus be rewritten as

p o exp[(ZKT)]
* exp[—(Z./2kT)] + exp(Z./2kT)

exp(Z./2kT)
t Xp[—(Z./2kT)] + exp(Z./2KT)

and, in the limit Z, « 2kT:
AE,, =31 = Z,2kT)(Zx —1A) + (1 + Z.2kT)(ZN + 3 A)

(Zn—34)

(Zn+34) (I1.2)

gel"B 0
4kT

=Zy+3

1.3
ZkT (IL3)
The contribution to the nuclear energy due to coupling with the unpaired electron,

relative to the nuclear Zeeman energy equals the contact shift in ppm and is given
by

con __ EelB
0" =A——— 41y kT (11.4)

which can be generalized for S #4 to obtain Eq. (2.5):

A geusS(S+1)

500]’1:
h 3y kT

(IL5)
Eq. (I1.5) can also be obtained in a simpler way by recalling that for large magnetic
fields the quantization axis of both the nuclear and the electron spins is along the
external magnetic field. Therefore, the energy of the contact interaction from
Hamiltonian (2.4) can be written as

gt S(S + 1)By

Ee" = Al = —Al
A8 3T

(1L6)
where we have used the definition of {S,) given in Eq.(1.31). The contact shift is
again obtained by dividing the contact coupling energy by the nuclear Zeeman
energy:

Econ A ge.“'BS(S + 1)
Tyl Bo # 3y kT

6 con _.
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Appendix III. Derivation of the pseudocontact shift in the case of axial symmetry

We refer to the generic geometric arrangement of the electron and nuclear magnetic
moments depicted in Fig. 2.6. The z axis of the cartesian coordinate frame, defined
by the external magnetic field, is indicated by the unitary vector x. The orientation
of the molecular z axis is indicated by the unitary vector . The metal-nucleus vector
is indicated by r. The angle between x and 2 is called «, the angle between 4 and r
is called 6, and the angle between x and r is called y. We also define a direction v
perpendicular to A and lying in the x4 plane, and a direction 7 perpendicular to the
xA plane. When performing rotational averaging, we will be dealing with rotations
of the molecule about its principal axis 4; upon such rotation, the vector r will define
a cone around 4, and it will be useful to define an angle @ to locate r along the
surface of the cone. Q is zero when r lies in the x4 plane.

Our aim is that of evaluating the energy of the dipolar interaction between the
nuclear and electron magnetic moments from the classical expression (see Eq. (1.1)):

- - (Re) A, )

4r ) ¥

where (u) is the average induced magnetic moment of the electron, and g, is the
projection of the nuclear magnetic moment along B,. By referring to Fig. 2.6, g, =
fiy;1,x. From Eq. (1.27), we can write

B B
_ XM Do =X—Q (IIL.2)

()=
Ny 1o Ho

where y is defined as the molecular magnetic susceptibility. We also know that y is
a tensorial quantity (cf. Eq. (1.40)). By analogy, the vector {u)> can be obtained by
taking the vector projection of the y tensor along x and rewriting Eq. (IIL.2) as

B
wy="gx (I1.3)
Ho
By recalling that A-x=cosa, v*x = —sin «, and 2+ x =0, we obtain
B, .
) = ,u_ () cos ad — x sin av) (I11.4)
0

Note that {u) is slightly misaligned with respect to the direction of B,, x; it would
be coincident with the x direction only if y, =y, ie. in the absence of magnetic
susceptibility anisotropy.

By substituting Eq. (I11.4) in Eq. (I11.1), and recalling also that

Ar=rcos@ v'r= —rsinfcos 2

K*r=rcosy=r(cos «cos f + sin o sin 0 cos Q)
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we obtain

dip B,
E“P = — o fryrd,[3(y, cos a cos §

+ x. sin a sin 6 cos Q)(cos « cos 6
+ sin o sin 6 cos Q) — (y; cos® & + x, sin® )] (ITL.5)

which can be rearranged as

Edip — _

cos? a(3 cos? @ — 1) + x, sin® a(3 sin? f cos> 2 — 1)

0
4mr3
+3(x) + %) sin 2a sin 260 cos 2] (I1L.6)

Eq. (I11.6) is the general formula for the dipolar interaction energy when the principal
axis of y is in a generic A direction. The shift is then obtained by calculating the
energy difference between two states differing by AM,; = +1:

AEYP = — E:; fryr [y cos® a3 cos? 8 — 1) + g, sin® o3 sin? 6 cos? 2 — 1)
+ 30 + x.) sin 2« sin 26 cos 2] (I11.7)

and by dividing the result by the nuclear Zeeman energy #y, B,

A Edlp

1
=P = — [x" cos? o3 cos® 0 — 1) + z, sin® o(3 sin? § cos®* Q — 1)
fiy; Bo

+ %(x" + x) sin 20 sin 260 cos Q2] (ITL.8)

Eq. (I11.8) gives the dipolar shift in the solid state (see Chapter 8). Note that when
x 18 isotropic it reduces to

1
§diP = A 5 2[3(cos a cos 6 + sin « sin 0 cos 2)* — 1]

1
=i x(3cos’y—1) (I111.9)
which gives the dipolar shift in magnetically isotropic solids and which averages
zero in solution (cf. Eq. (2.15)).

To derive the pseudocontact shift in solution 6°° we must now take the rotational
average of Eq. (IIL.8). By recalling that

1 2n 1 2n
— = il 2 =1
o J; cos2dR=0 ™ J; cos’ 2dQ =3
integration of Eq. (ITL.8) in dQ gives

1 2 2 2 (3 ain
=m[x" cos® (3 cos® 8 — 1)+ y, sin® a(3sin® 6 — 1)] (1II1.10)
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We then need integrating over the solid angle « (d cos « =sin o do), and recalling
that

IJ‘" 2y sinad 1 1 (" 1 2 ) sin o d 2
= | cos == = - ==
2] asinocde=> 2 0( cos” a) sin a dor = 3
we obtain
) 1
5dIP=Z7;5[x||%(300529~1)+XL%(3—300829—2)]
T 120 (¢ — x1)(3 cos® 6 — 1) (IIL11)

which is Eq. (2.14).
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Appendix IV. Derivation of the equations related to NOE

A necessary step to derive Eq.(6.2) and other equations in Chapter 6 is the
obtaining of a suitable expression for the time dependence of M’ in a dipole-coupled
two spin system. By referring to Fig 6.1, ML and M are given by

M!=KP,,+P,_—P_,—P__) M!=K(P,,+P_,—P, —P__)
(IV.1)

The rate of variation of M! with time, dM.(¢)/dt, is proportional to the rate of
population increase of levels + + and +— minus the rate of population increase of
levels —+ and ——:

dM;(t)_K dP+++dP+_ dP_, dP__
dt dt de  dt dt

(IV.2)

Among the various transitions shown in Fig. 6.1, we can neglect those involving only
changes in spin state of J. For instance, the first of the four terms in the right-hand
side of Eq. (IV.2) is:

dpP,

a = —(W] +wy)Pr o+ WP +w,P__+¢ (IV.3)

The constant ¢ can be evaluated by setting dP, . /dt =0:

¢ =Wl +w;)Py.(00) —wWiP_,(0)—w,P__(0) (Iv.4)
and Eq. (IV.3) becomes

dpP, .

- —(Wi +wy)AP, . + WiAP_, + wy AP _ (IV.5)
where

P —P(0)=dP (IV.6)

Analogous equations can be written for the other three terms in Eq.(IV.2). By
grouping all the terms together, Eq. (IV.2) becomes
dM;(2)
dt

=K[—-24P, , (Wl +w,) (Iv.7)
— 24P, _ (Wi + wo) + 24P_ (W] + wo) + 24P_ _(w] + w,)]
which can be rearranged to
dML(z)
Ty " 2K[A4P-_— 4P, Wi +wy) +(AP_, — AP, )wi+we)]l  (IV.8)

The factor 2 derives from the fact that a single transition decreases the population
of the starting state and at the same time increases the population of the target state,
thereby changing the population difference by twice as much.
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However, from Eq. (IV.1) we can write
MI+M]=-2K(P_._—P,,) M- M]=—-2K(P_,—P,_) (Iv.9)
and, using Eq. (IV.6)
M(t) — Mz(o0) + MI(t) — M}(c0) = —2K(4P__ — 4P, ;)

(IV.10)
Mi(t) — Mz(c0) — MI(t) + Mi(c0) = —2K(4P_, — 4P, )
Substituting Eq. (IV.10) into Eq. (IV.8) gives
I
g%zt—(t—)= —[M(t) = Mi(c0) + M(t) — M (o0)](w] + w,) (IV.11)

— [M(1) — M{(00) — M7 () + M3 (00)](w] + W)
that finally becomes

dm!
SR EM1 (1)~ M2 (a0 10+ 2]+ w3) — [M(6) — M2(e0 )]s — )

(IV.12)

Eq. (IV.12) is the starting point to derive not only the equations relevant for the
NOE phenomenon (Chapter 6) but also Eq.(3.12) and the following ones
(Section 3.4). A somewhat different form of Eq. (IV.12) has already been encountered
when dealing with transfer of magnetization between two sites in chemical exchange
(Section 4.3.4).

According to the definitions given in Egs. (6.3) and (6.4), Eq.(IV.12) can be
rewritten as

dMi()
dr

= —[M(t) — M1(c0)]p1s) — [M3(t) — M(c0)]oyy, (Iv.13)
Eq. (6.2), relevant for steady state NOE, can easily be obtained from Eq. (IV.13) by
setting dMZ(t)/dt =0 and MI(¢)=0:

0= —[M(t) — MI(c0)]py) + MI(0)oy, (IV.14)
which rearranges to

M(t) = M(0) + [01)/p10)JM3(0) (6.2)

For the homonuclear case, generalized by substituting p;;, with the total relaxation
rate p; in Eq. (IV.13) and the following, we obtain

M:(t) — Mz(0)

M) (6.10)

The equation for truncated NOE (Section 6.3) can also be derived from Eq. (IV.13),
again generalized by substituting p;;, with the total relaxation rate p;, by setting
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Mj](t) = 0 (instantaneous saturation). Integration then gives

M;(t)= Aexp(—pst)+ B

To evaluate the constants 4 and B we start by deriving again Eq. (15):

dMi(t)
BT —Apr exp(—pyt)

From Eq. (IV.15) we can then write
A exp(—pst)=M;:(t)— B
and, by substituting Eq. (IV.17) into Eq. (IV.16), we obtain
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(IV.15)

(IV.16)

(IV.17)

(IV.18)

(IV.19)

dMi() .
i —prMz(t)+ p; B
However, from Eq. (IV.13) under instantaneous saturation of J we can write
dM;(1)
Tdr [M(t) — Mi(0)]p; + M!(OO)O'I(J)

and, by equating the right-hand sides of Egs. (IV.18) and (IV.19)
B = M;(0) + [0y)/pr]M:(0)

By substituting Eq. (IV.20) back into Eq. (IV.15) we obtain
M;(t) = A exp(—pst) + Mi(0) + [o15/pr]MI(0)

at t =0, MX(t) = M!(0), and therefore
A= _[01(1)/P1]Mi(00)

from which Eq. (IV.21) becomes

M:(1) = Mi(o0) + (0100)/pr) M7 (00) [ 1 — exp(— ps1)]

(1V.20)

(IV.21)

(IV.22)

(IV.23)

by setting MJ(o0) = M1(o0) and rearranging we obtain the equation for truncated

NOE:
M(t) — M{(c0)

Ml(w0) = Nry(t) = Logay/pr][1 — exp(—pyt)]

(6.17)
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Appendix V. Simulation of NMR spectra

I. Bertini, C. Luchinat, A. Rosato

V.1. What are simulated spectra good for?

Writing or understanding a pulse sequence is a task almost every NMR
spectroscopist has dealt with in his life. In principle an experiment can be
theoretically analyzed in order to predict the results arising when a given set of
parameters is employed. In practice, pulse sequences are often tested with little
preliminary theoretical studies, and a huge amount of time can be spent to properly
set experimental conditions. This is particularly true when dealing with paramag-
netic compounds which, as we have already seen in Chapters 7 and 9, often require
unusual settings. However, NMR time is precious and one would like to cut down
the amount required for testing experiments. Simulations can help a lot in this.
Setting up the simulation of an experiment, if a library of simulations of the effects
of various pulses is available, reduces merely to glueing together the different pieces.
Acquiring a simulated spectrum generally takes much shorter than acquiring a real
spectrum, and, in any case, CPU time is usually less precious than NMR time.
Furthermore, one can play with the sequence and try to improve it or to understand
it better, just trying to change the pulses, to skip some part of the sequence, etc.
Let us think of an experiment in which shaped pulses are used; changing one (or
more} of them into a hard pulse will help understanding its function. To a
researcher who is familiar with NMR, the results of such changes may be obvious;
nevertheless, the possibility of having a look at what really happens (or should
happen), without wasting energy, is something one should appreciate. Of course,
owing to the fact that up to now simulations can be run only on ideal, small
systems, it is not possible to explore all the features of an experiment. A pulse
sequence needs real testing as well. A simple example can be that of a too long
high power decoupling, which would not have any particular consequence in a
simulation, but would destroy the sample in real life.

Even well-known experiments can benefit from a clever use of simulations. From
a 2D experiment to the most fancy nD experiment, there are always parameters to
be adjusted to achieve the best results. Again, this could be (and in some cases has
been) done through a detailed theoretical analysis, but instead it is often done by
hand. This procedure is time consuming, and one is never sure of working with the
best set of parameters. The right set of parameters for a certain system can be
evaluated through simulations.

Another possible use of simulations is the inspection of the shape of peaks.
Sometimes, owing to some peculiarity either of the system studied or of the experi-
ment, the spectrum detected shows some odd patterns. For instance, superimposition
of pure absorption or pure dispersion lineshapes may result in an unusual aspect of
a peak.
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V.2. Product operators

The evolution of magnetization during NMR experiments can be followed by
means of the so-called product operators formalism. This approach has the advantage
of being simple, and of being pictorially representable.

The basic idea of this approach is that of representing the magnetization of one
spin through a combination of spin angular momentum operators. For instance,
magnetization of a spin I can be represented through a linear combination of the
three operators I, I, I,. In the presence of an external magnetic field, the nuclear
spin will be aligned along the direction of the field, say z; its magnetization is then
represented by (is proportional to) I,. A generic o degrees pulse applied along one
of the in-plane axes will produce a rotation of the magnetization vector around that
axis of o degrees. This means that after a 90° pulse applied along the y axis,
magnetization will be along the x axis (Fig. V.1), and therefore will be represented
by I,.2

If the nuclear spin has a Larmor frequency w, then its time evolution under the
effect of chemical shift is given by the following rules:

I,-1,
I, -1, coswt+1,sinwt . (V.1)
I,—1,cos wt —1I,sin wt

This kind of representation for a single nuclear spin is absolutely equivalent to the
classic vector model.

Things get a little bit more complicated when one has to deal with a two spin
(I, K)) system. In this case, the spin system is described by a combination of the
following spin operators:

Ixa Iy’ Iz
Kxa Ky:r Kz
K, 1K, LK,ILK,IK, LK, LK., IK,LK,

y> oy

Notice that the latter nine operators are formed by all the possible products (hence
the name of the formalism), two at a time, of the three spin angular momentum
operators of spin I and the three spin angular momentum operators of spin K.
Vector representations of all these operators are shown in Fig. V.1.

In the presence of an external magnetic field, the two nuclear spins will be aligned
along z and their magnetization will be represented by the operators I, and K,. If I
and K are two spins of the same nuclear species, after a non-selective pulse applied
along the y axis, their magnetization will be represented by I, and K, respectively.
Evolution under the effect of chemical shift is still given by Egs. (V.1). Spin I will

! This appendix will deal only with spin 4 nuclei. However, extensions of this approach have been
developed for other nuclear spins.

2 The convention used here is that a pulse applied along the y axis rotates spin magnetization from the
z axis to the positive side of the x axis.



280 Appendices/Coordination Chemistry Reviews 150 (1996) 265-292

precess with frequency w;, and spin K will precess with frequency wg. So far, each
spin behaves as it would do if the other spin were not present. However, if the two
spins are coupled, the evolution of one spin will affect the evolution of the other
spin as well. Let us restrict ourselves, for the sake of simplicity, to the case of scalar

Operator Matrix 1 spins S spins
name form
_ _ z z
1000
I 0100
0010 y oy
o001 .
[0 0 1 0] T T
I 0001
x 1000 —Yy y
0100 /
b3 X
— _ z z
0010
I 0001
¥ 2 1000 == 3 y
[0 10 0]
X X
- z z
100 0] |
Iy 0100
2 00-10 y ey
[0001]
X
- z z
010 0]
s 1000
x 000t y /"‘ y
001 0] .
_ — z z
0-100
1000
S, 00 0-1 Ly y
[0 01 0]
X x
_ _ z z
1000
p 0-100
I 0010 y y
|0 0 0-1] /
X X
— o z z
0010
00 0-1
LS.} 1000 /L‘v y
0-100
- - X X
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Operator Matrix 1 spins S spins
name form
[0 0-1 0] z z
0001
LSty |1000 y y
0-100
| P X X/
[1 0 0 0] z z
i 0-100
2 00-10 | . y
o 00 1] /
X X
[0 1 0 0] z z
1000
LS:t looo- /
[0 0-1 0] V4 y V4 y
X X
[0-1 0 0] z z
1000
LS, i 0001 y y
[0 0-1 0] R
X X
[0 0 0 T] z z
0010
LS, i 0100 / /
100 0] yd Y 4 y
X X
[0 0 0-1] z z
0010
LS,i Jotrool ] oy y
=1 0 0 Ql
X X
[0 0 0-T] z z
0010
IS, 0-100 y I
1000 7
- - X X
[0 0 0-7] z z
00-10
IS4 0100 v y
100 0]
X X

Fig. V.1. Product operators for a two-spin system. The density matrix form is shown along with the
vector representation (from Ref. [5], p. 8).
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coupling in solution, the coupling constant between I and K being J. The effect of
scalar coupling on the time evolution of one spin (say spin I') can be computed from
the following equations:

1,-1,
I,— I, cosnt+ 21 K, sin nJt
I,—1,cos nJt —2I, K, sin nJt (v.2)

21,K,—-2I,K, cos nJt — I, sin nJt
21,K,—2I K, cos nJt + I, sin nJt

The same holds for spin K; the effect is still described by Eqgs. (V.2), in which [/
and K are swapped.

The effects of chemical shift and scalar coupling on the time evolution of one spin
can be accounted for independently, regardless of the order (the two effects are said
to commute). For example:

IX
) N
I cosw,t+1 sinm, 1 I, cosmlt+21 K sinmft
cosm,l[l, cosT1 + 21_‘,K‘.sin1t.lt] + cos 11:]![1,r cos, 1+ Iysinm,t] +
+sinw, {1, cosmjt - 21 K sinmJr] +sinmH[21 K, cosw,t 21, K sin, 1]

Y ¢

1, coswtcosnlt+21 K, coso,sinmjt +
+1,8inw,t cosmt - 21 K, sinw, 1sinmJt

In other words, in a term which is the product of two operators, each operator
evolves under the effect of chemical shift and scalar coupling independently. A further
example is

1K, 22
I, cos w;t[K, cos wgt — K sin wgt] + I, sin w;t[K, cos wgt — K, sin wgt]
=1,K, cos w;t cos wgt — I, K, cos oyt sin wgt + 1, K, sin w;t cos wgt
— I K, sin w;t sin wgt
Unfortunately, there is an exception: a term which is product of two transverse
operators does not evolve under scalar coupling between the two spins. That is,
scalar coupling between I and K does not affect terms like I, K,, I, K, etc. Anyway,

one should keep in mind that such terms do evolve under the effect of scalar coupling
to a third nucleus. As an example, suppose that spin I is coupled to spin § with a
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constant Jg:

st

IxKx——_)IxKx CoS TCJlst + 2InySz Sin TCJ[st

Note that the operator K, just acts as a multiplicative constant.
In products of two operators, each one evolves independently also under the effect
of pulses. For instance:

LK, 21K,

903
ILK,— —LK,

As can be understood by looking at Fig. V.1, only single spin operators correspond
to directly detectable magnetization. So, in common NMR experiments, only terms
like I, I,, K., K, correspond to an observable, whereas all other terms (I, K, I, K,,
I,K,, etc.) are not directly observable.

By means of the few basic ideas exposed so far it is possible to follow a COSY
experiment. Say the two coupled nuclei are I and K, the coupling constant between
the two being J. We can follow the evolution of one spin: the evolution of the other
can be easily obtained by swapping the I and K operators. After the first 90; pulse,
z magnetization is converted into x magnetization. Then, evolution during ¢, follows

I,— 1, cos w;ty cos mJt, + 21, K, cos wrt, sin nJt; + I, sin wyt; cos mJt;
— 21 K, sin o;t, sin nJt,
After the second 90° pulse is applied along the x axis, the system is transformed
into
I, cos wyt; cos nJt; — 21, K, cos wyt; sin nJt, + I, sin w;t; cos nJt,
+ 21, K, sin w;t, sin nJt,

At this point, signal detection occurs. As I, and 21K, do not yield observable
magnetization, the third and fourth terms are of no further interest and will be
dropped. During ¢,, the evolution of the first two terms is as follows (only relevant
terms are shown):

I, cos w;ty cos mJt; — I, cos wyt, cos nJt; cos w;t, cos nJt,
+ I, cos w;t, cos mJt; sin w;t, cos wt, + ...

—2I,K, cos wyt; sin nJt; - K, cos w;t; sin nJt; cos wgt, sin nJt,
+ K, cos wyt, sin wJt; sin wgt, sin wJt, + ...

The terms in the first row give rise to a peak at frequency w; in the first dimension
and w; in the second dimension: that is, they give rise to the diagonal peak of spin I.
The peak arising from the terms in the second row has frequency wg in the first
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dimension and w; in the second dimension, thus yielding a cross-peak between [
and K. If one carries out the same calculation starting from K, its diagonal peak
and the cross-peak between I and K at (w;; wg) are obtained.

Product operators can thus be used to predict the behavior of an NMR experiment.
The calculations are relatively simple to perform. Computer programs are available
that also take into account the effects of phase-cycling to select the desired terms
and reject unwanted ones. A drawback of the product operators approach is that,
in its simplest version, it does not take into account the effect of relaxation. This is
a must when dealing with paramagnetic substances. Exponential decay terms can be
introduced to multiply each term and take relaxation into account. The method then
becomes more cumbersome, and the effect of relaxation is introduced in a phenome-
nological way. A better approach is that of using the concept of Redfield density
matrix.

V.3. Density matrix

In general, a spin system can be described by a function | ¥}, which in turn can
be written as a summation of the eigenfunctions of the nuclear Zeeman Hamiltonian,
each multiplied by an appropriate coefficient

15 =2 ¢l (V.3)
b
For a two-spin 4 system we have?

WD = Cal oty + Coplaf) + ool B> + cogl BB (V4)

Since the system passes from one Zeeman eigenstate to another with time, the
function | %> will in general be a function of time, whereas the eigenfunctions of the
nuclear Zeeman Hamiltonian are not. Then, the coeflicients ¢, must be time depen-
dent. Eq. (V.3) can be rewritten as follows:

|¥(1)) = Z ¢, (D)lyy (V.5)

The evolution of the system, that is the evolution of | ¥(t)), is accounted for by
the coefficients c,(t). For the sake of simplicity, in the following |¥(t)> will be
indicated just by | ¥, still being time dependent.

The expectation value of an operator A is given by

Ay =(PIAIP) (V.6)

When dealing with a macroscopic sample, the value observed will be the ensemble
average of the expectation values for all individual spin systems.

(AY =(PIAIP) (V.7)

* Throughout this appendix, nuclear spin states will be indicated as |« and |B) instead of |+ > and
| — > as elsewhere in the book.
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Recalling Eq. (V.5), we obtain
W=Z;W<MAM>=Z§WAM (V.8)
v Y
The elements A,; are constant for a given spin system and constitute the

matrix representation of A in the eigenbasis chosen.
The elements of the density matrix are defined as

01y = CHDOCD) (V.9)
Eq. (V.8) then becomes
AY=Y Y o4, (V.10)

which corresponds to summing all the diagonal elements of the matrix resuiting
from the product of A and . Eq. (V.10) can thus be rewritten

{(A>=Tr{Ac} (V.11)

where Tr stands for trace of the matrix Ac.
Let us now have a look at an example. A single spin § system is described by a
2 x 2 matrix:

o> 1B
5= el [Pop*  8Q
<BI| SQ Pop’

The two diagonal elements describe the population of the states o and B. Off-
diagonal elements are related to single quantum transitions (SQ).
For a two-spin 1 system (Fig. V.2) we have a 4 x 4 matrix:

lwxy  aB> B> BB

(aa| | Pop™ SQX SQ! DQ
o=<{af|| SQ Pop* ZQ  SQ!

{Bal| SQT ZQ  Pop’ SQX

BBI| DQ  SQ'  SQ¥  Pop”

Diagonal elements describe the population of the four states. Off-diagonal elements
are related to terms that connect different states (that is transitions). Terms which
describe the flipping of one spin (e.g. 2o — o) are related to single quantum transitions
(SQ); terms which describe the flipping of both spins in opposite directions (e.g.
fo—off) are related to zero quantum transitions (ZQ); terms which describe the
flipping of both spins in the same direction (e.g. aax— Bf) are related to double
quantum transitions (DQ).



286

Appendices/Coordination Chemistry Reviews 150 (1996) 265-292

ac

Fig. V.2. Energy levels and transition probabilities for a two-spin system.

When the system is at thermal equilibrium, the relative population of levels is
given by the Boltzmann distribution. For a two homonuclear spin system we have
(neglecting small energy differences due to chemical shifts and scalar coupling)

Pop™ 1+ ™ 1y
Pop® ~ " T kT~ b
Pop” |

Pop*

Pop?* .

Pop*

Pop#* hv
——xl-—=1-p
Pop** kT

where h is Planck’s constant, v is the frequency of the proton, k is Boltzmann’s
constant, and T is the absolute temperature. The density matrix at thermal equilib-
rium is then

+ (V.12)

[ R
- o QO
o O O

0
0
0

i

£
B
- o O O

1
0
0
0

(=T =

0 0 0 0 -1

The first matrix, which is the identity matrix, is not affected by any phenomenon
of interest in NMR spectroscopy and therefore can be neglected.

The density matrix allows one to fully describe the evolution of the system through
pulses, chemical shift and scalar coupling.

A pulse with flip angle « applied along the x-axis of the rotating frame transforms
the density matrix ¢ into another matrix ¢’. The relationship between the two is

' =R, '()oR,(x) = RloR, () (V.13)
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where R, () is a rotation matrix and Rf(«) is its transpose conjugate. For a 907
rotation of a two-spin system

1 1 11
1] —1 1 -1 1
R, =— V.14
Y2l -1 —1 1 1 ( )
1 -1 -1 1

Therefore, the result of the application of a 90; pulse to a two-spin system whose
equilibrium density matrix is given by Eq. (V.12) is

1 -1 -1 19 F1 00 0 11 11
1t 1 -1 —1fploo o of1|-1 1 -1 1
7211 =1 1 <1l4lo o 0 ol2l-1 -1 11
1 1 1 1d Lo oo —1 1 -1 —1 1
0 110
_p1 001 (V.15)
g8l1 0 0 1
L0011 0

Analogous matrices can be written for pulses along different axes. The time
evolution of the density matrix under the effect of a time independent Hamiltonian,
when the scalar coupling is weak, is given by

o'y,l(t)=exp[— %(Ey—El)t:l 6,,(0) (V.16)

E, and E; being the energies of the states |y) and |1} respectively.

Relaxation can be simply included as an exponential decay of the off-diagonal
elements of the matrix. Suitable equations to derive relaxation rates for the various
matrix elements are available in the literature. Therefore, the time evolution due to
chemical shift, scalar coupling and transverse relaxation transforms ¢, into

0 exp[ —i(wg + nJ)t] exp(~— R, xt)
.= p expli(og + nJ)t] exp(— Ryt) 0
278 exp [i{w; + nJ)t] exp(—R,;t) 0
0 expli(w; — nJ)t] exp(— R,;t)
exp[ —i(w; + nJ)t] exp(— R, t) 0
0 cxp[—.i(w, + nJ)t] exp(— R,;t) (V.17)
0 exp[ —i(wg — nJ)t] exp(— Ryxt)
expli(wg — nJ)t] exp(— R,xt) 0

Note that longitudinal relaxation has been neglected.
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The intensity of magnetization detected at a certain time M is given (if quadrature
detection is performed) by the sum of expectation values (ensemble averaged) of the
operator I, +il, =1, for all I spins (and the same for the K spins) times Nyy#, that
is

N
M= Y Nyyh<I +il,> (V.18)
I=1
where N, is the number of spins per unit volume; y is the magnetogyric ratio of the
spins. The matrix representation of I, is

0110
| 0 0 0 1 (V.19)
o0 01 '
00 00
Therefore, recalling Eq. (V.11), we obtain
M= Noyﬁg {exp[—i(wx + nJ)t] exp(—Rxt)
+exp[ —ilwg — nJ)t] exp(— Rykt)
+exp[ —i(w; + nJ )t] exp(— Ry;t)
+ exp(—i(w; — nJ)t] exp(— R, t)} (V.20)

The intensity of the magnetization has to be evaluated at different, equally-spaced
values of t, in order to have a simulated FID, which can be then Fourier transformed.
With these tools it is possible to simulate a spectrum, including relaxation.

A few examples should clarify the concepts exposed so far. As a first example of
a 2D experiment, let us take the COSY experiment. Immediately before the mixing
pulse, the system will be described by the density matrix ¢, (Eq.(V.17)). Then a
second 90° pulse is applied, for example along the y axis, which transforms o,
according to Eq. (V.13).

905
o,(t;)—65(ty)

Then, time evolution has to be evaluated during z,.

Time evolution

63(t)) —— o4t t,)

And finally the intensity of magnetization detected can be computed through
Eqgs.(V.11) and (V.18).

M(ty; t5) = Noyh Tri{lL, o(ty; 1)}

To collect an ensemble of FIDs we must, just like in a real experiment, fix ¢, at a
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certain value and then evaluate M as a function of t,. In this way an FID is
‘recorded’, which can be written to a file; then ¢, is (regularly) increased and another
FID is calculated. The whole procedure is repeated until the desired number of
experiments is recorded. When the simulation is over, one is left with a file containing
all the FIDs, which can be dealt with just like a real experiment. Note that, having
neglected longitudinal relaxation during t,, some artifacts will be missing in the
resulting spectrum.

Let us now move to a more complex example, that is the NOESY experiment.
Longitudinal cross-relaxation cannot be accounted for by the simple treatment we
have used in the previous example. A deeper analysis is required in order to produce
a simulation of a NOESY spectrum. The time dependence of populations is given
by

P*(1) Wi Wi Wi WPt — Py
d P (1) _ Wy Wy Wy Wy, || P#(t)— P (V.21)
de| PP(y) Way Wiy Wiy Wi, || PP(t)— P4 '
PPE(z) Wi Wi Wy Wy dLPP(r)— PIE

where the Ps have the known meaning (see above), and the Ws are transition
probabilities (Fig. V.2). The approach to the calculation of the Ws is described in
the literature. The matrix W is symmetrical, that is W, = W,,,.. To simulate a NOESY
spectrum, longitudinal relaxation needs to be computed during the mixing time. The
evolution of the system up to the end of ¢, is again described by Eq. (V.17); then a
90° pulse is applied which transforms e, into ;. Now the time evolution of the
system is to be evaluated through Eq.(V.21). The simplest way to do that is to
divide t,, into the sum of many short dt and to assume that each difference P(t) — P,q
is constant over each dz. In this way we obtain

P*(z +j dr) Wi W Wiy WP+ (- 1)dn—Pg

P¥(t +jdr) _ Wa Wy Wiy Wou || PP(t+(j—1)d)— PY . dr
PP(¢ +j dr) Wi Wi, Wi Wi || PP(e+(j—1)dt)— P

PP(r+jdr) Wi Wi Wi Wy dLPP(e+(j—1)dr)— P
j=12,...,n, nxdt=t,

The above expression is evaluated iteratively until j = n, yielding the final value
of the four P(z, +1t,) values. Note that neglecting longitudinal relaxation during t,
introduces only a minor error. This accounts for evolution of diagonal elements of
the density matrix. The evolution of off-diagonal elements will be dealt with in the
usual way. Finally, application of the third 90° pulse, evolution during ¢,, and
acquisition are straightforward operations.

A final comment is due to phase cycling. Its effect can be simulated by varying
the phases of different pulses and summing up the resulting FIDs before writing
them to disk, just like in real life.

One must keep in mind that including relaxation in the way we described above
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is also an approximation. However, the experimental behavior is often close enough
to what has been just described. Our last example shows a case in which the
approximation of an exponential recovery cannot be used. Subtle effects cannot be
investigated with the approach we have used. A more cumbersome formalism, the
superoperator formalism, is required to quantitatively evaluate and simulate such
effects. Within this limit, density matrix approach still proves useful.

V4. Final remarks

The use of simulations can help a researcher a lot in his work. This is particularly
true when dealing with paramagnetic systems. The effect of the shortening of nuclear
relaxations rates caused by paramagnetism can be predicted, and different conditions
and experiments can be tested. This allows one to maximize the amount of informa-
tion detectable through NMR.

The results of simulations performed on paramagnetic systems have proved useful
in many situations, as shown in the literature.

The sources of some Fortran programs for the simulation of the most common
experiments are available through anonymous ftp at the site: risc2.Irm.fi.cnr.it, in the
directory /pub/nmr-sim. Information can be obtained from Antonio Rosato, e-mail;
Antonio@riscl.Irm.fi.cnr.it.
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Appendix VI. Reference tables

Physical and mathematical constants

Value

Quantity Symbol SI CGS emu
Physical constants
Permeability of vacuum Ho 4rx 107 7kgms 2A"2 1
Speed of light in vacuo ¢ 29979 x 10° ms™* 2.9979 x 10*°cm s™!
Elementary charge
(absolute value of the
electron charge) e 1.6022 x 107 A's 1.6022 x 10~ 2% abcoulombs
Planck constant h 6.6262x 10734 s 6.6262 x 107 erg s

fi=h/2n 1.0546 x 107%* J srad ! 1.0546 x 10~ %" erg s rad *
Avogadro constant N, 6.0220 x 10** mol ™!
Electron rest mass m, 0.9110 x 10" kg 09110 x 107%" ¢
Proton rest mass m, 1.6726 x 10~ %" kg 16726 x 10724 g
Free-spin electron g factor g 2.0023
Electron Bohr magneton Up 92741 x 10724 T! 92741 x 10~ ' erg G~*
Nuclear Bohr magneton Ug 50508 x 10727 JT~! 50508 x 10" erg G™*
Free-electron magnetic -
moment U= QTB 92848 x 10~ T! 9.2848 x 10~ 2l erg G™*
Proton magnetic moment wp= %’5 1.4106 x 10”26 T~1 1.4106 x 10”3 erg G
Electron-to-proton magnetic
moments ratio Mo/l 658.21
Free-electron magnetogyric
ratio Ye 1.7608 x 10'' rad s™! T"*  1.7608 x 10’ rads ' G~!
Proton magnetogyric ratio o 26752 x 108 rads™ ! T™? 26752 x 10*rads ™' G™!
Boltzmann constant k 1.3807 x 1073 JK ! 1.3807 x 10" ¥ erg K1
Hyperfine coupling constant (a/h)y 1.4204 x 10° Hz
of the hydrogen atom (a/h)y 8.9247 x 10° rad s !

Mathematical constants

2.7183
3.1416
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Conversion factors
Quantity To convert from To Multiply by
Length angstroms (A) meters (m) 1x107°
Pressure atmospheres (atm) pascals (Pa) 1.01325 x 10°
(kgm~1s72)
Mass atomic mass unit (amu) kilograms (kg) 1.6606 x 10~
Energy calories (cal) joules (J) 4.1840
electron volts (eV) joules (J) 1.6022 x 107 1°
kilowatt-hours (kWh) joules (J) 3.6 x 10°
Viscosity centipoises kgm™ts7! 1x1073
Angles degrees (deg) radians (rad) 0.017453
Volume litres (1) cubic meters (m>) 1x1073
Frequency radians/seconds (rad s ') cycles/seconds (cps) (Hz) 0.15915

wavenumber (cm ™)

frequency (s~ ') (Hz)
temperature (K)

energy (J)

frequency (s™1) (Hz)
frequency (rad s™')
energy (J)

energy (J)
wavenumber (cm ')

1.9865 x 10~
2.9979 x 10*°
1.8837 x 10"
6.6262 x 1073
1.3807 x 10722
0.69467

Some physical quantities and their SI units

Electric charge (quantity of electricity) 0 C As

Electric current 1 A A

Electric potential 14 v kgm?s 3A T (=JA T sTY)
Energy E J kgm?s~?
Frequency y Hz st

Frequency (angular velocity) @ rads™? rad s7!

Magnetic field strength H Am™! Am™!

Magnetic induction (flux density) B T kgA~ts7?
Magnetic moment U IJT? A m?

Magnetic susceptibility z m? m?

Magnetization M JT 'm™3 Am™!
Magnetogyric ratio r rads ' T™! rad Askg™!
Molar magnetic susceptibility Xm m> mol ™! m? mol !

Power P w kgm?s 3 (=Js™")
Viscosity (dynamic) 1 kgm~ts7? kgm st




