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1. ELEMENTARY QUANTUM CHEMISTRY
1.1 PRINCIPLES OF QUANTUM MECEANICS

Discrete character of some physical gquantities (energy, linear
momentum, angular momentum, etc.) causes that in guantum mechanics
these quantities cannot be described by continuocus functions.
Appropriate mathematical representatives of physical gquantities,
adopting econtinuous and discrete values, are operators. The
operator is a function defined on the set of functions.

The principles of guantum mechanics, as the only successful
physical theory applicable to microobjects, are based on several
poatulates the validity of which has been proved by agreement of
theoretical predictions with experimental results. (There ig
a different number of gquantum-mechanical poastulates cited in the
}literature.)

Postulate 1. An arbitrary n-th state of a physical microobject
can be fully described by a wave {state] function ¥ - The wave
function depends only on spatial cocordinates, spin variables X, and
time t: o = i@nb = @n{xk,t), where X, stands for the set of
coordinates defined by the position wvector r, end the spin
projection Bl

In terms of mathematics, the wave function belongs to the
function of complex variable forming the Hilbert space. The Hilbert
space is! a) linear; b} metrie; ¢) of infinite dimension; d}
complete; e) separable. Thus the wave function is gquadratically
integrable and it has to form a complete set. A physical meaning of
the*normalized wave function is that the expression Im(xk;t}|2 dx,
= g (Xk;t) o(X 3t} dX, represents the probability of finding of
k-th particle at the volume element dry around Ty, with the spin
projection 8, at the time t {dxk = dr, dsk]. After the integration
over the whole space the probability should be a unity, i.e.,

I m*(xk;t} w{xk;t) dx, = <w(xk;t]}m(xk;t> = 1.

Postulate 2. Every physical quantity A has associated a linear

hermitian operatoxr 5; the possible values of the quantity A corres-

pond to the eigenvalues a_ of the operator A. They are given by the

n
characteristic eaguation

A wn{x) = a, mn{x} [1]
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TABLE 1

Quantum-mechanical operatecrs of single particle.”

Quantity Symbol Classical formula Operator
Coordinates r
x % x
14
] z z
Linear momentum p
;x m dx/dt ~in &/ox
éy m dy/dt -ik a/ay
;z m dz/dt -ih &/az
Angular momentum i
lx Yp, - zpy -ihly d/az - z afay}
ly zp, - XP, -in{z 8/ax - x 8/5z)
1, Xp, =~ ¥Py -ih(x &/8y - y &/9x)
Spin ” -]
- 01
8, none [h/2)[ 1 0 ]
s none (n/2) 0 -1
y i 0
- 1 0
8, none (h/?}[ 0 -1 ]
Time t t t
Kinetic energy T pzl2m -{h2/2m}v2
Electrostatic v 62/4neer e2/4ncor
potential energy
Dipole moment d
dx gx gx
d
“y ay ay
d, gz Gz

® This is the Schrddinger representation of operators.

® Pauli matrices o; are defined through 8; = (h/2)ui.

Let us recall that eigenvalues of the hermitian operator are
real, that is to say they form either a discrete set of numbers -
discrete spectrum, or they change continucusly within a «efinite



interval - continuous spectrum. The eigenfunctions form an ortho-
normal set. In the case of degdnerate eigenvalues [an - am} the
corresponding eigenfunctions are net necessarily orthogonal but in
all case they can be orthogonalized. The form of important gquantum-
mechanical operators is shown in 'Table 2. BAccording to the
correspondence principle every classical physical quantity [a
function of coordinates and momenta) can be transformed to
corresponding gquantum-mechanical counterparts by substituting all
ceordinates and momenta for the respective operators. Such an
approach fails for guantities which have no classical analogue
(e.g., the spin]).

Pogtulate 3. The time dependence of the state of a microobject
is given by the time-depandent Schriidinger eguation

g wix;t) = ih {awix;t)/at] i21

where B is the Hamilton operator (Hamiltonian) standing for the
operator of the total energy of the system. In the case of H
independent of time the above eguation has a solution in the form

elxst) = p(x) e 1BE/R [3]

where the amplitudal function pi{x) obeys the stationary Schrédinger
eguation

H p(x} = E p{x) [4]
and E being the total energy of the system. 8Stationary states
possess the following properties:

1. the probability density of finding the system in the given
point of space does not depend on time;

2. the mean values of physical guantitiea, the operators of
which do not depend on time, are time-independent;

3. the probability that the measurement of the gquantity &
would yield just the valne of a, is time-independent.

It should be mentioned that the Schrddinger eguation cannot be
derived from other physical principles; this belongs to principal
postulates of guantum mechanics only.

Postulate 4. The mean (average] value of the physical guantity
A in the state ¢ of the system is

<a> = [§ g {x;t) A w(x;t) dxl/[F ¥ (x;t) w{x;t) dx] =
= <o|A|v>/<y|w> (5]

The denominator of the above expression adopts a unity value for

the normalized wave functions.



Postulate 5. Phe wave function has to be antisymmetric
{symmetric) with respect to the transposition of fermions (bosocas).
Fermions are particles of half-valued spin (e.qg., electrons)
whereas bosons have an integer spin (e.g., photons) in units of h.

a collection of important statemente of guantum mechanics is
presented bellow without exact proofs; they can be found in text-

books of guantum mecharics (1-13].

1. The commutating cperators

(A,B]_ =AB - BA = 0 {61
have a common set of eigenfunctions, soc that it holds true

Aw =a o [7]
Bw, =b, v E:3

The difference in measurement of physical quantities A and B
described by the same wave function v is zero: aAA = 0, aB = 0, sBo
that these guantities can be simultaneously and precisely deter-
mined. Contrariwise, the non-commutating operators have no common
wave function and the difference in measurement of physical
gquantities fulfils the Heisenberg relaticn

A aB =z (1/2) <[a,B)%>1/2 (9]

2. Phe operator of linear momentum does not commutate with the
corresponding cocrdinate

{rker]_ = rkPj - Pjrk * ihakj [1C]
This means that both these quantities (for example x and px) cannot

be simultaneocusly measured exactly.

3. The components of the angular momentum {orbital 1 and spin =)
fulfil the relationships

[Ex,iyl_ = inl [11)
[iy,iz]_ = inl [12}
[1,,1,]_= ihiy [13]

This implies that the simultaneous determination of all components
of angular momentum ig impossible.
4. The operator of square of angular mementum
2 12 12
R R by [14]
cbeys the commutation relationship

1221

(12,13 =0 [15]



gor a = x, y and z; therefore the guadrat 9f the angular momentum
12 and one of the component (say 1z) can be measured
simultaneously. They have a2 common set of eigenfunctions % = [1,m1>

12 |1,m> = 1(1 + 1)8% [1,m> [16]
1, |1,my> =m & [1,my> [17]

The guantum numbers 1 and m, are bound by the condition -1 = m s 1
and 1 can adopt half-valued or integer values. Hereafter the
notation according to Table 2 is used for angular momenta.

TABLE 2
List of angular momenta operators.®

Angular momentum Operator Quantum humber Eigenvalue

One~-alectron

- orbital 12 1 1(1 + 1)n?
lz my mih

- 8pin o2 8 s{s + 1)h2
Bz ms msh

- total 32 § 305 + 1)82
jz mj mjh

Many-electron

- orbital 2 L L(L + 1}8?
b, o Mph

- spin s2 s s(s + 1)n2
s, Mg Hgh

- total 32 J J{J + 1]::2
3, M M h

Nuclear

- total ® 12 I I(1 + 1)82
I, M, M_h

Total P2 F P(F + 1)8°
Fe Mp Mgh

®* Rules for the vector addition are:

L'Elk's'g'k' =l t e, T=T I ~L+8 F=J+1I
® potal nouclear angular momentum is simply dencted as nuclear spin.
In reality, it consists of orbital and spin contributions of
individual nucleons.



5. The time development of the arbitrary operator A is described
as
{dA/dt) = {sA/at} + (1/in}[A,H]_ [18]
If the operator A does not depend explicitly on time (8Afat) = 0)
and commutates with the Bamiltonian H of the system, {A,H] = @&,

then the mean value <A> is conserved (dA/dt = 0, <A> = const.}) and
the guantity A becomes an integral of motion. As a consequence:

a) for time-independent Hamiltonian the energy E cbheys a congser-

vation law, since [H,H] = 0;
b) the time change of the linear momentum is
(dpx/dt) = {1/ik} [px,H]_ = - [8V/3x) [19]

{Ehrenfest theorem}, i.e. in the homogeneous potential field {oV/dx
= 0) the linear momentum vector p obeys the conservation law;

¢} the time change of the angular momentum is
(d1,/at) = (1/in) (1,.8]_ = - [x{oV/oy) - y(oV/ox)] [20]

so that in isotropic (central symmetric) potential £field the
angular momentum vector 1 obeys the conservation law;

d} the time change of parity is
(dB/dt) = (1/in) [P,H]_ = (1/in) [2,V]_ [21)
so that in the central symmetric potential field the state parity

obeys the conservation law. The parity operator is defined by the

relationship
P wix,y,z;t) = w{-x,-y,-z;t) = Cp v{x,¥.2;t) {22}

and its eigenvelues are ¢_ = t 1,

6. The eigenfunctions of a hermitian operator, corresponding to
an observable A, form a complete met. This implies that an
arbitrary normalized wave function ¢ can be expressed in form of an
infinite series

= . 23
i E cy ¥y [23]

where {wi} is a complete set of eigenfunctions of the operator A,
Aw, o =a, v, The mean value of the operator A is a state described

i
by the wave function w is
* 2
<A> = % c; c; a; = E |ci| a; [24)

The complex ccefficients ¢; = <wij¢> determine the probability Wi =

]ci|2 g0 that the result of measurement of quantity A would be the



eigenvalue a, of the corresponding operator A.
7. The eigenfunction of the operator of the positional wvector
r{x,y,z) is represented by the Dirac delta function

r s(x,y.2) = ¥y 5(x,5,2) [25)

which vanishes in all points of the space except in the point of
measurement rix,y,z) = rotxo,yo,zol. The Dirac function has many
important properties, for example

s(-x} = &{x} [26)
5T £(x) s{x - a) dx = £(a) [27]
5 s(x - xg) ax = 1 [28]
x 5(x) =0 [29)

8. The mean value of the Hamiltonian H through the normalized

wave function ¢ is the upper estimate of the lowest eigenvalue Eo

<H> = <z|H|2> = } c; c; By = Ey [30]
1

which represents the statement of the Rayleigh-Ritz variational
principle.

9. The virial theorem 1links together the mean value of the
kinetic energy <T> and the potential energy <v», V = vix,y,z), at
the eigenstates of the Hamiltonian H=T+V

2<T> = <r,7V> [313
In the case of a Coulomb potential Vv “ 1/r it holds true that

2<T> = —ai> [32]
In diatomic molecules the virial theorem adopts the form of

2<T> + <VU> = R{a<E>/3R)} = 0 [33]

where the total molecular energy <E> ias a function of internuclear
separaticon R.

10. The superposition principle states that if the functions
wl(x), wzix),...,wn(x) represent the possible wave functions of the

system, then the function

¢ix) = T c wi{x) [34]
i

belongas to possible wave functions, too. This statement feollows
from the use of linear cperatora in the guantum mechanics.

1li. The eigenfunctions [s,ms> of the operator of electron spin
obey the relationships
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s, |s,m> = b [s,mn> [35]
o2 2

s° [s,m > = s{s + 1}»° |s,m > [36]
for the quantum numbers s = 1/2 and m o= 1/2 {-a = m, = +8). For

the eigenfunctions the following notation was intreduced: |8 = 1/2,
m, = 1/2> = o(¢), |8 = 1/2, m = -1/2> = p(¢), where ¢ is a formal
continuous variable enabling to write the normalization conditions

in the form

Joa'(e) afe) dg =1 [37]
rs(e) Ble) de =1 [38)
5 ") Ble) d¢ = 0 [39]
5 p%(e) ale) g =0 [40]

The wave function of a particle of zero spin w{rk,sk=0;t) is a
scalar quantity. As the spin variable (projection into a certain
direction) has only finite number of diascrete values, the wave
function of a particle of non-zero spin forms a set differing only
in the spin index. A two-component wave function of an electron is

termed the spinor

wlryest) = | ire) | ° ¢+(r.t)[ o ] + ¢_£r,t)[ 1 ] [41]
where the spatial function ¢+(r,t) corresponds to m = +1/2 and the
function ¢_(r,t}) to m, = -1/2. Elementary spin functions may be
written as
1
ale) = Ja> = (g | [42]
_ 0
gle) = |g> = [ 1 ] [43]

and it is obvious that they cbey the relationships <a|a> = <g|g> =
1l and <a|p> = «<g|g» = 0. These functions, however, are not
eigenfunctions of the operators ;x and ;y {operators ;x and ;y do
not commutate with 3z), as

sx a = (h-lz} g [44]
B, 8 = (1/2) a {45]
;y « = (in/2) [46]
;y g = ~{in/2} a {47]

The operators of spin have properties analogous to those of orbital
angular momentum. The operator of an angular momentum can be under-



stood as an operator of infinitesimal rotations (13). The spin
operator, however, does not act on the continuous variable but on
the discrete one; therefore the corresponding infinitesimal
rotation shonld be imagined as the rotation of the whole coordinate
system. It is useless to imagine the spin as a rotation of the
particle along its axis. For example, the H, molecule in its ground
state has zero spin but it rotates around the molecular axis -~ it
possesses a guantized rotation momentum and exhibits the rotation
spectra. In passing to macroscopic bodies (h -+ 0) the spin
properties disappear so that there is no a classical interpretation
of the spin. On the contrary, the rotation momentum increases (L -
@), so that the product Lh adopts for macroscopic bodies a definite
value.

12, The Hellmann-Faynman theoram states that the forces acting to
atomic nuclei in the stationary states are given by

(oE/ax,} = Fia) [48]

where Fin) is the component of a force acting to the A-th nucleus.
Such an expression was known even in the classical physics but, now
the function E(...,xa,...} should be obtained by a quantum-
mechanical approach. In an equivalent formulation it is

<(8%/aR) |E|w> = 0 [49]

13. The Kramers thecorem states that in the aystem of odd
electrons, the Hamiltonian of which is invariant to time reversal,
the electronic levels are at least doubly degenerate. Let us
censider the time-reversal operator i of the N-electron system in

N

ﬁ“n {-ic_.} K

=1 ¥i® o 503

where K, is the operator altering the orbital rpart of the wave

function to ita complex conjugate
K, w(r) = v (r) [51]

and ¢_. is the Pauli spin matrix altering the spin function of j-th

electron from ¢ to g and vice versa

0 -

°yi T ( i 0 ]. [52]
J

Then it holds true that

k2 «a gk = (-1)¥ [53]

If the wave function ¢ describes a stationary state of energy B,
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then the function K¢ describes a state of the same energy. When the
functions @ and Kp differ only in the phase factor, i.e.

Re=c g [54]
with |e| = 1, then both the states are identical. When time
reversal is applied to both sides of eg. [39], we get

k2 y=Kcw= |c§2 =@ [55]
The above result holds only for odd N; therefore in systems with an
odd number of electrons the states ¥ and K¥ should be different,
and thus the Kramere theorem is proven.

1.2 APPROXIMATE METHODS OF QUANTUM MECEANWICS
1.2.1 Perturbation Theory for Stationary States
The perturbation theory for stationary (time-independent)
states is used to calculgte the eigenvalues E. and eigenfunctions
[¢,> of the Hamiltonian H, which can be written in the form

H= Ho + H' [56]
i.e.,
H ]!!an' = En Il]Jn') [57]

The perturbation theory is applicaple under these conditions:
1. A hermitian operator g? comprises the dominant part of the
Hamiltonian, the sclutions of which are already known
=0 0
2 leg> = By |95 (58]

sc that Eg are the eigenvalues and [¢i> the eigenfunctions of the

unperturbed Hamiltgnian HG.

2. The operator H' - perturbation - comprises the rest of the
total Hamiltonian. The perturbation should be small in comparison
with the eigenvalues of ﬁo; this is expressed by the condition

0

- 0
| <0518 [ey> | « |Ef - By [591]

3. The wave function ]wn> to be found obeys an intermediate
normalization condition, i.e.

<p;fw,> =1 (6¢]

for the known unperturbed function |¢ib which yields the best
approximation to the perturbed function Iwnb.

4. Wwhen the perturbation is switched off, the limitting
conditione have to be fulfilled
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im |a > = [¢p,> fe1l]
B'-0

lim B_ = EY (62}
H*-0
Hereafter the subsacript n will be omitted for the clarity, but
the derived formulas will be valid for any state of the systenm.
First, we search for the shift of energy as an effect of

the perturbation. The starting point is the characteristic eguation
(B + B )je> = E |u> [63]
which after munltiplying from the left side by ¢; and the
integration yields

-0 -
0 = <p  |B"[0> + <¢, |H" o> - B<p, [a> =
- 0 “
B <p; |u> + <p; [H*[u> - B<p,|0> [64]

Since B is a hermitian operator, we may write

= 0
<p;| B = <q.| Ej [65]
Using the intermediate normalization <¢i|w> = 1 we arrive at the

relationship

0

E=E + <¢;|H'|u> {661

Second, we search for the expression of the perturbed wave
function. Again we start from the characteristic equation {63] in a
modified form

{c - ﬁ0}|w> - (ﬁ' + ¢ - E)jw> [67]

where ¢ is an arbitrary number (the reference energy level). By
introducing &n inverse operator we get

o> = {« - 503'1 (B' - ¢ - E)|w> [68]
How we introduce a projection cperator P as an effect of which the
perturbation is switched off

P ju> - ;> [69]

(The projection operators are to be hermitian, pt = ;, and idem-
potent, P° = P. They transform a basis of any linear vector space
to its subspace.) Eq. [69] may be transcribed as

fu> = {¢;> + (1 - P)|u> [70]
which, after substitution of |¢> for [68], yields the formula

o> = o> + (1 - ) - BO)1(@ + ¢ - B) o> {71)
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appropriate one for an iterative solution. The final expression may

be written as

0
)

lu> = Eo{(i - P)e - B)7HE + ¢ - B)FPYe,> [72]
nw

The pumber ¢ has been arbitrary. By an appropriate choice we cobtain
two basic forms of the perturbation theory.
1. At ¢ = BE the Brillouin-Wigner psrturbation theory is obtained

le> = §0{(i - P)(E - P (731
n=

2, At ¢ = Eg we arrive at the Rayleigh-Schrédinger perturbation
theory

. 111 _ evep? _ a0-1n. . g0 n
o> ungo{(l - P}(Ei - 2 ) T(H' + By - E}} |¢i> [741
which has broader applicationa. A disadvantage of the Brillouin-
Wigner perturbation theory is represented by the fact that the
dencminator depends upon the final energy value; this regquires an
iterative seolution of eguations. R

The form of the projection operator P can be found by taking
into account property that unperturbed wave functions ’¢ib form a
complete orthonormal eet, 8o that the following expansion is
applicable
> = § c4 |¢j> = ;> +j§icj |¢j> [75]
in which c; = 4¢j|w> and c; = 1. Then it is

(1 - P)|e> '.E_cj |¢j> = {-E—I¢j)<¢jl }e> [76]
j=i j=i

In order to calculate the coefficients ¢, the following
procedure can be applied. By multiplying eq. [67] form the left
gide by ¢;, after integration we get

s<pslu> = <p3|B|@> = <o lH'[w> + (c - B)<o|w> [77]
and after some manipulations we obtain
0 - -
- BEulo. = <p |H jp.> + .| H" >+ - .
(e E]}CJ ¢JiH fe;> k£i<¢3|ﬁ o>y (e E}cj [78]
In the case of non-zerc difference (¢ - Eg} the final formula is
obtained
o - -
. = - E.) {<p.|H'|p.> + T <¢.|H" »e, + - .

oy = 1/(c - E)) { o51E 195> + T <ogl ooy + (c E)cj} [79]

This formula is suitable for an iterative sclution.
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TABLE 3

Formulas of +the second-order Rayleigh-Schridinger perturbation
theory.

Energy E\) Wave function o'/

20T o MU

gl{l) = gl0} : 1 o1} w y(9) +j§i[aﬁi/(sg - Kg)]]¢j>

(2 - g1 o R T e I
+j§i[“ij“§i"g?. - £3)1 A kgi[ﬂik“ii/(g - 8] - ) Iley>

The usual reguirement of the parturbation theory is the
contributions of the higher order to be lower in absolute value
than the contributions of preceeding orders; this is the first
condition of forming the members of a convergent series.

Bxplicit formulas for energy and the wave function up to the
second order of the Rayleigh-Schrédinger perturbation theory are
collected in Table 3.

1.2.2 Perturbation Theory for Degenerate States
Within the framework of the Rayleigh-Schridinger perturbatiocn
theory the enerqy levels are very often degenerate. In such a case
the term [e - Bg) - Eg - Eq = ( and it cannot be used in role of
the denominator in eq. [78). Therefore an alternative formulation
of the perturbation theory is necessary for the degenerate states,
Ap a starting point again the formula {63] can serve; by
multiplying from the left side by ¢I, after integration we get

0 ‘.I
{El - E)¢¢l[¢> + <py[E'ju> = 0 {80]
The wave function |v> is expanded in the form of
fo> = o |9s> + cj;¢j> + k=§ . % lon> {81]

where |¢i> and |$.> are the degenerate wave functions of the same
energy value E; = E;; the expanding coefficients are ) = €¢k|w>.
By substitution to the eq. {62] the following relationship is
obtainad

0 - - -
(BY = Blo, + <3, |B |¢.>e, + <p, |H'|p.>c, = = o <o BT |, > [82]
1 1 $|B* |95y Py | |¢J 3 k:g,j k<61 1B | oy

This equation jisa fulfilled for arbitrary index 1, so that for
degenerate state (1 = i = j} we arrive at the system of equations
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3

o A' Al - ‘ll
(Ei - E + <¢;|H |¢i>3ci + <¢;|H |¢j>cj k=z jck<¢i|a 193>

<¢j|n'|¢j>ci + Egg - B + <¢j|H'i¢j)}cj = ;$§ jck<¢jla'l¢k> [83]

In the first-order perturbation theory {(in the first iteratiocn} the
right side can be simply neglected. In the other words we search
for such a combination gf degenerate functions §¢i> and |¢j> that
makes the perturbation H' to be diagonal. Notice, that an arbitrary
linear combination of degenerate functions belgngs ta the set of
eigenfunctions of the unperturbed Hamiltonian 80, Thus the system
of equations [65] is transformed to a system of 1linrear eguations

for energy E and the combination coefficients . and cj

T 0 - L]
Hj; + B§ - Ej R ][ ey ] e 50)
B: : B*. + E .
33 €3

de O

it
Here the matrix elements Bij = ¢¢i|H’|¢j> have been introduced. 1In
the case of strict degeneracy it is Eg = Eg so that for +the shift
of energy AE = E - Eg, as an effect of the perterbation, the
characteristic eqraticon is obtained

(H' - aE IJC =0 [851

where I ig & unit matrix. Its solution is obtained for the =zero

value of the determinant
det (B -~ AE I) = O [86)

and it leads to different roots aEd {d is the degree of degeneracy
that determines the dimension of matrix H')]. The final expression

for the energy shift, as an effect of the perturbation, is

E{lj = Eg + sEy4 [87]

This meanse that due to the perturbation the degeneracy disappears:
the degenerate level is split into sublevels of different energy.
The effect of the perturbation to energy values is shown in Fig. 1.

1 3 1 L] 13 E

A

0 ED

Fig. 1. Effect of perturbation to the epectrum of Hamiltonian.
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The perturbation theory is often formulated on the basis of
the Hamiltonian
A{r} = H + AH’ [88]
where i1 is the parameter ranging between 0 = 1 s 1; when the per-
turbation is switched on parameter x adopts value of 1. The main
reason of introducing the parameter ) lies in its utilization in
distinguishing wvarioua orders of the perturbation theory as
explained below.

The eigenvalues E (i} and eigenfunctions uw (i} of  the

Hamiltonian ﬁ(i) may be expanded into a power series

E (1) = E£°} + Azél) +323£23 e [89]

¥ (1) = ¢£°) + A¢£1] + 32¢£2) + aee [90]
They may be used in the Schriédinger eguation
B(2) Je (2)> = B_(3) [o (2)> [91]

By comparing ccefficients standing at individual powers of i, i.e.

at Ao, 11, Az, etc., we obtain a set of egquations

82168005 = (0 4(0)5, gor ,O [92]

H Ifﬁ’{l)) + B I¢(0;> - E{O’M{I)B‘ + B(I)I@(O] >, for )‘\1

(93]
0,,(2) g 1ells = g0} ,(2) (1) ,(1) (2),(0) 2
l¢g "> + B g7 7> B, ]¢n >+ By |¢n >+ B " gp" ">, for a

[94]
This set may be utilized in deriving formulas in which the higher-
order contributions of the perturbation theory recurrently depend

epon lower-order terms.

1.2.3 Linear Variation Metheod
We are looking for the solution of the Schrédinger eqgoation
ﬁ|w) = B|¢> by considering the wave function |¢> in the form of a
restricted linear combination of known basis set functions | >

3
n

|g> = |2> = F e |¢;> [95]
i
The mean enerqgy value is given by the relationship
- * -
<z |Hjo> E § ©; ©5 <0318ley> otge

<E» = ’ - r I o = [96]
<z|o> T Yoo, o <p.]0s> ¢ 8¢
i3 1 ] '3
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where ¢ is a column vector of coefficients &y € is a row vector
of coefficients c;A {hermitian conjugate), B is a matrix of
integrals Hij = <¢i|H|¢j> and 8 is the overlap integral matrix of
elements Si. - (¢i1¢j>. From the variational principle [30] it
follows that the mean walue will be the upper estimate of the

lowest eigenvalue B, of the Hamiltonian
<E> = f(cl,cz,...,cn) = By [97]

Kow the problem could be formulated as evaluation of coefficients
ey which minimize the energy faunctional <E>. In an alternagive
formulation the energy functional E = f(cl,cz,...,cn} = <p|H|e>
should be minimized at the boundary condition <2|g> = 1. In this
cage the method of Lagrangian multipliers is applicable: such a
Lagrangian moltiplier ¢ is chosen so that the functional

Jel °y [98]

F{cl,cz,...,cn} = <¢|H|3> - e<zja> = § % (Hij - esij

adopts the minimum value. The condition of the minimum is (aF/ac;}
=0 for all i =1, 2, ..., n; this yields a homogeneous system of
linear equaticns for the coefficients e

1]
b (Hij - csij}cj = 0 [99]
]

or in the matrix form

(B - ¢8)e =0 [10¢]
This system of eguations has the non-trivial solutions £for zerco
determinant

det(H - ¢8) = 0 [101]

The above equation serves for determination of the unkown Lag-
rangian multiplier ¢. The second condition of the minimum {aF/acj}
=0 for all j =1, 2, ..., n yields exactly the same result. By
multiplying the eq. [100] from the left side by non-zero vector ct
we arrive at the relationship

(e*Be)(ctse)! = ¢ [102]

80 that the Lagrangian multiplier is just the energy of the system:
¢ = <E>. Since [99] is an algebraic egquation of n-th order with
respect to ¢, it hae, in general, n roots. The ground-state energy
eguals to the minimum root: E = min{en}.

The basis set extension n -~ n' leads to systematic changes in
eigenvalues E . Bylleraas, Udheim and McDonald (14,15) prooved a
separation theorem, according to which any baeis set extension may
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lead only to lowering of energy eigenvalues (see Fig. 2)

E[n}{cl,...,cn} = E(n+1)(c1,...,cn,cn+l) = By [103]
E gim
h“"‘“-..____ E:{;n*ﬂ
——_.__.___-‘- qu_”
[as]
e £y
Egmi
h..____‘_‘- [m+1;
— E1
=
g™
—_...______‘ E!m*ﬂ
ﬁ‘““ﬁ-“__ {o)
T - Eg
e —

Fig. 2. Changes in energies of states by the basis set extension in
the variational method.

Therefore the following limitting relationships hold true

lim &> = |w> [i04]
N+@
ifg 8{01,02,...,cn} = E, [1085]

The above criteria are often used in testifying the basis sets in

ab initio methods.

1.2.4 Noplinear Variation Method

The trial wave function |2> = f(pl,pz,...,pn) dependent on the
set of wvariational parameters {pn} may be chosen in a more
complicated, nonlinear form. Such a function has to fulfil all the
reguirements placed to the wave functlons. In the above method a
set of parameters (pl, pg, veer Py ) is searched for so that the
mean value of the system energy becomes minimam

<@ |H|e>

B> = E(PqsPorrerp ) = —— f106]
152 n ‘¢|Q>
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Such a value represents the upper estimate of the ground-state
energy E, for the given type of trial function. In processing at
digital computers one of the numerons minimization procedures is
used. It is of advantage when analytical formula for the energy
gradient is known, i.e. the wvector G{aE/apl, aEfapz, ey aE/apn}.
The variational method may be adapted to determine the excited
states, too. The corresponding trial wave function, however, shouid
be orthogonal to the ground-state wave function as well as to all

wave functions of lower in energy excited states.

1.2.5 Partitioning Method
Thig method serves for decompositicn of a high-dimensional

secular equation to matrix equations of lower dimension. We start
from the transcription of matrix equation (H - BI)C to blocks of
lower dimension

HAA H HAB a a
[ gBh ., gBB [ N B ] (1071
which is equivalent to a couple of matrix egquations
"% + 8% = E 2 [108]
%% + 8®% = E b [109]

As far as a non-singular reaolvent R = {(EI - HBB)_l does exit, the

second eguation enables to express the vector b

BB)—l BAa

b=(EI - B B a £110]

Then we can solve the eguation
eff

B a=Eaza f1l11]
for the matrix of effective Hamiltomian
g®ff _ ghA , gAB [y gBBy-1 gBA [112]

Such a system of eguatione can be solved by an iterative procedure.
In the case of non-orthogonal basis set we stand at the problem of
{B - E8)C = 0 and the soluticn may be found in a similar way
{moreover the terms including overlap integrals appear).

1.2.6 Method of Effectiveﬁﬂamiltonian
The exact Hamiltonian H defines a Hilbert space which can be
partitioned into a subspace S of exact solutions, which we are
interested in, and an orthogonal subspace st of remaining states.
We can introduce the corresponding projection operators: P e S and
6 e st satisfying the properties of 52 = ﬁ, 62 = é and ﬁ + 6 = i.
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The Hamiltonian H may be traneformed by a similarity transformation
U to the form

- -1 -

E=U BU= Po A Po + Qo B Qo ‘ n ) E113]
that enables a separation of subspaces SOEPO} and S$(Q0 =1 - PO].
The effective Hamiltonian is introduced under constraints

~eff J—

) = PO H Po [114]
and it has exactly the same spectrum of eigenvalues in the model
subspace Sy a8 the complete HBamiltonian H in the subspace 5.

For the subsequent considerations we introduce the similarity
tranaformation in the form

U = P(P,PP,) " + Q(QOQQO) v [11is]

and the wave operator g = P{POPPO) =1 which transforms the wave
functions Ty from the model space 5q into wave functions w of the

subspace 5 of exact solutione: ¢ = ¢ 2g- Now by the appropriate
choice of v we obtain:

1. according to Okubo (16} » = ¢, and
~eff o oD 12°0 g, e

B = (PyPP,}” pape -2 HPO {116]
2. according to des Cloizeaux {17) » = 1/2, and

8%EF = (2 R, )Y 2pan (R PR,) "1/ = (2%2)Y/25%Ha(ate) H/2 (117]
3. according to Bloch {18} » = 1, and

Seff _ S cm s ns 1 s ne

B = P,EP(PPP,) ™" = P He [118)

The commutation relationehip {H,P]_ = 0 and the properties of
the wave operator imply a general {canonical) operator eguation for
g (19) in the form

-~ .

He = gHp [119]

which is equigaient to [H,2]_ ¢ = 0. By introducing a reduced wave
operator X = Qy¢ we may arrive at the eguation
Qo(l - X)H{1 + x)po = 0 [120%
which can be solved by an jterative way. The above procedure is
implicitly based on the variational principle for the wave
functionsg instead of standard methods exploiting the Rayleigh-Ritz
variational principle for energy.

As far as the perturbation theory is concerned, the
Hamiltonian B is split into H = B’ + B' and it holds true that

—— A

(8% + 5')e = a8° + eB'2 {121]
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(8,X]_ = -0,(1 ~ X)E' (L + X)P, [122)
Baving known the solutions of +the Schridinger eqguation for
unperturbed Hamilteonian, 30{¢i> - Eg|¢i>, we obtain an implicit
operator eguation for X
X =3 Qq(E] - %) - x)a (1 + X)o,><, | [123]
1eS5
0
which may be solved by an iterative procedure. The above method
represents a generalization of the Rayleigh-Schrddinger pertur-

bation theory.

1.3 SYMMETRY IN QUANTUM MECBEANICS

Symmetry in quantum mechanics and consequently in guantum
chemistry is of an extracrdinary importance. Generally speaking,
symmetry expresses a specific property of spatial anisotropy of
material objects and thus it is closely related to the angular
momentum.

Every microparticle {atom, ion molecule, molecular ion) has
its own symmetry which is reflected to the symmetry of the cor-
responding wave function. Therefore the energy levels, the spectral
transitions and also chemical reactions are subjects of asymmetry
rules. Moreover, the use of symmetry makes the practical quantum
chemistry more easy asg it permits the reduction of evaluation of
matrix elements, arrangement of matrix representation of operators
into a block-diagonal form and finally the Jlowering of computing
time.

We have no space here to deal with esymmetry in details; only
the basic principles and necessary conclusions are  breafly
presented below. To study this subiect in more details we can
recommend a number of excellent monographs (20-42).

1.3.1 Symmetry of Molecules

The nature of the mclecular symmetry lies in the existence of
symmetry operaticna (transformations of coordinatee of nuclei)
which transforms the molecule into nuclear configuration identical
with an initial one. The symmetry elements (axis, plane, inversion
centre) remain unchanged. Molecules belong to the category of point
groups of symmetry as all the symmetry operaticons have at least cne
point in common. This point does not neceesarily be identified with
any atom of the molecule.

The most important properties of symmetry point groups are
collected in Table 4.
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TABLE 4
Elementary terms in theory of the symmetry point group.

Term Property Note
§ym§atry operation ik Inverse operator ﬁ;l
E {1} identity E
e, rotation about angle 2x/n Cz-k for Cﬁ
o Loy oy od] mirror plane o
i {82) inverse centre i
2 = . o s 0=k =k
Sn op Cn rotation followed by Sn for S,
the mirror plane
Proparties of the symmetry group G of order h
product ?iaj T Rk i Ri,Rj,Rk € G
agsociativity Ri(Rij] = {RiRj}Rk
identity property RE = ER, = Ry
inversion property ﬁkﬁil = ﬁilik = % ik,iil € G
Class T of the group G
£ R - - -

get of operators R, = R "R.R R;)R: e T, R_ € G
which fulfil the * * 3% Sl B
property
Representation r of the group G
existence of trans- Ry =» A(Rk] for k e <1,h>
formation matrices
acting to the basis R, f = 7 [A{R_}] __f for k £ <1,h>
(£170n0cEy> xm "L M Jon®s and m « <1,1>
properties of AR A(R;) =~ A(R,) if R R, = R,

p 3 1 kg i
matrices for k & <1,h>
dimension of 1 = dimension of A
the representation
equivalent B(R,) = U_lh(Rk)U Y - unitary matrix
representations ke <1,b>

The symmetry point groups are classified as shown in Table 5.
There are several algorithms of how to determine the symmetry point
group for moleculea. One of them is given by Pig. 3.

A set of matrices A(Rk), transforming coordinates in the same
way as the symmetry operators Rk' forms a representation r of the

gronp G. The representation is reducible, r when by the same

rl’
similarity transformation U a block-diagonal {bd} form of matrices
a{Rk) is obtained

RApg(Ry) = vTIA(R )Y [124]
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TABLE 5
Symmetry pcoint groups of molecules.

Type Symmetry - Order b Rumber Note
Symbol operations Ry of group of IR
Nonaxial
C1 E 1 1 C
Ca Ero 2 Cin =Sy = §
Ci E, i 2 52
Axiasl
- eyclie
cn g, gn . n n n=2, 3, ...
S211 E, Cn' S2n 2n 2n S6 = C3i
- noncyclic
cnh E, Cn, Ot Sn 2n 2n
Chv E, C,, no, 2n {n + 3}/2 for odd n,
(n + 6}/2 for even n;
- dihedral
D E, C ., nC; 2n {n + 3}/2 for odd n,
R {n + 6)/2 for even o, b, = V;
Dnh E, Cn' nCi, Sn, 4n n+ 3 for odd n,
O ROy, n+ 6 for even n, D2h =V
Dnd ?, Cn, nCz, nod, dn n + 3 Dnd = San' D2d =V
s
2n
- linear
Coov E, Cm, wo, @ ©
Dmh E, Cw, 0o ] o
S_» «C)
Cubic
T E, 403, 302 12 4
'I'h E: 403, 302, 24 8 Tb = Ci x T
48 3z
6'
Ty E, 4C3, 3C2, 24 5 regular tetrakedron
354, ch
o E, 4C,, 3C,, 6C, 24 5
0h E, 403, 304, 602, 48 19 regular octahedron
3S4, 456, 3oh, Sod
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TABLE 5 (Continued)

Type Symmetry - Ozxder h Number Note
Symbol operations R, of group of IR
Icolahedgal . R .
I E, 605, 1003, 1502 60 5
Ih B, 605, 1003, 15C2, 120 10 reqular icosahedron
12810, 1086, 15p

The reducible representation consists of irreducible components.
The decomposition of a reducible representation into irreducible
ones may be written as

[125])

rr-znara
&

where n, is a multiplicity of wunequivalent irreducible represen-

tations. Their ordera obey the relationship

1r =Tn, 1
)

o il126}

where 1q is the dimension of «-th block ah in Abd’ The wmatrix
elements of irreducible reprepentations {IR) satisfy the
orthogonality condition

h -1/2
E [la(Rk)]pv [kﬁ(Rk)]Ao - hilalﬁ) 5ap Suxr Suo [127)

The irreducible representations are fully characterized by

their characters
1

x, (R} = Tria (R )} = T (A (R)]y, {128]
1

for k =1, 2, ..., h, The characters form an ordered set of traces
of transformation matrices and they are orthogonal one to another

h
L Xo (R} xp(Ry) = b5 o [129]

The multiplicity n_of irreducible representation T, in the
reducible representation re is given by the formula

h
B, = (1/B) T x,(Ry) xe(®y) [130]

The irreducible representations [IR) possess several important
properties of which the following are noticeable:
1. number of nonequivalent IR of the group equals to the number
of its classes;
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YES
i?
NQ YES
Ccov Dooh
YES
3C,7
NO YES
354? i?
N
YES,/\WO  NJES
1?7 0 Os
Jﬁ NQ YES NO
T Th G

LINEAR
NO
MAIN AXIS - Cp?
NO YES
6Cy? S, NIC.?
NO YES NO JES
4Cq7? i? NCICR7 | nGy?
NO  NO/\VYES NO,/\\YES
3¢,?
1 In
NO YES - %szn Do
YES
No/NES wo Aves NO YES
) 26,7 6,7
vEs &5 b NOAVES C.
NO e
G O Dy G Cm

Fig. 3. Algorithm for determination of the symmetry point group of

a molecule.
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TABLE 6
Mulliken clagsification of irreducible representations.

Representation Hame Property XqERk) =@
r, 2 -
N

A one-dimensicnal <, +1
B one-dimensional c, -1
B two-dimensional
T{F) three-dimensional
G four-dimensicnal
B five-dimensional
Al symmetric °h +1
At antisymmetric ;h -1
Ag even [gerade) i +1
A, odd {ungerade} i =1

+ : -
A (= ), EI(H) symmetric oy +1
Az(z-}, E,(a) antisymmetrie oy -1
Ay, E3(§) spacific properties

-]

For linear groups (C

and Dmh} the notaticn in brackets {z*, =,
i, A, ) is used.

WV

2. sum of guadrats of dimensions of IR equals to the order h of
the group;
3. dimeneions 1a of IR are divisors of the order h of the group;
4, a unit [totally symmetric) IR belonge to the set of IRs; ite
characters are units.
The irreducible representatione are denoted as shown in Table
6. The capital letters (A, B, B, T, or %, 0, &4, &) are wused to
characterize the symmetry of electronie atates whereas samall
letters {a, b, e, £, or o, =, &, ¢} denote the sasymmetry of
molecular orbitals or normal vibrations. Characters of irreducible
representations are tabulated in numerous monographs and therefore
only a few of them are collected in Table 7.
From the above relationships an important formula may be
derived

o) 5 w1 Py (R R} £ = gld) [131]
m a ke k Rk m m

This means that a function féa) belonging to a given irreducible
repregentation o is cbtained as an effect of action of a projection
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cperator ;(“) to any member of the bagis -~ the generator fm. The
construction of such a projection operator is obvious from [131].
It is used in generating a set of symmetry (group) orbitals for
molecular orbital methods or symmetry coordinates in the theory of
vibration spectra.

In practical applications an important role is played by the
dirsct product of representationa. Let us consider a basis set (fl,
fz,...,fm} of m-dimensional representation A(Rk) and the basis set
(gl,gz,...,gn) of n-dimensional representation B(Rk}. The products
figj
m x n; this corresponds to a direct (tensor] product of matrices
A(Rk) and B(Rk)

C(R,) = A(R,) @ B(R,) [132]

form a basis set of new representation C{Rk) having dimension

The direct product {DP) embraces these important properties:
1. OP is commutative, A e B = B ¢ A;
2. DP of two diagonal matrices is again a diagonal matrix;
3. DP of two unit matrices is again a unit matrix;
4. DP of two unitary matrices is again a unitary matrix;

5. character of a DP of two representations, Fr =T @ rﬁ, equals
to a product of corresponding characters
X, (R = (Ry) x,(Ry) [133]

6. DP of +two Airreducible representations 1is, in general, a
reducible representation which may be expressed in the form of the
sum of irreducible representaticns

O, @ F3 =r,= § L [134]

7. DP of two irreducible representations can be decomposed to a
symmetric component, {C(Rk}}+, and antisymmetric one, [C(Rk)]_

A(Ry) = B{R,) = [C(R)], + [C(Ry)]_ [135]
The following rvules hold for the direct product of irreducible
representations:
1. for the representation &
A s A=2
A e B=BH
AaEk=Bk
A T=T
2. for the representation B
B e B=2A for all groups except Dz and Dzh:
B e B=B for groups D, and Don if their numerical indices are
different;
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TABLE 7
Characters of irreducible representations of most freguent groups.

Order Classes of
Group symmetry operations

Ty

h=34§

sz B C2 Oy o;

Al +1 +1 +1 +1

Az +1 +1 -1 -1

B1 +1 -1 +1 -1

52 +1 -1 -1 +1

R=28

C‘v B 2C4 C2 20v 2od

04 B 204 Cz 205 2C5'

D2d E 254 C2 ZCé 2ad

Al +1 +1 +1 +1 +1

A2 +1 +1 +1 -1 -1

Bl +1 -1 +1 +1 =1

Bz +1 -1 +1 -1 +1

E +2 0 -2 o 1]

h = 16

D‘h E 204 C2 2Cé ZCi' i 254 oh 2°V 20d

Alg +1 +1 +1 +1 +1 +1 +1 +1 +1 +1

A?g +1 +1 +1 -1 -1 +1 +1 +1 -1 -1
1g +1 -1 +1 +1 -1 +1 -1 +1 +1 -1

B2g +1 -1 +1 -1 +1 +1 -1 +1 -1 +1

Eg +2 0 -2 4] 0 +2 0 -2 0 4]

Alu +1 +1 +1 +1 +1 -1 -1 -1 -1 -1

A2u +1 +1 +1 -1 -1 -1 -1 -1 +1 +1

Blu +1 -1 +1 +1 -1 -1 +1 -1 -1 +1

B2u +1 =1 +1 -1 +1 -1 +1 -1 +1 -1

Eu +2 o -2 1) a -2 0 +2 0 0

h = 24

Td ‘B 8C3 302 684 50d

0 E 303 302 GC4 GCi

Al +1 +1 +1 +1 +1

A2 +1 +1 +1 -1 -1

E +2 =1 +2 0 0

Tl +3 Q -1 +1 -1

T +3 0 -1 -1 +1
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TABLE 7 (Continued)

Order Classes of
Group symmetry operations

i
h = 48
Oh E 803 6C2 604 3C2 i 634
Alg +1 +1 +1 +1 +1 +1 +1
AZg +1 +1 -1 -1 +1 +1 ~1
Eg +2 ~1 0 0 +2 +2 0
‘I'1g +3 0 -1 +1 -1 +3 +1
ng +3 0 +1 -1 -1 +3 -1
Alu +1 +1 +1 +1 +1 -1 -1
Ay, +1 +1 -1 -1 +1 -1 +1

Eu +2 -1 H 0 +2 -2 0
Ta +3 o -1 +1 -1 -3 -1
T2u +3 0 +1 -1 -1 -3 +1

h =«

Cv E 2c? ces wOy

ol +1 41 R |

% +1 +1 ven -1

13 +2 20059 ...

A +2 2co82p ... 0

3 +2 2cos3dy ...
Dy E 2c? ser wo, i 2s? ces
g #2141 vee #1041 41 cen
z; +1 +1 ver -1 +31 +1 ves
Hg +2 20089  va. 1] +2 =2cosp ...
ﬂg +2 2co82p ... ] +2 +2cos2p ...
@g +2 2c083¢ ... 0 +2 ~20053¢p +..
= +1 41 R NS S | e
T, +1 +1 oo =1 -1 -1 AR
n, +2 2008p ... 0 -2 +2C05@9 ea.
L. +2 200829 ... 4] -2 =2cos2¢ ... o
& +2 20053¢ ... ] -2 +2co83p ... 0

-




28

TABLE 8
irreducible components of direct products of degenerate
representations.
G," HNote ri\ £y Ty g Ty
3 +8g E 1y Al,{azi,E;
4 +D2d B Ty Az
_Ddd E ry Ej AI,(Azi,Bl,Bzg
5 ¥S)5 By ry Ay.{By),Ey
Ey ry EyeByi Ape(By) By;
6 _56 B ry A;
“Dga By Ty Eyi Ay (By),By:
Ez Ty EIF 51'82'31: Aliiazilng
7 Ey 7ty Ay (By),Ey;
E, Tz Ep«Eys Ayr(By),Eq;
By r3 Ej.E3i EyrBpi Byr(By).By;
B +D,, B ry A;
“Dgg By Ty Egi SRRy
Ez 1"3 Ez; ElrE3? Alr(nz’ 1811823
E, 7, Ey; By +B, /By B, Eq; A, ,(R,) (B,
Linear I orp I;
+ -
l"2 H = ,{z )rAF
ry a3 H,&; 25, (7)), r;
Cubic B ry Al,(nzj,B:
?1 rz Tl sz; A]. 'E, (Tll rTzF
T2 f3 (TI}JTz.? Az:ErTerzf BllEI‘Tlerz?
I'Ih Tl rl A,[Tll,ﬂ;
T, ry G,H; A, {T,),H;
G ry T,,GH; 7y /G, B} A, (T,+T,),G,B;
B r, Ty,Ty,6,H; T{,T,,GH; Tl,Tz,G,2B; (T1+T2+G),

A,G,2H;

a ==
Groups Gn

cn’ cnh’ Cnv' Dn' Dnh’ Dnd and sn'
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TABLE 9
Irreducible components of direct products of degenerate rTepresen-
tations for Peg and §,, groups.

B B El Ez E3 E4 85

B A:

El ES: Al! {Az ) 132?

E2 345 ElrE3? Alr(AZ}rE4;

33 33? EZ'Eﬁ; Ellgs; Alr{'ﬂzl rBlrszf

34 Ez? B3f353 813821323 BI'ES; nlr{nzlrE,‘:

ES El; Blr32!E4? 33085? 32:34? 31333? All’(Azjtzz
Be E=E

3., for upper indices g and a

geg=4g

ueuw=4yg
geu=au
4. for upper indices *® and ‘'

5. for numerical indices standing at A and B
e 1=1

2 =1

2 = 2 for all groups except D, and Dot
2 =3
3
3

(NSRS

@ & @ & @

-1
1 = 2 for groups D2 and DZh;

6. The direct product of degenerate representations obeys rules
specific for a given group. The groups Cn,r cnh' cnv, Dor Dupe Dnd
and Sn have common rules for the given n. Eventual exceptions are
explicitly marked in Tables 8 and 9. The antisymmetic components
are presented there in parentheses.

Using the direct product of irreducible representations the
symmetry of the electronie wave function composed of molecular

orbitals may be determined. The irreducible representation of the
- Il
determinantal function o% = A {1 ¢; } is given by the formula
i

Ty = r¢1 @ r¢2 @ ..n @ r¢ [136]

This implies that the electronic state of a molecule having

n
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completely filled occupied MO8} always is totally eymmetric.

The direct product of irreducible representations can be used
in simplifying the calculation of observables. The  physical
quantity F has its matrix elements of the corresponding operator
Fij

of irreducible representations of wave functicne Wy and Wj' ry e

= <mi|F1wj> non-zero only in the case when the direct preduct

rj, contains a representation of the operateor F

r; ® rj =r . =TIp + E T [137]

(rc are the remaining components of the reducible representation
rr}. As a conseguence of this property the characteristic equation
often is decomposed to a set of eqguations of lower dimension.
Having known the symmetry of the wave functions and that of the
trangition moment operator one can derive the selection rules for
spectral transitions; thie is a great advantage since the form of
the wave functions is not necessary to known.

For multidimensional irreducible representations the Wigner&
Bckart theorem is often utilized; this serves for decomposition of
a matrix element of a tensor operator G(Fy, correeponding to y-
component of multidimensional representation r

<Tyvq [VIry) frovy> = <oy jV(r)|ry> <rjvy/Ty|ryyy> [138]
The numerical coefficient <r,y;,y|T,y,>, often denoted as c;’iiz,
1 2

does not depend upon the form of the operater a(ry] but only on its
symmetry properties and the symmetry of wave functions. It is
referred to as the Clebsh-Gordan cosfficient evaluable by recurrent
formelas; often it ie +tabulated is specialized monographe. The
integral <r,|V{(r}ir,> is termed the reduced matrix elsment and it
is independent of Yir ¥ and Y2 components. Its value is accessible
from experimental data or it may be evaluated in a theoretical way.
The Wigner-Eckart theorem enables a reduction of a large znumber of
matrix elements to a small number of more fundamental quantitiea.
The Clebsh-Gordan coefficients (vector coupling coefficients}

” 111:zL
<lymg,lomy |LM> = Cpo oM

- C{L,H|11,m1,12,m2} = C[lllzL;mlmZI [139]

are used in expressing the eigenstates of the total angular

momentum and its projection via eigenstates of angqular momenta

]11m1> and |12m2> of subsystems

jL,H,11,12> = T <11m1,12m2|LH> [11m1> ]12m2> {140]
my My

They are interrelated to Wigner 3j-symbols as
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1 1 L 1 -1 -M
1 2 1 2 -1/2
m m, M = (-1) {2 + 1) <llm1,12m2|LHD [141]

L

The 3j-symbol is evaluated as

m, m, 3[[31 + jz - j3}l (jl - j2 + j3]l

(—jl + jz + 53]! (jl + ml)l {jl - mlll {jz + mzil sz - mz}l

V2 o k/qk

Jo=

(Jg + 35 = 33 -k} (3] =~ my - k)1 (3 - 3, + m + k]I

{j3 + m3}i [j3 - m3)l ,(jl + jz + j3 + 1}1])

(j3 - jl = mz + k)!] {142]

In the relativisgtic theory when the spin-orbit interaction is
taken into account the states of half-valued guantum pnumber J are
decribed by two-components spinors. These in symmetry trans-
formations have no ordinary representations but doubled. The double
groups have been introduced for this purpose: they contain an
additional symmetry operation é which mears a rotation by angle 2=,
but 6 # é. Bvery symmetry operation ﬁk in the ordinary group _has
its additional member QR within the double group. Some important
double groups fully characterized by their characters are presented
in Table 10.

The symmetry properties are widely exploited in the guantum
chemistry. The principle is utilized that the operator of an
arbitrary observable is invariant with respect to all symmetry
operations or, in the other words, the operator F of a physical

guantity commutates with the esymmetry operators

[F,R;]_ = FR;, - R,F =0 [143]
For this reascon such a set of eigenfunctions exists which is common
for these operators. In the special case it holds true that

? Y = By [144]
Ry o =c; % [145]

where ¥, are eigenfunctions of the Hamiltonian corresponding to

energy eigenvalues and ey = ¢ 1. If an eigenvalue E is d-fold
degenerate {having number of d different wave functions Vp1r  Upor
etc.), then alszo the function

" = R = i = R
V1 = Ry %34 jEI 274 %xj j£1 4wkliai|wkjb ¥y 5 [146}

belongs to eigenfunctions of the Hamiltonian and it yields the same
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TABLE 10
Characters of irredvcuble representations of some double groups.

Crder Classes of
Group symmetry operations

T

h o= 16
c;, E Q g, € € 2, 204
el c0 €0 2.0 20,0
D} E Q ¢, ¢ ¢ 25 20
Clo C@ €0 2030 2C3°Q
Dy, E o s, S3 ¢, 23 20

840 S4Q czq 2CéQ Zon
Al(rl) +1 +1 +1 +1 +1 +1 +1

Azirzi +1 +1 +1 +1 +1 -1 -1

Bl(r3) +1 +1 -1 -1 +1 +1 -1

92(F4) +1 +1 -1 -1 +1 -1 +1

El(rsi +2 +2 o o -2 o 0

Ei(rG) +2 -2 +V2 -v2 0 0 0

E5(r,) +2 -2 -¥2 V2 6 0 0

h = 48
' 2 3

Td 4 Q 403 403 302 3S4 3S4 Sod

sc,0 4cde 3c,0 35,0 35)0 600

. 2 3 .

s E Q 4c, 4C3 3¢, 3¢, 3¢, 6C;

2 3 .
4C3Q 4C3Q 3C29 3C4Q 304Q 6020
Altrl) +1 +1 +1 +1 +1 +1 +1 +1

Az(rzj +1 +1 +1 +1 +1 -1 -1 -1
El{r3] +2 +2 -1 -1 +2 0 4] a
Tl(r4} +3 +3 0 o -1 +1 +1 -1
Tz{rs) +3 +3 0 0 -1 -1 -1 +1
Ei(rG} +2 -2 +1 -1 0 +/2 -v2 0
Bﬁ{r71 +2 -2 +1 -1 1] -v2 +v2 0
G'(FB) +4 -4 -1 +1 0 0 0 4]

eigenvalue E . In this way each symmetry operator Ri generates a
transformation matrix A(Ri) of the order n. The set of these
matrices forms a representation of the symmetry point gzoup of the



34

molecule. The representations obey the following properties:

1. all representations are unitary, n"l = A" because of the
orthogonality cof eigenfunctions LWL

2. the dimension of the representation eguals te the degree of
degeneracy of the corresponding eigenvalue E;

3. the representations having basis set formed of nondegenerate
eigenvalues are irreducible.

Thus, every energy level of a molecule has a corresponding
irreducible representation of the molecular symmetry peint group.
The symmetrized wave functions w(“) of an irre?ucible represen-
tation r, way be obtained by acting the operator q{a] to any wave
function w; {the generator} according to formula [131].

As an example, the gsymmetric orbitals of NH3 will be
constructed. The symmetry point group Cav has the following

characters of irreducible representations

h = 6 C(laesee of operations Basis set functions

r E 20, 3o, £
A, 1 #1 41 z, xi+yl4ze, 2%
+1 +1 -1
2 2
E +2 -1 0 (x,v}, (x"-y°,xy), [xz,yz)

{Notice gome properties: order h = 12{31] + 12(A2) + lz{E) = 12 +
2
1

of these atomic orbitals: (ls)Hl, (13]H2, (ls)HS, {Zs]N, (pr)N,

+ 22 = 6; number of classes = 3.} The valence basis set consists

(2py]N and (ZPZ}N. Let {1S)E1 be a generator of symmetric
functions. Aceordipg to [131] the unnormalized symmetry function is
u - -1 2
fl(al} = {1,E + 1.C3 +1.C3

= 2[{1s)gy + (18}, + (18)g,} {147]
which after the normalization gives

£r{a;) = (1/Y3)[(1s)g, + (1s)y, + (1s)y,] [148}

The same result is obtained when (ls}H2 or (ls}H3 are used in the

+ l.a1 + l.o2 +1.03}{18]H1 =

role of generators. COther symmetry functions of the representation
a, are represented by net atomic orbitals of the nitrogen atom:
fzfali = (ZB)N and fi{a;} = {2p,)y+ This follows directly from
character tables where the central atom orbitals are directly
associated with definite irreducible representations. (This is
valid only at conventional orientation of symmetry elements: the
z-axis being the rotaticnal axis of the highest order.) The Bame
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resnlt, however, is obtained by using generators (25)H and (2pz)N,
respectively.
Next one symmetry function results from the operation

. -t . . . -
£i(e) = {2.8 - 1.¢5 - 1.c§ + 0.0y + 0.0y + 0.05}(18)y, =

- 2(13331 - (ls)Bz - (18)83 [149]
which after the normalization yields
f4{e) - il/JG)[2(15}H1 - (1s)g, ~ (18)g,l [150]

The second component of this itwo-dimensional representation is
obtained in a2 egimilar way, using the generator (13132r namely

fg(e) = 2(18) g, - (18], - (1s)y [151]
Thies function, however, is not orthogonal to f4{e) so that the

Schmidt orthogonalization procedure and subsequent normalization
should be applied yielding
fs(e) = (1/42)[{13)52 - (13333] [152]
By applying the generator {ls)H3 the third function f{e] may
be obtained, but this is linearly dependent on f4(9} and f5(e} 80
that it should be omitted.
The last two symmetric functions are represented by an arbit-
rary linear combination of net atomic orbitals (2px]N and IZPy)N'
B.Ga, fs(e] - (2px)N and f7[e) = (ZPY)N'

When the symmetry functions are known {153]
(£, (a,) (1/¥3 1/v3 1/V3 © 0 0 6 ) f (1s)g
£,(a;) 0 0 o 1 0 0 0 (18}g,
£4(ay) o o 0 0 1 0 [ (18)g4
f4£e) = | 2/¥v6 -1/¥6 -1/¥v6 O 0 0 0 (23}N
f5(e) 0 1/¥v2 -1/v2 O 0 0 0 (2pz)N
£(e) 0 o 0 o o 1 ] (2p, )y
£,00) | | o 0 0 0 0 0 1| | (2pyly

then one can proceed in construction of the Fock operator matrix

(P, Fip Fip O 0 0 0 )
Fi, Fyy Fay O 0 b 0
Fi; Fy3 Fiy O 0 0 0
F=]0 0 0 Fia Fas  Fis  Fao (154]
0 0 0 Fas Fss Fsg  Fsg
0 0 0 Fas Fse Fes Fe7
0 0 0 Fag Fg7 Fgp Fyy

which keeps the block-diagonal form.
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1.3.2 Reduction of Matrix Elements
This paragraph is concerned with an appropriate expression for

the vibronic matrix elements Vi *1 and VI in the basis set of degen-
erate electronic wave functione |k> and |1>. The operator parts

av |3
eN .
- r 155
2"
avv r r
___eN _ v"[ Yr Y* ] [156)
BQrGQa s s

are classified according e .

and their components, y , within the symmetry group &,- A similar

classification is used for wave functions l:k> and 1§1> +. Thue
k 1

the Wigner-Bckart theorem states

el Ly
Y. Y, Y, Y

r

= r
Vi1 <v:

r -
! Yk > x(rkrl,rr"* i1s87}
1 &
The reduced matrix element x{r FET )y = X, depends only on r; it
1‘

does not depend on the y components of the multldlmenslonal repre-

sentation. The Clebsh-Gordan coefficients { Ve 51 i T ) couple
& 1

the angular momenta of

rk> and l;1> to yield the angular momentum
3 ]
of |:r> . 80 that

r

ORI G DA DR Y
r ¥ k 1 r ¥ : [158}
! Y, pov, N b Yy ¥,

kl’
holds.
The Clebsh-Gordan coefficients are proporticnal to the 3j-sym-
bolsa
31 32 33 3mdpmy 172 7 1 32 I3
[ my mymy | = (D) (235 + 72 () - [159]

which possess important symmetry properties and are easily evalu-
able.

As a consequence of [157], the replacement theorem is wvalid:
if two operators, say G‘ and %’, are of the same saymmetry (i.e.
they are of the same type with respect to an angular momentum},
then both are reduced by the same Clebsh-Gordan coefficient C

r
Vi1 = © X [160]

' of

W, =CY, (161}
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This implies a proportionality of
VL = W1 (%) [162]

{the method of operator equivalents). An angular momentum operator
may be chosen in the role of ﬂ;l.Thus the transformetion properties
of spherical harmonics Yj’m(c,w) {see later} are sufficient ig
evaluating the integrals {161]. Table 11 shows real combinations ¥

of spherical havmonics that enable the symmetry classification in
terms of cartesian components. Since they are listed in all charac-

ter tables, the classification of r

in terms of angular momenta
quantum numbers (j,m) is straightforward. In some cases two or more
sets of carteaian components {say x2 - yz, Xy, Xz or ¥z in D3}
belong to the same multidimensional irreducible representation so
that a linear combinpation of them should be considered. Hence, the

symmetry descent technique is applicable.

TABLE 11

Real linear combinations, Y®, of mpherical harmonicé, Yj ot

R

i Y Symmetry properties
4 Yo.o x2 + y2 + zz
1 (i/ff}{Ya,a + Yl’_lj ¥
-2y, -1 ) x
z
1,0
2 z2
2,0
GV, |+, ) yz
2 2
-aVEY, vy, ) %2 -y
-(i/ff){Yzlz - Yz,-z) Xy

In order to illustrate the above consideration, let us eva-
luate the coupling coefficients for the doubly degenerate E term
within the O group. The real basis functions are

22 vee | B > =Y, [163]
x2 - y% ... ! E > = (Y, 5+ Y, )IVE {164]

2 2 2

The only non-zero 3j-symbols are o, m, m, ] with m; = m, + m,.



For m; = 0, 2 or -2 the coefficients adopt a value of a = (2/35}1,2
except [ g g g ] - - {2/35}]"'(2 = —a. Therefore
E 2 22
<§ 5 | > - 0% (335 ] - [165]
and similarly
E E|E\_/E E|BE\_ /B B[B\
<€€ e}> <l?e e> <e t.?l:i> @ {166}

The normalized coupling coefficients are c; = Na, where the normal-~

ization factor is

N = [ 3 (ag)? ]1/2 [167]
1

and i runs over the single component y or over all components of

the irreducible representation. Conventionally, ¢ = 1/¥2 for the

former case.

Because of the rencrmalization, the same result is obtained
using the Racah V-coefficients, Clebsh-Gordan coefficients or Wig-
ner 3j-symbols. The coupling coefficients have been tabulated in
specialized monographe {37,43-45}).
ioned that the same coupling coeffic

{e.g. for O and P c and D
etc.). Moreover, the coupling coefficients for direct preduct

obtained for isomorphous groups

groups {Th =C, e 0O =¢C; &0, ete.) can be expressed by multi-
plying the coupling coefficients of the respective subgroups.
For the doubly degenerate electronic state {rk =TIy = E}, the

relevant matrix elements for the cubic groups become

(s 13y (5l (s) 1 e) =[—xe/ﬁ:o ]_
CElv(e) ey CElvls) e O i %SV
< ﬁ | v'[ ° } | ﬁ > < § ‘ V‘[ b ] l f > . [ e 30 ; X/V2 ] )
CElv(e) ) CEfw(2)]2)) Uxerrzie o
e G _[t; 3t
CEpv (e )ey (i) le)) Lo s

= X,C, [170]
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with
1 0
¢, - [ - ] oo 2y [171]
1
- o 1
¢ = — [ 0! ] ceee, [172]
1
-1 ¢
Cp ™ — [ ] .e.e [173]
3 VI g 1 @
This set may be completed by
1
0 1
Cy = — [ } ] .. [174]
4 VI 1 9 2
Therefore,
(1)
v = c2erec * c3erea (175]

is valid for groups in which the symmetrized direct product is
[E ¢ B} = A, + E fe.g. for cubic groups). For the remaining groups
with [E @ E] = A, + B, + B, {e.g. for Déh)' the expression
i1}

=C,X, @ + CyX, O [176]

1 1 2 2

holds.

In the reduction of guadratic matrix elements Vig, the operator

v

part V'° Tr Ts ] represents a component of the basis set that is

Yy ¥Ys

cbtained by a direct product r,er, . Its representation is, in

general, reducible. The decompesition of the cperator part may be
performed according to the Wigner formula

' ii > 53 > - E < Yz rs

where the summations run over all ry representations and their Yy

> Jr_r, Tyvy> [1771

components ere contained in the direct product

Tr ®Tg ™ Frega ™ E Ty f178)

Therefore

(Te|v[fxta) | 0a)- x (T s
k r'sg 1 TjeyseT Ol r's

r r.r r.
A4 'k I Y{r r riv; ) ' > = X{r_,rysr,.r.} T < r s I i > .
< Yk i kf*'1''r's Firvs Yr Yg vi
. < rpr; foTy > f179]
Y Yi | Yk

ie wvalid.
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For example, in cubic groups the reduction proceeds as

| v (3 9) | >-“ﬁgye<§§|;>.

ye"d,e

HE A IR G ENHEC IR
(55| 2) (5| vteeay) | 5+
(

(

P

9 -]
@

s B

(= e

=]

< i

> < 5 | Y{eees) | > +
><§|meee>|§>=<f; s le)(ssls)-

(2103 e bt

Capital letters denote the symmetry of electronic states and small
letters that of vibrational modes,

@ m

L]
n
o

X{EE;ee)

The important finding ias that the integral
a, & B a, e e E E
EEHIHREHENTH e
a, e e E E
< 1 . > < o | ¥Y{a;eec) | s > =
ae|le Ee | BN ¢(BE;a,e) = 1 2 x [181]
S8 | e g8 |38 1 ) ﬁ]ae

and its analogues are non-zero, a fact which used to be overlcoked.
Analogously, the cubic matrix element Viit is reduced as

(pe|v(izrtare) | )= £ (is]fhi).
k r's 't 1 ryy er,er, r’s i
r T r r r_r r.
. klz[rr[l] t]fl = by <zs|1>.
< Yk FeLy; Yt Yl r er_er i
r's
rs r I r r. r
Bl L Cr b 310 1) -
Yi: ¥ ¥ Y rs t ¥z ¥
rjyjeri@rt it 3 k i ] 1
r, r rs Ty I. r
= 1 < r s j > < 1Ty | x ).
Yr ¥ Y3 Y1 ¥3 Y
Tyvy r's 3 175 k

. x(rkrlsrrrsrt) {182}

o~
L= 1]

L

SERET:
i Cav. ittt
i3
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1.4 ONE-ELECTRON APPROXIMATION
1.4.1 Many-Electron Systems

According to the principles of guantum mechanics the wave
function w(xk;t} carries complete information on the state of a
physical microobject. Its shape is determined by solving the
corresponding Schridinger eguation for the given Hamiltonian of the
system.

The final task of the quantum-mechanical approach, as a rule,
is not to obtain the exact form of the wave function {which,
in most cases, is not of any physical meaning). The problem that is
solved is the computation of the average wvalue of a physical
guantity <A>. Then we can apply the following analysis.

The arbitrary hermitian operator adopts the general form

A, + (1/21)7'A.. + (1/31)3" A,

A=R, +7T . N SR
¢ 5 i3 19 i,k Pk
= 3(03 + 5(1} + 3(2, +a3) 4 | (183)
where individual terms are represented by particle-less, A(O), one-

particle, 5(1), two-particle, A 2), or multi-particle, i{n)'

operators. It should be recalled that common gquantum-mechanical
operators do not have more than two-particle terms. With this
limitation, the task can be formulated as the search for such
mathematical representatives which carry all the substantial
information on the state of the microobject from the viewpoint of
calculation of the average value of two-particle operators. Such
representatives for the n-particle system are the density functions
{frequently called the density matrices].

A generalized two-particle density function is defined by the
relationship
pzsxl,xz;xi,xi) = [n{n=1)}/kj I m(xl, EERYS W }ow {xl, Seeres X )

dxs...dxn [184]

where according to L¥wdin (46} the numerical constant is k = 2t
while McWeeny (47) introduced k = 1 as the factor. Hereafter we
assume the valune of k = 1. With the use of a two-particle density

function the two-particle operator has the average value of
al?)s -5yt [(1/21) Z‘A..] v dX = [n(n-1)/21) J ¢" “12 ¥ dX =
+3
= (k/21) [ {Alz{xl,xz) pz(xl,xz,xl,xzj}xl_x XguX, dx, dx, f185]

where the convention is that the operator does not act on primed
indices which prior to integration are put equal to the non-primed

ones.
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A generalized one-particle density functicn is defined in

a gimilar manner
L 3
p{XyiXy) = 0§ w(Xy Xy eeelX ) @ (R],Xpoeeo X ) dXpe.edX ] [186]
which fulfils the following relationship
[{n-1}/k] pl(xlixi} = I Pz(xlrxz?xirxi} dxz [187]

The average value of the one-particle operator can be expressed as

n .- -
<A(1)> =T o” (E Ai) ¥ dX =n § w* A ¢ dX =
i

=0 A) by (3% g g 9Ky [188]

The physical meaning of the density functions is as follows:
The expression pl{xlgxl}dxl means the prcbability that the particle
occurs in the vicinity of the point ry with the spin By multiplied
by the number of particles wherein all the other particles are
located in arbitrary positions assuming arbitrary permissible spin
orientations. Expreasion pz{xl,xz;xl,xz}dxldxz is proportional to
the probability of occurence of the first particle in the wicinity
of Ty with the epin 8y and at the same time of the second particle
around r, with the spin Y, other particles occupy arbitrary
positions with arbitrary spin projections.

Spinless denmity fupctions are obtained by integrating over
spin variables

Pz(zlrrz?rirré} = {Pzixlrxzfxi!xél} dsl dsz [189]

ai=al,sé=sz

Pylryixi) =7 {py(XiX)3}, ds, [190)

1%
Their physical meaning is like that described above but differs in
the fact that the particles assume arbitrary spine. For example,
the last function (expressing the probability of occurence of the
electron at the volume element arocund the point r, irrespective of
its spin) is measurable in réntgenographic experiments.

Pensity functions enable considerable simplification of the
transfer of information for microcbjects like atoms and molecules.
For example, in the case of a many-electron atom the limitation to
10 values for each variable coordinate means the pumerical table
Pzirl,rz;ri,:i} has 10° values only.

In a system of npn identical particles +the +transposition
operator can be defined through

S O SPUURE SUUUE BUUR
T3 [ 1 veei §aediaien ] [19t]
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which when acting on the wave function w(xl,...,xi,...,xj,...xn}
yields

ézw - T (eTw) = c;w = g [i92]
From the eabove it follows that 82 = 1 or ¢ = *1. Thia result means
that the wave function for identical particles is either symmetric
or antieymmetric with respect to arbitrary tramnsposition of the
particles. Since every permntation can be expressed in the form of

the product of transpositions

5 1 2 ...n B, -

P'(Pl Py +e- By ) T iy (931
then the wave function of a system of identical particles is always
either symmetric, Py = ¥, or antisymmetric, Py = (-1}Py, p being
the number of transpcsitions - the parity of permutation.

One of the guantum-mechanical postulates says that the wave
function of fermions (eystems of half-valued spin such as
electrons) must be antisymmetrie. As a consequence, the generalized
density function describing electrons is also antisymmetric

Pz(xzfxl?xirxi) = Pztxlfxz?xicxé) [194]
In the case of diagonal matrix elements

Pz(xlfxlixifxil =0 [195]
The physical meaning of the above result is that at short distances
a very strong correlation comes intoe effect, which holde the
particleas with equal spin apart from each other (Fermi correla-

tion). This conclusion is the eguivalent of the Paull exclusion
principle.

1.4.2 Electron Configuration

The one-electron approximation is based on the separation
of coordinates of individual electrons; the motions of individual
electrons are taken as independent - uncorrelated. In this approxi-
mation the state of every electron is characterized by a one-
electron wave function - the spinorbital

wk(xk) - ¢k{rk} ﬁktsk) [196]
It consistas of the orbital part ¢k(zk} depending on the positional

vector (spatial variables) and the spin function qk{sk}. The
spin function is denoted as o for the spin projection m,, = +1/2
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and g for m,, = -1/2, The spinorbitals represent a basis set in the
Hilbert wvector space. The set of individual states - electron
configuration - is characterized by an antisymmetrized product of

spinorbitals

P -1/2 ! CI n

@ufl,z,...,n} - A E P (X ) = {n!} § (-1} P E o (X ) [197]
where in ig the antisymmetrization  operator securing the
fundamental property of a system of fermicns - the antésymmetry
with respect to the arbitrary transposition of electroms, Po is the
permutation operator acting on the electron ccordinates Xys plc) is
its parity and the sum over the index ¢ runs over all the possible
permutatione including the identical one.

The antisymmetrized product of sapinorbitals is called the
determinantal fanction since it can be written in the form of the

Slater determinant

p1{X1) 9olXq) voe p (Ky)
28 (1,2,-0e0m) = (n)7V 2 det | g (%) wylXy) oee py(Xy) [198]
s %) walx ) oee g (X))

The Slater determinant shows such a notable property that its value
is zero, when two spinorbitals are identical. Thus, esnch a
situation does not represent any electronic state which matches
well with the Panli exclusion principle.

Mathematical formnlation of the cne-electron approximation is
represented by the expression of the electronic wave functions
throagh a s8ingle determinantal £function wsl = B, Different
electron configqurations car be considered through the selection of
the number n ocut of the total number m of the one-electron
functicns. From the proparties of the Hilbert space it follows that
the electronic wave function may be expressed through the series
e

u [199]

where Ciu are the expansion coefficients. The passage from the one-
electron approximation to the multi-determinantal expansion [199]
is referred to as the configuration interaction. In the case of
degenerate states and the open-shell systemz there is a definite
minimom number of determinantal functions whose linear combination
guarantees the proper spatial and spin symmetry of +the resulting
wave function.
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1.4.3 Matrix Elements of Operators
Let us consider a «couple of electron configurations
characterized by their normalized determinantal functions

- n
2, ~ A E i [200}

- R
v
e, = A E M [2011]
In general, the non-orthogonality integrals
uv u, v
By = <o leg> [202]
may differ from zerc for k = 1. Generalized minors (algebrajc
complements)] with respect to the matrix p"Y of non-orthogonality
integrale may be defined es follows: The first-order minor
Duv(kl,lli is a determinant of the matrix of order (n-1} which is
obtained by omitting the row k; and the columa 1, in the matrix oV
with the sign {-1)k1+1

determinant of the matrix of order {n-2) created by omitting the

1. The second-order minor D is a
h d-ord i ikyky |1 1,) i

rows kl' k2 ;ngktgg :glumns 11, 12 in the matrix pY. Ites basic
s8ign is (-1)1 "z "1 "~z for ordered index seguences k1 < k2 and l1
< 12. Thus, it is an antisymmetric function in every set of its
indices which means the subseguent multiplication by the factor
e(kl,kzi.c(ll,lz) where e¢f{i,j) = +1 for i < 3 and e¢{i,j} = -1 for i
> 5.

By deccmposing the determinantal function through permuEation
operators Ldwdin has shown (46) that the arbitrary operator A (in

the sum of particle-less, one-particle and two-particle terms)

a - al0) 4301} a02) By + T A+ (1/2) T'A,. [203]
8 (i
i i,j
vields the following transition matrix elements between fwo
electron configurations
n uv T a |V LV
<z, |Aj2,> = AgD ; El <ppe 1Bleg 20 (ky|14) +
P 1 1
17
u .u v v . uv
+ {1/2) I <¢k1¢k2|512|¢12¢12>D (k1k2|1112) [204)

!l 2' r

1772
If the matrix of non-orthogonality integrals p*V is not singular,
i.e. the determinant p%V is non-zero

o™ = <z |2 > = det{p"V} = 0 [205)
then there exists an inverse matrix [D_]‘)uv to the matrix D%’ and

for the minors
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uv av =1,uv
D (klillj = p {D }11'1‘1 [206]
av
D {k1k2|1112] =
uv -1,uv =1,uv -1,uv -1,av
= p " [{D }1 k (D ) 1,k - (B )1 /K ED )l X ] [207]
1 1 2 2 i 2 2 1
The relationship [204] is widely used e.g., in configuration

ipnteraction, when c¢alculating the prcobability of spectroscopic
transitions, when calculating the orbitals with the use of Hartree-
Fock method and when evaluating the mean value of observables.

Within the one-electron approximation the density functions
fulfil the relationship

91(x13xi) = P{lfl.) [208]
Pz(xlrszxifxlz} = (1/2][9{1,1'}p(2,2'} - P{lfz‘}P(zfltll [209]
whare

p(1,2) = £ yl1) v1(2) (07T {210}

is the Pock-Dirac density matrix {originally defined for ortho-
gonal spinorbitals} with the properties of projection operators

92 = 5, and Trip} = n [211]

Thie means that if the electronic wave function wil is approximated
exclusively by single determinantal function 2, then the density
functions of higher orders can be expressed through the first-order
density function. The condition of

S ] - ] [212]
is a2 necessary and sufficient one for the redection of the
electronic wave function to a single-determinantal function. Then,
for the mean value of the operator i

<B>, = <@, [Ale > = Ay + F By p{1,1') dX; +

+ (lfzj I 812 [P(lfl')P(zrz') - ﬁ(lrz')plzfl')] dxl dxz [2131

In the special case of an orthogonal basis set of one-electron
functions we get

uv

v
D o= <@u|¢v> = det{D } = & [214]

u,v
and the expression for the mean value of the operator A adopts the
form

~ n -
<A> = 4@n|A|§u> = Ay + E <¢k|51|¢k> +

+ (1/2)kzlt<¢k¢1|a12|¢k¢1> - <¢k¢1i312|¢1¢k>] [215])
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1.4.4 Hartree-Fock Eguations
Calculation of one-electron functions is based on  the
variational method. The mean value of the spinless Hamiltonian ﬁo
in the Born-Oppenheimer approximation (see Chapter 2.2), i.e. the
total molecular energy, is

- Tt ~
<E>; = ¢¢i|n°|§i> -V * E <¢k(1)|h(1}|¢k(1)> +
n -
+ {1/2)}:[1 [¢qpkil}$1(2)|g(1,2)|¢k(1)¢1(2)> -

- < (D)0, (2)19(2,2) F4, (1), (2)>] [216]

where the one-electron and twe-electron cperators are denoted as

.- 2 2 2 N -

h = h{1) = —(n%/2m)v¢ - (e /4nc°,§ z2, r7n [217]

g = g(1,2) = (e?/ncy) £7} [218]
2 -1

V., = (e“/ér %, Bn T [219]

N eo)AEB A %3 Tap

The orbitals to be calculated shounld be linearly independent,
though not necessarily orthonormal. It is possible to find an
optimum set of orbitals minimizing the total energy of the system
and then to do their orthonormalization. The corresponding
one-electron functions when orthogonalized are changed by a
constant factor. The molecular enerqgy, however, stays invariant.
That is why without detriment to its general wvalidity it can be
assumed that the orbitals form an orthonormal set. Then we have n2

orthonormality conditiona, under which the functional
F=E =T X ¢¢k|¢1> [220]
k,1

assumes a stationary value. The coefficients Ag1 Tepresent the
Lagrangian multipliers that are to be calculated. The variational
condition 6F = 0 after some manipulations yields

o - n . - n
oF = 1 <5¢k(1)|{[h + 3 (3 - ) lnl)> - ¥ Ak11¢1(1}>} +

n P ~e n
+ 37 {<¢ktl)|{h + 5 (3] - KT - L a1 Hop(1)> =0 [221)
k 1zk 1
where the following notation has been used

3, 19, (10> = <py(2)|g)e, (1), (2)> [222)

<o (1)) ) = <p (1), (2)]9[9,(2)> [223)
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for the Coulomb operator and
Ky |95 (1)> = <p1(2)|g]py(2)p (2)> [224]

~a -
<p (1)] Ky = <py(1)p, (2) g}, (2)> [225]
for the exchange operator. Since the variations |6wk(1)> and

<6wk{1)| are linearly independent (as they belong to dual spaces},
then each term in parentheses is individunally egual to zerc

-~ n - n
ih +1§k (Ty - By)Hig(1)> - E g leg(1)> =28 [226]

- n - -~ 1
<p (1) [ (B +1§k {9, - Ky11 - % X <4qil)] =0 [227]

Because of the hermicity of operators b, Iy and K, the following

condition is obtained

o »
§ i¢1(1)> [Akl - Al =0 [228]
O i, = A;l so that the Lagrangian multipliers represent the

elements of a hermitian matrix. The system of equations that serves
to determine the corbitals then adopts the form

- I
Fy lge> = § Ay 193> [229]

for k =1, 2, ..., n. These equations are the familiar Hartree-
Fock equations in which the Fock operator is defined as

~ ~ n . ~ ~ -

F = h +1§k(J1 - xl) = h{1) + vk(l) [230}
The physical meaning of the one-electron approximation is thus the
description of the motion of every electron in the averaged
effective field of the other electrons

- n -~ -
v, (1) =1§k(31 - Ky} [231}

The exchange cperator is ncn-zero only for the electrons with
identical spin orientation

il Iﬂ’k{]-);' - <¢1{2”é|¢1(1)¢k(2)) "31(2”’?]{(2]) |f?1(1)> [232]

since (q1(2)!qk(2}> =6, m -+ Exchange integrals occur always
sk' 81
with an inverse sign with respect to the Coulomb integral;

henceforth this decreases the repulsive interaction energy between
electrons of parallel spin. Furthemore, this means that they
represent a definite type of correlation of electron motion having
parallel spin [Fermi correlation).
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Now let us make use of the determinantal form of the function
{¢i>. By applying the arbitrary uvnitary transformation U to the set
of spinorbitals {¢k} we obtain a new basis set {y;} = U {wk} and a
new determinantal function |§i> differing from the original one not

more than by its aign

|2{> = det{U} [2;> = ¢ |&;> ) ) [233)
so that the molecular energy B, = <z |Hy|®;> = ¢§i|ﬁo[@i> remains
unchanged. The unitary transformation U may be chosen also in such

an advantageous manner that it makes the matrix L of Lagrangian
multipliers i, to be diagonal

WwrLu=¢g [234]

where E is the diagonal matrix of orbital energles ¢, . Then the
Bartree-Fock equatione assume the form of a pseudocharacteristic

problem
Fk |¢k> =&y |¢k> {235]
for k =1, 2, ..., n.

Hartree-Fock eguations represent the system of integro-
differential equations that can be solved by an iterative
procedure. The trial set of orbitals is used for the construction
of the Fock operator and from the peendocharacteristic problem a
new estimate of orbitals is obtained. The procedure is repeated
until self-coneistency occurs (self-consistent field procedure).
The above method forms the basis of the contemporary computatiocnal

methods of guantum chemistry.

1.4.5 Deneity Functional Theory

The alternative apprcach to the many-electron Schrédinger
equation, nawely the Density-Functional Theory (DF), was introduced
by Hohenberg, Kohn and Sham {48,49) and preceded by the works of
Thomas (50), Fermi {51}, Slater (52,53} and G&spar (54), The DFT
starts with the ground state one-electron density p{(i}) as a
fundamental variable, which has one-to-one correspondence (to
within a conatant) with the external potential of the electrons.
The density also givee the total number of electrons, n, which then
implies that the total energy of the many-electron system is a
functional of p{1l), and furthermore, the total energy functional
has a minimum equal to the ground state energy of the system. This
leads to the conclusion that the ground atate density p(1}
uneguivocally determines the entire Hamiltonian (55).
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The electronic energy of a system {a function of the density
¢{1))} may be decomposed as

1

B9 (o] = By[p] + Eglp) + B [0r] [236]
with the one-electron term

By o] = [ p{1) hy dxy (237)

a two-electron Coulomb term with Hartree potential Vt{l) of the
charge density

Bolo] = (1/2) £ p(1) V(1) ax, =

= (1/2) § p{1) 5 (2) gy, 9Ky) d%y [238]

and the exchange-correlaticn term Exc[p] which c¢ontains all the
remaining contributions. We point out that the first term is
defined as the kinetic energy of n non-interacting electrons in an
effective potential Geff' Due to thies definition there remains a
substantial part of the kinetic energy included in the term Exc[p}.

The variational principle applied to this electronic energy
expression under the constraint of electron conservation now leads
to the following self-consistent one-electron like egquations

{T (1) + Voge(1)} v3(1) = e 4;(3) [239]
with
Vopell) = V(1) + V(1) + V(1) [240]
and
P1) = Loy »(1) ¥i(1) = T my Jus(1)1° (241]

where n; is the occupation number of the cne-electron levels. The
last term in the effective potential Veff(1) ig the functional
derivative of the exchange and correlation energy

V(1) = 0B [p1/00(1) [242]
Using these expressiona an alternative formula for the elec-

tronic energy stands

e®l[,] = £oges = (1/2) 1 (1) Voll) ax; -

= 1 (1) Yy (1) dxp + B[] (243]

which does not contain an explicit reference to the kinetic energy.

The system of equations [236] -~ [243] is not closed until a
formula is found for the unknown functional Exc[p]. It turns out,
however, that there exist accurate approximations to this func-
tional and even the simplest one is very useful in making com-
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putational methods effective but still reasonably accurate,
especially for large or infinite electron systems.

This approach to the many-electron problem deserves a closer
discussion, especially as compared to the Hartree-Fock (BF) and
melti-configuration Hartree-Fock (MCHF) or configuration inter-
action {CI) approaches. The one-electron eguations [239] look even
sippler than the corresponding BF equations, [230]) and [235]. This
is an artifact since the many-body effects {neglected in BHF but
included in CI) are only transferred to the unknown functional
Exc[p]. The one—electron eigenfuctions and eigenvalues [239] do not
correspond to those of HF, and they are often regarded as auxiliary
quantities yielding the charge density and the kinetic energy
contribution. However, for the highest occupied level of a many-
electron system it can be shown that the bare DFT eigenvalue equals
the ionization energy; the more localized the orbitals are, the
more their eigenvalues deviate from ionization energies.

Making use of the properties of a hcmogeneous electron gas
the useful Local-Density Approxiwmation (LDA}] to the exchange and
correlation of a many-electron system can be defined.

The exchange is uvsuelly defined in terms of the 8F approxi-
mation separating the whole functional into two contributions

B, ole] = E 0] + BE_{s] [244]

where the first term, which is called the exchange energy, is a
consequence of the antisymmetry of the electronic wave function.
The second term includes the correlation energy, i.e., the
many-body effects.

The homogeneous electron gas is defined by its density , or

the density parameter
r_ = (3/4np)1/3 [245]

which is the radiug of the spherical volume occupied by one
electron. Using this expression, the (average) exchange energy per
electron is

eglp) = = 2V (o) = -2 (3p/m)1/3 = - 0.as8/r, [246]

{in atomic units) which is obtained analytically by integrating
over the wave vector up to the Fermi level.

The correlation energy for the homogeneous electrcn gas is
more laborious to evaluate and various approximations have been
proposed (56). The two leading terms in the high-density expansion

for the ground state are (57]
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egfp) = 0.0311 In r_ - 0.048 [247]

{in atomic units]).
The LDA approximation for the inhomogeneous electron gas

vields
Byolo] = § 2(1) [ey(p) + eglo)] dx [248]

This is an unambiguous approximation that doee not contain any
adjustable parameters, as is often misunderstood. Though neglecting
the long range effects of density wvariation, the LDA has shown
unexpected successful applicability to electron systems from free
atoms to molid matter.

1.5 FREE ATOM
1.5.1 Electron Configuration of a Free Atom
The wave function of an atom with a single electron can be de-
scribed in the form of corresponding atomic spinorbital characteri-

zed by a set of guantum numbers (n,l,ml,ms} of the form
U’(nrlaml!ms) “Rn,l{r} Yllm](dﬂ?) ’?(ms) f249]

where R, is the radial part of the atomic orbital, ¥ its angu-
r ’
1

lar part and q(ms) is the =8pin wvariable functionr. For the a?

electron configuration it is sufficient to specify only the guan-

tum numbers 4 and m only, since the values n; and 1i are in

commonr for all the sp?gorbitals ¥y

From atomic spinorbitals, varicus Slater determinantas can be
formed {determinantal functions, configuration functioas! %, s repre-
senting eigenfunctions of the projection operators of the total
orbit§1 angular momentum iz =1 izi and of the projection of total

spin S, =§ 8,;- Then +
i
L,&, = oMy, & [250]

S,®, = hM_ & [251)

With the use of linear combinations of determinantal functions

w(L, M, 5,Mc) = T oy f252]
k
wave functions can also be constructed which are the eigenfunctions

of the operators L2 and §2

izw(L,uL,s,ns) ~ s2L(L + 1)w(L,M 5,4 [253]

o)

ézm{L,nL,s,nS) = h25(S + 19 (L, , S, M) [254]
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TABLE 12

Determinantal functions of the d2 configuration.al

Mg 1 0 -1
M,
4 8,=]2%,27)
30 a2 T em12817 eymj27%) ag=(27,17)
2 ag=i2%,07)  ap=|25,07|  sg=|27,0%) 8y 4=(27,07)
2g=|1%,17)
1 aentof e g=nt0T) e =170t ey g=(1T,07)
2y,m127 1% e m127,-17) ey g=(27,-17) 8ye=|27,-17)
0 2.g=[27,-2%| 2,=127,-27) ap,=|27,-2"| ag=|27,-27
80=117-17] 2yy=11%,-17 ey=17,-1Y) 8,o=|27,-17)
,=[07,07]
Sl ap=|07T,-1T ] wg=107,-1T) egy=|0F,-17) sy =(07,-17)
3y9=117,-2" | 23,=I17,-27| #y=|1F,-27| ege=i27,-27)
-2 Byem|07,-2%| 2y0m[07,-27| #ye=10T,-27| s p=[07,-27
839=1-1" /=17
“3 0 agym| -1t 27 oy ,m(-17,=27) By ,=|-1T =27 @, -17,-27)
-4 s5=(-2",-27|

*'Spinorbital a’ has the spin a(ms = +1/2, m;; = a), spinorbital
b~ has the spin p{ms = -1/2, m o= b).

Computation can be done by solving the homogeneous system of
linear equations

2 2 2 -2
N [ij - °L{L + 1]5kj] = 0 for ij = <¢k|L |¢j> [255]

w1 w

2 2 2 ol
Cp [skj - K°S(S + 1)5kj] =0 for Skj = <2, {8 1§j> [256]

The wave functions w(L,ML,S,HS) may also be obtained with

projection operators

" s? - h2K(K + 1)
Fs

- 257
Kﬂs h2[S(S + 1) - K{K + 1}] [ )
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- 2 _ hZN{N + 1)

L ol R2{L(L + 1) - N{N + 1}] (2581
or by shift operators

L, =1L : iiy [259]
s, = éx . iéy [260]

For the electron configuration dasﬁpy the number of different
. . . 18Y(23 (6
determinantal functions @(ML,MS} is equal to [ a][ﬁ][y]' The

system wave functions w[L,HL,S,M with definite wvalues of the

)
quantum numbers L and 5, forms the electron term designated by the

symbol T(L}

L r 01 2 3 4 5 ...

T[leSPDFGH...

The left upper index on the term symbel is +the spin multi-
plicity, i.e. the number m = 25 + 1 expressing the degree of spin
degeneracy mT(L]. Total degeneracy of the term iz the number 4 =
(2L + 1){2S + 1). The presence of electron interaction in a free
atom is manifest by formation of terms which are further split into
rmultiplets due to the spin-orbit interacticn. In the presence of an
external field the degeneracy of the energy levels is removed.

For the d2 electron configuration, 12 = 45 different deter-
minantal functions @{ML,MS] can be created with the values -4 = M
= +4 and -1 = Mg = +] as listed in Table 12. From the above deter-
minantal functions, the wave functions w(L,ML,S,MS) of individuoal
terms 'S{L =0, S=0,d=1), P(L=1, S=1,d=9), Ip(L =2, S
=0,d=5), 3F(L =3, S=1,d=21) and lg(L=4, $=0, d = 9)
can be formed. They are expreased in Table 13.

1.5.2 Bnergies of Atomic Terms
To determine the atomic term energies it is necessary to ex-
express the matrix elementsz of the electronic Hamiltonian

{261]

in the basis set of wave functions @(L,ML,S,HS). Since the wave
functions are composed of the determinantal functions i(ML,MS) and
further of the spinorbitals $;r then the computation is reduced to
the determinaticn of one-electron and two-electron integrals

<LiBIE"> = <y, (1) 1(-p2/2m )92 - ogz /r b . (2)> [262]
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TABLE 13

wave functions &(L,HL,S,HS) of the individual terms of the a?

configuration.

Term L M, 5 Mg Function
ig 4 4 0 0 3,
4 3 0 © 1/vE{zq-24)
& 2 o0 0 I/VTT{J§¢7-¥§§8+217¢9)
4 1 0o 0 1/f14(¢15—¢15+V6¢13—¥6¢14}
¢ 0 0 O 1/#75(@21—¢22+4¢23—4§24+6¢25}
4 -1 0 0 1/VTI(§33—@32+¢3§31—#5§30)
4-2 0 0 1/vT8(V33,5-V304,+2V22,4)
4 -3 ¢ 0 1/VE(2y4-3,,)
4 -4 o ¢ T45
g 3 3 1 s,

3 3 1 0 1/vE{2+8,)
3 3 i-1 &g
3 2 T 1 2
3 2 1 0 1/¢§{§7+§8)
3 2 1-1 219
31 1 1 1/v5(v3z,,+v22,,])
31 10 1IVIU(J§¢15+¥§¢16+J§¢13+«?@14)
31 1-1 1/J5(¢3;18+J7¢19)
30 11 1/v5{2;4+28,0)
3 0 1 0 1/¢Tﬁ(¢21+¢22+2¢23+2¢24)
30 1-1 1/V5({2,e+22,4)
3-1 1 1 1/¢5{J§@29+VI@23)
3-1 1 9 1/VTU(V§§32+J§@33+V§¢30+J?¢31)
3-1 1-1 1/VB(V3ay5+VI24,)
3 -2 11 ®ag
3-2 1 0© 1/VE (24442 34)
3 -2 1 -1

240
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TABLE 13 {Continued)

Term L M s Mg Function

3.3 11 241
3 -3 10 1/J7{¢42+§43}
3 -3 1 -1 Sga

3 11 1 1 1/VE{VIs),~vT2;,)
i1 1 0 1/Jiﬁ{J§§13+J3§14—J?@15—J§¢16!
1 1 1 -1 1/J§[¢§¢17—J7¢18)
1 0 1 1 1/J§{¢20—2@19}
1 ¢ 1 o0 1/4Tﬁ(@23+¢24—2@21-2¢22)
1 0 1 -1 1/V5{2y5-22,¢)
1 -1 1 1 1/VB(V33,5-Y23,4)
1-1 1 @ 1/¢TU(J3¢30+J§¢31-¢§§32—J§@33)
1 -1 121 1/VE(V384,-vVIeac)

1p 2 2 0 0 1/VT{vZ8,-vI2g-V3eg)
2 1 o D 1/¢II{¢E@15-15@16—¢13+§14]
2 0 a0 1/¢TZ(2@21-2¢22+¢23—¢24—2§25]
z2-1 0 Q 1/«17(«3@33—JG§32-¢31+§30]
2-2 90 0 1/VT (V24g-v3241-vI8,,)

1g 0 0 0 0 1/ (89 =85 y=F 5 3+8p 4 +85c)

<i3Iglit3'> = ogy<p; (1)e4(2)[1/rplvs. (1)p5.(2)> [263]

where the conversion factor for the SI unit system is ooy
62f4ﬂ60- The atomic spinorbitaie consist of the radial part

R (ri) dependent on the distance T of the electrons from the
[ |

{m)

nucleus A, the angular part Yllm]l(ﬂi,wi) and the spin part Tei

with the projection n{1/2} = ¢ and »(-1/2) = g.
Spherical harmonics are defined as (Table 14)

2k+1 (k-m)} }1/2

Yk'm{l?!@} = {_1111![ By = W!— PI{CDSﬂ’Eimq) {264}

for m = 0 and
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L

Y oltee) = (-1)70Y [265)

for m < (. The associate Legendre polynomials are

k+m
m/2 d

> 4

1 2
P(x) = (1-x%)
k k1
and Legendre polynomials are
k
1 9 2

P {x) = {x
k 2Kkl ax®

-1k [267]

TABLE 14
Normalized spherical harmonic functions ¥, (d0,0)-
(i §

1 my Yl,ml

18

v3/dn cosy

#V37/8n sing exp(zip)

v5/1len {200528 - sinzoi

sVI5/8n cosyg sind exp(tig)

vIB73Z% sine expl:2ig)

v717/18q (2cos3§ - 3cosy sinzﬂ)
*VZ2176dn (4coszdsind - sinsﬂ} expl{tip)

i

i+

I+

O N O RO O

o e b e W W W W N R N R e O
I+

*2 VIOS732Zn coss sin‘y exp(+2ig)

£3 sVI5764n sinds exp(23ig)

o 3/VT58n {3Scosds - 30cos’s + 3)

£1 #VEB/6dr siny (700530 - 3cosd) exp(tip)
+2 V571285 sin2§(7coszd ~ 1) exp(22ip)

£3 +v3157647 sin’s coss exp(+3ig)

+4 VITE7512: sinds expl:diq)

For a one~electron integral, due to the orthonormality of the

angular and spin parts of atomic spinorbitals

T @ . -~ 2
<i|[h[i*> = [ g Rnil!(rlihlnn!.ll’{rlirl dry ]5mli;m]l,6msl,msi, =

- 9,5 & [268]
im e, R

Here we have made use of identity of the quantum numbers n, =

ni, and 1i = 11.0
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For expressing the two-electron integrals it is advantageous
to expand the operator llr12 into the basis of =spherical harmonic
functions ¥y m(ﬁ,@) or the Legendre polynomials Pk[cosylz]

r

Ve, =3 [4n/(2k + 1)](%/5]y 'S v (31,040% (9,5,0,) =
F12 7 L 14" e /2771 B Y ml91000) % n( 2500y
~kzo(rf/rf+1)pk(c05y12) [269]

k+1

>

k+1

The expression rf/r is egual to the function rlflr2 for ry;

<ry and the function rglr§*l for T, >y 80 that we can use the
notation r = min{rl,rz} and r = max{rl,rz}. The argument of the
Legendre polynomial is cosy;, = cos9,cosd, + sinﬂlsinﬁzcos(¢1-¢2).
After integrating over the spin and angular parts of the spin-
orbitals, the two-electron integral can be expressed in the form

<ijjgliti'> = &6 5,,m“,‘(jmsj,.rl:lgj_‘Sfmli+ml Je(m  +m ).

s I Ly

m .
A A 3‘13" 1;')

w
k k
.k[ c {11'm! (1 ,m } © {lj,ml
=0

k
- R (nl,li,nj,lj,nl,,l!,,nj,,lj‘} [270]

#iere, the integral over the radial functiones is defined as

Kk k _
Riji'j’ = R {n],1l,nj,1j,ni_,11_,nj.,lj,) =
© 2k, kel _% *
=ogy J L Ar /) Ry g () Ry {xpd Ry {rg).
[T+ 1 i 3yt i L
R {r,) r2 r2 dr,dr [271)
TS U L A S Tt A

The integrals over the angular parts of spinorbitals can be
expressed, e.g., ag follows

ck(l,m,l‘,m'}

.(ﬂf‘P}'

1/2 »
. 2
Yl,'m,{a,;p} sing do dp = [Zk_-?l] {)P'i'(cosa].

4 1/2 & o
[2E$1] % % Yl,nﬁﬁ'wl Yk,m-m

L]

P (coss) P].(coss) sino do [272]

The above coefficients are independent of the atom concerned and
their values for atomic d orbitals are listed in Table 15. The
advantage of expression [270] rests in the fact that the sum
over the ipdex k is reduced to several non-zero terms, only. HNow

for the Coulomb integral Jij and the exchange integral Kij
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TABLE 15
The values of the coefficients c (1.,m1.,1j,mlj).

1i 1j my 4 mlj co cl c2

2 2 £2 +2 1 L YL vI7IEY

2 2 x2 +1 0 vB/i9 -v5734T

2 2 +2 0 0 -va7ag vIB/1T)
2 2 + £1 1 vi7Tig ~vI87§4T
2 2 x1 ] ] V1783 vIO7IAT
2 2 0 0 1 vi749 v367EET
2 2 +2 72 0 0 NELTEY Y
2 2 +2 71 ] 0 -v3573%1
2 2 +1 T 9 T —vI07IET

2 ‘s ‘s k
3y5 = <tilglis = 5 aK(1mgm ) Fk(nl,l.,nj,lj} [273]
K., = <ij1giji> = § b1, ,my,,1.,m ) G5(n;,1, ,n5,1.) [274]
ij irgi] ka0 §r¥y4r j: 1j Rt A jr j
where the radial integrals of the type
k
7K (n.,l.,n P ] = leij [275]
- K
c* (ni,li,nj,lj) Gijji [276]

are called Slater-Condon parameters. The coefficients ak and bk
are

a®(1.,m, ,1.,m.) = {1, ,m,.,l.m ) (1., m . ,1.,m,.) 2771

R B s Lt B 17141 A e Rt R By
2
b {li'mll'l !m13) = IC (l"mll’lj'mlj,| [278]
Sometimes, the functicne Py, are used instead of the parameters Fk
0

P, = F [279]
F, = F2/49 [280]
F, = Fi/aa1 [281]

In crystal field theory, as a rule, the Racah parameters are ueed,
defined by the relatiocnshipa

A = F, -~ 49F, [282]
B = F, - 5F, [283]
¢ = 35F [284]

4
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TABLE 16
The enerqgies of the individual terms of a? configurations.
a? Energy via Racah parameters
at E(3F) = A - 8B
E(°p) = A + 7B
E(lc}) = a + 4B + 2¢C
z{ln} = A - 3B + 2C
B{ls] = A + 14B + 7C
a® e(%) = 3a - 158
g(*p) = 3
E{ZH} = 3n - 6B + 3C
e(%c) = 3a - 11B + 3¢
E{2F] = 3A + 9B + 3C
2{%D) = 3a + 5B + 5C + [19382 + BmC + 4c?]l/2
£(%p) = 3a - 11B + 3C
at E(SD] = 6a - 21B
E(3H) = 6A - 17B + 4C
E{%c) = 6A - 12B + 4C
E(’F) = 6a - 5B + (11/2)C : {3/2)[68B% + aBc + ac?)l/?
E(3D) = 6A - 5B + 4C
2(3p) = 6a - 5B + (11/2)C + (1/2)191282 - 248c + 9c?)l/?
E{II) = 6A - 15B + 6C
2(lc) = 6a - 58 + (15/2)C + (1/2)[70882 - 12BC + 9c2jl/2
g(1F) = 6a + 6C
E(1D) = 6a + 9B + (15/2)c : (3/2)[14482 + suc + c2}1/2
E(1s) = 6a + 108 + 10C + (1/2)[19382 + gBC + 4c?]}/2
a®> E(%s) = 10a - 3sB
B(%G) = 10a - 258 + sC
E(4E} = 10A - 13B + 7C
e(%D) = 108 - 188 + 5C
E(4p) = 10A ~ 28B + C
3(21} = 10A - 24B + 8C
E(zﬂ} = 10A -~ 22B + 10C
E(zGa} = 10A - 13B + BC
E(sz} = 10A - 3B + 10C
E(zFa} = 10A - 9B + 8C
E{zFb) = 10A - 25B + 10C
E(2Da) = 10A - 4B + 10C
g(inb'c} = 10A - 3B + 11c + 3[578% + 2mC + c2)1/2

B(%p) = 10A + 208 + 10C
g{?s) = i0A - 3B + &C
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PABLE 17
The energies of the individual terms of a? configurations.
d"  Energy via Slater-Condon parameters
a? Ee(’F) = F, - 8F, - 9F,
3
g(ip) = F, + 7F, - B4F,
3(16} =Fg + 4F2 + Fy
i
E('D) = F, - 3F, + 16F,
(!s) = B, + 14F, + 126F,
3 .4
a® e('r) = 37, - 15F, - 72F,
z(ip) = 38, - 1477,
(%8} = 3F, - 6F, - 12F,
(%) = 37, - 11F, + 13F,
g(’F) = 37, + 9F, - BIF,
(D) = 3F, + 5F, + 3F, ¢ [193F2-1650F ,F 4+s325r§]1’2
E(zP] = 3F. ~ 6F, - 12F
. E 0 2 4
a &(5p) = 6r, - 21F, - 189%,
B(38) = 6F, - 177, - 69F,
B(36) = 6F, - 12F, - 94F,
e(’F) = 67, - SF, -(153/2)F, +(1/2}[612?2-4860F2?4+20025F4]1’2
’p) = 6, - 5F, - 129F,
B(3p) = 6Fy - S5F, -(153/2)F, +(1/2][912?2—9960F2P4+38025F4]1/2
8(11] = ¥, - 15F, ~ 9F
1 0 2 4 2 2,1/2
B('G) = 6F, - SF, - (13/2)F, +(1/2)[708F}- 7500F ,F ;+38025F; |
E(1F} = 6F, - 48F
1 0 4 2,1/2
(‘D) = 6F, + 9F2—{153/2)F4+{1/2)[1296?2—10440P2F +308257,)
z(s) = 6F, + 10F, + 6F, +(1/2)[3038F§ 26400F2F4+133200F4]
a® &(%s) = 10r, - 35F, - 315F,
E(‘G] = 10F, - 25F, - 180F,
e(%r) = 10F, - 13F, - 180F,
(‘D) = 10F, - 18F, - 225F,
E(‘p; - 10F, - 28F, - 105F,
B( 1) = 10F, - 247, - 90F,
E{ H) = 10F, - 22F, - 30F,
s(zs } = 10F, - 13F, - 145F,
E( G ) = 10F, ~ 3Fy - 155F,
E( ? ) = 10F, - 9F, - 1657,
E( Fb] = 10F - 25F, - 158,
B(? 2p) = 10F, - 4F, - 120F,
B n o) = 10Fy - 3F, - 90F, ¢(1/2){513?2-¢5oorzr4+2oveop4]1’2

E{ZP) - 10F, + 208, - 240F,
Ef s) = 10F, - 3?2 - 195F,
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As an example, let us express the energy of the 3F term of the

a2

fancticon of the

electron configuration. According to Table 12 and 13 the wave
3F term assumes, for example, the £following
possible form

©(3,3,1,1) = &, = 12°,1%} [285]

The corresponding energy is
3 et
B{"F) = ¢§21H i§2> - ZUd + 321 - K21 =

= 2Ud + F, - 8F, - 9F4 - 2Ud + A - 8B [286]

0 2

The energies of individual Q" term configurations are listed
in Table 16 {(expressed with the help of Racah parameters) and Table
17 {expressed through Slater-Condon parameters). Tt is necessary
to add the term nY , to all the energies. The relative energies of

10=n

the configurations d are the same as the energies of the con-

figurations a?,

1.5.3 BSpin-0Orbit Interaction in Atoms

The spin-orbit interaction [S0I} 4is described by the one-
electron operator
Aso 92 _3 - - ~ -
h®° - P E Zpri” @;.1; = E elxg) o1, [287]

e

This operator has non-zero off-diagonal matrix elements in the
bagis set of wave functions m(L,HL,S,HS}, as it does not commutate
with the operators iz, éz, £z and éz' For the atoms with low Zp,
however, off-diagonal matrix elements of the operator h*°  are
small. Thus the effect of S0I can be approximated by the diagonal
matrix elements. _

The operators Jz and 32 of the total angular momentum J = L +
$ commutate both with the electronic Hamiltonian H°' and ﬂs°, i.e.
they have the set of eigenfunctions w(J,MJ) i? common. To express

the diagonal matrix elements of the operator h*® the relationship

5.0 = (32 - 22 - s%y/2 [288]
can be used.

Both the operators 8.L and } s;1; have identical matrix ele-
3
ments. Further, the functione g(ri} are constant within the given

electron configuration; they are denoted as p,1° Ther the S80I
contribution to thke energy of the atomic term, as specified in
first order perturbation theory, assumes the form

E™° - hzgn'l[J(J + 1) « L{L + 1) - S(S + 1}1/2 [289]
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For each atomic term of the given configuration {characterized
by the quantum numbers L and S} the energy contributions are
obtained, corresponding to the posaible values of the geantum
namber J ¢ <|L - 8|,L + S». Thue, the term is split into a met of
m = 285 + 1 different energy levels called the multiplet. Individual
terms of the multiplet differ according to value of 3 - designated
by the right subscript standing by the symbol of the term mT{L)J.
The difference in the energies of the successiie multiplet levels
is

= t 3 2
AsE = B ~E;=nh gn'l(J + 1) [290]

J+1
i.e., it is proportional to the gquantum number J* = J + 1 of the
level with higher energy [Landé interval rule}.

1.6 CRYSTAL FIELD TEECRY
The influence of the inhomogeneous electrostatic field defined
by the charges and electric dipoles of the ligands is manifested in
the splitting of the electronic levels of the central atom (local
Stark effeect). The crystal field theory studies the influence of
the ligand electrostatic field upon the electronic states of the
central atom.
The original crystal field theory comprises three gsimplifica-
tions:
1] the ligands are taken as point chatges or electric dipoles;
2] the energy of the interelectron repulsion in the complex is
identified with the repulsion energy in a free atom;
3] the radial pasrt of the atomic orbitals is unchanged upon
formation of the complex.
The interaction operator of the electrons of the central atom
with the corresponding electrostatic ligand field (crystal field)

ia
. 4]
~ e nN -eqy n§ g E J.
Vi= IL —————— =0y LI ;=19 [291]
il 4neo|ri-RL| 1L iL i

where qg is the absolute valve of the ligand’'s charge expressed in
terms of elementary charge (assuming that the ligands L are nega-—
tive ions}. The basiec influence of the ligand upon the electron
states of the central atom is the aplitting of its terms (removal
of degeneracy). For computation of the energy of electronic states
the operator Gcf is to be added toc the one-electron part of the
electronic Bamiltonian ﬁ’i. Computational procedure can be ?atched

according to the relative value of the members verf, Vee and h¥°.
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1.6.1 Splitting of d=-Levele in the Crystal Field

The pure effect of the crystal field can be studied in a one-
electron atom. Let us consider & central atom with one d-electron
whose ground electronic state characterizes the orbitally degene-
rate term 2D. It is sufficient to index the basis set wave
functions with the guantum number m, of atomic spinorbitals (-2 =
m; = 2). When using the degenerate perturbation theory {Section
1.2.2) the contributions to the energy of the term, due to the
effect of the crystal field, can be determined from the S5~th order
gecular eguation

det{vij - céij} = 0 [292]
Matrix elements vij are defined by the relationship

- No -1
vij = (¢ilvll¢j> = 0gy % qy, <¢ilr1L|¢j> [293]

for i, = -2, -1, 0, 1, 2. The operator rzi is expanded into the
basis set of Legendre polynomiale according to the relationship
[269]. Thus, the expression

B o © k
vij = E qL ;;Eo Fk{RL} ai’j(ijf‘PL) [294}
is obtained, where the integral composed of the radial parts of
spinorbitals is of the form

L
Fk[RL} = 0g1 { ;E%T J rk[Rniz(r)]z r2 dr +
0
+ RE j }ér [Rn,2(r”2 £l dr} [295]

R
L

The function F, (R;) should not be misunderstood as the modified
Slater-Condon parameters Fk introduced by the relationships [279] -
i281].

The integral comprising the angular parts of the orbitals

n 2rn

k "
ei,jidL'@L) = J J eriiﬂ;@] Y2,j(6'¢) Pk{COSY1L] sind dg dp  [296]
00

can be transformed for d-orbitals into the form
k -
01,300nr0n) = Byy Yy 5 s{opeer) 6y 4+ Byy Yy 5 s(0pien) 6 o ¥

+ D,

lj Yo,i—j{dL"le 61(,0 [297}

where the following coefficients appear
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Ayy = (- 1)3 svEn czg; cZ2t/27 (298]
By = (- 1)3 v czgf c222/vs [299]
Dy = (- 1}3 svan czgg c22% . vz 553 [300]

The coefficients Aij’ Bij and D, are defined through the
tabulated Clebach-Gordan coefficients C 1 lar

H 2
theory of the addition of angular momenta {see Section 1,3.1); they

are listed in Table 18.

known from the

TABLE 18
The wvalues of the coefficients Aij and Bij in the matrix
elemente of the crystal field potential.
63/vdn A, i3 35/Van B
i 2 1 0 -1 -2 2 1 0 -1 -2
3
2 1 -5 vIS —v35 YT0 vI0 V30 VIO 0 0
1 vE -4 v30 -vd0 35 -v30 43 VS -v30 0
¢ vIE V36 6 V30 VI§ I v& vZ0 -5 —vI0
-1 35 v V30 -4 vE 0 -v30 Vs ¥i V30
-2 V70 -v35 vis -v5 i Q 0 -vZ0 v30 ~-v20

The advantage of the notation [294] rests in the fact that it
containa only three non-zero terms for the series k = 0, 2 and &

.}
vig - gqg (Fg(Ry) ¥, 3 5(opsop) Byy + Bp(Rp) ¥y o s(8;,0p) By +

Final expressions for the independent part of the vij matrix
elements are listed in Table 19.

the above procedure may be applied also to f-electrons, taking
into account L = 3, so that the interaction matrix [293] with vis
elements is of the 7-th ordex. The integrals [296] comprising the
angular part of f-orbitals 8¥ j{0L,¢L) contain spherical harmonics
up to the 6-th orxder, ¥ 6,i-5° and conseqguently the expansion [294]
conasists of four non-zerao terms (k = 0, 2, 4 and 6), Final
expressions for the independent part of the vij elements are given

in Table 20.
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TABLE 19
Matrix elements vij for d-electrons.”

<0|%|0) =3 qL{Fe + {1/7}{ZcoszﬁL-sinzdL}F2 +
+ {1/28)(35cos’s -30cos®s +3)F,}
c:l[&|11> -z qL{Fo + (1/14]{2c0526L-sin2§L)F2 +
- (1/42](35cos4§L—3OCoszdL+3}F4}
<s2|Vj22> = 3 q {F, ~ (1/7)(2c0s%s -sin’s )F, +
+ (1/168)(35c0sts -30cos?s +3)F,}
<2|G!1> -z qL{codesinﬁLexp(i@L)[—{3/7}F2 +
+ (5/4v1)(Tcos?s - 3)F,1}
o ,_2 .
<2[V|0> = F q {{1/7V6)sin aLexp(21¢L)
[-3F, + (5/4) (Tcos®s - 1)F,1}
<2|V[-1> = z qL{{5/12]sin3&LcosaLexp{3i¢L)F4}
- ,_4 .
<2|V]|-2> = z qL{(S/24)sln ﬁLexp{41¢L}F4}
<ifvio> == qL{(J6/14JcosﬁLsinﬁLexp{i¢L}

[-F, - (1/30) (7cos?s - 3)F,1}
<1|v[-1> = 3 g {(1/18)sin%s exp{2ip )
[-3F, - (5/3){Tcos?s - 1)F,1}

ER =
Py Fn(RL).

TABLE 20

Matrix elements Vi for f-electromns.”

- 2 4
<0|V|0> = EqL{F0+(2/lS}{3cos aL—l)F2+(1/44)(35cos g =

—3000523L+3)F4+{25/1716}{23lcoseaL—315cos4§L—
2
+105cos ﬁL—S)FG}
<e1{V|21> = pq {Fy+(1/10)(3cos?s ~1}F,+(1/264)(35cos s -
—3000526L+3)F4—(25/2288](231c056ﬂ_—31500540L+

2
+105cos dL-SlFS}
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TABLE 20 {Continued})

<

<

12[6]12>

13]6;13> =

<3|G|2> =
<3|V|i> =
<3[G|0> =
{3|G!-1> =
<3{V|-2> =
<3|V|-3> =
<2|V|-2> =
<1|v|-1> =
<1§6|0> =
<2|§|1> =

(2|G|0> -

<2|V[-1> =

4 2
EqL{FO—(7/26¢)(3SCOS GL-30cos 0L+3)F4+(5/1144].

65L-315cos4ah+105c052

2

.{231cos eL—S}FG}

5 ~1)P,+(1/88) (35cos?s -

-30coszaL+3}r4-(5/6854){231cosﬁoL-315cos‘oL+

EqL{FO-(lfﬁ)(3cos

+105cos9 ~§)F}
EqL{1//3]&xp(-i¢L]sineLcosﬂL{-F2+{5/22)(7cos ﬁf—
-3)F,-(35/1148) (33cos?s_~30cos?s +5)F(}

ga, (VI5/2)exp(-2dp_)sin®s {-(1/15)F,+(1/22).

.(Tcos?s -1)F,-(35/3432)(33cos?

ﬂL-lacoszﬂL+1)P6}
EqL[7%5/44)exp(—3i¢L)sinsﬂLcosaL{F4-(5/26).
-{11cos?s ~3)F )}

7q, (7VIB/88)exp(~4ip )sints {(1/3)F,-(5/26).
.(Ilcosch-lst}

7a (385/8/2288)exp(-5is )sin>s coss Fg

79, {-(3856/2288)exp(-5ip )sin® coss Fg}
7q_(35/88)exp(-4ip )sin's {(1/3)F+(3/13).
.(11cos?s -1)F}
-EqLexp{-2i¢L)sinzﬁL{(I/S}?2+(5/66](7c0520L-1}.

.F,+(175/2288) (33cos* 2

¢, -18cos 0L+1)F6}
-Equgexp(-igL]sinchosUL{{1/15)F2$(5/132).
-(Tcos?s ~3)F +(175/3432) (33cos®s -30cos?s +5)F¢}
EqLVTﬁexp(-i¢L)sinﬁLcosﬂL{(-1/10)?2—(1/33}.
(Tcos?s ~3)F,+(35/2288) (33cos"s -30cos?s +5)F}

. . 2
EqLV3§/6}exp(—1@L)51n 0L{-(1/5)F2-[1/44].
- (Tcos?s ~1)F,+(35/572) (33coss -18cos?o +1)Fg}

. . 3

th(7VI5/44)exp(-31¢L}sln ﬁLcoscL{(l/3)F4+

+{15/52}(11c052§L-3)F6}

a2}

F
n

= ?n(RL}.
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As an example we calculate the splitting of the 2D term of the
electron configuration al for the central atom in an octahedral
field. Using +the polar coordinates for  individual ligands,
according to Figes. 1 and 2 of Appendix 2, then

Ry =Ry, =R; = Ry = Rg = R¢ = R [302]
By ™ Uy ™ U3 = P, = rl2, Bg ™ Og = 7 [3G3]
99 =0, 95 = n/2, g3 = 7, gy = 3n/2 {304]
Vp,2=V.2,-2 " ql6Fy(R) + F,(R)/6] f305]
Vi,i = Vo, " q[6F0(R} - 2F4(R)/3] [306]
VG'O = q[GFO(R} + Fd(R}] [307]
V3,2 V.22 ™ 5gF, (R} /6 [308]

After introduction of the substitutions
B, = 6qF,(R) [309]
A = 5qF4(R)/3 [310]

the matrix of the integrals vij can be expressaed

i 6 ¢ 0 5
60-4000
v=E T+ — |0 ¢ 6 C 0 [311]
" " 10

e 0 0-4 ©

5 0 0 0 1
By solving the secular equation [292] we arrive at the roots
€1,2,3 Eg - {4/10)a = q[SFO(R) - 2F4(R}/3] = e(ng} [312]
€q,5 = Ej + (6/10}a = q[GFO{R} + F4(R)] = e{Eg) [313}
with the corresponding wave functions for the +triply degenerate
term ng
wy = -ildy - d p)V2 =4 [314]
Wy = --(d1 - d_lllff =d, [315]
vy = ifd, + d_1}/J§ = dyz [316]
while those of the double degenerate term Eg are
w, =dy = dza [317]
by = (d2 + d_2]/¢7 - dxz_ya [318]

The energy difference is

e{Eg) - e{ng} = A = 10Dg [3197
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The strength of the crystal £field is expressed through the
parameter a (or 10Dg) (Fig. 4).

E

Fig. 4. The splitting of atomic term 2D in the octahedral 1ligand
field.

In an analogous way the energies of terma with complexes of
other symmetries can be expressed (Table 21).

1.6.2 Weak Crystal Field

For electron configurations with more than one d-electrons
the scheme for the possible terms and splittings in the 1ligand
field is more complicated due to the interelectronic repulsion.
If the influence of the ligand field is much weakexr than the inter-
electronic repulsion (%ee > v > ﬂs°}, then the atomic terms
can be clasegified according to the guantum number L and the effect
of the crystal fieid G°f can be determined as a perturbation with
the use of degenerate perturbation theory. The ground electronic
state in the weak crystal field model will ke the term of the
maximum epin multiplicity ({(high-spin complexes).

For quantitative computations it is important to determine the
matrix elements of the operator v°’ in the basis set of the wave
functions w(L,HL,S,MS} of the corrgsponding atomic term. Since it
is satisfactory that the operastor ve’ does not operate over spin
variables, then the wave functions of the above term differ in the
index M. Then the respective matrix elements are first expressed
through the determinantal functions &(ML,MS}

Yy T <e(L, M ,S,Mg|VE\ |u(Le My, 8", My> =

o5 "*“’i("n"“s“{’”""j(“i,'“é}’ [320]

-'z
i,]
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TABLE 21
Energies of the d-level splitting in wvarious fields.

System Symmetry N Energy

MX, o 6 e(ng) = q[Fa(R) ~ (2/3)F,(R}] =
= E; - (2/5)a
e(Eg} = a[Fy{R} + F,(R}] = B, + (3/5)s
Bo = Gqf'o(‘ni
a = [5/3)qF,(R)
MX, Ty 4 e(B) = q[4F, (R} - {4/9)F,(R}] =
= By - {3/5)a
e(Ty) = q[4Fy(R) + (8/27)F,{R}} =
= Ey + (2/5)a
By = 4qF4{R}
A = (23/27}qF4(R}
MX,¥s D4y 6 e(Eg} = E; - (2/5}a - D, + 4D,
E(B2g) = E, - (2/5)a + 2D, - Dy
E(Alg) = Eq + (3/5}s - 2D, - 6D,
e[Blg} = By + (3/5)s + 2D, - D,
Ey = ald4Fy(Ry) + 2F,(Ry)]
a = {5/3}gF, (Ry)
DB = (2/7)QIF2(RX} - Fz(Ry)]
Dt = (2/21)q{F4(Rx} - F‘l(RY}]
BX, Pyh 4 c{Eg} = Ey - {(6/35)a — D,

E
e(Bzg} = Ey - (16/35)a + 2D
e{Alg} = By + {9/35}a - D
e(Blg} = By + {19/35)a + 2D
Ey = 4qF,(R)

a = (5/3)gF, (R}

By = (2/7)aF,(R)

The matrix elements between determinantal functions can be
evaluated with the use of Slater rules (see Chapter 4) according to
which for identical determinantal functions @A(wl,wz,...,wn}
created from the spinorbitals Yy

~of of
<3, |V {g,> = £ <p, 1V gy > [321]
For the determinants §3{¢1,...,wk,...,¢n} and @B(¢1,...,¢k,,
...,¢n) differing only by a single spinorbital then

<, [V o> = (~1)P <4 1V 1y, > [322]
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where p ie the nomber of transpositions in the spinorbitals yield-
ing the maximom coincidence in the spinorbital arrangement. The
other cases yield zero matrix elements for the one-electron opera-

tor Vv°©.

As an example, let us evaluate the effect of the crystal field
vpon the splitting of the 3F term of the d2 elactron configuration.
The necessary expressions for the wave functions W{S,ML,I,I) can be
evaluyated, for example, as follows

3 = <e(3,1,1,1) V7 |9(3,3,1,1)> = V3 <o), |V |2,>/V5 +
+ VI <o), V90 |8,5/VE = V3 <a(2;-1%) |ve T ja(2tiat B 4
+ vT <s(15;0% v |s(2Y51F)5/vE =

1
= V3 v_l’lffg + vZ [=1) v0'2/¥5

Vl.

[323]

using alsc the expressions for determinantal functions according to
Table 12. As the 3 term shows 7-times degeneracy, the 7-th order
secular eguation can be compiled as followa from degenerate pertur-
bation theory

det{vHL'H; - EGML'MI..} = 0 for M My o€ <=3:3> [324]
In the case of an octahedral crystal field the corresponding
matrix V assumes the form
V3'3 4] ¢] 0 -3,1 ¢] 1] ]
1] V2'2 1] o Q v—2,2 0
0 1] vl,l Q 4] 0 V_3'1
v = Q 1] 4] Va,o 4] 4] 0 -
v_3'1 1] 4] 0 V1,1 1] 0
1] V-z,z 1] 4] 1] V2,2 Q
L 1] 1] -3,1 4] 0 ¢ V3'3
-3 0 0 0 V15 ¢ 0 )
¢ 7 0 1] 0 -5 4]
A 1] 0 1 0 1] 0 vi§
= 2201 + 15 0 G 6 -6 1] 0 ¢ {325]
vik 0 1] 1] 1 o 0
0 -5 0 1] 1] 7 4]
L 6 o0 viI§ o o0 0 -3 |
The solutjion of the secular eguation [324] results in the

roots
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(326}

€1 = Vg,0

2,3 = V2,2 * Vo2,2 £327]

. 7 7
€4,5,6,7 = [(V1,1 * V3 3t “fvl,l = V3,3)° + 45 ) ]’2 [328]

The energy of the 3% term in octahedral ligand field can be

obtained in the form

63{3A2g) = 2E, + 6a/5 = g [12F4(R) + 2F,(R}] [329]
€2,4,5(3T2g) = 2By + a/5 = q [12Py(R) + F,(R})/3] [330]
e1,6,70°T1g) = 28y - 3a/5 = q [12F,(R) = F,(R}] [331]

where the substitutions [309] and {310] have been used. Thus, the
atomic term 3F is split into three terms due to the effect of an
octahedral crystal field; 3'1'lq is the ground state.

Similarly, the splitting of the cther d2 configuration terms,
ip an octahedral crystal field, can be expressed as

- 1p term: 61,2{1Eg} = EEE{]| + 124/35 [332]
53'4’5{1ng} = 2B, - 84/35 [333]
- 3p ternm: €1 9 3{3‘1'1 o= 2B, [334]
12, g
- 1G terms: elflnlg) = ZEO + 2a475 [335]
82'3{1Eg} = 2B, + 24/35 [336]
94'5’5{1T191 = 2B, + 2/5 [337]
37’8,9{1ng} = 2B, - 134/35 {338]
- 1s term: ¢, Ajg) = 2By - 134/35 [339]

The splitting of individual terme is a linear function of the
crystal field strength parameter a. When s is higher, the terms of
a different slope may cross and then the weak crystal £field model
is applicable no more.

In practice, the configurations & and le-n have mutually
inverse term splitting diagrams. In case of weak crystal f£field,

4a* 5=n

this rule is also wvalid for configurations and d . For

4F of the d3 configuration also has three

example, the ground state
components, similarly to the state 3F of the d2 configuration.
These components, however, are arranged in reverse order 5{4A o<

2g
< 5{4ng) < e(4Tlg}.
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1.6.3 strong Crystal Field
In the opposite limit when the 1ligand influence upon the

central atom state is strong, prevailing over the interelectrenic
repulsion{§°f>§ee>ﬁ°°),the atomic states characterized by the
guantum number L are losing their significance. We speak about
removal of the orbital coupling among the electrons. In this case,
every atot is influenced by the crystal field more than by other
electrons of the central atom.

In the strong crystal field model, the energiea of the d-
electrons in the crystal field are first calculated, while inter-
electron repulsion is incorporated afterwards inte computation of
the electronic states.

The respective computational procedure will be demonstrated on
the electron configuration dz. In an octahedral crystal field, the
d

xz’ yz’

atomic d-orbitals are asplit into two energy levels tzg[dxy,d
and eg{dzz,dxa_yzl. For two d-electrons the electron configurations

(tzgjz, (tzg)liegjl and (eg)z can be formed. The respective symmet-
rized wave functions cen be obtained as a result of action of the
symmeirization operator {see Section 1.3.1} upon the determinantal
wave functions of the singlet 15 and and triplet 3@ states. These
atomic terms are further eplit done to the interelectronic repul-
sion. The splitting energy is obtained by evaluating the matrix
elements of the operator Gee in the basis set of symmetrized term
functions.

For example, for the electron repulszion contribution to the
energy of the term 3329 of the electron configuration (eg}2

2 3 o 2 3,

3
E(%ayq) = <, ayglV, leZ, B> -

+

= <@{dzz,dxz_yz)|vee|§{dzz,dxz_yz)> =

- (d 2,d %2y z|;|d 2,d z_Yz> - <d z,d 2oy 2}g|d 2_ z,dza> =
= < d2§g|d d,> + <d dz[g|dod > + <dnd 2|gld°d > +

+ <dgd_,|gldgd_y> - <dpd,|gld,dg> - <dyd,|gld_ndg> -

0" -
- <d°d_2|g|d2do> - cdod_2|g|d~2do> -

= Fq - 8F2 - 9F4 = 5 - BB (340}

Here Slater rules (see Chapter 4) were used for the calcula-
tion of the matrix elements of the two-electromn operator V__
between determinantal functiocns as well as the decomposition of
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one-electron wave functions dzz - d0 and dxz_ 2 = {d2 + d_2)/J2
through atomic orbitals. Similarly, the saplitting for the other
terms can be evaluated {Table 22).

TABLE 22
Energies of the dz—configuration terms at the strong crystal field.

Crystal field Electron repulsion

Configuration splitting Term splitting
(tyq)? 22y - (4/5)a 1y A - B
lAlg A+ 10B + 5C
13‘3 A+ B+ 2C
T A+ B+ 2C
(tyg) o)t 25y + (1/5)a  m, A - o8
31'19 A+ 4B
I'rzq A+ 2C
1-1'19 A+ 4B + 2C
(eg)z 2B, + (6/5)a 3A2g A - BB
1“1g A+ 8B + 4C
IEq A+ 2¢C

The strong crystal field model requires that the splitting due
to interelectronic repulsion is much lower than the energy
difference between individual configurations. For example, for the
E{Bng} = 15B 4+ 5C « A. In the opposite case, the 3T

3

term of the
ig
{tzg)2 configuration interacts strongly with the Tlg term of the

(tzg}l{eg}l configuration and thus the strong crystal field
approximation cannot be used.

1.6.4 Improvements and Limits of the Crystal Field Theory
Intermediate Crystal Field.

As a consequence of the predominance of warjous types of
interactions, ground states in the strong field ecan differ from
those in the weak one. For example, for the d6 configuaration, in
the weak field the ground state is 5ng:(t2q)4(eq}2, while in the

strong field the ground state is 1A1g=[tzg}6. Symmetry
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requirements, however, lead to the conclusion that both the number
amnl the type of the states in these cases must be equal and that
there must exist a continucus transition from one to another.

If for a a° configuration in a field of a given symmetry a
state 23*1ri only appears once, its energy and wave function are
equal in the weak and strong field. 1If, however, for the
configuration under study, several states of the same symmetry and
meltiplicity originate, their mutual interaction must be taken into
account via a configuration interaction (see Chapter ¢). If, in the

system, there exist two states 28+1

Ty approaching each other with
increasing field strength, they might to cross each orher; then as
a conseqguence, the <configuration interaction brings  abont
*repulsion' of these states (no crossover occurs). Configuration
interaction may be derived using the atrong crystal #field wave
functions as used by Tanabe and Sugano or from weak crystal field
functions as in the procedure of Orgel. It is obvious, +that when
configuration ipnteraction is iancluded among all terms of the given
multiplicity and symmetry, then in both cases we arrive at an equal
result.
Spin-Orbit Coupling.

As a consequence of the interaction between electron spins and
their angular momenta the spin degeneracy of the state uder
study usually is decreased. This degeneracy, however, ie not
completely removed in the case of an odd number of electrons, for
which there exists at least a two-fold spin degeneracy (Kramer's
theorem}. The spin-orbit interaction contributes to Hamiltonian
with the term

L W R ! {341}
where ii is the guantity analogous to the orbital angular momentum
1, in a free atom {(with spherically symmetric potential). Here we
agsume that the effect of deviation from spherical symmetry can

be included in the parameter ¢ ,. Similarly, it can be written
r

h®° - A L'.8 {342]

where for i

3 = £3431

M E gn,d My iPas
M¥s
The spin-orbit interaction energy is then proporticnal to

axpressions of the type

‘80
hab - ¢wa|h lwb> [344]
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which can be decomposed into the product of orbital and epin compo-
nent. Sipnce the components of the vector ;i in an octahedral group
transform as the irfeducible representation Tlg' then the compo-
nent of the vector 1i must be transformed in the same way since
the operator h®° ig a fully symmetric operator {see Section 1.3.1}.
Thus the orbital part of the integral [344] ie egual to zero, if
the direct product of representations T, ® Ty does not contain the
representation Tlg‘

Important conclusions follow from the above reguirement: in
the field of octahedral symmetry, spinr-orbit interaction cannot
cause splitting and energy changes in the states Alg’ E and A

g 2g°

However, the states T can be 8plit through the spin-

orbit coupling. Mixinégof states differing in multiplicity occurs
only when they differ in spin quantum number S by the value of 28 =
1 (only them the spin part of the integral [344] is non-zero).

The influence of the electrostatic field upon the spin-orbit
interaction is formally manifest only in the changed selection
rules for non-zerc matrix elements of +the operator ﬁsu if the
parameter gn,d is not evaluated theoretically but obtained from
experimental data. Though this leads %o the inclusion of the
anisotropy of the electrostatic field into the parameter fn,d' This
preocedure, however, is not fully reasconable since the electrostatic
field contributes to the perturbation operator by the term
¥ = Lién,gti-% [345]
Thus the raison d'etre for the commonly used procedure to evaluate
the spin-orbit interaction decreases with increasing crystal field
strength as well as with the elements of the second and third
transition metal series.

f-Flectrons.

Fundamental specific features of the term asplitting of the f-
electrons includes the considerable screening of these electrons by
by external s, p and d electrons, and therefore exerts the crystal
field less influence upon these electrons. Thus with f-electrons
the weak crystal field is usually applied when its influence is
less than the interelectronic repulsion as well as the spin-orbit
interaction. In this case it is necessary to start with the free
ion state considering both interelectronic repulsion as well as the
spin-orbit interaction which splite states of definite L and 8
according to the value of the guantum number J.

For example for one f-electron (L = 3, 8 = 1/2), including the
spin-orbit interaction, two states 2F5/2 and 2F7/2 are obtained in
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which, within the framework of the given approximation, the crystal
field effect can be separately considered.
Applicability.

Crystal field theory is based upon the idea of electrostatic
nature of ligand influence through point charges or dipoles. Such
an idea idea automatically excludes the possibility of studying all
the phenomena dependent on the electronic structure of ligands, as
as well as the nature of the central atom - ligand interaction
including the n-bond formation and the chelate effect.

The theory explains Jjust the properties of coordination
compounds which are based on the electronic structure of the
central atom under the influence of the ligands. These properties
include the electron absorption spectra in both the visible and UV
region (d-d and f-f transitions), as well as magnetic susceptibi-
lity, ESR spectra [excluding hyperfine structure), the effects of
internal assymetry, stability in solution and so on.

1.7 EMPIRICAL MODELS
1.7.1 Ligand Field Theory
In crystal field theory the overlap integral between the

central atom and ligand orbitals is neglected. The more elaborate
concepts, abbreviated as ligand field theory (LFT), account for
these effects (8l). The characteristic feature of the LFT approach
is that a basis set of symmetrized functiona (group orbitals] is
considered; these orbitals correspond to individual irreducible
representations y of the molecular point group of symmetry. The
molecular orbitals can then be written in the form of a linear

combination of central atom crbitals X? and ligand group orbitals
L .
M L M vy i
= a +a ¥ =N + ¢f A 346
¢y M xy L "y (xr E E iy 5‘) [ )

The coefficients ci forming the group orbitals may be evaluated
using group theory. The basis set on the central atom is usually
restricted to the valence d-orbitals but sometimes the ns- or np-
orbitals are also included in the basis set. Ligands are
characterized only by donor atom ns-orbitals and np-orbitals and
eventually by hybrid atomic orbitals. The symmetry orbitals [346]
obey the secular equation

H - ¢ } H - G

det MM ¥ ML Yy ML g [347]
B -¢ G, B
ML Y

Mgl
h = < H d 1 1y B
where Hy, xy| le and analogously

ML and HL are the matrix

L
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elemente of the one-electron effective Hamiltonian; GHL = (xfle>
is the group overlap integral. Although this equation can be exact-
iy solved, we will apply an approximate solution leading to the
peeudopotential approach in the subspace of the central atom
orbitals.

A strongly polar bond is formed through coordination of a 1li-
gand to the central atom. In other words, the diagonal matrix
elements HHM and HLL differ substantially so that the eigenvalues
¢ will be predominantly determined by values of the diagonal

elements, Where H 5 e, we arrive at the approximate solution of

LL
[347] in the form
2
¢, = Hyy - (Hygp, — Hpy, Spy) /(Bygy - Hyp) [348)
which corresponda to the energy of the bonding orbital
L
® 349
p, = ) [349])
Analogously, where By * €, we obtain
> . 2, 350
o = Byy * (Byp = By Gy )"/ {Bpgy - Byp) [350]
and the corresponding antibonding orbital is
* 2 ,-1/2, M L
= {1 - G -G 351
o, = (1 - o5 ) 200 - g 0T [351]

* N
With the assumption that the ?, and 4 orbitale represent in a good
approximation the Hartree-Fock functions, the following relation-
ships are fulfilled

P lo>=c (o> {352]
F lo,> = ¢, lo,
F > = > 53
fo,> = ¢, lo, [353]
Subetituting [351] into [352] and using [353] we cobtain
- M * L * M}
F > + — G > =
I, ier ev’ e 1%y ey 1%y [354]
which can be rewritten into the characteristic form
(F+ v =M [355]
Y ¥ 4
where the following pseudopotential has been introduced (82,83)
1f M * M * L L
v 1) = - 2 b 56
) = ey - e ) 7 LN@I" o2} avy o7(2) £356]
The paeudopotential Glf is a totally symmeiric operator and plays
oo f

a gimilar role toc the V-~ potential in crystal field theory.

The application of ligand field thecry is exemplified using
an octahedral complex with a d-orbital basis set classified
according to the irreducible represgentations: eg (shortly e} and

tzg {ehortly t)}. The eguation [354] implies
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e* - <d“[£‘!du> + Gz(c; - &

. ) [357]

-]
*

cy = <d |F|d“> + G [358)

*
t{Ct = o)
We can take into account the form of the Fock operator diagonal
matrix elements
Py = 0 ¢+ § 354

c

where the last term represents the corystal field potential ch.
Then an approximate formula is cbtained

* * M, M 2, %
e = cp = ey = <dhjvidh> - <d |v|d“> + G {co = cg) = Geley = ) =
Q 2 2
= 10Dg + em._.(Ge - Gt} [360]
where we assume that c; -5 ® c: -y = egL. For small values of

the overlap integrals (low degree of covalency) the orbitals
responsible for low energy electronie transitioms, ¢*, are prac-
tically pure atomic d-orbitals. In this limit the picture of crys-
tal field theory is obtained. An important conclusion follows from
eguation [360]: the splitting of the d-levels by the crystal £field
{4 = 10Dg) is not given by a simple difference in orbital energies
ac. This result is often ignored in comparison of SCF results with
parameters obtained by crystal field theory.

The eguation [360] may be modified by expressing the group
overlap integrales through common diatomic overlap integrals G, =
352(o,da) and G2 = 452(n,dﬂ) so that
sc = 10Dg + engBSz(c,do) - 4s%(n,a_}} (361]
In the majority of complexes the o overlap integrals are greater
than those of the r type, so that the correction to the 10Dg value
by the ligand field positive.

A more detailed analysis of the secular eguation {[347] leads

to the following observation. When using the Wolisberg-Helmholiz
approximation for the off-diagonal matrix elements

Hyr = {i/2} K (Bm + HLL} GML [362}
the soluticns of [348] and [350) are obtained in the form of
- G2
€y Brr ~ Sup HM /EH HLL) [363]
2
e;' - Em - Gy, B LL /{n HLL) [364]

where K = 2.0 has been used. The energy shift [increase)} of the
cantral atom orbitals AE; e - Hyy as well ae that {decrease) of

the orbitals aE - H,. is propertional to the sguare of the

L - Sy LL
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group overlap integral G;L. On the other hend, solution of the
secnlar eguation [347) yields the condition

o, + c:_ = (B *+ By - 2B Gy )/ (1 - 62
2 2
= (Hm + HLL){Tl - KRG )/(1 - 6,) {365]

According to the matrix trace, it is also wvalid that

*
€y + e, = Hyy + B [366]
This condition is fulfilled only if the Wolfsberg-Helmholtz
constant, K = 1, If K ranges between 1 and 2, the sum ¢ + e* is

less negative than H + by an increment depending on the over-

v * PBpg,
lap integrals. Then the decrease in energy cof the bonding orbitals
is lower than the increase of the energy of the antibonding orbi-
tals, —aEL

may alter the energies of the antibonding orbitals. Since the

< aBy,, 8O that small changes in the overlap integrals

splitting of the central atom orbitals due to the ligand field is
given by energy differences between antibonding MOs, then it
must also depend on values of these overlap integrals. The correct
MM and H
their dependence on the charge diatribution in a molecule is consi-

deternation of H 1 is of great importance, especially if
dered. The charge distribution influences the radial part of the
atomic orbitals {(orbital exponents) and therefore also the values
of the overlap integrals. Although this effect is of secondary im-

portance in comparison with the correct determination of the Bum

and HLL values, it follows from relationships [363 - 364] that s*
¥
values will be influenced more significantly than €, as HiL » H;H.
1.7.2 Anqular Overlap Methed
the Angular Overlap Methed (AOM) (84 - B7) utilizes a de-

composition of the gzoup overlap integrals GML

into a radial part,
*
E and ar angalar part, F}
1

*
S = F) S,

The radial part s;L iz a function of the radial properties of the

atomic orbitals and the interatomic distance. The angular part Fi

[367)

characterizes the geometry of the coordination polyhedron and de-
pends only cn the mutual orientation of the overlapping orbitals of
the central atom {with azimuthal guantum number 1) and ligand
orbital of i-symmeitry. The parameter : denotes the component of the
angular momentum of the molecular orbital with respect to the
lipkage of atoms
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The aguation [364] demonstrates that an increase of energy of
the central atom orbitals aEy is proportional to the square of the
group overlap integral, Using a factorization it may be rewritten

>
2By = o) - By = e, (Fi)z [368]
where

* 2 2
e, = (SML} Hm/(ﬂm - HLL} [369]

represents a function that does not depend on the angular proper-
ties. Since all the d-orbitale for the given central atom have the
game valwe of Byt then the parameter e, for & given ligand and
constant interatomic distance becomes constant.

The radial part of the cverlap integrals S;L represente an
angularly independent overlap consisting of net dietomic overlap
integrals, e.qg. S(o,dc}, S(n,dn) and S(d,déj. The overlap integrals
between orbitals in a given orientation can be expressed through a
projection of the net diatomic overlap integrals in the direction
of a bond. The coordinate systems for the central atom (x,y,z)
and a ligand (x',y’,z") are described in Appendix 2. The polar
coordinates of the i-th ligand in the coordinate system of the
central atom are denoted as Tir 950 95 ?e can put r, = 1 because
the distance cccurs only in the factor F,- The p-orbital transfor-
mation can be carried out using the Euler matrix Ap

[ x x"
y | = np ¥ [370]
“ z z' s

and the transformation of the d-orbitale using the matrix Ad

22 ¢ (2%)

yz (yz}*

Xz = Ry (xz)* [371]
xy {xy)*

x2-y? ek

fhe Buler transformation matrix is

cC; -8 ;8C
wl’ r 8 p

L 7
- - 2
A, = | C48,: C sﬂs¢ f372]
-53; D; C!)a
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where the substitetion C = cos{k) and 5 = sin(k} are used
Similarly the transformation matrix Ay for d-functions is expressed

as follows

[373]
{1+ 3C, )/4; 03 -5,,V3/2; 0; (1 - CZa}V3/4
S¢820J3/2; C C H chzd; —C¢S§; —S$82§/2
Ay = c¢52013/2; -s¢c§, C,Copi 8,8y -c@szﬂfz
Sz¢(1 - czg)i3/4: cz¢sg; 52¢32a’2’ Czwca; 52@(3 + ng’/4
cz¢(1 - C,,)V3/4; 85,557 czwszﬂlzg-szwczd; Cz@(3 +C,,1/4
For ML, type cordination compounds the energy changes may be
determined from the simple formuala
N
- A 1,2
aEy A?:q e, (F,) [374]

vValues of the (F})i coefficients to calculate AE, in complexes of
various symmetry are listed in Table 23 (73, 88). In the case of
unequivalent ligands a combination of various rows may be used.

When applied to octahedral6 ML complexea the individual
ligand polar coordinates ¢y and ¢, should be calcelated by consi-
dering their localization in space. Then using formulas {[371] and
{374] we obtain

E ]
ARy, (d 2} = ARy, (d 2 Y2) = 3e_ +3e, =E (eg} [375]

*
aEH(dxyj = aEM{dxz} = aEM(dyz} = 4eﬂ + 2e6 = E (tzg] [376]
and the splitting in the octahedral field is given by
s [377]
For a trans-cctahedral complex MA,B, af D,,, symmetry we can

* L 3
] (eg} - E {tzg) =3 -4de +e

use (F )A values tabulated for the square planar complex ML, (fou
llgands B are in the x-y plane} and the ML, system (two 1ligands
are in the z-axis). In this way

aBy(d 2} = 2ea E + 3e§ [378]
AEy(d,,) = sEy(d ) = 2e® + 20B + 2¢7 [379]
sEy(d, ) = 232 + ge® {380]
sBy{d 2_2) = 2e% + 3e? + F [381]

The e parameters for a given type of complex can be cbtained
theoretically but those values are too rough due to many approxi-
mations introduced. Therefore only the semiempirical versicn is

used with parameters e, fitting the experimental data {Table 24}.

A

r
A
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TABLE 213

Angular overlap integrals (Fi}z in the AOM method.

System Type Irreducible representation of an orbital

dzz de dxz dxy dxz_yz

ML Cm‘r o+ w n 8 5
e 1 0 0 Q 0
e’ 0 1 1 0 ]
a” 0 0 0 1 1

¢ +

l‘iI.2 th cg ng rrg 59 r5g
e 2 4] 0 (¢ 0
e’ 0 2 2 ¢ 0
eg 0 0 0 2 2

ML, Dap a; ae'’ a'’ e’ e'
e 3/4 0 0 9/8 9/8
e’ 0 3/2 3/2 3/2 3/2
eg 9/4 3/2 3/2 3/8 /s

ML4 D#h alg eg eg b2g blg
e i 0 0 0 3
e’ 0 2 2 4 ]
e; 3 2 2 0 1

MI.4 C3v al e -] e e
e 7/4 4] 0 9/8 9/8
e’ 0 5/2 5/2 3/2 3/2
e; 9/4 3/2 3/2 11/8 11/8

MLS C4v a, e e b2 b1
e 2 0 1] 0 3
e’ 0 3 3 4 0
eg 3 2 2 1 2

HL5 D3h ai e"* e''’ e’ e'
e 11/4 1] 0 /B 9/8
e’ 0 7/2 772 3/2 3/2
eg 9/4 3/2 3/2 19/8 19/8

ML6 0h eg t2g t2g tZg eg
e 3 0 0 0 3
e’ 0 4 4 4 0
e’ 3 2 2 2 3

According to one assumption of the ROM the ratio eﬂ/ea should
be the same as (Snfsciz when only overlap with ligand p-orbitals
{or corresponding hybrid orbitals) is considered. The calculations
show, however, that such an agsnmtion is not always fulfilled. For
example, in the square [Cucl4]2- there is e"/ec = 0,16 whereas
(s_rs_)% = 0.26.
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TARLE 24
Typical values of e, parameters {in units of 103 cm“1).°
Ligand Cr(III) Co(IIX) Wi (11}

eo e" ea e" eo eﬂ
on” 9.0 2.0 9.6 4.5
CN™ 8.5 -0.3 12,1 .
H,0 7.5 1.4 6.6 1.1 2.0
F~ 7.4 1.7
en 7.3 0 7.9 0 4.0 0
NH, 7.0 0 7.8 0 3.6 0
Nes™© 6.4 0.4 3.8 2.1
PY 5.8 -1.0 6.1 -0.7 4.3 e.1
c1” 5.5 0.9 6.3 1.3 1.7 «0.3
Br~ 2.9 0.6 1.2 0.6
I~ §.3 0.6

at

Taken from [ML4Lé] complexes (89, 90).

Some problems arise when transferability of the e parameters

from one complex to ancther ie considered. For exampie, for the
complex [Cr(py}4x2]+ e is negative for the pyridine ligand if we
assume that the e, parameters for X"= F , C1” and Br are the same
as in the complex [Cr(NH3}4x2]+. The theoretical expression for e

[369] assumes only a positive value. ?

In order to improve the AOM method d-s and d-p mixing
{hybridization) of central atom orbitals has been considered.
Consequently, the set of e, parameters ie enlarged to include
values of €4s’ edpa and Edpn {91, 92). The d-s mixing is important
in systems of tetragonal symmetry (stabilization of d,2 orbital)
whereas d-p mixing is significant in tetrahedral systems.

Using the Wolfsberg-Helmholtz approximation in {350] we obtain
&

2 2
e = (SML} [(KA/2 - 1)3MM + KAHLLIZ] /(HMM - HLL)

For ¢ bonds the usuwal value K = 1.67 and for » bonds K = 2.0,
Then the e, parameters exhibit the following trends.
1. With increasing interatomic distance R, ; values of overlap

[382}

integrals decrease and thus the e, parameters decrease. The ratio

A

ec/e increases with increasing Ry_r
n -—

than Sc.
2. With increasing central atom proton number 2 (an increase

as STT decreases more sharply
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of IHnnll values of e and e increase as the denominator in [382]
decreases. For the » bond the numerator is practically constant
because K_ ~ 2. For the o bond (Kcr = 1,67) the numerator will also
decrease, Therefore the ratio eo/en will decrease.

3. With decreasing effective charge of the ligand (increase of
iHLLl) values of e, and e will decrease because the denominator
of [382] increases. The increase of IHLLI causes greater changes in
values of e_ relative to e ®o the ratio eo/en will decrease.

A more elaborate parametrization scheme of the BAOM has been
proposed through a cellular approach (93). The ligand field
potential vif (i.e. the crystal field potential modified to cova-
lency) may be introduced through [356]. It may be divided into a
superposition of contribvtions from a set of N nonoverlapping

cells, so that its matrix elements in the d-orbital basis set are

- N -

1f

v,. = <p, |V > o= <, |v > 383

337 IV = B <uylveley [383]
c - tas s

As vij <¢i[vc|¢j> form hermitian wmatrices Vo these may be

diagonalized to e, ones vaing & unitary transformation

+
R, v R, = e, [284]
with matrices Rc determined by the molecular geometry only. Thus
the new basis set |¢§> cbtained by a transformation of the original

d-orbitals [y.>

5
98 = 1, % Doy (z85)
i=]
defines the AOM parameters as
c L o
e = <¢k|vc|¢k> [386]
soc that the fundamental eguetion of the AOM may be rewritten to
; N |
3" E ¥ 387]
oS1 ki1 Rix) Ry <k

For d-orbitals the matrix vij has 5{5 + 1})/2 = 15 independent
elements and there are 5N AOM parameters eﬁ {(k =1, 5; e= 1, N).
In metal complexes usually N = & and thus the set of AOM parameters
needs.additional constraints to be reduced below 15. As the ligand
field potential is energy dependent and reflects the whole electron
density around the central atom, it may have contributions also
from "empty cells'. For example, in square ML, complexes there is a
contribution of e-parameters associated with empty ecells localized
above and below the molecular plane. This, however, is eguivalent
to the d-s mixing concept in the extended ligand field theory.
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In summary, the angular overlap method is based on a realistic

physical model. The method is simple to caleunlate and ia  very
frequently used to interpret the electron spectra of coordination

compounds (90).
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2. THE NATURE OF THE CHEMICAL BOND

The chemical bond as a phenomenon has its origin in the
electrostatic interaction of the moving atomic nucleli  and
electrons. Its description and better understanding requires the
use of a specific apparatus based on the principles of quantum
mechanics as the only succesaful physical theory applicable to
microparticles. The prediction gquality of the present theory
depends on three factors: the interactions respected when
postulating the Hamiltonian, the flexibility of the trial wave
function and the procedure used for molving (in principle only an
approximate cne) of the corresponding Schridinger equation for a
molecule. The hierarchized approximation diagram at first separates
the motion of the nuclei from that of the electrons, thus leading
to the concept of an adiabatic potential. This concept enables the
combination of the electronic theory of chemical bond with
molecular spectroscopy, statistical thermodynamics and chemical
kinetice as well as with the theory of molecular structure and
chemical reactivity. The idea of an electron moving in the electric
field of nuclei and of the reat of electrons 1leads to the one-
electron approximation. Thie forme the basis for deriving the
contemporary computational methods of guantum chemistry. It was the
method of configuration interaction that enabled one to take into
account the mutual correlation of the electronic motion, The in-
trineic angular momentum of an electron - the sBpin - in the nonre-
lativistic approach is taken for an external parameter of the
theory, that is manifest in the symmetrical properties of the wave

function.

2.1 MOLECULAR HAMILTONIAN
2.1.1 Isolated Mclecule

Molecules (molecular ions) can be taken for the systems of
atomic nuclei and electrons interacting with each other, Since the
range of strong interactions among protons and neutrons does not
exceed the dimensions of & nucleus {10 '°> m), then the only
interactions of interest from the view-point of the object of
chemical studies are represented by electromagnetic interactions.
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Atomic nuclei and electrons, in a satisfactory approximation,
can be described by point charges obeying the Coulomb law. The
terms of the internal potential energy in an isolated molecule are
1. mutual electrostatic repulsion of atomic nuclei

Vv

NN = OSI z 2. Z /r [1]

A<B A"B" "AB
2. mutual electrostatic repulsion of electrons

Vea = ogy ¥ I/rij [27

i<j
3. electrostatic attraction of atomic nuclei and electrons
T 2. /¢, (3}
Y A" T1A
In the above expressions:

v = o )
el ST T

Zp- electric charge of the nucleus expressed in the units of
the elementary charge e (i.e. the proton number of the nucleus]),

Tans rij' Eia - the distances between the charges {nucleus -
nucleus, electron - electron and electron - nucleus),

ogr = 62/4ﬂ90 ~ the conversion factor to SI units {so is the
permittivity of vacuum. (The values of these physical constants are
summarized in Appendix 1.}

Atomic nuclei and electrons are in permanent motion so that
they have their own internal kinetic energy (TN and Te],
independent of the external energy of translation of a molecule as
a whele. The internal kinetic energy of every particle {nucleus,
electron) depends on its mass, and thus, for different nuclides
is dependent on the nucleon number of a nucleus. The presence of
varicus numbers of neutrons in atomic nuclei is wmanifest in the
molecular properties that depend explicitly on the kinetic energy
of the nuclei (such as rotation and vibration spectral.

In an isolated molecule the spin-independent nonrelativistic
Hamiltonian (total energy operator) is written

Hy = T + V [4]

The kinetic energy operator is
. o o - .2 T4 2
T =T+ T, = E {(p,y) /2m, + (1/2me}§ {p;) 5]

and the total potential energy operator is

v = VNN + vee + veN [6]

Individual terms of G were defined by relationships [1]
through [3].
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As a rule, the Hamiltonian io is satiefactory for a basic
description of the chemical bond in molecules. However, there are
cages which cannot be described using this type of Hamiltonian
(the effect of external fields, some effects of the special
theory of relativity, effecte of guantum electrodynamics, etc.]}.

In several cases, the atomic nuclei cannot be viewed as peoint
charges, but rather as a system of charges and currents. The inter-
action energy of such a system with an external electromagnetic
field A can be expressed through the multipole expansion

Bolmg ~ 9% ~ 3By - #eBy = (1/6)k):1 Oy (9B /18X, g — .. (71

where 0 means the origin of the coordinate system {e.g. at the cen-
tre of the gravity); and

2 — electroastatic potential of the external fieldq,

E - vaector of the electric f£field intensity (its cartesian
components are Ex' Ey' Bz), whereby E = - v3 - 3A/at,

B - vector of the magnetic induction, B = v x A,

g - total electric charge of the system,

d - electric moment of the dipole (dipole moment)

i - moment of the magnetic dipole (magnetic moment]},

le - components of the electric guadrupole tensor Q.

The advantage of such an expansion (which ie of general
validity) lies in the fact that in many practical cases it is
satisfactory to restrict its expansion to several of the Ilowest
maltipoles, cnly. The atatic electric dipole nmoment of atomic
nuclei is egual to zero (l). A non-zero electric guadrupole
moment meane that the nuclear charge does not possess spherical
symmetry; this cen be represented by the distribution of charge
in the shape of an ellipsoid. The components of the electric
quadrupole tenscor are defined as
Qg =7 p(3xkxl - 6k1r2) dv [8]
where p is the charge density. According to [7] nuclei with a
non-zerc quadrupole moment interact with the electric £field
gradient {aEllaxk): this gradient can alsoc be generated by the
electronic structure of a molecule. This effect is demonstrated for
example in WNWuclear Quadrupocle Resonance - NQR. The Electric
multipole is non-zero only for definite values of the angular
momentum of a nucleus, and as a conseguence, nuclei with angular
momentum |I| = 0, or |I| = (1/2}n {that jis the freguent case)
show zerc static electric gquadrupole moment.
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The total angular momentum I of a nucleus is the vector sum of
the angular momenta of all the nucleons {protons and negtrons), and
further consists of the orbital angular mementum and intrinsic
{(spin) angular momentum. Ground states of atomic nuclei assume low
values of I which provide evidence that both the motion of nucleons
and that of their spins are such that the majority of angular
momenta vectors cancel each other.

The nuclear angular momentum is the raison d'etre of the

magnetic moment

Bp = val = gppyl/n (91
where By = eh/Zmp ig the nuclear magneton,

95 - spectroscopic resolution factor {nuclear g-factor)

'a
The interaction of the nuclear magnetic moment with the exter-

- nuclear gyromagnetic ratio.

nal magnetic field comes into effect in Huclear Magnetic Resonance
- HNMR.

2.1.2 Bffect of External Magnetic Field
The electromagnetic field is described by the scalar s(r,t)
and the vector A(r,t) potential. Usually, the so-called coulombic
calibration divh = V.A = § is postulated for it. The spin-
independent nonrelativistic Hamiltonian of a molecule in the
presence of an external electromagnetic field assumes the form

- Htn - 2 N+n
Holmg = E [(p, -aq A )" /2m +q2]+ agﬁ qaqﬁ/4wcorqﬁ =

- N+n - 2 2
= Hy + g fq,2, - {q,/m )a_ .p_+ {q /2m )(a_}"] f10]
This relationship is simplified in the case of the pure electro-

static field, or of a pure magnetostatic field

Ho * He1s
The changes in the system energy due to an external electro-

Helmg = (B > 0) + ng{B > B} [11]

static field are called by the comprehensive name, the rStark
offect'. For the electrostatic potential of the field with inten-
sity B oriented along z-axis, it is #(r) = -|E|z. Then the electro-
static Hamiltonian of the electron is

Hoyg ™ Gu%e ™ elB|z [12]

and can be used for computation of the energies of bound states
according to perturbation theory. 1In the first-order pertur-
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bation theory the linear Stark effect, while in the second-order
one the guadratic Stark effect are distinguished. A specific
example of the Stark effect is represented by the crystal field
of ligands on energy levels of a central atom in coordination com-
pounda. The correspending electrostatic Hamiltonian assumes the

form
- n m
Hoyg = 9%, = -{elanee) E )i; g/Ty1, [13]

where m is the number of ligands, qp, being their effective charges.

Let the external magnetic field be homogenecus, given by Ehe
vector potential A = {1/2)B x r. Since it holds true that B x z.p =
B.r x ; = B.i {where 1 = r x ; is the orbital angular momentum
operator], then the magnetic part of the Hamiltonian for the
electrons (g = -e) aseumes the form

n . 2 n 5
ng = (e/2me)2 B.1, + e /8me}g (B x r.) [14]

gL~ B) describes the effects of

The first term {designated H,
orbital paramagnetism in the states with non-zero angular momentum.
In the second-order perturbation theory, thie term also yields the
contribution to diamagnetism. The dominating diamagnetic

contribution ie given by the second term of B ng* The interaction
g8
the magnetic field referred to as the normal Zeeman affect. The
S1-8

leads to the shift of energy levels of atoms (or molecules) in

description of the latter is correct if carried out through H,
only in extremely strong external magnetic fields B. The relatlon—
ship [14] does not account for a very important spin-orbit inter-
action, which to a decisive extent, predetermines the energy levels
in weak external fields.

2.1.3 Inclusion of the Spin

The existence of epin (intrineic angular momentum of a
particle) does not follow from the Schrddinger eguation, because
the spin does not have any classical macroscopic  analogue.
Furthemore, this is the reason why the svbstitution of the
classical terms of the Bamilton function to the guantum-mechanical
operators does not lead to the concept of spin.

Since the electron has two possible spin states {sz = th/2},
Pauli proposed to describe the electron, not by a scalar wave
function, but with the use of a two-component spinor. The
correeponding stationary Schrddinger equation has a matrix form
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IS N
0 H, ¥_ 0 E_ ¥

and two eguivalent solutions in the absence of an external magnetic

field. With an external magnetic field present, the Hamiltonian
agsumes the form of the sum of both the spin-independent and

spin-dependent parts
B{r,s) = Hy{r) + 5;"5 (16]

The additional spin-dependent part of the Hamiltonian is
determined by the interaction energy of the magnetic moment  with
the external field B

~aeB - - N - -
He ® - g.B = gg.B = ﬁ(oxBx + OYBY + osz)

: : B - iBY coss ; sing et

Bx + Lﬁy, —Bz sing et - cosd
where the relationships bpetween the <cartesian and polar

coordinates B, = |B| siny cosg, B, = IB| sins sinp, B, = |B| coss

were used. (Pauli sepin matrices Tyr Oyt Oy are desgcribed in
Section 1.1) The solution of the corresponding characteristic

equation is represented by the eigenvalues

E, = By ¢ £|B| [18}

%
{Eo is the eigenvalue of the spin-independent Bamiltonian ﬁo) and a

couple of spinors p, and y_. For example, the spinor

cos(8/2) e_i¢/2

. 19
e+1@/2 [19]

{0) =
£+ ) sinl{s/2}

corresponds to the spin coriented along the field B and its time
evolution is

g, () = g, (0) e

wWhile the angle ¢ is constant over the time, for the angle ¢ the

-iE t/n [(20]
following time dependence holds true
@ = (e/me}|B|t [21]

Therefore in an external magnetic field the direction of sepin
rotates with angular velocity

w = = 2y|B[/n [223

around the direction of the external magnetic filed. This preces-
sion can be used for the determination of the magnetic moments ; of
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microparticles from the angqular velocity value » obtained by
measurement and from the known magnetic induction B.

The relationship (17) can be generalized for several particles
-

ae'B -3 (e/me)B.;i [23]
X

and the resulting interaction term of the electrons with the magne-
tic field will be

- - n - - n - -
Et-B + H:-B = (e/2me)§ B.(1; + 28} = (ﬁ/hig B.(3; + »;) [24]

{The addition of angular momenta is presented in Section 1.1}.
Finalily, by summing vup the orbital and sapin angular momenta of

individual particles we obtain

BB = BLB 4 55°B o (p/n)B.(L + 28) = (8/5)B.(3 + 8) [25]

He - He + H

2.1.4 Relativistic Terms
In the special theory of relativity, the Hamilton function of
a particle adopts the form

H = (mgc4 + p2c2]1/2 [26]
or
(H/c)2 - mgcz - p2 =0 [27]

Its operator form is termed the Klein-Gordon eguation. Its trans-
formation into a linear operator form (making the ‘root') was
achieved by Dirac {2) by introducing the operators ;n fn=1, 2, 3
and 4) with such properties soc that the expression

- 3 . . - - 3 - . -
(B/c + r ann + Yimgc)(ﬂlc - L ann - Y4m°c) =0 [28]
n n

wasg tranaformed into [27]. The operators Yn fulfil the anticom-
mutation relationships

-~ -

- - C2
Dvpevgly = vp¥m ¥ yprp = @ form=n, y =1 [29]

They can be represented by sguare matricees of the dimension 4 x 4,

such as
R 0 o . I 0
y - -~ . for n = 1, 2, 3; Y = [301
n 4
°n 0 0 -I

where ;n are the Pauli spin matrices and I is the unit matrix of
the dimension 2 x 2. Then the Dirac relativistic eguation for a

free particle is
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- 3 . . -
{E - of YnPn ~ ¥4m002}2 =90 (31}
n

The operators y, cause the wave function ¥ to be vieweg upon
ae a four-component epinor. The properties of the operators Yn take
into account the spin properties of the fermions (such as
electrons)] sc that the existence of spin is Been as a natural
consequence of the special theory of relativity, as explained
later. The time development of the system is described by the
substitution H = in{a/st) and the stationary state by the
substitotion ﬁ » B, similar to the Schridinger equation.

In the presence of an external electromagnetic field (&,A)
substitutions of p » p - gqh and E » BE - g% are useful. Thus, the
relativistic egquation for the four-component spinor w is

3 .- . - -
2
{eL v ip, - 9B ) + y mec” + q¢ - B}y = 0 [32]
n

Then the relativistic (four-component) Hamiltonian of the j-th
particle can be written as

3y 27 ¢35y

NSRS y
i {3 ¥4 +q(J g)(Jl I33]

!JI-Cx P +m0 c

H

where the generalized linear momentum is P = p - gh. If represen-
taticns of the operators Yn through the Pauli matrices o, are used
(see Section 1.1), then the eguation [32] may be rewritten into the

form
2 "o
Iige + myc i: co.P ¢ - ¢
| y )2
cg.P ; I{g2 - m,e ) 2 23

where g {upper) and £y (lower) are two—component spinors

(2]
21

The solution of this system of equations can be found with the

use of the partitioning technigue (gee Section 1.2.5}. The result
valid for the stationary spinor ¥u (by H - B} is

2

{lar + mye?)T + cZo.P(E - g8 + mycd)I1™! g.Php, = Eg, [36)

It can be further modified with the use of the substituotion ﬁ =
[{E + moc2 - q@)I]_l and the identity (s.a)(c.b) = a.b + is.(a x b)

fulfilled for the vectors a = P and b = kP commuting with ;. in
this way, the relativistic eguation



97

f(qz + myc )I + c (P kp) + ic a.(P x k?}}gu = By, [37)
can be obtained; it is still an exact relativistic eqguation whose
advantage is only its two-component form.

When the magnetic field 4is applied, the scalar potential
vanishes (& = 0) and the vector potential is not a function of time
{oA/st = 0}, Now a satisfactory approximation may be introduced by
assuming that the particle’'s energy E does not differ substantially
from the rest energy oS . This may be considered as a non-
relativistic limit or the first estimate of E in an iterative
solution of equation [37]. Within this approximation k = 1/(2m 02}.
?ithh the use of further mogification of the wvector product
PxPw{p-qh) x (p-gA) =gp x A = ing? x A = ihgB we get

{(1/2m0)(; - thz - (qh/ZmO);.B}Qu = (E - moczigu i38]

which, in fact, is a form of the Pauli nonrslativiatic aguation for
the tweo-component epinor 2o Subtraction of the rest energy can be
secured either by considering the kinetic energy E' = E - moc2 or

by selecting the phase of the wave function by = exp[—imoczt/hjgu.
For the electron charge {g = -e) a correct derivation of the
proportionality coefficient between the magnetic moment and spin
angular momentum is obtained

5 = -(en/2m_)g = -pg = ~(e/m_)8 = —(gp/h)m [391

Here § im the Bohr magneton and g = 2 the ‘'theoretical’' wvalwve of
the electronic g-factor. {Because of an anomalous maghRetic moment
of the electron y = 1.001 16 8 the precime value of the electronic
g-factor is g = 2.0023. Thia deviation originates in the contri-
bution from virtual electron-positron pairs, as explained by guan-
tum electrodynamics. The g-factors of nucleons deviate considerably
from the spin value aes a conseguence of strong interactions with
the meson field.)

For the interaction energy of the magnetic moment z with the
external magnetic field B:

H:fs = -2.B = (gg/h)e.B = (gs/2)c.B [40]
The exact relativistic equation [37) may be approximated in
geveral ways. One yields the result (3)
B, = P2/, + q2 - (qh/2my)g.B - PY/8mge? +
app q q o’ ) 0

+ (qh/ﬁm ](o.P x B - a.B X P - hV.B} [41]
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which is the approximate two-component Hamiltonian for electron
motion {g = -e} in an electromagnetic field ipcluding the relati-
vigtic correction of the order 1/c2.

Generalization of the relativistic Hamiltonian for a system of
charged particles with mutual interaction is very complicated.
This is neceegsary since some other factors must be taken into
account. First, the interaction of moving charges depends on their
velocity. Second, the moving charged particle contributes to the
vector potential (it induces an additional magnetic field}. This is
the reason why the complete relativistic Hamiltonian for a molecule
has not so far been derived (this area, however, is still the
subject of scientific activity).

For a two-particle aystem the relativistic Hamiltonian
contains the additional interaction term ISPy which by consi-
dering the dependence of interaction of two charges on their
velocities has the approximate form {4}

I, = (qlqzlancocz}[vl.vzlrlz + (vl.rlzj(vz.rlzilrgzl [42]

For its operator form the substitution v * Crp is introduced.
Then for a system of charged particles the relativistic Darwin-
Brelt Hamiltoniap is obtained

g#=8'" + 8% & q1q2/4nc0r12 -
- /8re }[r"l “r1y Tz " r'3 {‘11> r )(‘cza s}l [43]
q;97 o/l¥12 ¢t -k 12 ¥ Tpdiy - Tyo

Decomposition of this four-dimensional Hamiltonian into the
two-dimensional approximate Hamiltonian of the type [41] is rather
complicated. It leads, however, to acguigition of new inter-
action terms enabling the classification and interpretation of a
series of fine effects that are well known in molecular spectro-
scopy (ESR, NMR, ENDOR, etc.) (5}.

Table 1 presents the classification of interactions in
molecules. The relationships for individual terms of the
Hamiltonian are summarized in Table 2. In the available literature
the most frequently used metric systems are the Gauss system of
units (CGSE, CGSM] or the atomic system of units {a.u.}. Therefore
the transformation coefficients between these systems of units and
81 system of units are also given.

Thus, it can be concluded, that the Hamiltonian of a molecule
can be written in the form
H=Hy + H,, +H_ [44]

t t
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TARLE 1
Types of interaction in molecules.

Quantity g z 0 I s 1 8
glactron charge vea

guclear charge Von Vo

Nuclear quadru- ﬁg;q

pole moment Q

Huclear spin : ﬁg;l ﬁ;;l

flectron spin ﬁ:;I ﬁ:;s

Blactron gnguler Tl el e
:agnetic field QE-B ,;:-B ﬁ;-—n ﬁi
glectric field ﬁg'é ﬁg'* a:-E

The term ﬁo embraces the kinetic energy of the particles (both of
nuclei and electrons) as well as the electrostatic potential energy
between them, The second term comprises all interactions of the
system with the exterpal electromagnetic field. The last term
reflects all the interactions among the particles inside the system
that are not of electrostatic nature. These interactions cover
the epin properties of electrons and nuclei that come into effect,
e.g. in spin-orbit and spin-spin interaction. B,  can comprise the
effects of quantum electrodynamics (such as the correction with
respect to the radiation of charged particles - Lamb shift] and
also partly some other effects of the theory of relativity (such
as increase of particle's mass with its velocity and the Darwin
correction for definite size of particles).
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TABLE 2
Hamiltonian terms in a molecule 2

Unit system factor
Ko Operator 5I Gauss a.u.

A) Nonrelativietic terms

1. Kinetic energy Ty = -L (IIZmA]V§ B i m
of nuclei A

2. Kinetic energy %e = -{1/2)T vi h%/m, a%/m 1
of electrons i

H
L]

3. Electrostatic Vg =L %5/ Tan ezldnco e 1
repulsion of A<B
nuclei

4. Electrostatic v, =Y 1l/r.. ezl4neo e? 1
repulsion of
electrons

. - 2

5. Electrostatic V..=-TF 8./, e /dne e 1
electron-nuclear eN ia A'7iA ¢
attraction

6. Electrostatic 80 _(1/2)3 T 70 R
p . eN : iA
interaction of i A
nuclear guadrupcle
moment - electron
charge e e 1

8) Relativigtic corractions indepsndent both of the spins
and the field

ia Qa Rip

7. Kinetic energy Te[2) = ~[1/8)FY v; h4/mgc2
correction 1 3 2 2
h /m /e
8. Electron-nuclear H = {nIZ}E z Z 6(R1A)
Darwin term 2 2 2
4p ap l/c
9. Electron-elec~- He = -n ¥ 5(R,.) 482 432 lfc2
tron Darwin term € 1<j i3
10. Electron-elec- {1) = {1/2) E [r. V. .T. -
tron orbital 1374773
interaction
lj(Rij.vi} (Rij‘vj”
432 452 1/c2
al-l -3
11. Electron-elec- (2)= [1/4} (R, ..V, = R, ..V}
tron orbital j 1743 3 304
interaction 432 4ﬁ2 1/c2
‘1 1
12. Electron-elec-— {(3) =% S6{(R,.}R,..7, = R...V.)
tron orbital i<ji i3 11 17
interaction 4ﬁ2 432 1/c2
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TABLE 2 {Continued)

Unit system factor

No Operatox 8I Gausa a.u.

C] Terms depsndent on the elsctron spin
a—l

13. gptn-orgét (1) = -{ig"/4)F E ZA[k (R B)]
interaction
of electrons 3 '..(n. x v;)
{spin - own in %3 A 23 2 2
orbital) 4g 4s 1l/c
. PR “g-1 = ¢ -3
i4. 22;2;:§§:t0§n_ B, (2) ljgk ik 'j'(njk L
electrons (spin- 2 2 2
—other orbital) 4p 4g 1/c
. e s ~g-1 -3
i15. Spin-orbit in- B? 3 ig*'/4 r, l-.R. x V.
tgzaction of eo (3) = s )JE ik Ik J
electrons 432 432 1102
16. Spin-spin in- B2 %(1) = ¢ [rT% E..5. -
teraction of € i<y Y3 0% 3
electrons -5
(dipolar term)  ~ 3Tij{®i-Rjjl(sy-R; )1
432 432 llc2
17. ipin-:gin ig— H:;s(z) = -(8n/3)_§- ;-0 5(Rij)
eraction o i<j
electrons 2 2 2
{contact term) 48 4 l/e
D} Terms dependent on the nuclear mpin 2
“I-I -
18- gg;ii:fdipole oy (= {1/4)A§B gAgB{rAB Ta’s ~
ipteraction - 3¢ (IA RAB){IB'RAB)]
2 2
4y Ly
19. Nuglear_ BI'I(Z) - (1/8); I gAgB[kD(RAi}]
spin-spin
interacticn
r; A J_B[(I )(R.A.RiB) -{z .R.A){IB.RiB)]
20. grbit;; 1‘1(1) - -(1/212 g galkg(Rsp))
yperfine
interaction
r.A(RjA x \‘Jj).IA 4puB 43Nﬁ
21. Orbital rLsT(2) = (i/4)F g gn[kOERjA)]S
yperfine
correctlon vg jA(RjA x V.).I
22. Nucéear N Q T . [ /{21, (21 =111 E [I'A ;
guadrupole
i i 2 2
interaction - TR ,-I,)P) e¥aney e 1
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TABLE 2 (Continued)

Unit ayastem factor

No Operator 81 Gauss a.u.
E) Terms dependent on both the nuclear and electron spins
23, Dipolar (1) = -[g/4}£ [ galkg(r;p)]
hyperfine
interaction -3
[rm B;-Ip = rin"i‘nia”:a'nin“
4ﬁuﬁ ApyB
24. Fermi a22(2) = (2nq /3)L T 9p8;-Ty 5(Ryy)
contact
hyperfine
interaction 4ﬁNB 4BN5
. . -3 2
25. Spin-orbit 85-%(3) = (g /8}2 z ga2glkglz; )]
hyperfine Pen A'B ia
correction -3
riAriB[{RiA' iB}(l..IA} {s..R.B)(I .RlA)}
26. Spin—orbit (4) = (1/4) ¥ I gp T 73 Tg
hyperfine i=j A i3 74
correction
[(Rji.RjA)(si.IA} - {R. ..IA)(R n 85 11
27. Spin-orbit 82.5(s) = (g'/8) N T
hyperfine i=j A ij 71
correction
[(R. "R'A}("‘IA} (s..R.A}{I .le)]

F) Terms dependent on

28, Orbital
Zeeman
interaction

Orbital
Zeeman
correction

29.

30. Diamagnetic

term

G) Terms dependent on

31. Interaction muc-
lear charge - e-
lectric potential

32. Interaction elec-
tron charge - e-
lectric potential

33. Energy shift

by field

magnetic field

"B, _ .
HLB(1) = -(l/z)g {r; x 75).B
R 23 23 l/c
5. 7B(2) = -(;/415 ENES ) 1392 {: x5).B
l/c
S = (1/8)5 (8%:2 - (B.r)?)
i

e ezfmec2 1/02
elactric field
BL% = L z,5" e e 1
q—<17=_ i
B3 E@ e e 1
. 1/c2

E i
H, = {1/8)E v,.E
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TABLE 2 (Continued)

Unit system factor

No Cperator 81 Gauss a.u.

H) Terms dependent on the electron spin and magnetic field

34. Electron spin s"B{ZL) = (g/2)z ;.B
Zeeman term

28 2g l/e
. ~8-B 2
35, Blectron spin B, {2) = -(gfzjz v; #;.B
Zesman i 3
correction i/c
. . a—B 2 =3
36. Spin-orbit {3) = (g° /8}ky E 2 ZaZia
Zeeman i
gauge
correction [(Rin'ri}('i'n) - ('i'ri}(ri'a)]
1103
37. Spin-orbit 8-8{4} = (g'/8) ¥ r
Zeeman ixj 3
dorrection [(Ry;.r;)(sy-B)-(a;-B)-(s;.x;)(Ry;.B}]
1/c3
38. Spin-orbit "Bts) = (1/2) ¢ :E?
Zeeman i=j J
gauge
correction [(Rij'rj){.i'B} - ('i'rjltnij’nil
1/c3
I) Terms dependent on the nuclear spin and magnetic field
39. Nuclear Zeeman Hiﬁn(lj = {1/2)F g, I,.B
interaction A
25N ZBN
~I-B -3
40. Nuclear Zeeman B, (2) = {(k,/4)T E gar
correction N 0 i ATin
[(r..R. )(I .B) - (r..IA)( .B)]
J)} Terms dependent on the electron spin and alectrio field
41. Interaction H:—E = -(1/8)F l-.(EJ X 9. = Vj x EJl
electron spin - 3 3 3 2
- electric field 1l/c

The symbola used: g - Bohr magneton (in the Ganas system g =
eh/Zmec}, By — nuclear magneton {in the Gause system By = eh/2m ¢,
Rij =r; - zj, rij = |Rij| is separation of particles, 5{nij? -
Dirac function, g = 2{1 + gl) is electronic Zeeman g-factor, g' =
201 + 2g1) is electronic spin-ozbital g-factor, ko = (1 +
J_nte/2m = } = 1 is correction to internal electrostatic field of
particles, B - homogeneous magnetic field. Spins L and I, of

particles are in unite of h.
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2.2 BORN-OPPENHEIMER APPROXIMATION

2.2.1 Claggification of Molecular Motions

It is known that energqy is a scalar quantity representing
a quantitative measure of moticn of every massive object. A
definite numerical value of this energy corresponds to a definite
state of motion of an object. The molecular state of motion can be
decomposed into five contributions.

1. Translational motion of a molecule as a whole is characterized
by three degrees of freedom with a non-guantizied positive value of
kinetic energy that does not yield any information or its internal
properties. By considering a coordinate system at the centre of
gravity the translational motion can be separated from other types
of motion. (In the relativietic theory such a separation is only
approximate. }

2. Rotational motion of a molecule as a whole is characterized by
three {in the case of linear molecules, by two)} degrees of freedom.

3. vibrationel motion of atomic nuclei is characterized by 3N-6
{in case of linear molecules by 3N-5) degrees of freedom.

4. Orbital motion and the electron spin in the molecule.

5. The nuclear epin of individuval nuclei having non-zero magnetic
moment.

In an isclated molecule, the mutual electreatatic interaction
of the moving nuclei and the electrons is in eguilibrium and is
associated with a discrete {guantized) value of the internal
energy. We can speak about a stationary energetic state of a mole-
cule if the value of its internal energy is time independent (con-
stant. The stationary state with the minimum value of this internal
energy ia referred to as the ground energy state, The other energy
states are excited states.

A pubsatantial part of the molecular internal energy results
from the orbital motion of the electrons, the moticns of nuclei
about their equilibriuvm positions and the rotational motion of
the molecule as a whole about three axes. The energy range of these
contributions to the molecular internal energy can be estimated as
followa.

In classical physics the energy of rotational motion is
expressed as E = L2/21 where L is the angular momentum, I being the
moment of inertia. If the meolecnle has mass M and its ‘length® is

2. The mi-

d, then the moment of inertia can be estimated as I = Md
nimum possible change of the angular momentum aL eguals h [reduced

Planck constant). Therefore the minimum variation of the
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rotational energy ﬁgrot ims

2 2

sE__, = (sr?)/ma? = n?/oma

TO [45]

which after substituting appropriate values in a molecnlar range
Yields aE__, = 1 - 107 7 mo1”l,

Analogously, the electronic orbital motion (along & closed
curve) can be estimated as AE_; = 10° - 10° 7 mol™!. Bere M must be
sebstituted by the electronic masa and d for the length of a mole-
cule since the electron does not leave the molecule.

The change in energy due to molecular vibrations may be esti-

mated through the relationship

AE t BE ;p ¢ 8Eg; = {1/M) s+ (1/p) @ (lfme) [46]

rot
where p is the reduced mass of a subsystem of wvibrating nuaclei.
After evaluating the above expression we obtain AE .p = 103 - 104 J
mol~l,

A discrete energy state of a molecule corresponds to a
definite superposition of electronic, vibrational and rotational
moticn. Since the contributions of individuwal types of motion to
the total internal energy of a molecule usually differ by =meveral
orders of magnitude, then in a suitable approximation they can be
taken as independent. One can imagine that within the framework of
the given electronic state several vibraticnal states are possible
while within a definite vibrational atate there exist several
rotational states of a molegule.

The total Hamiltonien H of an isolated molecule in the non-
relativistic approximation does not contain any spin variables. The
wave function, however, is a parametric function of spin variables
# = g(R, r; [1], {e]). Hereafter a simplified notation of ¢ = w(R,
r} will be used. Then t{he non-relativistic Schridinger equation for
a free molecule assumes the form

{Ty(R) + T (r) + V(R,x) - % }u(R,r) = 0 [47]

where Wv is the total internal energy of the v-th stationary state
of a molecule. A dependence on nuclear coordinates {R), electronie
coordinates (r) and both, nuclear and electronic cocordinates (R,r)
is shown for individual operators. The above relationship
represents a second-order partial differential equation with the
number of variables equal to 3(N + n), where N is the number of
nuclei and n is of electrons. Its exact solution in the form of
analytical functions can be obtained only for two-body systems
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+ . : :
2 ions). Very precise numerical

{such as hydrogen atom, and Ee+, Li
solutions have been obtained for three-body systems (He, Li+, H;}.
For many-body systems the mathematical formulation of the problem
{construction of the Schddinger eguation) is not complicated but
its numerical solution encounters extreme difficultiee. Thus, the
task will be to find such approximate methods +to soclve the
Schriédinger eguation enabling one to determine the molecular
wave fupction ¥y and the ground-state enerqgy Wy to a sufficient
degree of precision (according to the nature of the physical or
chemical phenomenon under study). It has proved advantageous to
formulate the above scheme in such a manpner that, if required, one
can pass from a lees exact solution to a more sophisticated one.

in principle, cne proceeds according to a certain hierarchized
approximation scheme, within whose  framework, a separation of
variables especially is concerned. The levels of simplification
introduced can be divided intoc three groups:

1., separation of nuclear motions f£from those of electrons
(adiabatic or Born-Oppenheimer approximation);

2. substitution of the local interelectron interaction, expressed
by the terms representing potential energy ll(ri - rj] by a defi-
nite average, expressed by the additive function of r; and T4 {neg-
lect of electron correlation - one-electron approximation which
leads to the molecular orbital method):

3. substitution of the cne-electron function spreading over the
whole molecule by the finite linear combination of anpalytic
one-centre functions (LCAQC approximation in the molecular orbital
method}.

We shall try to find the wave function &v(R,r) of the uv-th
stationary molecular state in the form of a series

¢ (R,x) -igof”'i o {z;[R]) [48]

The electronic wave functions &i(r;[R]] depend explicitly upon
electronic coordinates {r) and in a parametric way upon nuclear co-
ordinates (fixed values of [R]). The expanding ccefficents fv,i(R}
depend only on nuclear coordinates and represent the vibrational
functione. Expression [48] represents an exact expansion of the
wave fupnction into the basis set of other (known} functions in the
Hilbert space. That means that so far we have not introduced any
approximation if all the terms in the above series are considered
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{there is infinite number of them). In practical calculaticns,
however, we are able, as a rule, to include in the aeries only a
finite number of terms. Let us note that the basis set functions
wi(r;[R]), in fact, cen be arbitrary. Usually we proceed B8Bo that
these functions satisfy the characteristic eguation

{Ty(r) + V(R,T) - B;(R)} uy(ri[R]) = 0 [49]

This is for two reasons. For the first, the functions wi(r;[R])
obtained by solving the eguation [49], as a rule, represent a good
approximation to the molecular wave function 2 g thus it is
satisfactory to include the only term in the series [48]). In case
this ie not applicable for the description of the given physical or
chemical problem, it is still posseible to include into the series
several terms that, as a consequence, enable one to approximate
the wave function to an arbitrary level of precision. For the
second, the equation [49] again has the form of the Schrédinger
equation having a physical model. The nuclei in the above model can
be teken for static (frozen} or infinitely heavy [mB » =)} when
their kinetic energy vanishes, TN{R) » 0.

A simple train of thoughts shows that a model such as this can
be operational. Here we are taking into account that the mass of
the nuclei is several-times more than that of the electron, at
least 1836-times (representing the ratio m /me for hydrogen] more.
In electron - nuclear interaction both the particles are exposed to
the same force. Then according to WNewton's 8second law, the
electron acguires a much higher acceleration (due to its lesser
mass)} than the nucleus, and thus, its wvelocity will be several
times {103 to 10‘) higher than that of the nucleus. The slow moving
nuclei then generates the slectrostatic field in which  the
electrons move much fapter. Their motion is therefore fast enough
to be able to follow the changes in configuration of the nuclei. On
the other hand, the atomic nuclei are expesed to such fast
fluctuations of the electrostatic field of electrons that they obey
its average.

Let us now come back to the analytic form of the Schridinger
eguation for a molecule. Having replaced [48] into eq. [47] with
the use of algebraic transformations, we arrive at the system of
differential equations (6)

{TN(R) + Ei(R} - wv} f,,j_(R) = - g Gij{ny £ (R} [50]

]

for i = 0, 1, ...where the non-adiabatic coupling operator
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- * -
Gij(R) =1r @i(rF{R]) TN(R) mj(r;{R]] dr -
. 2/2 s ;[R})} d is1
- I (8%/2my) 5 wi(xi(R]) {9y w5(xi R} dr vy 1
has been introduced. The system of eguations [48)] through [51] is
exact. Its solution can be realized according to the scheme

E. (R} W
[49) » { * - } s [50] = { i
wi{r;[R]) » [51] » G (R) £,,:(R)

{
[48] » ¥ (R,r)

The above non-adiabatic calculations were carried cut for very
systems [diatomic molecules and ions H;, Hzl, only. The difficulty
rests in the fact that the eguations [49] and [50] represent a very
complicated system of integro-differential equations for functions
of several variables. Though these equations were formulated as
early as in the thirties, their exact solutions were not found
until the seventies, when more powerful computers became available.

In an effort to simplify these  equations [56] their
right hand side may be neglected (set egual to zero}. This,
however, represents the phenomenon called the Born-Oppenheimer
approximation leading to the following dynamic eqguations for
nuclear motion

{TN{Rj + Ei[R] - Ei'#} fi’F{R) = 0 [52]
for individual sets of . =0, 1, ... and i = O, 1, ... Their
sclutions cover the energy values E, and wvibration functions

r
fi P(R)' The computatioconal scheme is modified as follows
!

[49] - { By (R) { Eion

w (3 [R]) » (521 » | £, (R) » wy o=

| T

This approximation has the £following conseguences. In the non-

Wi(fF[R])

adiabatic theory the exact wave function ¥, and the characteristic
value of the total energy Nv of the v-the staticnary state resulted
from a superposition of electronic motion and wvibration-rotational
motion of the nuclei. In the Born-Oppenheimer approximation the
following iteme (Fig. 1) were separately specified:
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1. elactronic states described by the wave functions wi(r;[R]}
with the corresponding total energy Ei(R};
2. vibration=rotational states described by the wave functions

£. (R) with the corresponding energy values B within the
LT,p i,p
framework of the electronic state under study.
k =2
E y
/"‘?f
..... . /;//F, PR
7/ e 2
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Fig. 1. Relationship among characteristic states: a) non-adiabatic
theory; b) electronic states within Born-Oppenheimer approximation;
c) vibration-rotational states for a given electronic state.

Born-Oppenheimer approximation is satisfactory if the mutuval
coupling of a couple of electronic states through the vibration-
rotational states is weak, i.e. if

,| for i = 3 f53]

In connection with the study of the chemical bond in molecules

N N
- 5 £ (R) G5(R) £, |(R) oR « |B; - By

this condition is usually satisfied. Bowever, several cases are
known where the Born-Oppenheimer approximation fails (e.g. inclu-
ding the dynamic Jahn-Teller effect). Then we must consider more
terms in the expansion of the molecular wave functiom.

2.2.3 Adiabatic Potential
The function E;(R) appearing in the dynamic equations for
puclear motion [52] describes a kind of the potential energy. That
is why it is referred to as an adiabatioc potential (or freguently
the enargy hypersurface). This is defined as the total molecular
energy in the case of static nuclei so that it is a function of
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nuclear coordinates regarded as parameters. It is obtained in a
theoretical way by solving the Schddinger equation for electronic
motion [49]. This is unknown within the non-adiabatic theory as no
single term of the exact Schidinger eguation [50] describes the po-
tential energy. An intermediate approximation standing between the
non-adiabatic theory and the Born-Oppenheimer approximation is
represented by the adiabatic approximation. It arises from the
neclect of off-diagonal terms &ij go that the diagonal corrections
to nuclear motiom G;; are used to modify the adiabatic potential:

E,(R) + G, (R).

As the wave function wi{r,[R]) is not explicitly dependent
upon nuclear coordinates R, the operator VhN(R) does not act on the
latter, and thus
<y | Vignl¥s>

= (R} [54]

<@, o> NN
il i
which represents the classical expression for electrostatic Coulomb
repulsion of the nuclei. Then the Schrddinger equation [49] can

be transcribed into the form

<wi]Te(r) + Vee{r) + VeN(R,r}|¢i>

= E21(R) = E.(R) - V_ (R}  [55]
<g.le,> t t NN
it*i

Here we have used decompesition of the total potential energy
cperator into the part reflecting internuclear repulsion vNN(R},
interelectronic  repulsion Vee(r) and the electron-nuclear
attraction VeN(R,r). Equation [55] is c©alled the welectronic
Schédinger eguation and can be transformed inte the form

m®l e, {r,[R])> = Efl(R} [e, (z,[R])> (56]

Its eigenvalue is represented by the slectronic energy Eil. Thus it

can be concluded that the adiabatic potential Ei{R} consists of two
terms:
1. nuclear repulsion energy VNN{R} which is always poeitive and
independent of the electronic state;
2. electronic energy Egl(R} characterizing the electronic state
of a molecule.
Thus, it is

B; (R) = Vg (R) + Ezlin) [57)

In a nonlinear molecule the adiabatic potential depends on
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surface in the

couple
{a

section of an energy hypersurface) as exemplified in Fig. 2.
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Fig. 2. A cut of the adiabatic potential surface for the water mo-

lecule. The eguienergetic lines {eV] are shown for an

oxygen atom ('D) state to H, molecule.

approach of

Let us recall that the electronic state does not represent a

real

gtate of a molecule.

it is

the electron-

{observable]

vibration-rotational state of

Within the framework

of the

a2 molecule which

Born-Oppenheimer approximation

is

admissible.
the

energy state of a molecule can be taken for a vibration-rotational
that the wave

one within the given electronic etate. That means

functions . and

states wv and obs

framework of the non-adiabatic theory.

certain

the energies Ei represent, to a
L r
extent, an approximation {sufficient, as a rule} to the molecular
ervable energies E, accessible within the
Energy levels of the vibration-rotational states E; , are
r
electro-

usually marked on the adiabatic potential curve of a given

nic state, The energy Ey o corresponds to the ground molecular
r
state, The difference in the energy level of the
adiabatic potential and the Ey o value is called the correction
r

to zero=-point vibration (ZPV correction). In some cases,

minimem of the

the vib-

rational levels are alasoc supplemented by an amplitude function fi i

which yields the
<f|R2|f> - <f|R|f>2.

vibraticonal amplitude

by weans

of a2/2'-
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The adiabatic potential is cne of the most important concepts
in chemical physice. It represents the fundamental element of
molecular spectroscopy, chemical kinetics and theory of the
chemical bond. Information on the characteristic features of
adiabatic potential come not only from theoretical computational
methods but also from experimental technigues of molecular
spectroscopy, chemical thermodynamics and kinetics, non-Boltzmann
experiments of molecular beams, etc. The relationship of the
characteristicae of adiabatic potential to wvarious experimental
methode is illustrated by Fig. 3.

El
E4 (R} /EziR)
Eq B2
7 Eipo
A s AEem AE abs ﬁEgﬂ
Eoz EqlR)
E 0.1\
EOG ]
T \
ey ,
Y Bos
A l Eop
1 : I 4
' H
f (]
o H -
R@ Rg Ré Ré'o R(3N_6)

Fig. 3. Relationship between parameters of adiabatic potential and
observable guantities: structural characteristies - Ro; spectrosco-
pic characteristics - a, ABasbs, ABen; thermodynamic characteristics
- aH; kinetic characteristics - E , S .
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2.3 MOLECULAR VIBRATIONS

When compiling the vibrational Bamiltonian of a polyatomic
molecule it ig advantageous instead of cartesian coordinates of
displacement

2pp = BA - pg = lax, + 3aya + kaz

A [58]

A

(Qn ig the instantaneocus position of the nucleus A, 30 being its
equilibrium position) to use the valence force coordinates {q}.
The valence force coordinates can be of two different types:
1} Vvalence coordinates AT, are connected with a change of bond
length

brA - én'(:’h - ;0) {59]

where EA ip the unit vector directed along the bond [Fig. 4}.

fA'f ﬁr’A

Oq 0 A Q"%

Fig. 4. The relation between cartesian and valence coordinates.

2) Deformation coordinates A¢pn describing changes in  bond
angles {Fig. 5}
cos@ABéB - én cos¢AB§A - éB
——— *
r

.ﬂ@ fd -; o p
AB ; B : A
Ty Si¢pg A “1%%p

(zg - rhcosQAB}éB + (r, - chOSq;AB}éA .

+ - PG [60]
raTaSing,n

The transformations above can be expressed in matrix form

{a} = 8{p} [61]

where {g} is the column vector of 1linearly independent valence
force coordinates of dimension m = 3N - 6 {for linear molecule m =
= 3§ - 5), {p} is the column vector of cartesian displacements of
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Fig. 5. The relation between cartesian and deformation coordinates.

dimension 3N and 8 is the transformation matrix of dimension 3N x
m. Similarly, the transformation of the nuclei's linear momentum

can be performed

- T,
{p} = s7{x} {62}
where {p} is the column vector of the 1linear momenta operators
expressed in cartesian coordinates and {r} is the column vector of
linear momenta operators in valence force coordinates.

The wvibrational Hamiltonian in terms of valence force coordi-

nates assumes the form, in the harmonic approximation,

= -l— -
By =3 L Gamem * Fra%d! (63)
where le are matrix elements of the kinematic (Wilscn) matrix
G = susT [64]

1

The diagonal matrix M =~ is formed by the elements lfmA where

my is the mass of nucleus A. The force constants Fy, expreas the
curvature of the adiabatic potential E(gq) in eguilibrium geometry

Fkl = [aE(q)/aqkaqllo [65]
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To obtain the solution of the Schrédinger egquation for vib-

rational motion

Ho6y = By8, [66]
it ig usefvl to perform a transformation, such that both the
kinetic and potential energy will be expressed only through the sum
of the sguare terms ni and qi. The cocordinates in which the

matrices G and F are diagonal, are called the normal coordinates
{Q} and are defined by the square transformation matrix L

{a} = n{Q} [67]

The corresponding linear momentum operators are transformed as

follows

=} = (571 Tm} [68]
For unambiguous determination of the matrix I we reguire that

the matrix G be transformed to a unit matrix I, so that the fol-

lowing relationships are fulfilled

ez )T = 1 [69]

tTrL = A [70]

where A is a diagonal matrix. The above conditions can be expres-

sed in the form of a matrix eguation
{GF - A}JL = 0 [71]
leading ultimately to a smecular equation
det[GF - A) = 0 [72]
the solution of which furnishes eigenvalues Ag of the diagonal
matrix a. These in turn, when substituted into eguation ([71]
determine the transformation matrix L.

The vibrational Hamiltonian would assume, after such transfor-
mation, the form

B, =3 ¥ (7§ ~ 2,03 [73]

The total vibrational function & = [ xi(Qi} as well as the energy
i
E =7 c; are made up of contributions from normal vibrations, 1In

i
this manner a set of characteristic equations is obtained

(Mg + 2;3Q50x; = egxg [74)

degeribing a harmonic oscillator. Energy eigenvalues represent then

the solution of these differential eguations

ey = hvy (v, + 1/2) [75]
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where v; = Viz/2n is an eigenfunction of the oscillator and v; the
vibrational quantum number (vi = 0,1,2,...).

The vibrational functions have the form
x5(0) = 95t 2exp-¢2/2) 7, (¢) [76]

for the argument ¢ = Q/Qo where Q, = [h/mvolllz. The corresponding
Hermitean polynomials of n-th order are

2
B (6) = (~1)%(2" ni vi) Y2 of (aah) o7 (77}

In cases whereby eigenvalue €5 is di—times degenerate, we
obtain, by solving the equation for the harmonic oscillator with

dimension di,r

£ = hvi(vi + dile [78]

The total energy of vibrational motion of the moclecule

E =h g'vi(vi + d,/2) (791

the sum being performed only over different eigenfrequencies.

If the cubic terms ¥ [aEE{q)/aqkaqlaqm]0 of the Taylor
.M
series is included into the adiabatic potential, then the

approximate solution of the Schrédinger equation for nuclear motion
in the anharmonic approximation yields the vibrational energy in
the form €y = hui(vi + 1/2) + hvixi{vi + 1/2)2. In such a case vy
denotes the harmonic frequency and xy the anharmonicity constant.
{(In reality, analysis of vibratiocnal spectra is carried out, expect
in the case of simple molecules, in the harmonic oscillaror approx-
imation.)

The secular equation [72] can be simplified (expressed by
lower dimension equations} on the basis of symmetry coordinates,
corregponding to the respective irreducible representations of the
symmetry point group of the molecule (Section 1.3.1}.

The secular equation det{GF - o) = 0 can be sclved for three
sets of different starting conditions.

1} If the geometry of the molecule and the atomic weights are
known (i.e, the matrix G}, as well as the force constants Fkl' we
can calculate 4; and hence alsc the vibrational frequencies.

2) Knowing the molecular structure and vibrational frequencies,
we can determine the force constants.

3) From known force constants and freguencies the moclecular geo-
metry can be determined.
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2.4 UTILIZATION OF THE ADIABATIC POTENTIAL
2.4.1 Properties of the Adiabatic Potential

The Born-Oppenheimer approximation assigns to each electronic
state ¥; of an arbitrary N-atomic system an adiabatic potential
Ei(Q) - EiEQI'Q2""'Q3N-6}' giving the system's energy as the
function of 3% - 6 (3¥ - 5 in linear molecules) independent nuclear
coordinates Q- Atomic configurations at local minima of the
adiabatic potential curve correspond to egquilibriom geometry of the
system, which in turn characterizes the respective molecular
gtructure.

In order to be able to give a total description of the mole-
cular structure we need as the minimum regquirement the following
information:

1) precisely localized adiabatic potential mnminima for each,
especialiy the ground, electronic states;

2} curvature of the adiabatic potential at a local minimum, in
cther words the knowledge of force constants FKL - (azzi/anaQL};

3) heights of energy barriers separating the local minima.

In addition, if we want to tackle chemical kinetics we need to
know the curvature of the adiabatic potential in the saddle pointe
of energy barriers or, if collision theory is to be applied, the
shape of the entire hypersurface.

Geometric parameters of the local minimum at the adiabatic
potential curve determines the molecular geometry. The adiabatic
potential curve can feature more than one minimum - these minima
correspond to isomers of the molecule, and are separated by energy
barriere high enough to ensure relative stability of individual
isomers. In Rouvray's terms {6) isomers are understood as chemical
individuals represented by identical molecular formula, but showing
differences in certain properties over pericds of time long encugh
for differences to be measurable. Muetterties coptends (7) that in
order for isomers to become experimentally separable, their life-
time should exceed 10~ s. Bersuker {8) considers two isomers di-
stinguishable when the energy difference between the local minimum
and the lowest neighbouring barrier AE conforme to aE = 2hy,
being the vibration freguency in the minimem. Flat minima, separa-
ted by low energy barriers defy static interpretation of equili-
brium geometry, a dynamic model of nonrigid (fluxional) molecules
is called for.

The equilibrium geometry is in terms of adiabatic potential
defined by structural parameters Re’ belonging to the respective
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minimum. The parameters represent internuclear distances in free
molecules {Fig. 6). From the experimental point of view the situa-
tion is more complex owing to the fact that at each above-zero
temperature the vibration-rotation parameters are observed averaged
over all states. The averaging is performed by weight factors LY
given by the Boltzmann distribution law

9; exp(—Ei/kT)

w, = [80]
Y g. exp(-E./kT)
3 ] 3

where E; is energy of the i-th state, d; the multiplicity of its
degeneracy, k the Boltzmann constant and T the temperature. Even at
absolute zero the observed experimental values are averaged over
all vibrations of the vibrational ground state. This is due to the
fact that even at absolute zeroc temperature the molecule has,
according to the Heisenberqg's uncertainity principle, a non-zerc
vibration energy.

I
I
H

t
|
i
—JL.L

I Y
RpRy Ry Ry R

Fig. 6. Various types of interatomic distances.

The construction of adiabatic potential curve invaolves a
series of calculations of Schrddinger eguation for electronic
motions localized in fields of the selected sets of stationary
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es are incrementally varied depends on the type of study the adia-
batic potential is set up for. Thus for stereochemical and spectral
studies the knowledge of adiabatic potential in the vicinity of a
local minimum usnally suffices, whilst for kinetic and thermodyna-
mic studies assymptotical behaviour of the potential at each disso-
ciation limit as well as the shape of gaddle points between the mi-
nima must be known. The precision with which such adiabatic poten-
tial is eventually cobtained jis limited by the selected step size.
Increasing the number of steps, needed for e.g. & multidimensiocnal
adiabatic potential leads to an explosive growth of calculations
times. For an n-dimensional adiabatic potential x®  Schrédinger
equations have +to be solved, where x equals the number of steps in
one direction (the number being the same for each direction). Thus
for instance in a nonlinear five-atomic molecule we get n = 3N - 6

9 cal-

= 9 dimensione, and at i{ steps in each direction we need 10
culations.

Starting from the 1listed walues of adiabatic potential we
arrive at an analytical expression by fitting the free parameters
on the energy at selected discrete nuclear configurations. For this
the method of choice is usually the least-sguare method with linear
or non-linear regression. Analytical functions mnst be flexible
enocugh to preserve the fidelity to the adiabatic potential in the
entire reguired area.

Even granting many simplifications invelved in the solution of
the Schridinger equation for electron motions (LCAO approximation,
finite number of basis set functions, incomplete €I calculations,
neglecting the relativistic effects, and some integrale in semi-
empirical methods} calculations of adiabatic potential curvea
remain limited to small molecules. In case of bigger molecnles only
cross-section of energy hypersurfaces are accessible (9, 10}, or
studies are carried cot only at selected geometries, varying only
one degree of freedom {6 - 18}.

The adiabatic potential curve of a diatomic molecule is well
described by a Morae potential

E(R} = D, {1 - exp[-a(R - Re)]}2 [81]
where D_ is the dissociation energy, or the Dunham potential

2 2
Bif) = a5¢ {1 + a)¢ + ay” + can) i82]

£ = (R - Re}/Re being the relative coordinates, a;, 2;, a,,...

constant ccefficients.
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in studies of elementary chemical reactions various empirical
forms of adiabatic potential are being used, the best known amongst
which is the LEPS (London-Eyring-Polanyi-Sato) potential (19). It
is based on the physical expression of the Iinteracticn in the
three—-atomic systems and has the form

E = {Qup + Qpe + Qup - (1/V2}[(apy = age)® +

+ {a 2 4 (a 211/2y /61 4+ §% (831

sc ~ %ca) ca = “as!
The diatomic parameters QAB and app are derived from the disso-
ciation curves, the shape of which is determined by the Moree po-
tential of the bonding (EAB) and antibonding state (EAB} of a di-
atomic molecule
Cap * oap

Bpg = — 75— =D {exp[ -2a{R - R, J1 - 2exp[-al{R - R, 11} [84]
1+S

* QAB_“
Egp = —;u:—gz—— = De{exp[-Za(R - Re}] + 2expf-af{R - Re}]} [85]
whence S,. stands for an empirical parameter. The adiabatic poten-
tial can also be expressed in the form of a Taylor series, running

over vibration coordinates

E(Q) = B + 3 Ly Bl * 3 8@ [es}
’ <M

where F, and Fy . are guadratic and cubic force constants. Never-
theless hypersurfaces defined in the above manner only describe
well the immediate vicinity of equilibriam gecmetries; at disso-
ciation limits they fail even when 4-th order terms are included.
This drawback can be partly overcome by developing (28, 21) the
series along relative cocordinates = {R - Re}/R, an operation
which markedly improves the regression and the stability of ex-
panding coefficients.

Murrell {22-26) suggested that the analytical forms of adiaba-
tic poctential can be expressed by the function

E= YE,_,+ T E + ¥ E + ... [87]
A<B AB A<B<C ABC A<B<C«<D ABCD

where E,p are contributions from the diatomic interactions (usu-

ally in the form of an extended Morse potential), Eanc corrections

related to the three-atomic interactions (a2 polynome assuring the

correct limit behavicur), the four-atomic {usually negligibly

Enpep
small) contributions.
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Clementi (27-37) applied the pair interaction potential, a po-
tential based on the interaction model of point charges.

In spite of much effort of numerous workers in the field the
problem of obtaining analytical form of adiabatic potential for
polyatomic systems with any satisfactory precision still remains a
challenge. Fig. 7 depicts the calculation scheme applicable for
stereochemical, thermodynamic, epectroscopic and kinetic parameters
of molecules. Strictly speaking, all calculations based on the
adiabatic potential concept and concerning an isolated molecule are
limited {except when interactions with the environment are
explicitly included) to the state of ideal gas.

Stationary pointe of an adiabatic potential can be obtained by

solving the system of eguations
(3E/an] = 0 {k w1, 2, 3, ..., 3N - 6} (e8]

A 8till better resoclution between the stationary points allows the
matrix of force constants

Fpy = [0%B/(8Q,60))1, [89]
While the minima at the energy hypersurface possess only positive
eigenvalues of force constant matrix, saddle points, featuring a
single negative eigenvalue of force constant matrix, have for this
reason the meaning of transition states or activated complexes.

The contemporary approack to stationary points at energy
hypersurfaces makes use of direct, geometry optimizing gradient
methed, which does not reguire the explicit knowledge of adiakatic
potential curves. The optimization procedure itself consists of a
two-step repeating cycle, consisting of:

1) Determination of energy gradient components in a given
point of adiabatic potential. The gradients are accessible through
either analytical formulas, or by numerical methods.

2) Recurrent approximatiocn of c¢oordinates of the sought after
stationary point by iterative optimization technigue, selected in
such a way that it suits the problem in question.

Unfortunately none of the optimization procedures can furnish
a criterion for determining the number of stationary pointe of a
given hypersurface, The only more or less safe approach to locali-
zation of stationary pointe appears to be the systematic variation
of starting structures. Such studies can involve rather extensive
calculations, as illustrated by the optimization of conformation of
K-acetyl-N-methylamides of amino acids, which required 20 000

starting structures ({(38).



i22

Schridinger eguation for electrons and nuclei
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Fig. 7. The scheme of the calculation procedure of sterecochemical,
thermodynamic, spectoscopic and kinetic charasteristics of

molecules.
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hdiabatic potential curves are often made along curved lines
and assumed to represent reaction pathways or coordinates. HNever-
theless these lines have no physical meaning. Their shape mDay
depend on the coordinate system and is not necessarily related ¢to
clagsical trajectories {39, 40} obtained by sclving Lagrange motion
eguations which are, at least in a classical approach, physically
meaningful.

The advantage of the concept of reaction coordinate lies in the
fact that it doee not, in contrast to classical trajectories, pre-
suppose the actial knowledge of the analytical form of adiabatic
potential. In addition, the concept of reaction coordinates enables
one to systematically determine the gecmetry of activated complexes
and products and thus to facilitatee the search for stationary
peinte of the adiabatic potential. Reaction coordinates also playe
a specific role in problems concerning the tunneling effect and in
the dynamics of chemical reactions.

One defines the reaction coordinate asm the pathway along the
steepest slope at energy hypersurface and connecting reactants and
products. Fukui (41) suggested that reaction coordinate be defined
as a curve leading from reactants to products via an activated
complex, and being at the same +time orthogonal to energetically
egquipotential hyperplanes. Under such conditions one is led to a
homogenecus system of equations for the shift of c¢oordinates aQp
between two points as the reaction coordinate

2*e(0)
20 =8 T —— oQ [88]
1 20,80,
where the conetant a defines the step 8ize. The sclution of the
system of eguations leads to the 8secular problem for the force
constant matrix Fkl - azz(Q}/anan, the direction of motion being
determined by its eigenvector. As it turned out (42) the reaction
pathway defined in such a manner depended on the selection of
ccordinates. This dependence can be removed by introducing the mass
weighted coordinates (43-46).

Qg = vm Q (e9]

Apart from the steepest descent path the minimum energy path
is often selected (47-49), along which the energy of the system is
minimized by optimizing other coordinates for a series of fixed
values of a single geometrical parameter. The procedure allows to

set up two different reaction pathways, one starting from
reactants, the other starting from products (chemical hysteresis)
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{50 - 52}. The resulting route also depends on the selection of a
fixed parameter (53) and can even be discontinuous, or it can
bypass the activated complex (50 - 58},

The concept of reaction coordinates can portray the fate of
reactants after they have reached the activated complex and also
thereafter, a fact that justifies its application. The theory of
absclute reaction rates, statistical in nature, does not require
any route to be specified as it allows in principle any route, pro-

vided it leads from reactants to products,

2.4.2 Thermodynamic and EKipetic Parameters
Cuantum chemical calculations of thermodynamic parameters are
an offaspring of the combination of guantum chemistry and statistic-
al thermodynamics. In a system in thermal eguilibrium thermodynamic
parameters can be expressed in terms of the partition function Q,
defined as

¢ =z 95 exp{—(ci - ee)/kT [90]
i

the summation running over all quantum states of the system, €g Fe-
presents the zero-point energy and helps overcome the ambiguities
in energy scale selection. The respective thermedynamic functions
are defined as follows

Hg = Hg + RTZ(aan/aT)p {standard enthalpy] [9L]
Sg = Rln{Q/NA} + RT(aan/aT}p {atandard entrophy) [92]
Gg = Hg - RTln(Q/Na} {standard Gibbs energy] [93]
Cg = ZRT(aan/aT]p + RTz(azan/azT)p (standard heat capacity) [94]

where Hy is the standard enthalpy at zero degrees, defined as the
system's energy E, corrected for the zero point wvibrations {ZPV
correction)

1
EZPV =3 NA E hvi [94]

vy being harmonic vibration frequencies, the summation includes
all vibrational degrees of freedom.

Strictly speaking calculation of a partition function should
involve summation over all guantum states of the system. Usually
however, we resort to simplifications, the principal among them
being the assumption of separability of molecular motions allowing
alsgo the separation of the expression for the total partition
function Q into a product of translation (Qt]' vibration (Qv], ro-
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tation (Qr), electron excitation (Qe) and nuclear spin (QN) func-
tions

0 = Q,0.00.0, [95]
In doing so we alsoc assume that for electronic states the vibration
and rotation function remains the same; nuclear spin partition
function is usually neglected (QN = 1} {59,60}.

The stapdard translation partition function Qt ugses the poten-
tial box to calculate energy levels of a molecule

o, = (2nmkr) ¥/ 2pe/H3 [961

where M is the molecular weight. Results obtained in a potential
box inevitable suffers the loss of precision when transferred to
other types of reaction vessels.

Rotation partition function is usually an approximation of a

rigid rotator

L 8riTkT 1 1

o == { + -+ — -—5——— + — } [97]
z h2 3 1% 8x°IkT 215 an IkT ]

for linear molecule, and

1/2
(HIA BIC)

&

98]

[ 8nlkT . 3/2
h® )

for non-linear molecule; here I, I

r

A‘-+ Tepresent the principal
moments of inertia, ¢ the symmetry number defining the number of
indistinguishable positions a molecule can assume by simple
rotation. The symmeiry number can be elaborated from the group
theory; its value corresponds to the order of the rotation subgroup
belonging to the molecular symmetry point group (59).

Extending the above logistic further we express the vibration
partition function by an approximation of a harmonic oscillator
{61)

1
Q, = [99]
v E 1 - exp{-hvi/ij

v being harmonic frequencies of standard vibration modes.
The electronic partition function can be written as

Q, = E g;exp{-(B; - Eg)/kT} {160}

where g; is the order of degeneracy of the i-th electronic state
and E; its energy above that of the ground state Eg- If the enezgy
difference is large enough {a condition often fulfilled in coor-
dination compounds) the partition functicn Qe equals the statis-
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tical weight of the ground electronic state. By approximating
partition function by a rigid rotator and harmonic oscillator we
neglect the centrifugal distortion effecte, anharmonicity of
vibrations and also vibration-rotation interactions. Fer diatomic
molecules these deficiencies are sometimes corrected (59, 60) and
although general correction expreesions are available even for
bigger molecules (62, 63), their use makes calculations too
unwieldy. An important contribution to the value of thermodynamic
functions comes from the internal free or retarded rotation
reapectively. A partition function for a free symmetric rotator is

available

(8n2r _kr)l/2

g = — [101]
r bo
m
wherein o, stands for the symmetry number of internal rotator and
Im for the reduced moment of inertia, defined ae
‘m m a
1 =2 t1 10 Ay By C [102]
m m m I I I
A B c
I, is the moment of inertia of a rotating group with respect to the
axis of rotation, x_ , A_ , A direction cosines of angles between
i W -

main molecular axes and the rotation axis,

The potential energy of +the retarded internal rotation is

usially approximated by the Fourier series

v=13 L v [1 - cos(kna)] [103]
in which n designates the number of minima at the plot of the re-
tarding potential against the rotation angle ¢« in the interval
0 - 2r. Actually though we can determine at most the first two
constants of the seriea (64, 65}, a feat achievable by standard
methods of guantum chemistry {66).

To calculate eguilibrium constants let us consider a chemical

reaction

N

E vidy =0 [104]

in a state of equilibrium, characterized by an eguilibrium constant
N L4

Kp = iﬂl p;! i1o5]

Since
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1ok, = - sG/RT [106]
and also
G9 = Hy — RTIn(Q/N,) [107]
we arrive at an expression for Kp

N vy 0
Kp = iHI (Q/N,) exp{-aHOIRT) iio8]

in which vy are stoichiometric coefficients, positive for products
and negative for reactants.

In sech a manner we can calculate the eguilibrium constant,
provided we know the respective partition functions Q of the par-
ticipating species. Calculations of this sort have become a matter
of routine for small (predominantly organic) systems. There were
already a number of attempts to calculate equilibrium parameters
for coordination compounds, such as for instance the equilibrium of
the tetrahedral-square interconversion in a series of tetrahaloge-
nated complexes of the first transition row of elements {(67).

The formula for the rate constants of a reaction as given by
the theory of activated complex reads as

k = « (kT/h) K* [109]

where K is the equilibrium constant of the formation of activated
complex from reactants and « a statistical factor {transmission
coefficient). The statistical £factor is in fact the number of
different symmetry operations leading to the identical activated
complex and involving equivalent motions of atomic systems or their
equivalentsz (55). Other authors define the transmission coefficient
{43, 56) as the number of symmetrically eqguivalent activated
complexee; the number must be multiplied by two when going from
symmetric reactants to an unseymmetrical complex, and divided by two
if symmetries are reversed.

We see that in fact the activated complex theory reduces the
problem of rate constant calculations to calculation of the eguili-
brium constant K° for the process of formation of activated complex
from the reactants, i.e. to a problem we have already dealt with.
There is however a difference to our earlier explications of the
problem, concerning the exclusiorn of one vibrational degree of
freedom of the activated complex (an active vibration leading to
products) on account of the complex's motion along the reaction
pathway and represented by the partition function kT/h (68,6%).

The match between the calculated and experimental values of
reaction rate constants is satisfactory in the series of simple
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reactions, except when the reactions proceed at very low temperatu-
res. In these cases the gquantum mechanical tunneling effect is
thought to come strongly into play. The effect is often corrected
for by applying the Wigner correction (70), which assumes a para-
bolic shape of the potential barrier
1, ht
r=1- — [ — ] [116]
24 kT
v being the imaginary frequency of the normal mode of decay of the
activated complex. If this value, accessible by the correct vibra-
tional analysis of the activated complex, is not available, it can
be approximated by the second derivative of the curvatuvre A® of the
adiabatic potential {43, 71-73)

(v")2

where M is the reduced mass.The correcticon factor r enters the re-~

= A%/ (8n2M) [111]

action rate equation as a multiplication factor.

2.4.3 Molecular Mechanics
The molecular mechanics belongs to the c¢lass of empirical
methods based on the assumption that a set of analytic formulas can
be used in representing the adiabatic potential {74). Within the
framework of valence coordinates [R - bond lengths, ¢ - bond angles
and w - torsion angles) the adiabatic potential E is expressed as
E=VR+V§+VQ+Vin

N 112}

where VR stands for the wvalence potential, Vtj -~ deformation

potential, Vw - torsion potential and vint - interaction terms. The

harmonic functions are used in the <£first approximation to these
potantials, namely

vy = (1/2) T FY, oR [113]
v, = {1/2) ¢ FY, as2 [114]
v, = (1/2) ) FY, sl [115]
with displacement coordinates from the equilibrium cnes

sR; = R, - R) [116]
a9y = 9 = 05 [117]
soy = wg - of [118]
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The higher order corrections include, for example, the anharmonic
terms

VRRR

and interaction contributions, e.g.

= FFR r} [119]

- Ry
Vo (1/2) Y AR av [120]
v, = FP% a0 e [121]
- pide '
vaaa F Ad ad' Aw [122]

0
i
constants [FR,Fﬁ, FY, FRRR, FRa, ete.) are taken for the empirical
parameters characteristic for a given type of chemical bond and

The eguilibrium coordinates (Rg, ¢: and mg) as well ap the force

transferable from one molecule to another having similar types of
bonds. As an example, in alkanes, the values of cR = 71,94, FR =

4.690, Ro = 1.113 and P'® = -2.0 are used to parametrize the valence
poetential

Vg = R FR aRz(l + R aR) [123]
Analogously, ¢’ = 0.021914, F° = 0.320, ¢° = 109.4 and F'’ =

7.0 x 10~% define the deformation potential

v, = ¢’ ¥ a®(1 + 0 a0t [124)

The interaction terms involve also the other <types of cor-
rections, e.g. the dipole-dipole interactions

3
Vg - [didj/(dweORij)](cosﬁ - 3 cosg,cosa.] [125]

1 ]
with g - angle of dipoles, a; = an angle of the dipole di relative
to the linkage Rij' The van der Waals interactions may be covered
by the Lennard-Jones type 6-12 potential

v, = <[(rR%/R)12 - 2(r%/m)®) [126]
where ¢ is the deepth of the energy minimum, or the Buckingham type
potential

v, = [e/(1 - 6/a)1{(6/a)expla/(l - R/R®)] - (Ry/R)®} [127]

Having postulated the analytic form of the  adiabatie
potential, an epergy minimization procedure is applied to reach the
total energy minimum from which the eguilibrium geometry is read
off. The procedure is fast enough to be applied on personal
computers and therefore it becomes very popular, especially in
combination with geometry visnalization programs. Among numerous
verions of molecular mechanics (MUBl, MUB2, MM1, MM2, MM3, EAS,
CFF-3)] the MM2 version is often applied.
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2.5 JAHRN-TELLER EFFECT

There is an abundant literature concerning the Jahn-Teller ef-
fect and related phenomena; wvarious aspects of this topic have been
summed vup in excellent reviews (75 - 82). Unfortunately, many con-
fusions, misunderstandinge and inadequate terminclogy also can be
met in some publications. In trying to rederive the basic equations
for the adiabatic potential surface in the presence of {pseudc) de-
generacy, both the variation and perturbation methods may ke used.
Tt must be noted that they produce different results if nondegene-
rate, pseudodegenerate or strictly degenerate states are consi-
dered. This fact is of great importance. Evidently, a smooth trans-
ition must exist between the case of degenerate and pseudodegener-
ate states, so that the Jahn-Teller effect and the pseudc Jahn-
-Teller effect should be explained on a common base. Nevertheless,
the former has been formulated in a truncated basis set of degener-
ate electronic states using the lst order perturbation theory. The
latter, on the other hand, used to be explained by the 2nd order
perturbation theory (the so called second-order effect) in a con-
plete (infinite) basis set of electronic wave functions (82). The
variational formulation, restricting only to the first excited
state of an appropriate symmetry, is also known (76). Thus there
is need for a more general formulation of vibronic coupling, and
the approach outlined by Ozkan and Goodman (83) seems to be an
appropriate solution of the problem. Thiz section closely resembles
their proposal based on the partitioning method.

Another problem originates in the fact that a multimode vibro-
nic coupling should be considered in higher orders of the theory;
at least the a; mode is to be included beginring with the second
order., Therefore the analytic forms of the adiabatic potential sur-
face need a rederivation. Finally, some structural transitions
should be either included or deleted from the Jahn-Teller mecha-
nism, and the symmetry descent concept ia useful along these lines,

2.5.1 Vibropic Coupling

Let us consider the Schridinger eguation for a molecule: Hp =

Ey., Its solution may be performed through the following steps:

1} construction of the mclecular Hamiltonian;

2) expression of the molecular wave function in a suitable form:

3) application of the matrix partitioning method to reduce the
dimensionality of the characterigtic problem;

4) introduction of specific approximations that allow the sol-
ution of the problem.
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The construcition of the molecular Hamiltonian H is straight-
forward gince it consists of the kinetic energy T of all nuclei and
electrons and the potential energy V of all electrostatic inter-

actions

B(r,Q) = T + V = Ty(Q) + T (r) + Vge(Q) + Vo (r) + Vou(r,Q)  [128]
;N being the nuclear kinetic energy, Ee - the kinetic energy of
electrons, VNN - the igternuclear repulsion, Vee - the interelec-—
tronic repulsion and veN - the electron-nuclear attraction.

The wave function ¢ depends on all electron coordinates r; and
also on nuclear coordinates QQ. Its exact expression in the Hilbert

space is made possible by the expansion of
o(r,Q) = T £(0) 2, (z;10%1) [129]

where the basis set is represented by electronic wave functions
@k(r;[QO]) for fixed nuclear coordinates QQ, and the expansion co-
efficients fk{Q) are the nuclear [vibration) functions. The elec-
tronic wave functions are orthonormal and they cbey the electronic
Schrédinger eguation

{Te + V- Ek}‘}k(r}[Q]) = 0 [130]
However it im not necessarily fulfilled since

Sei - o ] .

Hyg = <8y |T, + V|3y>, = B 6, + By f131]
repregents a matrix element of the electronic Hamiltonian

Ser Lo -

H Te + Vv [132]

(it is non-zero, for example, for a couple of degenerate electronic

states). Usually [QO] is a configuration of nuclei in which Ek[Q]

displays a minimum value: Ek[QO] - Eg .

By gubstituting [129] into the molecular Schrddinger egquation
THlo> £, =B o> £ [(133]
k k
which ~ after multiplication from the left side by <2;| and inte-

gration over electronic cocordinates - yields the following set of
differential egquations

E <q>l|H|§k>r fk = R fl for 1 =1, 2, ... [134]

where

- - o -
¢§1|H|§k>r £, = [TN{Q) Sy + By + le(Q}] £y [135]
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The non-adiabatic coupling operator

- - N 2

Gy (Q) = <oy T l0) |2 >, - g {h /mn) <py [ Valo> 7p [136]
arises from the operations

- N, 2 ~
{Ty(@H(£2) = ~ I (n*/2m,) w3 (£0) =

N2 2 2
= - § (n /2mA}(§vAf + 27,87,f + £v.3) [137]

Thus the exact Schrddinger equation for nuclear motion may be re-
written in the form

{TNI + 8 - E1}f = ¢ [138]
with the interaction matrix elements

- ey -

Hlk{Ql = Hlk + le(QJ [139]
This system of equations is of infinite dimension; therefore it can
be solved by the partitioning technigue.

The complete space of solutions is split into two subspaces:
the one §, covers a limited number of soluvtions which we are inter-
ested in and the other S, contains the excited states. Fig. 8 shows
three most important cases: non-degenerate, peeudodegenerate, and

strictly degenerate states within the subspace Sae with this parti-
tioning Egq. [138] becomes

8+ (T, -EB)l1 ;H £
Taa ) a ‘ab A ] [ a ] = 0 [120]
Hba ; be + (TN - E)lb fb
$ | !
|
S I s,
[ |
| |
L N
’__”______—'-‘-__‘_"_‘-__—'““_____—'___I
| —_ i
|
| | Sa
] b ———— I
oo B
1 2 3

Fig. 8. Partitioning of states into strongly coupled subspace 5,
and weakly coupled subspace of excited states s ¢ 1 - nondegenerate
state; 2 - pseudodegenerate states; 3 - strictly degenerate states.
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gere -fa and Eb are column vectors, 1a and 1b unit matrices and Haa'

Bt Bpa and be are the pubmatrices of the given order. From the
second equation for submatrices, one can express

f, = RypBpafa [141]
using the resolvent

- - - -1

Ry, = (Bl - Tyl - By) [142]
Thug the solution of [4%] may be found in the form of

Seff

B ., fa =E £ [143]

for the effective Hamiltonian in the subsapace S, of strongly
coupled functions
ﬁ;;l' = Tl\'lla *Upa ™ Tﬂla * ﬁaa + ﬁ‘ab;il':bhal::‘a. [144]
Eqguation [143] is of principal significance since it is still the
exact Schrédinger eguation for nuclear motion in an applicable
form.

In order to exprese the resolvent, the following formula should

be applied tc sguare matrices A and B

(a-8)"1=at+alga-8"t=at+alm?
@«
+aleaaa-8)t + ... =al T (maHP (145]
p=0
Hence,
R, = [(2%, - BY) - (7,1, - c1, +8 +6,)1¢ [146]
bb b b N°b b bh bb
may be written in various degrees of approximation, viz.
Rip' =0 (147}
- 1] 0,-1
Rpp = (E'1, - B) (1481

21 _ oit} 0 c,-1.- =. -
Ry = Rpp + (B = Bp) T(Tyly = el + By + G
0,
.(E°1b - BD) 1 (149]
where

e = E - E° (150]

is a pure vibration energy. The partitioning [146]} quarantees that
[148] is a good approximation to the resolvent since the second
term in parentheses practically vanishes (B -+ 0).

Also the electron interaction may be expressed in the form of a
Taylor series

£11 t2%

+H ] ... [151]

el 0 v = 0
Hep = By 0y + By = By 6pg * By
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where
817 = ¢ <alfa(T_ + V}/a0_1,1ed> aQ [152]
kl o k e Q171 T
1 0 2, - 0
H;i? =3 rzsiékflﬂ (T, + v]/aQraQs]O|§l> 8Q 2Q_ [153]
r

etc. The operator ie may be omitted here since %t ig not a function
of nuclear coordinates Q.. For the same reason V becomes reduced to
Vn * Ven only. The summations run over all internal displacement
coordinates AQ, {usually symmetric coordinates measured relative to
o%.

At this point, approximate expressions of [134] may be formu-
lated. The usual treatment is to neglect the non-adiabatic coupling
tems by setting ékl - 0. Thus the interaction matrix elements ﬁkl“
- H;i represent the potential energy in the Schriédinger eguation
[138] for nuclear motion. In the limiting case of frozen nuclei
(EN - 0), the eigenvalues of H;i become the total energy (because
¢ - 0) and they represent the adiabatic potential surface.

Five important cases may be distinguished within the Born-Op-
penheimer approximation {Table 3) in which the adiabatic potential
surface coriginates:

1) The zeroth-order approximation to the resclvent [147] corre-
sponds to the truncated basie set [Sb - 0). If dim{sa) =1, a non-
degenerate state is under consideration. The adiabatic potential is
gimply Uy = Eg, i.e. it is solution of the electronic S?hrédinger
eqguation [130]. In addition, if diagonal matrix elements Gkk{Q) are
considered within the adiabatic approximation, the modified adiaba-
tic adiabatic potential Uy = Eﬁ + ékk(Q} is obtained.

2) 1If dim(S,) > 1 within the truncated basis set and Eg % Eg,
the case of pseudodegenerate states is considered. The adiabatic

potential is obtained by solving the secular eguation

det{Ukl - E 5kl} =0 [1541
with
= po {13 {2}
Upy = By 61 + By + H '+ ... [155]
This sclution follows from application of the variation method.
¢ a

3) 1f E, = E; holds within the truncated basis set, the strict
degeneracy cof electronic states occurs; usually twofold to fivefold
degeneracy comes into consideration. The adiabatic potential may
again be obtained from [154]. This formulation is consistent with
the results of the 1lst-order perturbation theory for degenerate
states.
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TABLE 3
Origin of the adiabatic potential.

Interaction matrix

. : (n)
Cage dlmisa) dlm(sb) R elementa
Non degenerate 1 1] R' w© L ™ E: ta)
state .
- o o
U E + Gkk(Q} (b3
Pseudodegenerate states i 4] R’ v, - Bodlk+ﬂ::’ te)
within truncated basis set *
Degenerate states within d 0 R'¢ g . - E°5!k+H(1’+
truncated basis set ! ° !
q(21
+ Hik ta)
Ground state weakly coupled 1 « R @ =rl+pAE’,
with excited states ICLN ]
S (1) o 0
. ij /(EK-EJ} te)
{Paeudo jdegenerate states d ) rY U e E:61k+ﬂ:;’+
weakly coupled with excited :
states + g% v g1,
Tk 1k
JEN

{13 [+] L¢]
S /tgk-gj] (r)

Born-Oppenheimer approximation.
Adiabatic approximation.
Consistent with the variation method; peevudo Jahn-Teller effect.

Consistent with the first-order perturbation theory; Jahn-Teller
effect or Renner-Teller effect.

°! Consistent with the second-order perturbation theory; pseudo

Jahn—-Teller effect.

f) General theory of vibronic coupling.

4} If dim(sa} = 1 and the complete basis set is considered, i.e.
dim(sb} - o, weak coupling of the ground state with the excited
states is taken into account. The resolvent in the form of [58]

vields

0 1301} (¥

gk +I By 'Hy /{E, - E
3eSb

This formulation is consistent with the result of the second-order

%

! 156
U 3 f156]

kx = E

perturbation theory for the energy (the first-order wave function}.
5) A more general case appears if dim{sa} > 1 and weak coupling
with excited atates is considered via Rég}. Thue
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[

o
kj )

(1) 0
H B - E. 157
/By - By [157]

1) 21
+8'l'+m + ...+ T B i1

Uy = Bybyy * Ep't B ,

]ESb
This formula is applicable for both degenerate and pseudodegenerate
states. The formulation of [157) allows consideration of the Jahn-
-Teller effect, the pseudo Jahn-Teller effect and the Renner-Teller
effect on a common basis in an arbitrary degree of approximation
and the basis-set dimension.

Let us consider the Bg.[154] in which the concepi of the adia-
batic potential surface originates. If the diagonal matrix elements
are arranged in ascending order, Uyp €0y < ey the non-zero off-
~diagonal elements cause at least one eigenvalue to fulfil the ine-
quality E, < Uy This result follows from the well known separ-
ation theorem (84). A proof for the 2x2 problem is trivial since

2

2 1/2
2E + Uy, [{Ull - 022) + 4U12] i{158]

1,2 %1 * Y
Jahn and Teller have found (85, 86} that it is valid for any

noan-linear molecule

t1) G o o g
H;: = 5 <¢k|[a(vNN + veN}/aQr]0|@l> 8Q 0 [159]
sa that at least one vibrational mode Qr existes for which the irre-
ducible repersentation r{Qr) is contained in the symmetrized direct

product of wave functions

[rk @ rl} =T = r(Qr) F o [160]

ed

Q° Q
Q

Fig. 9. Energy (symmetry} lowering along vibronic active coordinate

Q.-



137

{(condition for the nohn-zero drk]r(Q ]|r > type matrix element)
This finding excludes the existence of an extremum at the point Q
of electron degeneracy {(Fig. 9). Accordingly, the Jahn-Teller the-
orem may be formulated asi

The eleg¢tronic wave function corresponding to the minimum of
the adiabatic potemtial cannot be orbitally degenerate (except in
linear geometry); or a non-linear polyatomic configuration with a
degenerate electronic atate has a non-zero energy gradient and thus
no energy minimum (it is unstable).

The theorem can be proved by looking at all point groups and
their jirreducible representations, taking into account the rules
for the direct prodvect of multidimensional irreducible representat-
ions {87). A more general proof of the Jahn-Teller theorem can be
found in (75, 88, 89).

Three effects based on the Jahn-Teller theorem can be distin-
guished (Fig. 10).

1} The Jahn-Teller effect arises from the strict degeneracy at
the reference geometry of a non-linear molecule as a conseguence

(1)

of B, * 0. Consequently, a symmetry descent with respect to Q0

proceeds, and the electron degeneracy is removed. It has been
termed the first-order effect although scme second-order terms Hﬁi)
adopt non-zerc values; they are responsible for the stabilization
of the respective geometry.

2) The Renner-Teller effect take place for linear polyatomic mo-
lecules where Béi’ = 0, It has a consegquence of the fact that the
distortion modes & and § are absent within [n » 1] = o+ 4, etc,

As the H;i] adopt a leading role, it has been termed the second-

-order effect. Depending on the value of Hﬁi}, a bending of the
linear molecule may occur.
3) The pseudo Jahn-Teller eaffect ocecurs for peeudodegenerate

states. Either

B = z nk;‘ ‘“/(Bk - g° 3020 [161)
or
By  * 0, Eﬁ < BY [162]

are responsible for its existence. It has been termed the second-
order effect, according to the use of the 2nd-crder perturbation
theory.

The usual procedure is to apply a Taylor expansion for the

adiabatic potential
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Fig. 10. Three effects of vibronic interactions: 1 - Jahn-Teller

effect; 2 - Renner-Teller effect; 3 - pseudo Jahn-Teller effect; A
- before interaction, B - after interactionm.
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B(...Qi...} - Eo + KQ; + K0, + t1/2) ‘1193 + K040, +
+ {1/2) xzzog + ... (163]

where the gradient components
K, = [aE/aQi)o = 4§0|[a{vNN + veN]/aQi]o|¢°> =F, +X; [164]

vanish at the extremum point QO, so that the pure nuclear term, ?i’
and the electron-nuclear term, X;, are cancellad. The second
derivatives

Kij = [azE/aQian]0 - <@°|[82(VN“ + veN}/aQian]0|§°> +

+ [azaég’lagiaojlo [165]

represent the harmonic force constanta. The last term originates in
the weak coupling with excited states and it gives a negative con-
tribution to Kij (83). Higher-order force congtants like Kjap and
Kijkl describe the anharmonicity effects. Equation {163] is only
applicable for the non-degenerate electronic states near the refer-
ence configuration Qo. A better description is obtained in relative
cocrdinates.

The cccurence of electron degeneracy brings two effects. First,
the molecular Hamiltonian is invariant with respect +to arbitrary
symmetry operations, so that the adiabatic potential belongs to the
totally symmetric representation (A-type or zI-type)}. Therefore,
only certain combinations of Qin or QinQk are allowed for symme-
try coordinates and they must span the totally symmetric represent-
ation. Secondly, the interaction matrix U

0 t13 €23 .
Upy = Bpqfpy * Hiq F Hpp ' 4 oeee = Blydpg + YV, [166]
has a scalar part
LY 0
Ep Ek + E KrQr + (1/2}r):s KrsQrQs + cus [167])
r

and a non-scalar part

- pil! t2) - 0 - 4
Vil = Vi Vgt e E <@k|[aVéN/aQr]0]@l>an +

+(1/2) 5 <oljiov /00 00,],]23>00,00, + .. [168]
r,s8

The scalar part yielde the usual {(harmonic) Taylor expansion of the
adiabatic potential, where the force constants occur. The non-sca-
lar part may be reduced according to the Wigner-Bckart theorem to
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r _ .0 .5 0. _ . T F
vE, = <aQ|[aV_g/00 141805 = X(ryry; 1) <Yi X [ e, > N [169]

where x{rkrl;rr) = er, is the reduced matrix element ({considered
as a parameter or the vibronic constant) and the Clebsh-Gordan
coefficients have been tabulated (N is a conventional pormalization
factor). The reduction of a quadratic teEm, Vi:, needs a succesive
decomposition of the operator part, [azveN/aQraqs]o, according to
the Wigner formula
F. T r, r_r

| v: v: > = IEY [ Yi Y: Y ] ;rrrsr\( > [170]
where the 3j-symbols {or Wigner coefficients) in parentheses also
have been tabulated. The summations run over all r and y contained
in the reducible representation of the direct product r, e rg.

Thus v'>’
their components forming the basis of the Fp ® Ty direct product.

is the scalar convelution of two second-rank tensors,

In this way, the non-scalar part forms a symmetric matrix V;
its elements are a linear function of vibronic constants X and nu-

clear displacements {Tr{v} = 0). Its eigenvalues '

det{vkl - c‘eskl} =0

represent a vibronic correction to the harmonic form of the adiaba-

[171]

tic potential

B [172]

R
This correction is responsible for the warping of the adiabatic po-
tential svurface near the nuclear configuration with electron dege-
neracy. The analytic form of the adiabatic potential surface beco-
mes a non-linear (not only polynomial) function of nuclear displa-
cements in which potential constants of two kinds occur. The force

constants Ki’ Kii’ K etc. contain the pure nuclear term Fi’

i3 r
Fiir Flipr etc. as wéii as the electron-nuclear (vibronic) term X4
xii, xiik, etc. The vibronic constants xi, xii,xiik, etc., enter
into the vibronic correction term ¢'. They determine a warping of
the adiabatic potential surface and they can couple vibration modes
of different symmetry, e.q. xij for i = j.

With the exception of icosahedral groups, only three basic ty-
pes of vibronic coupling are possible:

1} the three-mode coupling T~[a1 + e + t2) for cubic groups
{Td, Th' T, Oh and O} with triply degenerate electronic terms;

2) the three-mcde coupling E—(al + b1 + bz} for groups Daps

+ B, + B, holds;

C4v, C4h, C4, Sq, Dzd’ etc., where E @ E = Al + B 1 2

2
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3) the two-mcde coupling E-(al + @) for the remaining groups
with doubly degenerate electronic terms.

Usually the a,
deleted from consideration since it has no influence in the linear

approximation of Vii) . In guadratic approximation, however, this

mode ({the totally symmetric coordinate Qlj is

mode couplee with other vibronic active modes.

In order to illustrate the behaviour of E-(a1 + e] coupling,
let us consider the displacements Ql(alg]; Qz(eg) and Qsieg). From
Section 1.3.2 it foliows that

1
{13 (21 0 1
VY o rvT e [ 10 ][xeqz + X,e01Q) * ¥goQy03/VI] +

R 2 _ 2
+ E [ o 1 ][er3 + xa.teQ3 + xee(oz - 93)/(2‘/7)] [173]

The guadratic part

v wy'?a t e,ate]l +VI(E,t] + VP [a+e,t] =
3 3
-1 v®a + e,a + e AQ_aQ_ +
2 rzl 321 [ ! ] r s
15 15 3 15
1 B8 1 g
+3 § L VBIt,t]a0aQ_+ 3 I T V-®ate,t)aQ a0 [174]
2 r=4 g=4 r e 2 =1 g=4 ! r s

includes the first term only. The second term is not considered
within Eg—(alg + eg] coupling model. The last term vanishes exactly
by the symmetry. In this way, the number of 2x15x15x2 = 900 guad-
ratic integrals, Vii, becomes reduced to 16 non-gzero elements.
Since the potential matrix U adopts the form of (definition of
the matrix Cl, C2 and C3 see in the Section 1.3.2)

175]
= 0 (1) 2y _ o £1) 123 (
U=EFE1+H + B E'l + V¥ + ¥V = clcl + ©,Cy + 404
its eigenvalues are
2 2 1/2
E=c, ¢ [(ch +cl)r21t/ (176}
The vibronic correction to the adiabatic potential yields
€' =t [{xe * xaeQ1)2(Q§ + Q§)12 + Xie(Qg + Q§)116 *
2 2 1/2
+ R lX, + %,.0,10,(3Q; ~ Q3)/(2vZ7)) [177]
With the polar coordinates
p= (Qg + Q§)1’2 f178]
o = arctg(Q2/Q3} f179]

and the substitvotions
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A= xe/\/i [180%
B = xeejd [181}
2 =2x /V2 [182]

for vibronic constants, the analytic form of the adiabatic poten-
tial surface is

B (0, p,0) = BY + (1/2) K Q) + (1/2) K_gp
1/2

2. ol(a+ 202 4

2 2

+ B p® - 2(A + ZQl}Bp cos{3p)] [1831]

In graphic representation, a "Mexican-hat” potential with warping
is obtained (Fig. 11}.
This result is valid for an arbitrary molecular system with

E—(al + e) coupling. Important examples are:

1} the octahedron {Oh] with tetragonal distortions;

2) the tetrahedron [Td};

3) the cube of 0h symmetry;

4] the triangle of Dy}, symmetry;

5} the antiprism of Dy4 symmetry;

6) the linear system with X = 0 (Renner-Teller effect) where

c'=t|x

lo®-
Since the agﬁve potential [183] includes the vibraticnal part
tc the second order and the vibronmic corrections to the second
order as well, it is called [2/2]-potential within the E-{al + e)
coupling.
The seccond type of vibronic coupling E-{al + bl + b2} is char-
acterized by Qltalq}, Qz{blj and Q3[b2} modes and it yvields

i
V== (1 o Jtemy + x000,0 +
1
-1 0
+— (7o 1)U+ x50, [184)

so that the vibronic correction is {90 - 92)

e’ = & [{X, + x1201)293/2 + (%, + x1391)29§/2]1’2

[185]

Finally, the last type of vibronic coupling i=s T-(a1 + e + tz};
it operates over six coordinates Ql(alg), Q, and Q3(eg)r Qe Qg and
Q6[t2g] for the octahedral reference configuration. The correspond-
ing matrix elements Vi are listed in Table 4 and the wvibration
corrections to the adisbatic potential ¢' are obtained as eigen-
values of this 3x3 matrix.
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Fig. 11. Representation of the adiabatic potential surface for the
B-e vibronic coupling.
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Table 4 summarizes the expresasions for the vibronic matrix
elements vij' which all correspond to the [2/2]-type of the adia-
batic potential.

TABLE 4

Vibronic matrix elements of the [2/2] complexity.

Type of Active VvV =V
coupling vibrations x1 1k

T-(a ve+t ) 0 (a ).Q,fe ), V =X (0-v30)/2+X (0Q;-Q-

Q3(Eg]f04(tzg): -2v/30 Q J/2+x_ 0 (Q -3vV3Q )/2+
o.(t, ).o(t, ) +X,, (207402407 ) /VE
pz = X Q7K Q00X QQ.4K .Q.Q,

= X Q0 +X 0 (0 +/30,}/2+X Q0+
+X,,0,0,

v, = X _(Q +/30 )+x__(02-0Q7+
+2v3Q. 0 1/2+x 0 (Q +3v30Q }/2+
+X, {Qi-ij«roj }/VE

Vo, = XQ,¥X_ Q. (0 -V30)/2+4X Q. Q +
+%, Q.0Q,

V., = %0,k (@l-al i, (@]l
~202)IVEB-x_ 0 Q_

E-(a,+b +b ) Ql(alg);QE(blls vV, ="V, =({X 0-X)0/V2

Qa(bzl vlz = ixz—XIZQI)QQIJE
E—[al+e) 01(319)'Qateg)' Vip =7V, -[xaeqig3+xee(Q§_Qz}/
Q,le) /(2v3) 1 /VE+X Q12

v'.l. 2= (xa e0102+xe eQ2Q3/‘/-2) /‘lz-i-era/Vi

2.5.2 Approximations to E - (al + e) Vibronic Coupling
Works dealing with the static Jahn-Teller effect usually are
based on the adiabatic potential in which only the single mode E-e

coupling is considered. Within this more approximative approach,
the coupling constants X, is ommited and the [2/2] potential is
simplified to
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0 2 2
E=RB + [1/2) KR + {172} Koa? *
+ (a2 + 82,2 _ 2a8, cos(3e})1}/2 (186]
The ways of determining the potential parameters Konr Koot A and B,

as well as the Jahn-Teller radius p;,, are discussed elsewhere {75,
76, 80). The last formula differs from [183] only by the substitu-
tion of A+ 20 for A. Notice that Z » Xpe should be considered
as an observable that differs from B = X funlike the assumption
of Coffman (93}).

Several authore (80, 94, 95) have tried to introduce a third-
—order term

2 3 3
g3 = Koo (30525 ~ Q3) = - K, p cos(3¢) [187]

where the constant K ea has a dimension of energy per volume. This

term is alsoc responsible for warping the "Mexican-hat" -type poten-
tial. The corresponding [3/1] potential

¢

2 3
E=E + (1/2) Keep t Ap - Keeep cosf3p) [1881]

hag extreme points (three absolute minima and three saddle points)
for a angular ccordinates ¢ = na/3 (n = 1, 2, 3}, which are analog-
ous to Eq. [186].

A more complex [3/2] potential within E-e coupling model was
considered by Goodenough (96) in the form of

0 2
E=E" + {(1/2) Koer = Keeepacos(3¢) +
. p[AZ + szz 1/2

- 2ABp cos(3¢])1 [1B89]

Its counterpart within the more sophisticated B—(al+ e) coupling

scheme is

2

E eep +

B + (1/2)k, 02 + (1/2)K

2 3
- Kope? cos(3¢) 2

ol(a + 20,)% + 87,2 - 2(a + 20,)8p cos(3p)]

(3)

3
* Koaa®] * Kaeelyr
1/2

I+

[190]

The negessity to include a cubic term K was discussed elsewhere

{94). Onrly certain combinations of K, are possible since the mo-

lecular Hamiltonian spans the totallylg;mmetric representation (al
or a+] of the symmetry point group Go. The method outlined by Goo-
dencugh {(166) may be wused in determining k‘®’ or higher-order
terms.

Finally, Englman (75) presented the third-order vibronic cor-

rection in the form of
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¥6
v o el vl [ "B %k, {191]
8 Q, Q4
The corresponding [3/3] potential within the E-e coupling scheme is
E = Eo + (1/2)Keep - Keeep3cos{3¢] *
s o0(a + cp2)? + 82,2 - 2(a + 0p2)By cos(34)]}/2 [192]

where C = xeeeVGIS. No additional warping is obtained by the third-
-order vibronic correction, and a formal analogy with [1%0] is evi-
dent.

With the results of Section 1.3.2 a complete third-crder vib-~
ronic term can be obtained

v = cz{xaaeofqzlz * K 0a@0,05/V7 + (VI + 1)X

aea ece

0,(0F + 9} 12} +

* 03{ }"'aaeggg3/2 + Xaete{Qg - Q§]/(2“§] +

¥ (VE 4 1)%__ 0,(0% + Qg)/lz} (193]

Thus the vibronic matrix becomes

cee

[ (2}

v o=y + Vv +v(3}-

ﬁczlklgz + 2A2Q2Q3] + \/IC:;[RIQ:; + Az(Qg - Qg’] =

2 2,
= a [‘Q3 Q2]+ A [‘[Qz - Q)i 302032 ] [194]
02 QB 202Q3 i {Qz - Q3}
with
A =[x +x +x. 0272 + (vZ+ 1)x__ (0% - oZ)712]  [195)
1 ;E [ a ae?1 aae®l eee'l@ - 03) ]
1 1 1
Ay = 2T [ 73 Xee * /3 Xaee®1 ] [196]
The wvibronic correcticn is
. 2 2 2,.2,1/2
=+ o[a2 + 82,7 - 28,85 cos(36)1/2 [197]

sc that the adiabatic potential adopts the final form of

0 2 2 k| 2 3
E =B + xaaolfz + K, /2 + Roaa?7 * FoneQ1? ~ Kopef cos{lp) =

22
1

N p[Af + a2p% - 28,80 cos{3e)11/2 [198]
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The last expression represents the most general formula for
the [3/3] potential within the E—(al + e} coupling scheme. It
contains 5 force congstants and 6 vibronic constants combined into
A, and A, terms. With varioue approximations for A,y and 52' the
all the simplified formulas may be obtained.

A is constant in first-order, a function a, = f(Qll in
second-order and a function A, = f[Ql,p} in third-order. Similarly,
A, vanishes in first-order, it ie constant in second-order and a
function Ay = = f(Ql} in third-order. If the admixture of the a;
mode is switched off, within the E-e coupling gcheme, Al is
constant in the firet- and second-order and a function Ay = £f{p) in
the third-order, as presented in Table 5.

TABLE S

Varicus analytic formulas for adiabatic potential surface.

Coupling Potential®’ B, A, Formnla

Eg—eg [2/1} const. 0 -
(3/1} conet, 0 [188]
i2/2] const. const. {1861}
[3/2} const. const. [1851]
[3/3] £i{p} const., {191]

- + - -

Eg (alg eg) [2/1] const 0
[3/1] const. t] -
[2/72] f(Ql} const. [183]
[3/2] f[Qll consat. [190}
f3/3) £(Qqe0) £(0,) f198]

*) Phe potential of [m/n] type results from combination of degrees

of expansion in force {m} and vibronic {n) constants, respect-
ively.

Restricting to curselves to Q; = const., the behaviour of the
E{QZ,QB;[QI]} potential is similar to the “Mexican hat™ - function
with warping. Fig. 12 shows a plot of the function

+ KU -

2
E = Cy + Kyp 3

0

S pa+ 642,72 + 83,4 + 2(a + cp?)pu)l/2 [199]

with U = 3Q§Q3 - Qg = -p cos{3p} in various degrees of complexity.
The following conclusions may be drawn from it:

1) The linear vibronic constant A is responsible for a valley on
the adiabatic potential surface at the Jahn-Teller radius p,.
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Fig. 12. Computer plot of the adiabatic potential surface E{Q2,93;
[Ql]] in various degrees of complexity (CG =~ 0.05, K, = 20.0, A =
3.0): a -~ [2/1] type with B = C = Ky = 0; b - {2/2] type with B =
6.0, C = Ky = 0; ¢ - [2/3] type with B = 6.0, C = 10.0, Ky = 0; 4 -
[3/3) type with B = 6.0, C = 10.0, K, = 40.0.

Within the [2/1] approximation, Py = EK2/2 holds.

2) The quadratic vibronic constant B yields an additional warp-
ing with three minima and three saddle points. They are localized
at Py = A/{2K2 + 2B) and vg = na/3 {n =1, 2, 3}).

3) The cubic vibronic constant C magnifies the wvalue of A so
that the Jahn-Teller radius Pg increasges. Simultaneously the slope
of the adiabatic potential is changed as seen from difference bet-
ween isoenergy lines.

4) The cubie vibration constant Ky describes the anharmeonicity
effects. Notice, that both the quadratic and cunbic approximations
give in incorrect behaviour for larger displacements from the re-
ference configuration; they are applicable only for small displace-
mente asgs shown by Fig. 13.

Various types of vibronic coupling in various degrees of com-
plexity are compared in Table 6.
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al b)

—— —_——

Q, CoQ,

Fig. 13. Cut of the adiabatic potential surface E(QZ,Q3;[QIJ}: a -
for [2/2) potential; b ~ for [3/3] potential.

TABLE 6

The dependence of number of adiabatic potential surface constants

on the type of vibronic interaction.

Vibronic Porce constants Vibronic constants
interaction linear harmonic cubic linear guadratic cubic
= m= 2 m= 3 n =1 n=2 n =3
Case 1
T-e, ‘I'—t2 D 1 1 1 1
T-{e+t2) 4] 2 3 2 3
T—{al+e+t2} 1 3 6 2 5
T-(a,+2et+t,) 1 5 12 3 9 19
T-(a,+e+2t,) 1 5 13 3 9 19
T—(a1+2e+2t2} 1 7 21 4 14 34
Case 2
B—bl, E-b2 4] 1 1] 1 0 1
E-(b1+b2) 0 2 g P 0 4
E-{a1+b1+b2) 1 3 3 2 2 4
B-(el+b;+2b2) 1 5 5 3 3 13
E—(al+2b1+b2] 1 5 5 3 3 13
B—(a1+2b1+2b2} 1 7 7 4 4 24
Case 3
E-g 1] 1 1 1 1 1
E—{a1+e) 1 2 3 1 2 3
1 4 8 2 3 7

E—(a1+2e)
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2.%.3 Symmetry Deacent Concept
Phe determination of distortion routes for coordination poly-

hedra due to the Jahn-Teller effect representa the subject of nuo-
mercus papers. The useal treatment is to investigate the anmalytic
form of the adiabatic potential generated by the firat-order per-
turbation theory. In terms of the above language, the eigenvalues
of

{1y {273
+ Hyeq' + Hj [290]

Uy = Byl
are analysed.

Scome awnthors, on the other hand (97 - 99}, applied the group
thecretical approach to this problem; it is based on the symmetry
properties of the Jahn-Teller active vibrational meode. Unfortu-
nately, these studies have also been restricted to the first-order
perturbation theory. This section exploits an entirely different
treatment. The correlation among symmetry point groups is investi-
gated for individual Jahbn-Teller active systems from the viewpoint
of the pertinent electronic state.

The Jahn-Teller theorem implies the following consequences:

1} With the exception of twe atomic linear aystema, the equilib-
rium geometry {characterized by vanishing gradient components K, =
= 0 and pogitive force constants Kig > 0} corresponds to the nonde-
generate electronic state Sy {thus being of A or B type).

2) The nondegenerate electronic state, stable with respect to
the nuclear configuration (molecular geometry}, arises by splitting
the degenerate state SD {(being of E or T type, eventually of G or H
type).

3) The splitting of the degenerate electronic state S, is accom-
panied by a decrease of symmetry, i.e. scme asymmetry elements van-
ish,

In other words, the Jahn-Teller distortion causes a descent in
the symmetry c® . ¢" and the original electronic state SD(GO) is
split yielding the nondegenerate term SN(Gn). The symbol G0 marks
the aymmetry point group of the reference system. A symmetry des-
cent generates the n-th level subgroup G®. For the first-level sub-
group G1 < G0 holds, the second-level subgroup satisfies the rela-
tion G° < Gl < GO, etc. An important relation is valid among the
group crders 0.

0(c%) = mo(6!) = mymo(6?) = ... [201]

The integer multiplicator my is equal %o the number of equivalent
configurations within the subgroup GU to which the reference group
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™1 can distort. This number corresponds to the competent minimum
pointe of the adiabatic potential surface.

These considerations may be summarized as follows (Fig. 14}:

1) The symmetry elements of the perturbed geometry form a sub-
group G" of the reference system? 6P ¢ GO.

2) The irreducible representation r(Sn} describing the electron-
ic state in the rperturbed" geometry Gt originates from the
splitting of the multidimensional irreducible configuration, r(sg},
which correasponds to the actual degenerate electronic state in the
reference geometry Go.

3} The stable equilibrium gecmetry corresponds to the nondegen-
erate electronic state, SN{GH), described by the one-dimensional
irreducible representation r(SN}. Ctherwise the system continues in
symmetry descent.

Q) )
1
g, %0
el ¥ TSP E
TS
S T(SH)
9;=0
KIJ>0
| L - | ] 1 -
GO c'c® Q 6° 6'ce® & Gcq

Fig. 14. Possible routes of the Jahn-Teller distortiens: a - single
stage process; b - double stage process.

The resulis of the group-theoretical analysis of all molecular
symmetry point groupse have been summarized elsewhere (100, 101).
The procedure is illustrated for the symmetry group 0h in Fig. 15.
This group contains 6 multidimensional irreducible representations

E E T T
(g! r r

u 1g 2g
route depends on the actual electronic state. For example, the

' Tlu’ TZu) and has 24 subgroupa. The distortion

electronic term ng is split into B2g and Bg terms of D,,, or into
Alg and E_ terms of D3y subgroup at the first-level. The remaining
first-level subgroups (O, Tqr Th} cause no be split to give non-
degenerate states (the corresponding subgroups are given in
parentheses): 82(94}, AI(D3], BZ(D2d)' Blg' B2g and B3g(D3h}'

Ag{ss}, Ay (C3) ag and Bg(czh}. Analcgously, at the third 1level
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the symmetry decrease yields: B,, B, and Ba(Dz), A(Ca), B, and
B,(Cy, ), Bg(CZh}, A and B(C,), Ag{ci), A' and A"{C_). At the
fourth-level only a single nondegenerate electronic term is
possgible: B(Cz).

The restriction to the so-called Jahn-Teller active vibrations
yields the distorted geometries Dag and Dyy, in accordance with
earlier investigations (%7, 98, 102); the present approach is more
general.

On the basis of the above results, the geometrical rearrange-
ment T, -+ Dy iz not allowed by the Jahn-Teller effect since Dy
is not a correlating subgroup of the tetrahedron. The order of the
D&h group edquals to 16 and the order of Td is 24, 30 that the con-
dition [201] is not fulfilled. Analogously the transition Dqyy ~ Cyy
should be excluded from the Jahn-Teller mechanism since Cqv ¢ Day
(Fig. 16).

On I
1 ! 1
D34 Dun Osq 0 Th Tq I
e 1 T i I
| | |
T ) [ 1 I i
Se 04 Cav G, P D2 Ds T
Cs D,

Fig. 15. Symmetry descent of the point groups to their subgroups.
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i § 1 i — i i ] 1

Ta Das Dz Dw G D3y, Cov  Cyy Cw Q

Fig. 16. Forbidden {---} and allowed {—— )} Jahn~-Teller distortiens

for Ty - Dyy {(a,b} and Dy » Cue {e,d} geometric rearrangements.

For the symmetry-descent concept, an important guestion beccmes
relevant: Which molecular geometry should be considered as refer-
ence for operating the Jahn-Teller effect? For example, the octa-
hedral geometry with T-type electronic state can split into O, Ty,
Tqr D3q ©F Dy first-level subgroups. If the corresponding elec-
tronic state still remains degenerate, the symmetry descent conti-
nues to the second-, third- or fourth-level subgroups. One possible
pathway of distortion is shown in Fig. 17 for the descent from cu-
bic symmetry via the tetragonal pattern. The central atom effect
{the proton number infiuvence of the central atom, as well as oxi~-
dation and spin state of the complex) and the ligarnd field effect
represent important factors that determine the final ground-state
geometry of the system. The wvibronic coupling in hexaccordinate
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Energy

1; 2 3 4 Level
i ; ‘ -
Op——= 0,,—t+ =0, ~—C,——=C, Pathway
=D T {-b= S, —*
= Dpag |- D,
T SR~y
T LT e

Fig. 17. Tetragonal route for symmetry descent of Oh group.

systems may refer to ng-(alg + eg + tzg} type within the group O+
to E-(a1 + b, + bz) type within the group D,, to E—(al + e} type
within the group C , etc.

Liehr (99} postulated that the vibronie coupling operates in
the presence of electronic degeneracy within the group of the high—
est symmetry (maximum group order). Wevertheless, no proof of this
thecrem has been presented. On the contrary, gquantum-chemical «cal-
culations showed (92} that the vibronic¢ coupling should be consi-
dered within the reference group of the minimum symmetry {minimuom
group order) where the electronic state is still degenerate. For
example, a better description of the adiabatic potential is obtain-

ed for certain ng systems if either B_ - (alg + eg) coupling with-

g
in the group Daq ©F Eg-(al + b1 + b2) coupling within the group

Dy, are considered instead of ng - (alg + eg} within the group Oh'
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2.5.4 Calculation of Vibronic Constants
There are twc methods of evaluating the Jahn-Teller coupling

congtanta. The former is based on their direct evalunatijon on wva~

rious levels of complexity, namely

1} the electrostatic model of van Vlieck (103};

2} crystal (ligand} field approach (104 - 106);

3} angular overlap model [AOM) (79, 107 - 109);

4) analysis of LCAO contributions (110, 111};

5} analytical derivatives withip LCAD approach {112).
The latter method is based on a least-squares fitting of the nume-
rical map of the adiabatic potential to the analytic form (89~
92, 112, 1i3) and is applicable in an arbitrary degree of complex-
ity.

The calculation of any Jahn-Teller coupling constant can be

carried out via the evaluation of matrix elements

ro_ r v r] l r >
e, < éy: '[a /aQY o @Yi [202]

having the appropriate symmetry-adapted wave functions @i P @:1; Qi
1

are symmetry coordinates corresponding to the y-component of the r
irreducible representation and

&V N av arn

e = [ — g [203]
a n=l ar_ 4

QY n QY

where r stands for the generic coordinate {Rn, i ] of the n-th

n’ %n
ligand.

Within the approximation of the c¢rystal field theory, the
Jahn-Teller coupling conhstants may be evaluated in a simple way.

For example, in the case of E-e wvibronic coupling in octahedral

MX o complexes {104, 105}
aVy, 2v3 5
A= CE Z [F,{R} + (5/12)F,(R 204
[m3 Jo= - { & rmm e utn}gnga [204]
8V y 2 2?
p = | ot ), = -7 e { S mm e @) RS

where Rk(ROJ are the crystal field integrala defined by Eq. [285]
of Chapter 1; Ry is the reference M-X distance and g - the effec-
tive ligand charge.

More sophisticated results were obtained by the angular-overlap
method {79, 107 - 109}. The formzla [202] may be rewritten in the
form
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r N a arn 206
= —_— F = x P ] x h—
<, A},:a ngl = [ ®nFao(®ieXn) By (o, nl] ok [206]

where aniéi'xn) is the angular-overlap factor at a given M-X_dis-
tance; e, is the radial parameter; i indicates the bonding sym-
metry [(o,n,5); o specifies the particular orbital and I, is defined
in Eq. [203].

It follows from Eg. [206] that the Jahn-Teller coupling con-
gtants related to the stretching vibrational modes are functions of
aezn/aa while those related to the bending modes are simply func-
tions of e _; F

AR A
dinates ¢ and ¢, respectively.

w depends upon the bond length R and angular coor-

The gquadratic Jahn-Teller coupling constants can be easily cb-
tained by introducing second derivatives into [202] and [206]. The
results of d* systems for a number of symmetries were published by
Bacci (79, 107, 108) and Warren (109). The vibronic coupling con-
stants can be expressed through a limited number of parameters in
the framework of AOM. It is possible to calculate e, and its deri-

A
vatives theoretically, but better results are obtained with e de-

rived from experiments. Their derivatives can be evaluated nu;eric-
ally. The coupling conetants related to the stretching modes are
lesn accurate than those related teo the bending modes, because of
the uncertainty about their derivatives. Calculation of force con-
stants remaine problematic since only approximate wvaluee can be
reached for legg-gsimple systems.

Nikiforov and coworkers (110, ill) tried to evaluate Jahn-
-Teller coupling constants of 3d transition metals in the cluster
approximation by using a semiempirical MO LCAC approach.

A gualitatively pew treatment was proposed by Pixon (113), who
fitted the electronic energies to polynomial functions of displace-
ment coordinates. In the worke (90 - 92, 114) authors independently
elaborated the methcod of evaluation of Jahn-Teller coupling and
force constants using a non-linear least-squares fitting of total
energy of the system. This treatment comsists of two steps. First,
the numerical map of adiabatic potential surface values should be
calculated by any guantum-chemical methed. Then, the least-sgpares
method is applied in order to fit the numerical map, Ec{Qi}, to
the analytic form. Actually, the set of approximate values, Ea(Qi},
is produced sc that the function
P=pg [2%(e) - B0y [207]
adopts a minimum value. The values of Ea(Qi} are calculated by Eq.
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[190] for a trial set of potential (i.e.coupling and force) con-
stants. The statistical weights were chogen in accordance with the
metric weighting concept
2 -1/2
wi < [ L% ] [208]
i

where Qk is a set of displacement coordinates for the given adiaba-
tic potential surface point. The esntablished minimization proce-
dure, in general, is based on a noa-linear optimization {Newton-
-Raphson and/or Fletcher-Powell algorithm were used). In order to
accelerate a convergence, the process may be split into two, linear
and nonlinear optimizations. Another simplification of the problem
consists in considering only selected cuits of the adiabatic poten-
tial surface (e.g. only D,;, distortions of ML, systems). This may
lead to a simpler, purely polynomial form of the adiabatic poten-
tial that can be fitted by the linear optimization only {115}. The
guality of regression is measured by statistical characteristics
{e.g. standard deviations of individual potential constants, the
correlation coefficient, the discrepancy R-factor).

The above method was systematically applied %o adiabatic
potential surface of some hexahalc and tetrahaloc complexes of the
first transition metal row and led to the following conclusions
{90 - 92).

1) Inclusion of the totally symmetric vibration mode manifests
itself in a significant contribution to the values of the corres-

ponding vibronic constants. Thus, its importance is clearly

demonstrated.
2) The eq vibration modes are much softer than the ajg ones
according to the calculated force constants: Koo <K, - This fact

may play an important rcle in deformations in the solid-state
systems.

3} The Jahn-Teller distortions calculated from these constants
are small when compared with distortions found for solid-state
complexes. It indicates that solid-state influence may prevalil over
the net Jahn-Teller effect.

4) Calculated tetragomal distortions and stabilization energies
in systems with triple electron degeneracy are much lower in com-
parison with analogous complexes with double electron degeneracy.

5) Higher distortions and stabilization energies occur in M{III)
complexes compared to analogous M(II) systemas. All the characteris-
ticas calculated are aleo functions of the polarity of metal-ligand
bonda, spin multiplicity and proton number of the central atom.
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2.5.5 Dynamic Jahn-Teller Effect
The adiabatic potential in an analytic form may be used in
equations for nuclear motion. The solutions of these equationsz have
been obtained in E-e, T-t, and T-{e + ¢t
vibronic coupling, respectively.

2} approximations to the

The nuclear motions may be classified as a radial motion along
the coordinate p, and an angular motion along the coordinate o. The
radial motion has been considered in the harmonic approximation,
having the energy E_ = hup{n + 1/2) with the wvibrational quantum
number n = 0, 1, 2, ... The energy of the angular rotation is given
by B = mzthvp}2/4EJT where m = #1/2, $3/2, ... stands for the
rotational guantum number and Esp is the Jahn-Teller stablization
e;ergy, which, within the E-e approximation is expressed as Eypp =
A /2Kee. The total energy expression is then

¥ = “Egp JT

When the second-order terms are incuded, the sclution becomes

+ by (n+1/2) + h2v§m2/48 [209]

very complicated. O'Brien (95) considered the second-order terms
as a small perturbation of the ground vibrational state. The
angular motion contains some admixtures to pure rotational motion
and its eguation is
2
f-a 25 + b cos(3p) - B} £ (p) =0 (210]
dg
where a = h2/3np§ ~ Ehvp)szJT and b = Bpuz.
Another procedure has been proposed by Bersuker (8, 116, 117)
who applied variation functions of the type

E(pro) = B (p/05) /2

with parameters u and v (N being the normalization factorj. The

exp(v cos(3¢) - (u/2)(p/po - 1)2]f1 [211}

function f1 accounts for the tunnelling saplitting of  three

degenerate energy levels for individual energy minima to a pair of
A, and E vibronic levela, i.e.

g0 = { SEnterd) } [212]
£,(R;) = cos{3¢/2) [213}

Perturbation theory may be applied to describe &an inter-
actions among energy minima, each of them characterized by the
adiabatic potential. The solution leas to a tunnelling among
individual energy minima through the energy barriers. The initial
{unperturbed} wave functions in the minima (m) of the adiabatic

potential are expressed through a product of the electronic wave
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function &m{r;[Qg]) and the nuclear vibrational functicn fmp(Qm}

4] 0
wp (£,0) = o (r;l001) £ (Q) [214]
The total molecular wave function is then a linear combination of
the particular wave functions corresponding to each minimum

B 0
¥, (T:0) =X Cm v, (2. Q) [215]

for n =1, 2, ... p (p being the number of energy minima). By
solving the secular equation

H — H =
det {Bh - ¢ 8F } =0 i216}

g mn
s [T e .. . 0 [T ¢ 1]
for matrix elements Hmn <me|H|wnﬁ> and Sm <

| > we get
1] myu j1¥H]

the total energy

W ==EBE +7T he.(n. + 1/2} + 217

§ JT glj(j ) Cu f ]
In the case of E-e vibronic coupling {p = 3} the roots of the

secular equation are

e#(E} = -n{zlil - sgz) [218]
ep(ali = 28,/7(1 + 28%,} f219]
Finally the tunnelling splitting ie {(Fig. 18}

5, = ep(hl} - ey(E) = 2B{,/(1 + 28§,){(1 - si,) {2207

The above perturbation treatment is applicabie under the
constraint that the tunnelling splitting is much 1lower than the
vibrational guantum in the minimum of the adiabatic potential,
i.e., & ¢« hv.

Eo(E’="'—'

Eyr \ " e (Al

Eo.o T helE)
¥ by, - Wy (E )

FPig. 18. Tunnrelling splitting in systems with E-e wvibronic
coupling.

N -2
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2.6 BOUND STATES OF MOLECULES
2.6.1 Physical Origin of the Chemical Bond

In the Born-Oppenheimer approximation, the bound molecular
state is interpreted as a vibration-rotational state corresponding
to a minimum on the adiabatic potential surface which is charac-
terized by finite geometric parameters. Among the bound molecular
the chemical bond and the intermolecular interactions may be
distinguisbhed. The former is the raison d'etre of the exie-
tence of molecules, molecular ions, radicals, complex COm=-
pounds and crystals, including metals and chemisorbates on
surfaces, whereas the latter covers hydrogen bonds, van der Waals
complexes, clathrates, solvated particles, etc.

The most frequently used criteria for differentiating between
the chemical bond and intermclecular interactions are the
stabilization energy and the range of interaction. In fact, from
both the viewpoint of stabilization energy and from the range of
interactions there is no well defined boundary between the
chemical bond and intermolecular interactions (Table 7). Both cases
of the system stabilization have something in common: the existence
of a minimum on the adiabatic potential surface as a conseguence of

electrostatic interactions in the system,

TABLE 7
Comparison of gtabilization energies.

Chemical bond Intermclecular interactions
System Energy (kJ mol™l) System Energy (kJ mcl-ll
Cl—O2 17 Hz...ﬁz 0.3

N02—N02 57 02...02 1.1

Li-Li 105 Iz...I2 12.1

H-H 458

N-N 940

A subatentially more important criterion for distinguishing
between the chemical bond and intermolecular interactions is that
chemical behaviour ist manifest largely in chemical reactivity.
One can speak of a chemical bond if such a bound system is formed
whose individval svubsystems have lost their chemical individuality.
In terms of its chemical behaviour a chemically bound system
differs from its possible subsystems. While the chemical bond can

be taken for the raiscn d'etre for molecules, the intermclecular
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interactions are usually the cause of existence of condensed pha-
ses. Individual subsystems bound due to intermolecular interactions
retain partially their chemical individvality and chemical proper-
ties. Moreover, the chemical bond, as a rule, shows directional
character in space and possesses a saturation property.

The first serious attempt to explain the physical nature of
the chemical bond was represented by the Heitler-London computation
on the hydrogen molecule. This approach, in fact, represents a gim-
ple application of the Valence-Bond {VB) method [see Section 4.3).
The mclecular wave function is of the form

1:3,VB(1,2) = (2 + 2<9,5]0520) 1 210, (1005(2) £ 9p(1)ep(2)]  [221]

where the positive sign corresponds to the singlet state and the
negative sign to the triplet state; ¢{i}) stands for an atomic
orbital (1ls) of the hydrogen atom. This approach, however, was just
a qualitative description of the dominating factors responsible for
the formation of a chemical bond (the caleulated dissociaticn
energy of 2.9 eV is too low in comparison with the experimental
value of 4.7 eV].

Later, the Heitler-lLondon procedure was made more precise
with application of a more flexible spatial part of the wave
function. For example, the wave function
1a¥B(1,2) = N {[p,(1)e5(2) + ¢,(2)p5(1)] +

+ 3 bep(1)eg(2) + ¢p(1leg{2) 1} [222}
enableg an optimum weighing of covalent and icnic terms. In
principle, the variational method was applied, which guarantees an
upper estimate of the system energy, i.e., the increase of the
number of variational parameters can only resulit in the decrease of
the total molecular energy {and thus, to increased dissocciation
energy). Variational functions show a complicated nonlirear form
[power series with exponential factor) with a large number of
terms.

‘the exact computationa for small molecules were aimed at
deciding whether the Born-Oppenheimer and adiabatic approximation
are relevant Li.e. the determination of both, the diagonal éii and
off-diagonal Gij corrections to nuclear motion} as well as whether
the nonrelativistic approach is correct {i.e. the estimate of
relativistic corrections). Also an absolute coincidence of the
theory with experimental data needed to be verified, thereby indi-
cating the soundness ¢of the guantum mechanics to molecules.
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The most precise computations of RKolos and Wolniewicz (118,
119) were based on electron correlation functions of the type

imn

let el v o (R0 ¢ ($aPelaB)l, (223)
lmnpg'®171°272 179152727712

. = @
w(rl r2} i,m,n,p.q
where ¢ = (rl + r2)/RhB and n = (r1 - r2),RnB' The dissociation
energy value (36 117.4 cm ) is in a fall agreement with the
corregponding experimental reading (36 117.3 £ 1.8 cm-lj.
{Precision of the experimental value im 1limited by the natural
broadening of spectral lines.) Some other characteristics of the
hydrogen molecule were alsgo obtained from exact computational
procedures.

More detailed analysis of individual contributicns toe the
dissociation energy has shown that the diagonal corrections to
nuclear motion (éii in the adiabatic approximation) can be

significant for light nuclei while the off-diagonal ocnes (Gi in

3
the non-adiabatic theory) are negligible {Table 8). As the mass of
the nuclei increases the role of diagonal corrections decreases,
hence, in most cases, the Born-Opperheimer approximation can be

accepted for heavier nuclei.

TABLE 8

Dissociation energies of small molecules.”

Particle State Approximation Experiment
B-0O Adiabatic HNone

H; 2:; 21375.9  21379.1  21379.3

B, x’z; 36112.2  36118.0  36117.4  36117.3 * 1.0
B's,  28211.4 28167.3 28169.2
a3z; 23293.4  23297.4 23299.1
E‘z; 19200.4  19200.4 19207.8

HD s 36401.5  36405.7  36402.9  36400.5

D, ‘z; 36745.6  36748.3  36748.0  36748.9

® Energies are given through wave-numbers (cm_lj

The value of relativistic corrections to the dissocciation
-1
}

energy of H; and 32 systems is low (+0.11 or =0.5 cm
Relativistic effects, however, are strongly dependent on the proton
number %Z. The dominant contribution to relativistic energy ie due
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te the inner electronic shells, which c¢an be s8seen from the

relationship
- 3.2, 2 .~ .4
T (2) = -{1/8m3c*) E (p;) [224]

since the electrons of the inner shells have a higher linear momen-
tum. Due to the increase in relativistic corrections with Z there
is doubt about whether the perturbation theory is applicable for 2
> 30: %e(Z} does not represent a small perturbation any more (Table
9). In this case it is neccessary to formulate the eguations for
the calculation of the molecular energy by means of the variational
methed.

TABLE 5

Relativistic correction E o1 to ground-state energy of atoms (Eh].

Atom E_ e{ls} e[2s} e{2p) e{3s) e{3p) efds) cf34)

el

Be -0.002 -0.002 -0.00602

He -0.131 =-0.107 -0.014 -0.011

Mg -0.295 -0.,228B -0.034 -0.031 -0.001

Ar ~i.761 -1.221 -0.235 -0.257 -(0.025

Ca -2.79% -1.88% -06.381 -0.429 -0.051 -9.051 -0.003

Zn -15.919 -9.9069 -2.285 -2.802 -0.368 -0.447 -0.,015 -0D.100

To understand better the phenomena accompanying the formation
of the chemical bond, the consequences resulting from the guantum-
mechanical virial theorem can be used. At the energy minimom as
well as in the diassociation 1limit the total energy gradient
vanishes, 3E/AR = 0, =80 that the wvirial theorem ({see Section
1.1.1) assumes the form 2T + V = 0. As the sum of the kinetic
energy of the electrons T and the potential enexrgy V vyields the
total molecular enerqgy, it is

E=TF+V=cT=v/02 [225]

This is fulfililed for the egquilibrium gecmetry of a molecule as
well as for free atoms. Thus, we can arrive at the expression for

the binding energy of the H, molecule as follows

2
B = 2E(H) - E(Hz) = -2T{H) + T(sz = [2¥(R) - v(ﬂz}]fz > 0 j226]

From the above it is evident that the formation of the chemical

bond is accompanied by:
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i. an increase of the positive value of the electronic kinetic
energy, since T(Hzl > 2T(8);

2, a sipultanecus decrease of the negative value of the total
potential energy, as ﬁ(ﬁz) < 2V(n).

The decrease by 4.7 eV (which is the value of the dissociation
energy) of the total enerqy accompanying formation of the chemical
bond in the 8, molecule reguires an increase of the electronic
kinetic energy by the same value as well as the decrease of the
total potential energy by 9.4 eV. Since the potential energy
consists of

Vo=V + V" = N

whereby the terms expressing internuclear repulsion vNN and

interelectronic repulsion Vee are always positive (except for R = 0

+V  + 7, [227]

when GNN = 0}, the decrease of V upon the bond formatjon is
accompanied by a deep decrease of the electron-nuclear attraction
VeN' At the eguilibrium geometry of the hydrogen molecule (Ro -
74.1 pm) the value of ¥

i 19.4 eV appears. Hence the decrease of
V' upon bond formation should be 9.4 + 19.4 = 28.8 eV.

The formation of the chemical bond is connected with the in-
crease of electronic kinetic energy and - in-parallel - with in-
creased electron-nuclear attraction (having negative contribution
to the total energy). In other words, electrons are accelerated by
synergic effect of several atomic nuclei. This is possible only
as a result of increased electron density in the internuclear
region. Thus, the chemical bond is based on the collectivization
principle of electron motion.

From the above examples it can be seen that the stabilization
of the chemical bond is strongly dependent upon the electronic
energy of the syatem. It can be concluded that:

1., chemical bond theory should be based on consideration of
electron motion;

2. stabilization of the bound molecular state is caused exclusi-
vely by the forces of electrostatic nature;

3. the classical electrostatic theory fails but the gquantum-
mechanical approach ie usefyl in computing the stationary charge
distribution in systems of electrons and atomic nuclei.

However, it was proved by Hellman and Feynman that 1if for a
certain configuration of nuclei the electron deneity has been
calculated (by solving the corresponding Schédinger equation] then

the forces acting upon nuclei can be found with the use of
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classical laws of electrostatic theory. Thus the guantum-mechanical
of the

of electronic charge in the stationary state of the

computation enables determinaticn specific distribution

syster under
study. The stability of the molecular system, however, results from

only the mutual electrostatic interactions among charged particles

in motion.

The practical caleulations in studying the bound states of
molecules are based on an hierarchized scheme of approximations as
summarized in Table 10.

TABLE 10
Bagic approximations in the theory of chemical bond.

Approximation
Feature nonadiabatic Born-Oppenheimer one-electron
Wave molecular electronic determinantal
function el el -

k=X E 40y 25 = L Ciy%y ®2= #q E wk{xkl

i u

Energy nonrelativistic electronic ~ap Fock -
operator Bamiltonian  Hamiltonian B operator F
Characteris- molecular electronic Hartree~-Fock
tic eguation Schridinger  Schridinger eguations
Energy energy of electronic orbital
eigenvalues electron- energy and energy ep

-vibration- adiabatic

-rotation potential

states W el

v Ei Ei +vNN
Calculation coff-diagonal configuration self-consistent
method corrections interaction field
Physical moving frozen effective
model nuclei nuclei field of
electrons
2.6.2 Specific Features of Coordination Bond

There is a lot of space in the literature devoted to the
classification of chemical bonds. This effort, however, is formal
and usually deoes not properly reflect the phyeical aspects of the
chemical bond. XIf, on the other hand, we carry on our attempt for

classification, it will prove necessary to specify the characteris-

tic features through which individual types of bonds will be
distinguished.

In genealogic understanding, for the coordination (donor -
acceptor] bond such a connection of atoms is taken in which cne
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partner appears as the donor of an electron pair, the other being
the acceptor. As an example, the creation of the complex ion ?e2+ +
6CH- - [Fe(CN}6]4- can be valid. Such a formumlation of the concept,
however, meets many obstacles. For example in a series of particles
BHZ, CH, and NHI only BH; and NHI are taken to contain =a
coordination bond. In fact, however, the electronic structures of
all three particles do not differ except for the fact that the
proton number of the central atom is changed. Here the boron atom
is the acceptor of electrons on formation of BH4 while the nitrogen
atom represents the electron donor on formation of NH4. Another
example casting doubt upon the genealogic interpretation of the
donor-acceptor bond is represented by the reaction of LiH with §,0.
An elementary reaction step in the development of dihydrogen isa
H- + BY » H,, & textbook-like example of a nonpolar covalent bond,
though the origin of the bonding electrons would allow its inter-
pretation as a donor-acceptor bond.

In a more detailed analysis of the properties of coordination
compounds a donor-acceptor bond can be both, covalent (more or
less polar] and ionic (strongly polar), single or multiple loca-
lized or delocalized (Table 11). Cocordination compounds, however,
represent a rich group of substances with specific features.

TABLE 11
Bagic classification of chemical bonds.

Type of bond Type of bond

- property - property

Valent Coordination (donor-acceptor)
- formed of radicals - ¢reation from donor and acceptor

- homolytic splitting
X' + Y & X-Y

Covalent

- low polarity

- formed of radicals

X° + Y e X=-Y
Single (o)

- formed on line
connecting atoms

Localized

- concentrated between
atomic pair

- tendency to additivity

~ transferability of local
characteristics

- heterolytic splitting
A+ B: «» A-B

Ionic {electrovalent)

- high polarity

- formed of ions
At+B o a-B

Multiple {n, &)
- formed out of the line
connecting atoms

belocalized
- spread over more atoms

- nonadditivity
- nontransferability
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1. The atomic configuration {molecular geometry} of a coordi-
nation compound is characterized by having its central atom M sur-
rouded by a group of ligands {or by a polydentate 1ligand} L, so
that for the mononuclear complexes a general formula [MLn]q can be
written (g is the electric charge of the complex}. This property of
coprdination compounds, as a rule, is reflected by a high symmetry
of the chromocphore {MDn} {central atom surrounded by the donor
atoms D of ligands L). Fractional occupation of the one-electron
levels in high symmetry can result in the existence of degenerate
electronic states which manifest themselves in electronic lability
such as the Jahn-Teller effect.

2.Transition metals may exist in variocus oxidation states and
the polarity of the M-L bond can also vary over a wide interval
bringing about, as a consequence, a decrease in characteristic
features of local bonding parameters such as bonding energies,
bond lengths, stretching vibration fregquencies, dipole moments,
electric polarizabilities, magnetic susceptibilities, atc.

3. The electrostatic potential of the ligands causes a local
Stark effect leading to the splitting of degenerate d-levels (or f-
levels) of the central atom. Since the electronic levels after
splitting are close in energy, the coordination compounds with
partly filled d (or £} orbitals show characteristic epsctral and
magnetic properties. In parallel, there appears the possibility of
coexistence of several spin states (low-spin and  high-spin
complexes).

4. In many cases the ligand entering the complex behaves as a
discrete structural unit showing a change in electronic structure
only in the vicinity of the donor atom (formation of a new chemical
bond). However, there are numercus groups of complex~formation
reactions whose characteristic feature is a substantial change in
the electronic structure of the ligands. This effect yields the
basis for electronic activation of ligands [increase of their reac-
tivity for a certain type of chemical reaction. There operates a
mutual influence of ligands mediated through the central atom in
coordination compounds; this manifests itself in static (structural
spectral, thermodynamic) as well as in dynamic (mostly kinetic)
properties.

5. For heavier transition metals of higher 2 the relativistic
effects become significant. Among them spin-orbit seplitting as
well as orbital relaxation (expansion and/or contraction) play an
important role.

6. Orbitals of higher angular momeanta (d and £} possess some
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unigue properties among which is their tendency +to be localized;
the probability function, |$|2dv, adopts =significant wvalues only
in a limited region of the molecular framework. Conseguently, the
electronic spectra [the d-d transitions} and photoelectron spectra
{the & ionizations) of coordination compounda display a high
portion of the relaxation energy.

The stereochemistry of coordination compounds is also
uniguely rich:

1. There is a plethora of possible spatial arrangements of
nuclei.

2. Coordination variability is not confined to the coor-
dination compounde as a group, but is typical for structures with
the same central atom as well.

3. Some central atoms show the tendency to form distorted
polyhedra, forcing identical ligands to assume different metal-
-ligand distances.

4. Coordination compounds display novel, unigue types of
isomeriam.

5. In some coordination compounds unsatvorated organic ligands
are bound by =-bonds, such as in K[Pt(czﬂ4)cl3].H20, ferrocene,
etc.

6. Coordination compounds are prone to form auxiliary oriented
bonds with atoms of abutting complexes. These bonds can be of the
metal-ligand-metal, or of the metal-metal type. Such bonds arise
even in nontypical bridging ligands, for instance imn the tetramer
Pt{CH3}4 with octahedral coordination arcund all Pt atoms.

7. Coordination compounds often epans the class of non-rigid
molecules which exbitit intermal motions of nuclei other than pure
vibrational motions; they lead to structural dynamics paaeing £rom
one nuclear configuration to identical one through a transiticon
state. Temperature dependence of this nuclear dynamice has been
termed the fiuxionality.

Isomers are chemical individuals possessing identical mole-
cular formala, but differing in some physico-chemical properties,
and stable within certain time interval. In cocordination compounds
we distinguish the following basic types of isomerisma:

1. Sterecisomerism - shown by compounds with different spatial
arrangement of ligands around the central atom, such as the tetra-
hedral and square configuration of MX, chromophore, cis and
trapns-configuration of MK, Y, or MX,Y, complexes, mer-  and
fac-configuration in complexes of the type MX,Y, and so on.
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2. Distortion isomerism - manifests iiself by the different
degree of deformation of the coordination polyhedron. Especially
prone to this type of isomerism are complexes affected by the Jahn-
Teller effect.

3. Configuration isomerism - arising on account of different
possible coordination number, e.g. 6 and 4+2.

4. Coordination isomerism - based on different possible ligand
arrangementa in the respective coordination sapheres, such in
[CO(NHSJS][Cr(CN)S] and [Co(CN}G]{Cr(NH3}6].

5. Ionization isomerism - observable in complexes having two
types of ions in the molecules which can alternatively occupy the
coordination sphere (e.g. [Pt(NH3]4C12]Br2 and [Pt{NH3)4.Br2]C12).
This gives rise to different ionization in sclutions.

6. Hydration isomerism - a phenomenon akin to the ionization
isomerism. It is based on the fact that water molecules can be
varicusly distributed between the inner and outer asphere of the
complex, as in [Cr{Hzo}G]CIB, [Cr{Hzo}scllclz.HZO, [Cr(H20)4C12]C1.
2H,0.

7. Optical isomerism - occurs in compounds without either the
centre or plane of symmetry. In such cases parts of the molecules
behave as objects and their mirror image, and show optical rotation
of opposite signs.

8. Bonding isomerism - emanates from the difference in ways
ligands bind to the central atom, for instance

M-CN [(cyano complexes) M-NC (isocyano complexes)
M-OCN (cyanate complexes} M-NCO {isocyanate complexes)
M-SCN (thiocyanate complexes) M-NCS [isothiocyanate complexes)

9. Ligand isomerism - isomerism in ligands around the central
atom, as in [CoClz{Ajz]Cl, where A represents a bidentate 1ligand,
for instance the 1,2-diaminopropane or isomeric trimethylene-
diamine.

10. Co-ligand isomerism - existence of complexes with simple
ligande and a product of their nucleophylic reaction in the coordi-
naticn sphere, e.d. {Cu(dmpz}z{NCO}Z] and [Cu(dmpz-NCO]z], dmpz -~
dimethylpyrazole.

11. Bridge-bond isomerism - a different bridging in binuclear
complexes, as in [Cuzibipyo)zcldl.

The above classical classification has often been criticized
as confusing and overlapping (120, 121}. There are examples where a
complex shows two types of isomerism, e.g. geometric and optical.
In addition the classification does account for rotational isome-

rism, possible by rotating parts of the complex around formally
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single bonds, and the existence of conformers. It has been suggest-
ed that the class of sterecisomers be split to inversion and rotat-
ion isomers, where inversion isomers are those that can be inter
converted by inversion of at least one atom, a procees that engend-
ers cleavage and formation of several bonds. Rotation isomers on
the other hand are interconverted by rotation around a single bond
{conformers, rotamers, conformation isomers}. Bnerqgy barriers be-
tween such isomers are as a rule too low for isomers to be resoclved
at all but very low temperatures.

Mutual influence of ligands in coordination compounds is usu-
ally understood as the change of bonding properties of M - X bondse
in the ground state of compounds of the type MX L elicited by an
exchange of the ligand L. Such ligand exchange has ‘’static’
consequences on the one hand [spectral, structural, thermodynamic},
and the so called 'dynamic' conseguences, which concern predomi-
nantly kinetic properties of compounds in guestion. While in the
first case we speak of 'an influence', in the second case we deal
with an "effect', such as e.g. the trans- effect, discovered by
Chernyaiev (122, 123).

The very early theory that dealt with mutual influencing of
ligands was the polarization theory of trans-influence {(124), which
asgumed the formation of an induced dipole in a ligand in trans-
position to the substituvent L, the influence having been mediated
by the central atom. Exclusively electrostatic character of the
interaction between ligands, assumed by the theory, has been its
weakest point, since the trans-effect was often observed with
central atoms having ligands connected by bonds with high degree of
covalent character.

Syrkin (125) tried to account for the effect of mutual
influencing of ligands by assuming a rehybridization of orbitale of
the central atom, whereby the p-character of asuch orbitals
decreased as a conseguence of highexr covalent character of M -~ 1
bond with respect to the M - X bond.

Another approach to the problem (126, 127) asserted that a
dative r-bond has been formed betwaen the transition metal and the
ligand. However, such approach failed to explain large trans-eifect
of ligands such as H and CEE, which cannot act as n—acceptors.

Yatsimirskii (128 - 130) introduced the term 'undirected
influence', manifesting iteelf on and assume three-centre M - L - X
orbital, and which allowed for other effects at different L-M-X
angles as well. Such were, for instance, the cis-effect [angle L-M-
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X = = 90°), the trans effect {angle L-M-X = 180°), as well as
additional effects observable at other angles in the molecular
fragment. The analysis of ncdal points in wesuch three-centre MO
{131, 132} aliowed some gualitative conclusions concerning the
trans and cis effect.

The first guantitative theory of mutual influencing of ligands
has been presented by Nefedov and collaborators (133 - 138); it was
based formally on the perturbation theory of localized molecular
orbitals. The authors showed that the trans-effect of ligands cor-
related with characteristics of the M - X bond , such as population
of bonding overlap and nuclear charge. Those characteristics could
then serve as guantitative parameters of the bond strength of the
M - X bond, and indeed of the influence of the ligand L in position
trans to X.

The concept of trans and cis effects in understanding of mu-
twal interactions between ligands has been extended tc¢ encompass
also the equatorial-axial interaction {139, 149). The term describ-
es collective interactions among ligands in the eguatorial plane on
the one hand and axially bonded ligands on the other. Studiea of
the adiabatic potential of complexes [Cuxs]q (x = H,0, F, 17,
Br )} (114, 141) revealed that interactions between ligands have a
through-bond character, mediated by the central atom.

2.7 SYMMETRY IN CHEMICAIL REACTICNS

The role of molecular symmetry in affecting the course of
chemical reactions was recognized already by Mulliken (142),
Schuler (143) and others (144, 145} authors utilizing the correl-
ation methods.

The most successful in this respect have become rules formula-
ted by Woodward and Hoffmann (146-149), although similar approach
had earlier been taken by Coulson and Longuett-Higgine (150, 151),
Fukui (152, 153) and Dewar (154). It was Bader [155) who first
pointed out the possibility of explicit utilization of symmetry in-
voked restrictions to chemical reactivity; in hie case the trans-
formations of an activated complex to products by a monomolecular
reacticn were involved.

Mechaniems of monomolecular reactions were also studied by
Salem {156} and Pearson (157-159). In c¢ontrast toc the method of
correlation diagrams which assessed the feasibility of a reaction
by evalunating the correlation between the symmetry of electronic
states of reactants and those of the products, the theory of activ-
ated complex and monomolecular reactions examined the system's
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symmetry in a single point on the reactiocn coordinate. Pearson was
able to extend (160-162) the approach so that it encompassed bi-
molecular reactione as well; he applied the perturbation theory to
clarify the principle of the conservation of orbital symmetry in

chemical reactions {163).

2.7.1 Woodward-Boffmann Ruoles
When we analyze elementary steps of a chemical reaction, we
discover that the reaction mechanism can be roughly clasaified inteo

two groups:

1} concerted reactions, which take place in & single elemen-
tary act. The plot of total energy against the reaction coordinate
does not show any extreme, that is in no point at the reaction
coordinate having

8E/og = 0 [228]

2) Nonconcerted reactions, designated alsc as step-wise re-
actions, and taking place as a sequence of elementary steps. The
energy of the system reaches along the reaction coordinate the cor-
responding number of extremal points.

The whole reaction can be thus split up toc a series of elemen-
tary steps, each of which cbeys the symmetry rules. The overall
process however, as defined the stoichiometry, does not conform to
symmetry rules. Consequently the system is allowed to change geo-
meiry in extremal points.

Let us consider a concerted elementary reactions of arbitrary
molecularity, and following the reaction coordinate shown in Fig.
19. Each point at the curve representas a definite confiquration
R = (Rl' Rz,...nu) of nuclei of a pseudomclecule, composed of atcoms
of reactants, and represented by a definite point group of symmetry
G(R).

The electronic states of such pseudomoclecules are in the Born-
-Oppenheimer approximation represented by an adiabatic potential.
Let us now examine a thermal reaction of closed-shell reactants.
Let us define a reaction coordinate as a series of configuraticns
leading from reactants to products along the energetically most
favourable pathway on the energy hypersurface of the ground elec-
tronic state. Now consider a small shift of nuclei from the parent
configuration Qo to a new configuration Q = QO + 6Q. Each puch
a shift can in our analysis be represented by the sum of shifts
corresponding to normal modes of the pseudomolecules. The Eamilto-
nian of the reacting system can be expanded to a Taylor series
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I
Al

Qo ‘_?5*“

Fig. 19. The dependence of energy of the system upon the reaction
coordinate: A - reactants; B - activated complex; C -~ products.

o o o 2, 2 2

H=Hy + [av/aQ]D sQ + (1/2) ja"v/aQ ]0 sQ° + ... [229]

The potential energy V comprises the energy of mutual interaction
of nuclei V

j214] N Ki-
netic energy of electron and their mutual repulsion can be

and that of the electrons-nuclei interaction Ve

neglected in the series, since neither is a function of nuclear
coordinates in the first approximation. The requirement that the
system Hamiltonian must be totally symmetric towards any symmetry
cperation of the pseudomclecules rules that operators §Q and
{av/aQ), belong to the same representation of the symmetry point
group. The operator 602 being totally symmetric, the operator
(82
since only then their direct product will be totally symmetric,

V/an}o too has to belong to a totally symmetric representation,

too. The second order perturbation theory for ¢ gives for the
energy of the ground electronic state of the system

- 2 2 2
E = By + 5Q<w,|8v/aQfw,> + (1/2}6Q7<w,}8°V/8Q% |uy> +

+ 502 I cwolavfaqiwk>2/[50 - B ) = By + 'Y+ B'? g7, (230}
k=1
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The perturbed wave function expressed with the first ozder
precipion in Q then reads

o -~
e> = |w0> + 5Q kzl (Eo - Ek)'l (wo|av/aq|wk> |wk> {2311

Notwithstanding the fact that the expression holde true only for
small displacements arcund Q, it can still be generalized, since Qo
can arbitrarily selected along the reaction coordinate, and thus
the entire reaction coordinate can be represented by a series of
incremental changes 5§Q.

Qualitative asseassment of integrals in {230] is faciliteted by
by the well-known group theory rule {Section 1.2.1), according to
which the integral is non-zerc only if the sub integral function
contains a totally symmetric representation.

Since in any extreme of the adiabatic potential

aB/oQ = 0 [232]

the linear term E‘!’

in [230] equals zerc irrespective of the sys-
tem's symmetry. Complications arise when ¥y belongs to a degenera-
te representation, potentially distorted by the Jahn-Teller effect.
From the point of view of chemical reactivity this, however, is
hardly of interest, and we shall assume that Tq belongs to a non-
degenerate irreducible representation.

The direct product of nondegenerate representations always re-
tains the total symmetry and conseguently rg2Ty is a totally sym-

') term in [230] be non-

metric reprementation. In order that the E
zero in both ascending and descending region of the reaction coor-
dinate the operator {(aV/sQ) and thus also §Q have to be totally
symmetric. Such symmetry analysis allowed Pearson to formulate the
firast selection rule:

1. With the exception of extremes at the adiabatic potential
curve all reaction coordinates Q belong to the totally symmetric
representation of the eymmetry point group of the reacting system.

Even though the totally symmetric nuclear motion can change
bond angles and distances, it cannot alter the symmetry group of
the system. This rule does not hold true for extremal points of the
reaction coordinate, in which the normal mode can be orthogonal to
the reaction coordinate. Accordingly then the entire reaction cocor-
dinate between the extremal points belongs to the same symmetry
point group.

Integral <w°ia V/aQ )Im > assumes non—zero values since, as
has already been shown, operator (3 V/aQ } is totally symmetric.
The integral represents the force constant resisting the nuclear
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motion from the parent Q, nucle;r configuration taking place aleng
the reaction coordinate Q, |w0| the probability of the occurrence
of electrons.

The last term in equation [230] g2} gauges the change of
energy the aystem experiencesz due to redistribution of its elec-
trons. The summation runs over electron excited states of the Qs
configuration. The wave function, however, would change only if the
electron redistribution elicited by changed nuclear coanfiguration
is energetically favourable. Salem designates this energy-lowering
effect (163} relaxibility of the syatem along the reaction coor-
dinate. Its denominator being negative the whole term E'?"? ig npe~
gative and as such respensible for lowering of energy barriers of

the reaction, provided the integral €¢0t62V13Q2}IQk> iz non-zera.

The total gymmetry of operator (azvlanl requires that wave funct-
ions %5 and LN be of the same symmetry. As has been demonstrated by
Fakui and by other authors {152, 164, 165), it is significant that
the integral reaches sufficiently large values conly for low lying
¥y excited states. This allows us to formulate the second symmetry
rule:

2. Only reaction whose low lying excited electron states retains
the symmetry of the ground state have acceptable activation energy.
Changes in electron density during excitation must be consistent
with the corresponding nuclear motions.

Reactions conforming to the symmetry rules are called symmetry
allowed. Symmetry forbidden on the other hand are reactions slowed
by excessive activation energies as a consesguence of the absence of
suitable low lying excited states along the reaction coordinate.

The precision of eguation [230] ends with the second order of
§Q, a fact that alsc holds true for the symmetry considerations.
For practical application we are forced to accept further simpli-
fications. One of them is the assumption that MO LCAO wave func-
tions are taken for exact solutions of the system's Hamiltonian ﬁo.
As long as we are interested in symmetry properties of the system,
this assumption is acceptable. It must be realized however that the
inclusion of configuration interaction may alter the ground state
symmetry.

Another simplification we often resort to has a more drastic
character -~ in the equation [230] we restrict ourselves to several
lowest lying excited states instead of summing over all possible
excited states. This is permissible as it can be shown that contri-
butions form the latter converge sufficiently fast to iBg =~ Epl
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since the value of integral <w0I82V/an)|wk> is inversely propor-
tional to the difference By - Ek'

For practical purpose we simplify the MO theory by saubstitua-
ting symmetry of the product of molecular orbitals N and 9g for
the symmetry of the product of wave functions b and L where ¢
(¢f} are occupied molecular orbitals in the respective ground
{excited) state. The electron transfer from ¢; to ¢g engenders the
redigtribution of electrons density in the molecule. In the region
of positive overlap of b3 and ¢ the electron density increases, in
the region of negative overlap decreases; positively charge nuclei
move toward the higher electron density region, defining thus the
reaction coordinete with the same symmetry as that of r; @ feo

Consider a reaction the detailed reaction mechanism of which
is unknown. Bonding situation of a pseudomolecule along the
reaction coordinate varies with the changing M0. The greatest
changes are to be expected in molecular orbitals involved in
creation/cleavage of bonds. It is these molecular orbitals that we
concern ourselves with in analyzing the symmetry-induced restric-
tions. In doing so we must not forget that canonical MOs are the
solution of the mecular equation and in MO LCAD are formed £freom
atomic orbitals of the respective atoms. That means that for
consgtruction of MO of both reactants and producta we utilize the
same basis set of atomic orbitals. Let us aesume, for simplicity
sake, that the reaction involves the change of only one bond, and
hence of only one corresponding molecular orbital. The system
hefore reaction is described by the wave function T the f£final
state by the wave function w. The relationship between these wave
functions defines with the first order in §Q precision the eguation
[231], whereby its second term can be considered to represent the
correction of the starting T, as a response to the changed bonding
gituation. Symmetry rules then restrict us to such combinations of
wave functions %o and ¥ that belong to the gsame irreducible
representation of the symmetry point group of the system. In other
words, wave functions Tg and oy muat be of the same symmetry.

Within the MO method the wave functions T, are constructed in
the form of Slater determinante formed of the corresponding spin
orbitals. Let the molecular orbital ¢ represents the bond changed
in the course of reaction. Further let MO ¢a cf the parent system
corresponds to MO by of the changed bonding situation. Applying all
the simplifications we are concerned only with $a and $pe Now in
order for the reaction to be symmetry allowed the MO ¢  has to have
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the same symmetry as MC o, of the product, since only then the wave
function 2o would correlate with Iy - We are now in the position to
formulate the principle of conservation of orbital symmetry:

Concerted reactions in which orbital symmetries 1in reactants
and products are conserved proceed easily.

In symmetry allowed reaction electrons are transferred from
the highest occupied molecular orbital (HOMO) of reactants $; to
the lowest unoccupied MO {LUMC} of products ¢j. The orbitals in
guestion have the same symmetry and their overlap integral is
positive. Owing to the negative value of the last term in equation
{230] such overlap would decrease the energy of the system and keep
the energy barrier at acceptable wvalue. The HOMO-LUMO charge
transfer will however be effective only if directed towards
electronegative atoms. In such case the absolute value of denomi-
nator in the last term of {230] would be small, and hence the
stabilization effect of the charge transfer large.

The principle of conservation of orbitals symmetry has been
allied by its originators Woodward-Hoffmann and onumerous other
authors to many organic reactions. Pearson and others {155-163}
applied it to reactions of inorganic aystems; the rules were later
extended to important catalytic reactions as well {166-173). The
principle of conservation of orbitals symmetry has since become an
important tool in investigating chemical reactivity.

when applying the principle of conservation of orbital
symmetry to coordination compounds we have to realize that due to
spin-orbit interaction characteristic for them it no longer makes
sense to classify separately corbital and spin angular momenta. The
reaction taking place in such systems can thus involve change in
spin state (a5 = = 21} and violate at the same time the principle
of conservation of orbital symmetry. Nevertheless, the symmetry of
the wave function (total angular momentum) is conserved.

2,7.2 Frontier Orbital Theory
According to the perturbation theory properties of frontier

orbitals are the principal factor affecting the course of chemical
reaction. In the preceding chapter we showed that the last term in
equation [230] was responsible for the lowering of activation ener-
gy. Simple MO theory allows us to rewrite it to

oco vir #3l0V/30Q|0 >
=20 } [ ———— [233]

i p fp T °i
where ¢, [¢p} are occupied {unoccupied} MO, € {ep) the correspond-

t2)
B



179

ing orbital energies. BOMO and LUMO are the closest at energy
scale and we can safely assume the biggest stabilization would
emanate from their interaction.

For a bimolecular reaction the Eg. [233] can be rewritten
{174, 175) te

oecc vir (¢liiGV./aQ|¢p,)2
BEZ =250 % T +
i B’ €pe T €3
<p |a§/aQ|¢ »Z
2 °cc vir i* P
+ 240 }; ¥ [234]
1" p €p ~ €4+

where primed indices characterize one, and simple indices the other
reactant. Since §Q has to be +totally symmetric coordinate, only
those terms in [234] would assume nonzero values, for which $; and
¢?., or ¢, and ¢p have the same symmetry.

Consider an interaction between a doubly occupied HOMO of par-
ticle A and an unoccupied LUMO of particle B [Fig. 20). The inter-
action creates two novel orbitals of compound particle (pseudomocle-
cule) AB, whereby energy of the bonding orbital would decrease,
that of the antibonding orbital would increase. In absolute value
the increase of energy of antibonding orbital is bigger than the
stabilization of the bonding orbital {174)., If both new orbitals
should be doubly occupied, the energy of the pseudomolecule AB
would rise, meaning that the particles would repel each other. The
activation energy would thereby remain acceptably low only if the
delocalization stabilization is large, i.e. the strength of the
HOMO-LUMO interaction is directly proportional tc their overlap and
indirectly proportional to the energy gap between them. Based on

HOMO{reactant) Mo{product) LUMO{reactant)

Fig. 20. The scheme of HOMC-LUMO interaction.
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such reasoning additional rules have been formulated, allowing
gualitative assessment of the forbideness or allowedness of reac-
tions. These are the following:

1} In our assesasment we restrict ourselves to HOMOs and LUMOs,
as their overlap furnishes the crucial contribution to the total
energy of the system. As the reactants approach each other a stabi-
lizing interaction between HOMO(A)-LUMO(B) and vice versa takes
place, involving a charge tramnsfer A—B.

2) Frontier orbitals must have suitable geometry in order that
their overlap be effective.

3} The interacting BOMC and LUMO must not lie toc far apart on
energy scale (AR < 6ev). If symmetry considerations prevent
frontier corbital from interacting, their role can be assumed by
other orbitals, provided the energy differemce is not too large.

4} HOMO and LUMO must correspond to broken and newly created
bonds respectively. This holds true if both orbitals are bonding in
both regions. In case they are antibonding the requirement is
reversed.

If no pair of orbitals conforming to the above conditions can
be found the reaction is forbidden. The rules are based on the
perturbation theory and apply only for early estages of the
reaction; further along the reaction coordinate symmetry can be
changed, an event sufficiently rare to render the above zules
practicable.

The reaction may involve a radical as one of the reactants.
Its SOMO (singly occupied MG} takee over the role of HOMO or LUMO,
or both, depending on the energy gap between the c¢losed-shell
orbitals (176} and SOMO of the respective reactants.

2.7.3 Catalysis of Symmetry Forbjdden Reactiong

Although conservation of orbital symmetry itself does not
suffice to promote chemical reactions, symmetry forbidden reaction
practically do not proceed. Any reaction proceeds spontaneously,
provide its maximum work is positive. The maximum work is therefore
called alseo the chemical affinity of reaction. Practical utility of
a reaction however does not depend on its thermodynamic feasibili-
ty alone, but largely on the reaction rate. The reaction rate is
closely related to the activation energy of the reaction. Surpri-
singly, even a simple MO theory succeeds in describing clearly the
effect activation energy exerts on the course of chemical reaction.
This fact unmistakably reflects the extraordinary importance of
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symmetry properties of molecular orbitals in assessing the possible
course of reaction. The necessary condition for a low activation
energy of a reaction is the conservation of symmetry of occuapied
orbitals. Ideally, bonding molecular orbitals of reactants and pro-
ducts possess the same symmetry - they correlate. Such gituation
invokes no symmetry imposed restrictions and having low activation
enerdgies they are called symmetry allowed. Now if bonding orbitals
of reactants correlate with antibonding or nonbonding orbitals of
products, symmetry cconsiderations renders esuch reactions impro-
bable, with the concomitant high activation energy. In other words,
such reactions are symmetry forbidden. We must note here that cori-
tical symmetry correlatione only concern molecular orbitals with
different cccupational numbers. The molecular system responds in
such a way as to maximally conserve bonding properties [e.g. symme-
try correlation of bonding MOs). Drastic changes in bonding site-
ation implies high activation energies and such processes are
under usual experimental conditions improbable. There are however
chemical or physical agents [excitation, ionization, catalysis) ca-
pable of reestablishing normal bonding conditions and hence of
1lifting symmetry imposed restrictions.

Let us now consider a chemical reaction A B, for which we
have set up a correlation diagram eshown in Pig. 2la. Symmetry
properties are indicated by S (symmetric} and A ({antisymmetric)
respectively. In addition, antibonding orbitals are indicated by an
asterix. As it is, the shown reaction is symmetry forbidden, owing
to the correlation of the bonding QZA(S} orbitals and an unoccupied
ant;bondlng w3B{S) orbital, and an uncccupied antibonding orbital

(A) with the occupied bonding sz{A} orbitals. In other words,
the ground state of A correlates with the excited state of B. If
the reaction is to proceed in spite of high activation energy, the
product arisen would have to have the wiB(S) wgB{A) w;B(S} 923(3)
configuration. Excitation energy of this state makes ap a
substantial part of the total activation energy.

Symmetry imposed restrictions in such a reaction can be overcome
eithqr by excitation, ionization or by catalytic action of trans-
ition metalms (167, 172, 173, 177-17%).

a) Excitation
If the system A enters the reaction in the excited state
2 1] "2 *Q . - .
QIA(S] sz(S} m3A(A} w4A{A} , the transformation A B involves
electron transfer from an antibonding to a bonding orbital, a
transport that would lower the systems energy. Electron population
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A—--=B A—ep
WA} ——-- WIA) WA ———- YialA)
Yor(A) o ——glS) WA=l YlS)
oS —H— S glal WSl YA
Yia (S} —H— -~ ~—H—Yg(S) Y8l —H— -~ ————}H ¥%a{S)
al b)
Jg——- J—
Yoa lA) — Yalal WA - YalA)
YIalA) e ES) A —H— YS)
Yoa(S) e ™™ YelA) %AtS)—I—P”K‘“\—%-!—%BfM
YoadSl—H———— - ¥alS) Y (Sl— - H— ¥s(S)
c) d)

Fig. 21, Correlation diagram of the reaction: al B - B type; b)
A°"° . B type; c) AZ® - B®® type; 4d) A% . B* " type.

of the system A has by excitation become capable of creating a
bonding situation in the bonding band of the system B; symmetry
correlations occupied orbitals with uanoccupied MOs have been
remaved {(Fig. 21.b).

b} Ionization
1) Reaction & * B

Compound A enters the reaction as a cation, possessing the

2 2+

configuration w%B(S} wgB(S) w;g(a} w;g(A]. As it appears from
inspection of Fig. 2lc, critical correlations sz(S]-am3B(S] and
W3A(A}—+@28LA) are under such conditions not operative, the ground
state of A correlates with the ground state of Bz+ and energy
barrier of the reaction is lowered.

2) Reaction Az-——a B2~

The reactant a2- has the electron configuration w%B(S) m%B(S)
m;é{hj w;g{n). The correlation diagrfm {Fig. 214} showes that by
populating the antibonding orbital ¥3, Py an electron pair removes
the symmetry forbidden correlaticn between the filled bonding and

vacant antibonding molecular orbitals. Cnce again the ground state
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22—

of A corresponds to that of 82-, so that we can expect a lower

energy barrier of the reaction.

c) Catalytic effect of transition metals

Numerous important and symmetry forbidden chemical reactions
proceed smocthly when catalyzed by transition element catalysts.
Such significant change in reactivity ie the consequence of elec-
tron density redistribution, and the corollary change in symmetry
of the filled molecular orbitals coordinated to a transition ele-
ment. Processes made feasible in this way are called catalytically
allowad. In view of the growing practical importance of such react-
ions the interest in their theoretical study has attracted a lot of
attention (177-184). MO of ligands interact with orbitals of the
transiticon element of suitable symmetry, bringing about a redistri-
bution of electron density between the particles and eventually a
donor-acceptor bond. In this manner can a bonding » orbital of an
clefin ligand furnish electrons to unfilled orbitais of the trans-
ition metal (donor bond}, whilst the antibonding n"  orbital
accepts electrons from its filled orbitals (acceptor bond). In such
a donor-acceptor interaction only the symmetry of participating or-
bitals counts (Fig. 22).

i {

g{S] + M(S) g (A) + MIA)
Donor bond Acceptor bond

Fig. 22. The scheme of donor-acceptor interaction transition metal-
-reactant.

Both the donor and acceptor interaction lessens the bonding of
the coordinated ligands, The mutual electron exchange, as described
above, diminishes the effect the bond order of the 1ligand and
reshuffles its electron structure not unlike an excitation does.
Indeed, reactions of ip such a way coordinated ligands resemble
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those of an excited state. An extreme example is the symmetry-
restricted electron transfer from filled orbitals of the transition
element to vacant antibonding =" orbitals of the ligand. As a
conseguence, ligands enriched by electron from the central atom
behave like anion radicals [one electron transfer) L7, or as a
dianion L2~ {electron pair transfer) respectively. An opposite
extreme occurs when occupancy of transition metal orbitals allows
only for a doner interactions. In such a case ligande assume the
character of a cation radical L' , Oor a dication L2+.

Let us now apalyze a situation depicted in Fig. 23. The
reaction in guestion is a asymmetry-forbidden A--B process, taking
place in the presence of a transition element. The correlation
U,p{8) —® 35{8} that would otherwise render the process symmetry
forbidden has been weakened by electron redistribution towards the
ligands orbitals by their interaction with those of the central
atom. The latter provides an unfilled orbital of suitable symmetry
for an interaction with the bonding QZA(S} orbital, taking away
some of its electron density. At the same time electron density in
@;A(A} grows as a conseqguence of its interaction with a filled
antisymmetric orbital of the transition element. Both reactants, in
fact two ligands, binrd to the central atom, each in its own way.

A+M B+M
{A) (A} x
‘?:A{A) H— o I Yista)
" 4| {A! {S), 4 E3
3A(A) Al P X ¥3ais)
!
Yaarsi e {S} {A} ¥ LTI
{S) {8}
"Pm{s) } £ __________ - _H-— "P1B(SJ

MG-A AG-M AD-M MO-B

Fig. 23. Correlation diagram of the reaction A - B in the presence
of transition metal.
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Electron pair exchange is the result of reshuffling of valence
electrons of the transition metal {scnz_mosz}; orbitals are
designated according to their symmetry. Redistribution of electromns
is an essential prereguisite for preservation of coordination
bonds., In ligands a partial mixing of ground and excited state
takes place, shifting the character of the species to the latter.
This is a characteristic feature of coordination linkages in
catalytically allowed reactions. Growing electron population in the
@;A orbital decreases the bonding order in the ligand and facili-
tates bonding in the system B (sz}. Reduced electron population of
t,a has similar effect (Fig. 23}.

In conclusion we may say that the role of coordination bonds
in catalytically allowed reactions lies in c¢reating new bonding
conditions and thus in lifting the symmetry-imposed restrictions by
mixing of ground and excited states of the ligand as a consequence

of coordinaticon to the central atom.

2.7.4 Topological Approach

The topological approach (185, 186} tries to simplify the
problemx of chemical reactivity by concentrating on essentials. The
crucial facts can be summarized as followa:

1) In a chemical reaction bonds get broken and new ones are
created, a process in which bond lengths wundergo far greater
changes then either bond or dihedral angles.

2} The same result yields alsc the aralysis of force constants
of valence and deformation vibrations.

3) Bonding parameters are well transferable between similar
molecular moieties.

4} Transformations of canonical molecular orbitals to orthogo-
nal localized orbitals usually wipe out matrix elements between
atoms not directly bonded by a chemical bond.

The topological method takes into account these facts and

a} utilizes basis set of orthogonal hybrid atomic orbitals;

b} neglects interaction between orbitals at the same centre;

c)} neglects interactions between indirectly bonded atoms;

d) it expresses broken and created bonds as a linear combi-

nation of hybrid atomic orbitals of reactants y;  and products Xip

, = . X ina, ¥. 235
¢; = cosa; xy. + sinag Xip [ ]

In this manner the adiabatic potential curve becomee a simple func-
tion of trigonometric functions at reaction centres and can accord-
ingly be easily mapped and reaction coordinates calculated.
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The topological method harbours several advantages, among

them:

a) reduction by two orders of magnitude the amount of neces-
sary calculations;

b} the matrix of force constant can be directly calculated by
explicit derivation of simple trigonometric functions;

c)] reaction coordinates show neither discontinpuities nor che-
mical hysteresis;

d} reduced amount of calculations allows treatment of bigger

systems,
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3. MOLECULAR ORBITAL THEQRY

The majority of the present apparatos of guantum chemistry is
derived from molecular orbital theory. The naodus operandi of
this group of methods involwves the expansion of one-electron wave
functions - molecular orbitals into a basis set of one-centre
analytic functions - referred to as the LCA0O approximation. The
expansion coefficients are determined by the iterative golution of
Roothaan equations. For the open-shell systems, there exist several
alternative procedures (USF, RHF, 1L1HP). Different computational
procedures can be classified into four basic groups according to
the degree of approximation introduced, namely: ab fnitio metheds,
non-empirical methods, methods using zero differential overlap
approximation, and last, but not least, effective Hamiltonian
methods. For compounds containing heavy atoms it is important
to cover some relativietic effects. When performing molecular
orbital calculations, two basic steps are distinguished: the
calculation of integrals from basis set functions and the self-
consistent field procedure. Computaticnal algorithms are applied in
such a manner that, as a rule, they yield the =o-called canonical
molecular orbitals diagopalizing, as a result, the matrix of
Lgrangian moeltipliers. They show one important property - they
are transformed according to individwal irreducible representations
of the meclecular symmetry point group permitting their effec-
tive use for the semi-quantitative description of ionized and
excited molecular states. An alternative solution of the Hartree-
Fock eguations is represented by localized MOs enabling the des-
cription of collective molecular properties in the form of additive
contributions of two-eleciron covalent bonds, lone pairs, etc. The
construction of strictly localized MO=s is connected with the
hybridization concept - formation of one-centre orbitalas having

directional properties.

3.1 LCAO APPROXIMATION
3.1.1 Charge Deneity Bond-Order Matrix

The LCAO approximation is based on the 1linear expansion of
molecular orbitals |¢k> intoe the basis set of other (known)

one~center functions |ﬁi>
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m
|¢k) = Z cki Iai> [1]

As a rule, this basis set is formed of atomic orbitals, and hence
the name linear combination of atomic orbitale. (The basis set may
consist of arbitrary one-centre functions, localized £for instance
in the middle of the chemical bend. )

For the column vector of molecular spincorbitals in matrix form

one can write

(o} [{w“}] [ a {8} ] [ a €% 0 ]‘iﬁa}] (21
"b = == t 3

{u*} 8 {o"} o ;scf |1sh)
where ¢ and g represent the spin functions, ¢7 is the sguare matrix
composed of LCAO coefficients and {37} is the column vector of
bagis set functions for 5 = o or £, The operator which secures a
selection of n-electron configurations {¢u} from the set of m

molecular spinorbitals {3y} can be represented by a selection matrix

J of dimension n x Im

3% 0 {49} aJd%c% 0 {89} (3)
{wﬁ}] [ 0 i paf cf ][{03}]

Matrix J originates by omitting all zero rows of the diagonal

{o,} =9 {v} = I

¢ ; Jﬁ

matrix ¥ of the occupation numbers of molecular spinorbitals; it
fulfils the following relationships

JTg = M [4]
33T =1 (51

Matrix M has propertieas of a projection operator, i.e. Mz = M and

Tr{¥} = n. Matrices M ard J may be exemplified by

i ¢ 0 0 0
J = 0 0 1 0 0
0 ¢ o0 1 0

oOQDoE
DOOoo
o = I e e
(=B ol =R ]
oo oOo

Then for the matrix of non-orthogonality integrals it holds true

that

3°¢%8°c? ;o
r

uu + =
D - {{¢u}l{¢u} > [ o : Jpcﬁsﬁcﬁ+aﬁ+ [6]

where §"7 = ({§H}|{§n}+> is a matrix of overlap integrals of basis
set functions. Orthogonality of the spin functions isg the cauze of
zero off-diagonal blocks of the matrix p"%. ‘Then by substituting
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into the definition for the Fock-Dirac density matrix the following
expression can be cbhtained

P12} = {5 (117071 (2)) =

= a(LH{sS (1 P 6%(2) Fa(2) + AP (11 PP (eP (2)08(2) (7]
where the square charge-density (bond-order} matrices
p? = ca+Ja+(Jacasaca+aa+}—laaca
pﬁ - Cﬁ+Jﬁ+(JBC'BS‘GC‘G+J'8+)-lJ‘GCB [a]
have been introduced in the basis get of atomic orbitals for « and

g spine, respectively. These matrices comply with the propertiea of
projection operators in the non-orthogonal epace of the metrics 8"

p7g7p= pf (9]
Tr{s"P"} = a f10]

whereby n, + nl[3 = n holda. In the case of the orthogonal molecular
spinorbitals the matrix p"® is reduced to unit one I, eo that a
simplified relatiomship is satisfied

P? = ¢t g% = ¢y {11}

Since the basis set functions are independent of the spin
indices, it can be further written that {s%} = {oP} = {¢} and 8% =
s’ = s. with the use of the Fock-Dirac density matrix the mean
value of the operator A in the LCAOQ approximation can be written
as follows

~ m ~
<a> <§u;A|§u> Ry +i[k<ﬁi{1}[n1[ak(1)>(yik + Pik} +
r

m -
+ (1/§Zj§k, <ai(1)dj(2}|Alz|ﬁk(1]al[2)> ®

a B o I _pd pd _ pf pb
x [{Pik + pik](le + le} Pilpjk Pilpjk] [12]
Within the LCAO approximation the total molecular energy is

m m

E, = Viy +izkp;i{hik + (1/2%21[(pgj + Pgljlik]jl) - P{;(i1]3k)1} +
T pB a @ B yrsrpa B rziala

+i§kPki{hik + {1/2%§1[(P1j + Plj}(lkfjl) - Plj(11|3k)]} =

m
=V * (1/2lzk[9;i(hik + FL) + BB (ng, + PR (13]

where the following abbreviations have been used
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m
L - a B . . b . .
Fi, = hyp +j[1[{P1j + Plj}(lkijl} - Pljizlijk)] [14]
r
for the Fock-matrix elements,
hip = cak{lllh(l}lﬁk(l)> = <i]h|k> [15]

for one-electron bare integrals {they represent the energy of

electrons in the field of nuclei) and

(ik|31) = <ij|glkl> = <o (1)a,(2))a(1,2) o, (1)0;(2)> [16]

for two-electron repulsicon integrals. These four-ceantre two-

electron integrals satisfy the relationships

{ab|cd} = {abfdec) = (ba|cd) = (ba|dec) =

= (cd|ab) = {cd|{ba} = (dc|ab) = (dc|ba) [17]
Let us recall that up to now no restrictions were placed upon

chne-electron functions, with respect for example, to orthogonality

and normalization. The eventual non-orthogonality of the molecular
orbitals taken into account in the definition of matrices P7,

3.1.2 Roothaan Method for Closed-Shell Systems

In closed-shell systems the number of electrons with o spin
coincides with those having g spin: n =n;, = n/2. Similarly, the
set of molecular orbitals for o and g spins is identical {p°} =
{¢ﬁ} = {4}. For the matrices defined in the above paragraph it is
true that ¢c® =cf =¢c, P = Pf = F and P° = PP = {1/2)P. The ex-
pressicon for electronic energy of a closed-shell molecule can be
written in the following form

el o
BT = (1/2)F Bygfhgy + Fyyd f18)
ik
where the Fock matrix has the elements
m
Fik = hik +jzlplj[[ik|jl) - {1/2)(i1] 3k}] i19]
!

In the case of orthogonal meolecular orbitals the total bond-

order matrix is given by the relationship
P = p¢ + pf = 20%5%5¢ = 2¢*mc [20]

The wvariaticnal condition for computation of the LCAC matrix ¢
is represented by the stationarity of the fanctional

el o
F = E - ;Ebaab c¢a|¢b> [21]
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where 2, are the Lagrangian multipliers (that must be dexived)
respecting the orthonormality conditions for molecular orbitals.
First, the functional F is decomposed through the LCAQD coefficiente

n *
F=21 cpk H#F cpi{hik *

ifk!ﬂ
m * L] * * -
+ % c,1 M, C ;ltik|il) - (1/2)(i1]3k)]} -
Jeiyv
T ot s ) [22)
a,b,p.qg ap P4 qu ab
The stationary condition is
m Joc* - m
F = + a8 . . =
5 ?F(aF ac#kjacpk i?p(aF/ cp1}50p1 0 [23]

Since all the variations are independent, every summation term is
separately zero. By performing prescribed operations with permitted
re-indexing we can obtain

" m
{aF/acyk) = 2§ pr Cﬂi hik +
m m * = a s »
+ 4; M#p C“i . T Cvl Mvv Cvj [Eikpil) - (1/2)(il|jk)] -
i J.l,v
m
- 27 8 A = 0 [24]
b, q kg qu ub
or
m m

M ., F, = s C A 25

pe T % Fik T Skq Cbg Mub (251
for all the values of the indices y and k. Let us notice that the

elements of the occupation number matrix M are either 0 or 1, so

that in the matrix form
ret = sc'n
CF = LCS [26]

where F, B8 and L are hermitian matrices. Only the occupied mole-
cular orbitals (for Hp# = 1) are determined by energetic
criteria since the strict matrix equivalent of [25] is rctM = SC+L.
The unoccupied orbitals are bound only by orthonormality con-
ditions.

The matrix equations derived above do not have a unambiguous
sclution with respect to the LCACO matrix €. The number of the
unknown LCAQ coefficients in matrix C is m x m while the number of
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the unknown Lagrangian multipliers in the hermitian matrix L is
m(m + 1)/2, Howeveyr, at our disposal is Just m(m + 1)/2 linear
independent equations [26] and m{m + 1)/2 eguatione expresaing the

orthonormality of the orbitals

csct =1 [27)
Thug m(m - 1)/2 additional conditions must be found to eneble unam-
biguous determination of the molecular orbitals. For this purpose

the unitary transformation U can be used. This transforms the set

of molecular orbitals {¢} intc another set {4}
{e} =C {9} = U {¢'} = vC"{»} [28]

whereby the molecular energy =stays unchanged. The unitary
transformation U can be selected in such a way that the matrix of

Lagrangian multipliers is diagonalized
ULy = E [29]
where E is the diagonal matrix of the orbital energies of the mole-

cular orbitals. Using the properties of the unitary matrix ot = 1
eg. [26] may be rewritten as
rctv = sctuutie [30]
re't - sarte [31]
The npew LCAQC matrix of the coefficients ¢*' = U+C corresponds with
the go-called caronical molecular orbitals. The Roocthaan eguations
[31] derived above can be solved using an iterative procedure - SCF
{Self-Consistent Field} method {1}.

Transformation into the form of the characteristic equation

assumes that the overlap integral matrix is non-sirgular. Then 8
can be diagonalizad by an orthogonal matrix X

x'sx = s [32]
which enables the determination of the matrices 81/2 and Shl/z, as
sP = xsPx’ [33)
Using Léwdin orthogonalization {2) then

(031/2}(81/2c+] =T [34]
{cslf2)(8—1/2Fs-1/2){51/20*} - B [35)
By introducing substitutions of

v = s1/2c+ [36]
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it may be written
vy =1 (38]
viF'v = B [39]

The last equation means that the unitary matrix V makes the
hermitian matrix F'diagonal. The LCAO coefficients may be obtained
by the reverse transformation

c = vrg~1/2 [40]

It is not the matrix C which represents the invariant solution
of the eguations for the calculation of molecular orbitals, but the
bond-order matrix P. It follows from the fact that the molecular
energy can be expressed az a function of m{m + 1)/2 unknown
elements of the maetrix P and moreover, also m{m + 1)/2 TLagrangian
maultipliers are left to be found. Since we have at disposal m(m +

1)/2 eguations for the P matrix elements
pigp® = p¢ [411

then the rest of the m{m + 1)/2 eguations must be found to connect
the matrices F, P” and L together. As shown by Liwdin {3}, the res-
pective equations are as follows

F = spP1Lps [42)
or in ancther form
p® = Fp? = p7LDY [43)

The interpretation of the above result is as follows: the Fock
matrix belongs to the subspace defined by the projection operator
P® in an nomn-orthogonal space with metrics S. From the modified
equation (I - 8P°}PP? = 0 at canonical fixation MCLCTM™= B the
Roothaan eguationa Pc'™ = SC'B can be obtained.

3.1.3 Unrestricted Hartree-Fock Method

The method presented here serves for the computation of

molecular orbitals in the LCAQ form for an cpen-shell system. It is
based on the assumption that the molecular orbitals for ¢ spins are
independent of those showing g spins. The unrestricted Hartree-Fock
method (UBF) used to be named the spin-polarized Hartree-Fock
method or DODS (Different Orbitals for Different Spins) method.

The above method represents a simple extension of the Roothaan
procedure known for the closed-shell systems. Some gquantities
assume different values according to the spin index: n_* Do, {67}
* {¢ﬁ}, c? = Cﬁ, F¥ + FP and % « »P. The expression for the total
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molecular energy of an open-shell system is given by the formula
{13]. The variational condition for the computation of the LCRO
matrices ¢° and cf is rapresented by the statiocnary property of the

functional
m

F=E - L (gp<eglepr + 3B o<el10p>) [44]
a,

Since the orbitals for ¢ spins and g spins are taken toc be mutually
independent, then the condition §F = 0 leads to a couple of matrix
eguations (4,5)

Fc? = sc™tL” [45]
for n = «, . For the canonical molecular orbitals the two
eguations above can be transformed into the form of a pseudo-

characteristic eguation

recet = gg@tgye

FPef? = scftef [46]
These UHF equations are interrelated through the total bond-order
matrix

P =2+ pf [47]

appearing in the definition of the Fock matrices F® ard ¥° [14].
The procedure for solving the UHF egquations can be expressed by the

scheme

(0) g% 5 p¢ F7 5 0% 4 ...
h 7P 2
CB > PB Fﬁ > CJB S

(111 [14] [46}] [11]

For an open-shell system the ppin density mmtrix can be
defined

p® = p° - PF [48]

While the charge-density (bond-order]) matrix P is used for
analyzing the charge distribution over a molecule, the spin density
matrix P® is important in the analysis of the apatial distribution
of the unpaired electrons.

The UEF method applied to the case of a closed-shell system
system (na =n_] becomes identical with the ordinary Roothaan
method for closed-shell systems. However, the UHF method car also
yield a result differing from that given by Roothaan closed-shell
method. A typical example is represented by the description for
dissociation of a closed-shell molecule {for example H2) into radi-
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dicals (2H); here the UHF method is fully applicable instead of the
Roocthaan closed-shell one.
UBFQH obtained by the UHF method

fulfils the regquirement that it is an eigenfunction of the apin

The determinantal function

component operator Sz; it is not, however, an eigenfuction of the
s2 operator [except for the case of the maximum possible spin
meltiplicity). It can be shown that in general the UBF function is
compesed of several components, each of them being a pure spin
state

UHF@u ‘mEO Coram ®5vi4m [49]
a'4m havégg the
spin multiplicity 2(s' + m} + 1 is an eigenfunction of the S ope-
3~ obeys the
rflatlon of s2 s, Mg> = n? s(s + 1) |s, Hg>. Then the eguation of
{S - h S{S + 1)}|S M.> represents an annlhllatlon of state |S,HS>
by the projection operator Og = s? - & S(S + 1). Therefore it is

possible to annihilate the contributions of higher multiplicities

where a8 = (na -~ n_}/2 and the net spin function @

rator. According to deflnltlon the net spin state [S,M

using the projection operator

. s? - R{K + 1)n2 [

O = [t 50]
§ ges sis + l)n2 - K{K + 1)h2

The expresszion

os g, = &g is1]

annihilates all the undesirable components of the spin XK (i.e. with
the spin pmltiplicity 2K + 1) from the UBF function o, conserving
the component L with the spin S {of the spin multiplicity 2S5 + 1).
The denominator of the projection operator ensures that the
projection component @5 stays unchanged. The projection of a pure
spin state (annihilation of the undesired components} can be
performed in every iteration of the SCF procedure or after its

completion.

3,1.4 Restricted Hartree-Fock Method
This represente an alternative method for computation of the
molecular orbitals in the LCAC form for open-shell systems. It
is based on the assumption that the system can be described by the

wave function as fellows

RBF, _ 2 (2, 2,) [52)
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where 2. is the product function of closed shells (representing the
configuration of n; orbitals occupied by electron pairs of mutually
opposite spins) while 3, ig the product function of open shells
{representing the non-degenerate confiquration of n, orbitals
occupied by single elactrons with ¢ spins). This is where the name
of the method {Restricted Hartree-Fock: RHF) comes from. The
principal difference between RHF and UBF methods is illustrated in

Fig. 1.

]
£

-

//// T ;
_4_,,»—£— e
UHF RHF

Fig. 1. Comparison of orbital energies in UHF and REF methods.

The RHF functions corresponds to a pure spin state, i.e. they
are the eigenfunctions of the operator §2- The one-determinantal
UHF function provides a correct description of the system only for
a limited number of simple cases. Mostly, the RHF function must be
written in the form of a fixed 1linear combination of several
determinantal functlons 8O that it is the eigenfunction not only of
the operators HO' L and S but alsc of the operators L2 and Sz.

For the number of electrons in the RHF approach the following
relationships hold true

n = yny ¥ ovon, = 2nl + Ry =0 + nB

na=n1+n2
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nJB = ny [53]

with the coefficients vy = 2 and iy = 1 assuming the meaning of the
orbital occupation numbers for closed and open shells.

For the multi-determinantal RHF function, the molecular energy
(in the case of orthonormal molecular orbitals) can be written

11 n

1 - 1 - -~
% = o[ ¥ <ilBli> 4 (1720 T (<idlglid> - (1/2)<iilg]5i0)] +
1 R |

n o
2 2

+ pz[ : <k|h|k> + {1/2)v2k21(a<k1|;|k1> - (1/2)b<k1|;|1k>)] +
r

n k1]
1 2

¥ vy v2[ LI (<ik|g|ik> - (1/2)cik|§|ki>)] [54]

How the coefficient Vg attains the meaning of a fractional
occupation number of an copenr level being defined as a ratic of the
number of electrone lying in an open level B,y to the total number
of the orbitals n, in an open shell: vy = 2f = nzlmz. Thus 0 < vg <
< 2 0r 0 < f <« 1. The coafficients a and b depend on the Coulomb
and exchange electron ipteraction in an open shell for the defirite
definite electronic state and they can differ for wvarious states
of the same electron configuration. The values of the coefficients
f, a and b for some common cases are listed in Table 1.

In atoms, however, the energy formula may be zrewritten by
utilizing the supermatrices formalism in which the vector coupling
coefficients lev and Klpv cccur; i denotes the symmetry elements.
The constants Jiyv and KA v differ from case to case; they are
characteristica of the state and configuration of the atom under
consideration. They were tabulated for pn and spn configurations
(6) and for those involving d-orbitals in (7).

The expression for the molecular energy is obtained as the

average over the electronic Bamiltonian B®! at the definite spin-
free density functions (formulas [69] through [70] of Chapter 1)

respecting the multideterminantal form of the wave function (8)
g%l . Tr{f;pl + (1/2)gP,}

The cccupation number matrices can be expressed in a vezry
simple manner obeying the convention as follows. Let us arrange
the vector of molecular orbitals in the order of the closed-shell,

open-shell and virtual orbitals
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TABLE 1
Numerical constants for the REF method.

Confignration Blectronic Constant
of open shell state £ a bk Note
®{p_a) g = o 172 1 2
o1 (p1ardpal ‘o= 3y 172 1 2
@2(¢1ﬁ,¢23) gy = %, 1/2 1 2
¢3(¢1a,¢25) } ?@ =(@3+§4)/V2 1/2 1 2
¢4(¢1ﬁ,¢2a) 2@ =(¢3—@4}/¢2 i/2 1 -2
¢1(¢1a,¢lp,¢2a) ] =(¢1+@2}/J2 3/4 8/9 8/9 degeneracy
b, 00 2s050,858) 2@'=(§1—¢2}112 3/4 B/9 8/9
Configurations »® or &% of diatomic moleculaes
#{nya) n = 3 1/4 0 0 or Za
8, (nyarmpa) Zz:u 3 172 1 2
gy(ryBimqyp) 32_= 2, 1/2 1 2
@B(nla,nzp} } 12+={¢3+@4)N2 1/2 1 2
Q4(nlﬁ,n2u} ‘z ={@3—@4)/12 1/2 1 -2 1
és[nla,nlgl la ={@5*@6)/V2 1/2 172 0 or I
Qﬁ(nza,n2ﬁ} '={@5—®6)/V2 1/2 1/2 0 .
&y (nya,myBmqa) :H =(9,+3,)/¥2  3/4 8/9 8/9 or *s
@2[nla,nza,nzﬁ} H'={@1—m2]/J2 3/4 879 8/9
Configurations pn of atoms
pt ’p 1/6 0 0
p’ P 1/3  3/4 3/2
10 1/3 9/20 -3/10
3 S 1/3 0 -3
p ‘s /2 1 2
“p 1/2 4/5 4/5
’p /2 2/3 0
pd e 2/3 15/16 9/8
5] 2/3 6&9/80 27/40
's 2/3 3/4 0
p ’p 5/6 24/25 24/25
{¢c} closed
{6} = | (4°r { = | open  |[{s} = ¢ {9} [55]
{¢v} virtual

Then the diagonal occupation number matrices are
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(=230
SO0
[~ 2~R~]
L ——

4
N

1
JU—
oo
oMo
coo
Serrnnn——

M = vlﬁl

M = v2M2

"
[
]

M1+H2
Bl:
M=M + M MC + M vy My + v My [56]
Using them the bond-order matrices may be expressed as
o+

Pl = C HIC

+
= C uzc
P° = ¢
P° = ¢’
p® = cfuie
p? = c*Mfc

+

P = uyP) 4 vpRy - € + p° = 27 + pf = otne {571
Finally, the spin density matrix is

8 = p® - pf = p° = ctM% [58]

P
The orthonormality conditions for molecular crbitals hold true
esct = I [591

as well as the projection properties of density matrices in the
non~-orthogeonal space

P8P, = P,
P,89, = P,
P8P, = 0 [60]

There exist several non-trivial procedures for the computation
of LCAO coefficients using the minimization of the total energy at
the constraint of their orthonormality. One starts at the trans-
cription of the electronic energy as follows (9}



204

i o Lo o m C c [~ o a c
¥ =y n (P + 22 )+ {(1/2) T [P, 25 +P. P _+ P )
Peq Pd’ pg o | DsGrLsB bg rs pq rs P3 I8
L) o .
X Gpq,rs * Ppg Pral®pq,rs = %pg,rs) [61]
where the repulsion integrals supermatrices are defined as
Cog,rs = (Palre)- (1/4)[(pslqgr) + (prigs)] [62}
Gy, zs = {1 - a)(pajrs) - [(1 - b)/al{(prias) + (ps|ax)] (63)

These supermatrices have their specific symmetry properties which
become advantageous when using computers. They yield the fellowing
electron interaction matrices

)]

o o
Gog -rzsqu,rs(prs + P [64]
m

G = o

Pq X GéQ:IS ?IS (651
r,s

The LCAQ coefficients to be found, minimizing the total

energy, represent solutions of two coupled eguations

n
1

rc
3

2

n
As /M., + % c1q Ali’“ii]

m
(b +G _)C. =T 8 [ .
Pg PG’ ip q P9 39 11 1%

n It

m 1 2
h _ +G_ -G )G =T 8§ C. A +TC 66
Pog * Cpq = Cpg)ka g pq[ % ja Mk Mkx I Ciq Akl’“kk] £66]

Molecular orbitals can be subjected *to such a vnitary

Qa8 ami

transformation which eliminates the off-diagcnal Lagrangian
multipliers i (the term closed shell - closed shell) and A1 (the
term open shell - open shell}. Such a transformation, however, does
not eliminate the off-diagonal multipliers Ap3 and Ajk {the terms
cloged shell - open shell)}. Nevertheless, a pseudosecular form of
SCF equations can be derived by transforming the coupling (closed
shell - open shell) terms to the left side of eq. [66]. For this
purpose new sguare matrices are intruduced

In
c _ _ Lo} . ' C
RS = [1/(2n, nzljuzw(spu Pow Cug * Spu Paw Sug) (67}
r
RS = [1/(20; - n,)] 5 (s, 2% @ +a P° s ) [68]
B 1 2 u?w pu  aw  wg pu Tuw wg

The resulting RHF eguations adopt +the form af a pseudo-
characteristic eguation

et = sc?a® [69]
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Foct = sotm® [70]

where the Fock operator has the following matrix elements

c 1)
F = h + G+ 71
Pg | 21 eq qu [71]

o c
= + G -G" + R 2
FPQ Pa Pg qu Pg £72]

Roothaan (10} originally presented another formulation for
the SCF eguations for the RHF method in which both the closed-shell
and open-shell orbitals represent a solution of the only charac-
teristic eguation. Such SCF equations, however, may yield an
energy which is not invariant with respect to upitary transfor-
mations of the orbitals. This cean lead to undesirable dis-
continuities of the adiabatic potential when considering a dif-
ferent symmetry of the nuclear configquration.

Another formulation of the SCF equatione based on  the
properties of projection operators was developed by McWeeny (6,11).
It is based on an alternative expreasion for the electronic energy

of a molecule

el
E- " = (1/2)Tr{v1P1(h + 31) + vaz(h + ?2}} =

2
= (1/2%§1VKTI{PK{h + EK)} [731
where
F, = h + VIJ[PI] - (1/2)le[91] + sz[Pz] ~ [1/2]02K[P2] [74]
F,=h + vlJ[Pl] - (1/2)v1x[91] + v2aJ[92] - (1/2)v2bK[P2] [75]

Here, the following notation has been used for elements of matrices
Jg[p K[P ] and h
(p,1. X(P,}

m
Jlp - P 76
(B, )pg r?s( ulre (PE|TE) [76]
m
Kl =L (P 77
(7,1pg =L, (7,)rg (polxa) (773
h__ = <p|h|g> 78
- plhl|g (78]
Then, for the variation of the total energy
2
6E = Tr{v F 5P, + v, 5P} -Kglux Tr{Fy 6Py} [791]

whereby we have made use of the property Tr{PIJ[PZI} - Tr{PZJ[Pl]}
and similarly for the matrix X[P].
For further manipulations it is advantageous to consider an
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orthonormal basis set of atomic orbitals which fulfil  the
relationships

AT Tl

PPy =
PP, = o [g0]
The orthonormalization can be performed using the  Ldwdin
transformation C = C‘Sllz, so that it is CC+ = J instead of the
original condition crsert = 1.

The projector Py projects onto a subspace of a closed shell
while the projector P, onto that of an open shell, sc that there
existis a projectoer P3 projecting onto a subepace of unoccupied
molecular orbitals

Py =1- Pl - Py {81}

kFx - P = 0

after respective modifying we arrive at the RBF condition for one

when applying variation for the bonding condition P

closed and cne open shell of the following form

Pl(v1E1 - uze]P2 = 0

P1F1P3 =10

P,F,P, = 0 (82]

In considering a general combination of several closed and
open shells (K =1, 2, ..., N} then the general RHF eguations are
PK(VKFK - vLFL]PL = {)

PKFKPz =0 is31]
for ki, L= 1, 2, ... N. The projector out of the subspace of
occcupied orbitals is

N
P, =I- g [84)

These equations can be transformed into the characteristic

problem by the following transformation. First an effective mrodel
Hamiltonian is introduced

Hoge = § aK(PK + ?leK(PK + Pz) +

+K§LbKL(pK + Pp)(vFp - v F HEBL + 2 ) fes]

(ax and bKL are numerical coefficients). It may be proven that the
effective Hamiltonian fulfiis the commutation eguation



207

H,s¢Pg ~ PgBegs = O [86]
which ie completely eguivalent to the relationships [83). Using the
cancnical constrainte the numerical coefficients are

ay = 1/ [87]

ber, = 1/H(v, - vL} for K < L [B8]

KL
With another choice of coefficients Be and bKL the eigenvectors of
the effective Hamiltonian stay invariant but the eigenvalues are
shifted. For this reascn the eigenvalues ¢, do not have the meaning
of orbital energies within the framework of the RHEF method.
Unlike the UBF method, they cannot be wused to  approximate
ionization energies (violation of Koopmans theorem).

By using the identity Pp = C+HKC and introducing the dia-
gonal matrix Ex = Mkcneffc+HK we obtain
B ClMp = OBy i89]

The last eguation serves for the computation of the LCAQ
coefficients in the general RHEF method using the orthonormal basis
set of atomic orbitale. Using the back I¥wdin transformation
o = c.31/2
set are obtained

the general RHF equatione in +the non-orthogonal basis

' + ¥ - .y
B C" My sC*' B

. - ol/2 172
where Heff 8 Beffs .

During the iterative process for solving the RBF egquations the

X [90]

eigenvectors c may be identified as follows: if for the projection
it is PKc+ = c+, then ¢ belongs to the K-th shell; in the opposite
case of PKc+ = 0 the eigenvector ¢ belongs to another shell.

3.1.5 Half-Electron Method
This is a simplified version of the RHF method for the approx-
imate computation of open-shell systems. The above method was
developed by Longuet-Higgins and Pople (12] - hence the abbrevia-
tions for the method: LHP method.
The wave function ¢ is approximated by the only determinantal

function

By = 3y = Allegal (638) o oy @)(oy B)(en yya)eseloy o)} [91]
The LCAO coefficients may be calculated by solving the modified

Roothaan equations [26], i.e.

r¢t = sc'E 1921



208

with matrix elements of the Fock operator of the form similar
to that of the closed-shell systems [19]

m
h . . . .
Fig = hik +j¥lplj[{lk|jl} - (1/72¥(il] jk}1] (93]

The charge density (bond-order) matrix is subject to modification,
baving a form similar to that in the REF method [57]

h +

P = v,Py + v,P, = CMC [94]
with the coefficients in the occupation number matrix [56]

M= vlﬁl + v2M2 [95]
agsuming values vy = 2 and vy = 1. The spin density matrix is

PPN = cfuc [96]

3.2 AB INITIO APPROACH

flere the term ab initic involves the Hartree-Fock method
for computation of molecular orbitals in the LCAQ approximation.
Some authors, however, termed as ab initie all non-empirical
calculations over the range of the one-electron approximation,
thus including the electron correlation {CI, VB, GVB methods,
ete.).

In the above method no other simplifying assumpticns are used
with the exception of postulating the basis set of analytic
functions {as a rule, atomic orbitals are concerned}. The MO LCAD
SCF calculations are performed according to the Roothaan equation,
which were derived from the variational principle {Section 3.1}.
For that very reason, the quality of the calculaticn can be judged
from the value of the energy obtained: increasing the basis set
size can only lead tc a decrease of the energy. The minimom
{attainable limit) energy is denoted as the Hartree-Fock limit.

3.2.1 Bagis Sets
The procedures for constructing the basie set of the analytic
functions for atoms (ions} are well known. Atomic orbitals are
searched in the form of a linear combination

™

9y = E S Xy [97]

According to the length m, of the expansion and the type of
primitive functions (PF) the following types of the basis sets can
be distinguished:
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1. Minimum basis set {single-zeta: S5Z} represents a oystem of
functions, in which every orbital ie simnlated by a single PF. For
example, for an oxygen atom a S2 basis set is (ls, 28, 2px, 2py,r
2pz). Since the PF are not orthogonal, they can combine with each
other: the optimum ls orbital resulting from the enexrgy minimi-
zation contains an admixture from both the s—type PFs:
${ig} = clx(ls} + czx(Zs}.

2. Double-zeta basis set (DZ2) contains every occupied atomic
orbital expanded over two PFs

9, = ¢, x; * €3x3 f98]
The corresponding primitive functions have equal angular parts
Yl,ml(d'wj and different radial parts Rnl{r) and Rél{r) differing
in their orbital exponent ¢:

9(18} = cyx(1s) + cix*(1s) + cyx(28) + cyx’{28).

Higher ¢ value corresponds tc the inner {more compact] component
while lower ¢ to a more diffuse component (Fig. 2}.

0 r

Fig. 2. Radial parts R(r) = r exp{-¢r) for the 2p type primitive
funetions in the DZ basis set.

3. Valence-split basis met {VS] represents a compromise between
the DZ and 52 basis sets. For the valence electrons, the split DE
functions are used while for the core electrons, the "single-compo-
nent SZ functions are taken: g{ls} = clx{ls) + 023(23) + cix'(ZS}.

4. Extended basis set (poly-zeta: PZ} where the expansion of
every occupied orbital contains more PFs: orbitalas of a given guan-
tum number n also contain PFs of different n (13). For example,

for an oxygen atom the PZ basis set assumes the form
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o1{1s) = cl,lxl(ls) + c1,2x2[131 +

+

©1,3x3(28) + €y 4x4(28) + o oxg5(28) + cy gxgl28)

62{25} = cz'lxl(ls} + 02’2x2{13) +

-+

c2’3x3(2s} + 32'4X4(25) + c2’5x5[23) + °2,sxs(25]

93(2p,) = o3 Jx7{2p,) * @3 gxg(2p,) + o3 gxgi2p,) + c3 10x10(2P,)
&4(2pyl = 04,7x7(2py) + 04'8x8(29Yl + 04,9x9{2py} + c4,10x10(2py)
95(2p,) = eg 4x4(2p,) + g gxgl2p,) + o5 gxgl2p,) + cg 15x;0(2P,)

By increasing the dimension my of the basis set one can arrive
at a value of the energy approaching the Hartree-Fock limit.

When calculating single atoms the cbject of the optimization
is represented by the expansion coefficients of the primitive fun-
ctions 5 {linear parameters) and orbital exponents gp {non-
linear parameters}. For open shell systems, the REF version of the
Hartree~-Fock method is the only method to be used. The value of the
atomic enerqgy obtained this way is usually tested for the satisfac-
tion of the virial theorem (see Section 1.}}.

The baaisg sets for molecules correspond to a simple super-
position of atomic basis sets. The expansion coefficients of the
primitive fanctions in a molecule are re-cptimized for the creation
of molecular orbitals

m

o5 = L ©4,x (991
%

v

The expansicon coefficients of the atomic orbitals for the bases
denoted as STO-nG and CGTF are left fixed, while the molecular or-
bitals searched in the form of an LCAQ expansion

m
¢y = § SHELN [100]

A similar procedure is applied in the semiempirical all-valence
methods (e.qg. BHT) if D2 or PZ basis sets are used.

As a rule, for ab initio calculations for molecules the
diffuse, polarization and bond functions are added.

Diffuesae functions {D) are those, whose principal quantum
number is greater thar for occcupied atomic orbitals of the ground
state. For example, the diffuse function for the Cu atom is the dp
orbital. The localization of the maximum for the radial part of the
diffunse function often extends beyond the atomic covalent radius.
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Polarization functions (P} correspond to such PFs, whose
azimuthal guantum pumber is larger than for the occupied atomic
orbitale of the ground state of the atom. For example, polarization
functions for the hydrogen atom are 2p, 3p, 3d, ... orbitals while
those for the copper atom are £, g, etc, orbitals. Polarization
functions do not alter the energy values of a free atom, and thus,
they cannot be determined from computations for atoms. However,
they exert significant influence upon the quality of the MO
calculations for molecules. The notation of the basis set (4s 2p 1d
/28 1p) for a water molecule means DZ+P basis containing 4 func-
tions of s-type, 2 sets of p-functions {px, Py pz) and cne set of
d- functions (d 2_

2, d3za—r2' d d and dxy} for an oxygen atom

P
followed by 2 func{iona of s-typ:zandyi set of the p-functions for
the hydrogen atom (heavy atoms are denoted first, while light hyd-
rogen atoms follow the slash).

Bond functions (B) are not centred at atomic nuclei but in
such positions as the centre of a chemical bond. They improve the
results for mclecular characteristics in the equilibrium geometry.
Cn the other hand, however, they cause difficculties when evaluating
the dissociation energy of the molecule.

Acoording to their analytical form, two basic types of PF are
known: Slater-type orbitals and Gaussian orbitals.

Slater~Type Orbitals (STO) have the radial part as follows

-1/2 n +1/2 Lo -l ¢x

R, olr) = [(20")117H2 (2¢)

with a positive orbital exponent ¢ and effective principal guantum

[101]

number n*. These functions, in contrast to hydrogen atom func-
ticns, are nodeless and are not orthogonal to each other. §ST0s
STOs can be expressed in the form of a finite linear combination of
exponential functions

xf¢ont i, ik) = N 2Tl gt pd gK o7eT (102]
Orbital exponents for SZ-STO may be evaluated from the empirical

relationship
¢ = (2~ oi/n” {103]

where the screening constant o determines the effective charge of a
given nucleus 2* =%~ o. The values of o and n' have been
tabulated by Slater (14) or Burns (15).

In ab initic calculations the orbital exponents ¢ are taken
for adjustable parameters evaluated by minimization of atomic ener-
gies. In small molecules they undergo re-optimization (for small
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basis sets). If the molecular geometry is changed significantly
then their re-optimization is again required. For extended basis
sets there is no need for re-optimization of the exponents. Basis
set extension is often more efficient (economizing computational
time} than the re-optimization of the exponents,

Gauss-type functicns (GTF) have as their radial part

[ L} '_ - 2
R, . (r) = [(2%2"%372)/(2n+ _ 1)11v2))}/2 (20°41)/4 (no-1 ~¢x
< {104]
Another common expression for the GTF is

[ JEE {235 } k
= | (n/24)372 i
Xaijk ZIEFT+K _(T+3F F K )

Lt

xi yj 2K o~aT [1¢5]
with a positive orbital exponent o, whereby i, 3, k = O are
integers. Such functions are not characterized by the principal
guantum number. Their argular dependence is given by powers of
cartesian coordinates. For example, i = j =k = 0 corresponds to
s-type functions. In comparison with ST0s, the GYFs show some
characteristic features:

1. the calculation of two-electron integrals (ijjkl) using GTF is
much faster:;

2. the behaviour of the GTF hoth close to the puclei and distant
from the nucleus is poor (Fig. 3), so that a larger number of GTFs

R(r)

0

g r

Fig. 3. Radial parts of STO and GTF.
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than ST0s should be included in the orbital expansion. This follows
from the fact that it is not the Gauss function but the exponential
which represents a solution of the Schrédinger eguation for the
central field potential. Near the nucleus GTF do not fulfil the
condition [(ax/arla)/x] = =2y {for Typ 0} and in the asymptotic
region {rlA » w) thelr drop is too steep.
When using the GTF basis set for molecules, one of three
possible alternatives is usually followed.
1. Atomic orbitale {ﬂk} are expressed in the form of an expansion
over GTFs {y }. The exponents of the primitive functions ¢ and

expansion coefficients ¢, are optimized in order to vyield the

minimum energy of the frég atom. The GTFs obtained serve as the
basis for molecular orbital calculations. The expansion coeffi-
cients 1:}‘.u derived from the calculations for atoms are not used for
molecules; they are completely re-optimized to form molecular orbi-
tals. This procedure inveolves MO calcunlations in the so-called un-
contracted GTF basis, representing a procedure analogous to that
ugsed with the PZ-5TO basis set.

2. A group of contracted Gaussian-tupe functions (COGTF) is formed
{6;} based on SCF calculations for atoms. By contraction is under-
stood an intuitive restriction of the original expansion for every
atomic orbital to a fixed combination of PFs, ¢ = #'. The expansion
coefficients cAp within every CGTF stay unchanged when entering the
molecule. MO calculation deals with the LCAO coefficients c! . The

number of variation parameters is thus significantly reduééd {as
well as that of the two-electron integrals necessary for energy
enery calculation in each iteration of the SCF procedure} with loss
of quality in the result. In Table 2 an example of basis set
contraction can be found. The gontracticon is denoted in square
brackets, e.g. {79 3p/3a} » [48 2p/28], eventually as ([1234}(5)
f6)Y(7):(12)(2)/(12}(1) or (4,1,1,1;2,1/2,1}. If every PF brings a
contribution to only one orbital, we speak of the sagmented basis
set of CGTF.
Two empirical rulee are usually used in contraction:

a., primitive functions which reach the valence region (usvally
the mostly diffuse components of the individual orbitals) are left
uncontracted;

b. primitive functions yielding a significant contribution to
different AOs with substantially differing weights relative to
other PFs are left uncontracted. In the general contraction
scheme a definite PF can contribute to several CGTFs (16).
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TABLE 2
Example of contraction of s-functions for nitrogen atom.®

Exponents Expansion coefficients of GTF

cf GTF PZ-GTF 5Z2-GTF DEZ-GTF
:31(15) ﬁz{Zs] ai(ls} ﬂéizs) 2 35 93 Sa
1619.9 0.0059 -0.6013 0.0059 - 0.0659 - - -
248.7 0.0424 =0.5096 0.0424 =~ 0.042¢4 - - -
57.75% 0.1820 -=-0.0422 0.1820 - 0.1820 - - -
16.36 0.4570 -0.1326 ©0.4570 - 0.4570 - - -
5.081 0.4412 -0.1897 0.4412 - - 1 - -
0.7797 0.0342 0.5077 - 0.5077 - - 1 -
0.235¢0 =0.0089 0.6151 = 0.6151 - - - 1
? Various notations:
Minimal basis set [2a...] = {12345})(67) = {5,2;...)
Valence-split get [3a...] = (12345}(6)(7; = 25,1,1;...)
Double-zeta set [ds...] = (1234}{5){&)}(7) = (4,1,1,1;...)
Uncontracted set [7s...] = [1){2){31{4}{5}{6){7)

3. 8TOg are simulated in the form of a fixed expansien over
several GTFs. We sgpeak of the S5TO-nG basis set. Expansion
coefficients are derived using the least-sguares method and they
are fixed during the molecular orbital calculations. The npumber of
expanaion terms ranges from n =3 to 6. Scmetimes the wvalence
orbitals are subject to decontraction. Under the latter it is
understood that the most diffuse primitive function ({having the
minimum exponent} is left uncontracted. As an example the 4-31C¢
basis can serve, which represents a valence-split basis set. The
addition of polarization functions is marked with an asterisk, e.q.
6-31G .

For computation with GTFs some alternative procedures were
proposed. In one of them, the orbital expcnente are generated by a
geometric series

¢ = o B [106]

for k =1, 2, ..., m so that for the given symmetry type (s, p, d)
only the two parameters o and g are optimized. Ancther approach is
based on the manipulation of the Gaussian lobe functions (GLF)
where higher order functicns for 1 = 1 are simulated by a linear
combination of s-type gaussians situated out of the symmetry centre
of the simulated orbital {Fig. 4). Calculations with the use of GLF
yield results similar to those based on cartesian GTFs.

The selection of the basis set in the ab initic calculations
represents a critical step determining both the quality and the
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Fig. 4. Representation of Py and dx orbitals by GFL.

Y
price of molecular orbital calculations. Ab initio calculations are
tedious mainly for the reason of calculation end manipulation with
a large number of two-electron integrals whose number grows enor-
mously when enlarging the basis set [Table 3), The predictability
cf ab initio calculations is excellent if an adeguate basis set is
used {and eventually the correlation effects are taken into account
via configuration interaction] respecting the nature of the problem
under study. Bowever, ab initio calculations in extended basis sets

TABLE 3
Bagis set dependence for water molecule.®

Basio set Number of Number of Energy
g8ize functions integrals B/Bh

m M
{2=1p/13) 7{s2} 406 ~75.70545
{4s2p/28) 14({DZ) 5565 -75.00530
{4s3p/2s) 17 11781 -76.01997
{Ssdp/38} 23 38226 -76.02384
{483pld/2alp]) 29 94830 -76.05954
{5s4p1d/3slp]) 35 198765 ~76.06309
{5s4p2d/3slp) 41 371091

* Number of nonequivalent two-electron integrals (ij|kl) is M =

(m® + 2m° + 3m® + 2m) /8. It is evaluated for 6 d-functions (xx, yy,
zz, %z, ¥z, xy} of which only 5 are linearly independent d-orbitals
and the last one has the symmetry of an s-functiomn.
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TABLE 4
Recommended basis set size for ab initic calculations.

Property Size Note

Molecular geometry 52 for dihedral angles and
pyramidal structures DZ+P

Barriers to rotation sz algo DZ+P

ion and dipole inter-— 52

actions, hydrogen

bonds

¥NMR and ESR paraneters 8Z2,b2

Electron spectra, 5Z,DZ for Rydberg states DZ+P

ionization energies

Force constants Dz

Reaction energies DZ for anions DZ+P+D

Barriers of inversion DZ+P

Cre-electron properties D2+P

Polarizability P2+2P
Weak intermolecunlar PZ4+P+D
interactions

are so time consuming, that as a rule we must try to £find a
compromise between the quality and the price of the calculations.
From this viewpoint the sitwation is illustrated in Table 4 ref-
lecting a certain experience with the selection of the basis sets
{17-19).

In general, the necessity to use balanced basis sets is
is respected, meaning that in the molecunle, ipdividwual atomic
basis sets are either minimum, valence-split, double-zeta, or poly-
zeta (sufficiently large). Sometimeszs a scaling technique is wused
when transferring the basis sets to the molecules., This involves a
maltiplication of the orbital exponents by an empirically deter-
mined numerical factor. For example, the exponent of the hydrogen
is orbital is meltiplied by the factor 1.2 for §STOs and by 1.44
for GTFs. Polarization functions are added to large basia sets
only (DZ or better gquality). For transition metals the diffusion
functions {(3d with a small exponent and 4p) are important,
especially if negative ions are concerned. An overview of some
frequently used basis sets is listed in Table 5.

In the bagis set of primitive functions a certain number of
cne-electron and two-electron integrals must be calculated. For
MO calculations the following types of integrals are necesasary:
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Selected basis sets of GTF and CGTF guality.
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Atom Size Author * Recommended contraction
B, He ({1le]-{10s) Hozinaga szZ: (3s)/[1s]
DZ: (49!/[25]
TZ: (58)/[3s]
Li~-Ne (6s3p)-(11s7p) Auzinaga D2: (Bs4p)/{4s,2p]
985p) Huzinaga vS: [3s2p]
TZ: [58s,3p]
10s6p) Hezinaga
11s87p) Buzinaga et al. PZ: [6sdp]
2819?-(8849} Whitman et al.
783p] Roos et al.
4s2p}- (1339 van buijneveldt SZ: (6s3p)/[2slp]
683p {7549 Tatewaki et al. S2: {2slp]
Na-Ar [9a5p)-(12s9p) Huzinaga DZ: {lis7p}/[6sdp]
(L289p}/{ 785p}
1289p Veillard
10s6p Roos et al.
Na-Ca [986p)-(1387p) Sakai et al. sZ: [3e2p]
K-Zn 12s6pad) Roos et al. V5+D: [5s4p2d]
bz: [Bm4p2d]
9s85p3d) Roos et al.
14s9p5d) Wachters
Sc-Zn 12s6p3d)-
=(13s7p4éd) Tatewaki et al. 82: [4s2pld]
Sc=-Cu 1588p5d Basch et al. SZ: [4s2pld]
13a7p5d Hyla-Rrispin et al.
Y-Ag 14a8p7d) Hyla-EKrispin et al.
{(17s11p8d) Buzinaga

* References (20-36).
Recommended contraction according to (18,19).

1. overlap integrals which, in general, are two-centre

- <A B
Sinja <xi(1}|xj(1)> [107]
2. kinetiec integrals, which are also maximam two-centre
2 A 2, B
Ti‘js = —{h /2me}<xi{1}!?1]xj(1)> [108]
3. nuclear attraction integrals which are three-centre
C B -1, B
vi‘JB = ogy Zp f.xi(lﬂr |x {2}> [109]
4. electron repulsion integrals which are four-centre
oo A B -1, .C D
{1AJB|g|kCID} - I81 {Xi{l)Xj{2}|r12|Xk(1)X1(2}> {1101

A number of efficient algorithms has been developed {37,38) for the
evaluation of these three-~fold or six-£fold integrals. The numerical
all

primitive functions used. Bvaluation of the integrals from GTF

complexity of the calculation depends above on the type of

are
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efficient especially using the product theorem, according to which
the product of two Gaussians centred at the points A and B yields
a new Gaussian centred at the point P situated on the line con-

necting A and B
G(al,A} G(az,B) = k G(az, P) [111}

This enables one to reduce the computation of four-centre integrals
tp two-centre ones, while that of two-centre integrals is reduced
to one-centre ones. When evaluating two-electron integrals it is
usefal to apply the following rules:

1. integrals which for symmetry reasons are identically egual to
zero are not taken into account;

2. integrals whose value does not reach the threshold defined be
forehand (l{)"8 to 10711 a.u.) are neglected;

3. integrals whose value, for symmetry reasons, is repeated are
evaluated and stored in external memory media ({magnetic tape or
disc] only once.

4, Two-electron integrals are stored to external memory media
either in the conventional form {pg|rs) or in the supermatrix form,

i.e. and G! , reapectively.

G
p4,rs Pqg,ra

3.2.2 Self-Consistent Field Procedure
The SCF procedure for egolving the Roothaan eguations is

accompanied with a number of subsequent steps which have the
following order {9,37-39).

1., Construction ¢f the cne-slectron operator metrix. The matrix
h is formed from the one-electron integrals qu and qu. This i=s
utilized in each cycle of the SCF procedure to form Fock matrix F
(Fo and F© for the REF approach or F” and PP for the uBF approach]}.
The symmetric matrices are usually kept in a linear array in the
sequence of the upper or lower triangle.

2. Determination of the transformation matrix. As far as the
Léwdin transformation of the matrix F is used, the overlap integral
matrix § should be diagonalized, i.e. X'8X = S. Then the symmetric

-1/2 -1/2

matrix § is calculated as &5 Xs_llsz. An appropriate

transformation matrix may also be obtained by the formula U =
S-llsz. For this purpose more effective algorithms are currently
known.

3. First estimate of LCAD coeffiwiente. This step is critical to
s?g?ze the convergence of the SCF procedure since the trial vectors
c

relation to the final vectors (from the point of view of symmetry

of the pseudocharacteristic equation have some gqualitative
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properties). The following alternatives may be used:

a} the use of zero trial vectors C(O} = 0;

b) the solution of the peeuvdocharacteristic egoation for the
bare-nucleus Hamiltonian, i.e. net = scTe. The matrix h may be
substitoted for another one-electron model Hamiltonian, for example
the Hamiltonian of the Extended Hilckel Theory;

c) for extended basis sets one can use the SCF recults obtained
for restricted basis gets;

d} LCAO coefficients of inner shells may be taken for SCF results
of free atoms. A localized bonding model may mimic the wvalence
shelle where the valence MOs describe two-centre bonds;

e} some programs utilize the FSGO0 approach or addition of
molecular fragments;

£} for coordination compounds (Cucli_, H3N.BB3) the trial vector
may be composed of individual subsystems {Cu * s 4C1°, NH, + BH3};

g} in a subseguent geometry of the same molecule one can start
the SCF precedure from the final vectors of the preceeding geo-
metry, if the symmetry of the system was not changed;

k} for excited states the occupations of individual MOs may be
altered. The Schmidt orthogonalization of trial wvectors C{O} is
performed, if necessary.

4. Determination of the bond-order matrix. The eigenvectors are
vsed to calculate the bond-order matrix P = CTHC (Po and P€ for the
REF approach, ?° and p? for the umP approach). The elements of the
diagonal matrix of the occupation numbers M are specified on input
or are determined according to the lowest eigenvalues of the
pseudocharacteristic equation.

5. Determination of the electron interaction matrix. The two-
electron integrals are read in groups from an external memory unit
and the matrix of two-electron interaction G (plus &' for open-
shell system} is formed. Integrals stored in the usual form cf
(pgjrs) are put into different parts of the matrix G, e.g. to qu,
G G G, _,. and Gqs' Integrals stored in the supermatrix

ps’ qu' pr

- and Géq,ra are put only into the G__ elements of the matrix

G. Individual computer programs mainly mainly at this stage. This

rs'’

stdp is rather tedious since it reguires manipuvlation of all the
two-electron integrals (their number is of the order of m‘).

6. Determination of the Fock matrix. The matrices h, G {and
eventually G*) are used to form the Fock matrix ¥ (F¢ and F° for
the RHF approach, F® and IE"3 for the URF apptroach}. The RHF
approach, moreover, needs the matrices R® and RS.
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7. Evaluation of alectronic energy. In order to see  the
convergence of the SCF procedure it is advantageous to separately
tabulate the one-electron part and the two-electron part of the
electronic energy, as well as the total molecular energy.

8. Transformation of the pseudocharacteristic problem to the
characteristic equation. The Fock matrix F is transformed te F* =

GRUT according to one of the following possibilities:

a} the L8wdin orthogonalization is used, i.e. ¥ = Shllz;

b) the transformation matrix is U = s”l’sz:

c} the symmetrized functions (Appendix 4) are used. The set of
nonorthogonal aeymmetrized functions {s} is defined by a
transformation {s¢} = r {¢}. The corresponding overlap matrix 8, is
Sg = fot Lo} =1 {0} {o}Y = s’ {1121
and it adopts a block-diagonal form. It can be transformed to a
diagonal form (in the £first iteration} according to individual
blocks as

T

Xy Sg X = S [113)

where 5y is a diagonal matrix. Then the rows of the matrix U,

-1/2 T
U= s / X T {114]

represent the functions transforming according to individual
irreduciblje representations of the molecular point group of
symmetry, since

N W S T ~1/2 _ ~1/2 T -1/2 _
uUsv S0 Xo rsr XO S0 Se Xo SO Xo SO =
172 ~1/2 _
= S, sO 54 =1 [115]
The transformation

yields a block-diagonal matrix for  individual irreducible
representations which significantly eimplifies the situation in
the diagonalization of matrices of higher dimension;

d) to transform the Fock matrix one can use the eigenvectors of

{l—l}. in this case the F matrix is

the previous iteration: U = ¢
expressed in the basis set of molecular orbitals ({still not
self-consistent), and thus it has small ocff-diagonal elements. The
Jaccbi algorithm will be most efficient for its diagonalization.
Its effectiveness increases with the number of iterations as the
F' matrix approaches the form of the diagonal one (at self-

consistency it is diagonal).
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9. Solution of the characteristic sguation. The eigenvalues B and
eigenvectors V result from equation P'V = VE. The matrix F' is to
be diagonalized for this purpose; the time reguired for this
process ie proportional to o> {m is the basis set size). Indi-
vidual programs differ from one another in this step. Some of the
common procedures follow:

a} The full spectrum of eigenvalues and a complete sget of the
eigenvectors are calculated using, for example, the Jacobi
algorithm. The threshold of diagonalization can vary with the num-
ber of iterationa because less precise values are sufficient at the
beginning of the procedure.

b} During the SCF procedure only those eigenvectors cor-
responding to occupied MOs need be derived; the sub-matrix Voece
(of the order m x n'}] of occupied MOs is used in constructing the
P matrix. The cccupied orbitals are usually attribuoted to the
lowest eigenvalues ¢, . Thus it is sufficient only to determine the

oCcc

lowest part of the spectrum of eigenvalues €k and the correaspon-

ding eigenvectors voc . For this purpose effective algorithms were

outlined. Such an appioach is very effective in extended basis sets
when n* « m.

¢) In small basis sets {including semiempirical all-valence
methods} the number of unoccupied orbitals is lower than the number
of occupied orbitals: m - n* < m. In this case it is more

advantagecus to determine the upper part of the spectrum of
ir

eigenvalues e; and the corresponding eigenvectors v§ir of the
dimension {m - =n') x m. They can eguivalently be usged in

constructing the P matrix.

d} Since the Fock matrix changes slowly during the SCF procedure,
gsome diagonalization algorithms vtilize the reswlt of the previous
iteration to accelerate the calculation.

10. Back transformation of eigenvectors. For the back
transformation of the orthogonal matrix V to the LCAO matrix ¢ =
v'U one can use {Bee point B):

a) U = 57172 o x5m1/2,T
b) u = 51/

c) u = 57172 Xg ©

d} U = c(i‘”

Usually the matrix e = UTV is kept in the computer memory.
11, Selection of occupied MOs. In the first step, the eigenvec-
tors ¢, are ordered according to their wvalues. This step is
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usually incorporated in the diagonalization  algorithms. The
corresponding rows of the C matrix {(columns of the cf matrix) are
ordered in the same manner, so that the corresponding occu-
occupation number diagonal matrix has its first n' elements
equal to 1 and the remaining elements are zero (n® = n/2 for the
cloged shell aystem, n* = n_orn for the UBEF approach and n' = n,
or m; + n, for the RHF approach). Such a selesction is wviolated in

i
E‘\ E

\V/\V/\UA\ . \V/\V/\ ..

al b}

Fig. 5. Various types of convergence of SCF procedure. a - without

extrapolation or damping, b - with extrapolation or damping; i -
number of iterations.
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the RHF approach when the open level orbital is not necessarily
of the orderx ny + 1, but corresponds to an orbital energy e;
for p = ny + n,. From time to time the position of an open level
P can change during the SCF procedure. For the proper selection of
open level, special criteria have been proposed. One of them (9)
compares the overlap integral of the +trial vector with p-th
eigenvector: the open level is attributed to the first eigenvector
e® yielding an overlap integral greater than 1/v2.

12. Convergence tast. Several criteria are used for this purpuse;
they are based on testing the difference of a certain guantity
calculated in twe subsequent iterations. The testing guantities
cover: total energy, two-electron and one-electron part of the
total enmergy, full spectrum of orbital energies, all elements of
matrices F, P or ¢ {the strength of the convergence criterion
increases in this order). The SCF procedure is completed when:

a) the convergence criterion is fulfilled;

b) the iteration limit is exceeded;

c} the time limit has expired (a restart is possible};

d] divergence appears and attempts to correct this are not suc-
cessful.

An appropriate convergence criterion 1is represented by the
absolute values of the off-diagonal matrix elements of the F matrix
in the MOs basie set. The total wmolecular energy can vary de-
pending on the number of iterations {Fig. 5).

13. Extrapolation of eigenvectors. In order to accelerate con-
vergence of the SCF procedure [and reduce computing time) some
extrapolation techniques are useful. Usually three LCAO mat-
rices of two subsequent iterations are processed according to the
scheme:

iteration trial vectors resulting vectors extrapolated vectors

i eli) - eli+l)

i+l oli+l} R c(i+2) c
a) The Aitken extrapolation method is based on the assumption
of a geometric decrease of error for every matrix element, It

provides

= [cli*2) cii) - °£i+1} °£§+1)]’[°£i+2) _ 2C£i+1) + cii)] [117]

cy 1

k1 Kkl
b) The spiral method {6} vieldms
b = (a - 28 + y) Habil) o 2pplitl) 4 p(E42), (118]
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with

o [b{i+2) _ b{i+1}]T [b{i+2} _ b(i+1)] [119]
g = [h(i+2} _ b{i+1)]T [b{i+1} _ b(i)] [120]
y = [b{i+1) _ b(i)]? [b(i+1) _ b[i)} [121]

The column vector b conpsists of all the LCAQ coefficienta of the
occuied MOs. The extrapolation is successful only when the matrices
C{ij, C(i+l} and c(i+2) are oonvergent and the corresponding
eigenvectors are of the same phase. Since the molecular energy is
invariant to the substitution of b5~ Py the signs of the LCAO
coefficients in the individual MOs should be checked before the
extrapolation.

14, Damping technique. If the energy oscillates during the SCF
procedure or is divergent, convergence may be secnpred by inter-
polaticon or using the damping technique

o =acith 4 (1 o ayelit) gor g(E) ¢ gliHD) {122)
er = (1 - ajeld) ¢ elivl) g 3], glivl) [123}

The damping parameter is chosen from the range 0 < 1 < 1; usually
it is 3 = 0.7 - 0.9. To use the damping procedure the individual
MOs should be in the same phase.

15, Level aehifting procedure. The S5CF procedure is usually
divergent when the BOMC and LUMO fromtier orbitals are close in
energy- In such a case the occupation of these levels may change
and thus the total meclecular enrergy oscillates (it corresponds
to different sheets of the adiabatic potential}. In these
situations the level shifting procedure might be successful (40);
this is based on the fact that the LUMO does not contribute to the
rotal molecular energy at self-consistency. For this reason an
artificial increase by a positive amount i of the LUMO energy can
only lead to a decrease in the total molecular energy. The
undesired admixtures of LUMO into the molecular energy are filtered
out. Within this process the Fock operator matrix is expressed in
the basis set of MOs: Fr = ¢cti Upeli=1IT mon the diagonal matrix
element of the undesired level is shifted by the wvalve of i (Féa 3
F;a + i) and the resulting matrix undergces Jacobi diagonalization.
The eigenvectors are processed in the usual manner. According to
this procedure the polarization energy decreases; it is given by
the perturbation formula as

(2} a!l:rcc ¥1
SR

r

[<i|F[a>?]/[c; = (e, + 3)] [124]

a
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so that the system obeys the Brillcuin theorem better, which is
eguivalent to the Hartree-Fock eqguations (see Chapter 4). The
traneformation of F to ¥*' reguires knowledge of all eigenvectors
including those for virtual MOs,

16. Construction of the bond-order matrix. In addition to the
definition P = C'MC it is possible to exploit the ordering of
individual MOs according to their orbital energies, If MOs are
ordered according to increased orbital energies, an incomplete
matrix mutiplication can be done

n
L § CipCiq [125)
or
Bk T -
P cOCC cOCC UT vOCC V;I:;cc v [126]

Cne can use an alternative relationship in the case that only the
virtuwal MOs were determined

p=cle-cf - uT{T -V, Ve, JU [127]

virc vir'vir

vir
When extrapolation or damping are used the matrix P is
conatructed from the new matrix C°. Sometimes the extrapolation or
damping are applied to the matrix P inatead of the matrix C. Since
the matrix P is symmetric, this process reguires fewer mathematical
operations,
The damping method has alao been proposed in such a form that

assumes the following relationships hold true
P' = AP(l) + (1 - A)?(l-i‘l) =

= pli*) o () | pli¥d)y L p hy 4p [128]

o= oo ooyl
R ALIFIPY A C L LR T SR [129]
The expression for the electronic energy within the UHF approach

then adopts the form of

el

E (172) or{(p'® + 2 P)n + P 9P % + prPpfy =

(172) e{[(P® + PP)h + P“P° + PPPF] +
+ a[(aP% + aPP)n + aPUPY + PP + oPPPF + PPAFFY +

A2[aP%sP° + aPPaFP} (130]

+

The optimum value of the 1 parameter may be found from the statio-
nary condition {azellaa} = 0 which implies
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A=~ (172} [Tr{{sP% + aPP)n + aP°FY + PYP? + aPPFP + PPaFP}y/
/ iTr{sP%F® + aPPaF?}) [131)]

The A parameter determined in this way is used only for damping
matrix P if 0 < 2 < 1 is true. For the evaluation of i, nine
symmetric matrices are needed within the UBF approach (namely
h, apP%, an, sPY, aFﬁ, P, Pﬁ, F® and Fﬁ} and £five symmetric
matrices for closed shell systems (h, aP, AP, P and F}. These
matrices, however, occupy less space than six sguare matrices ¢
{three for closed shell system) used in the three-point
extrapolation. The Fock matrix is evaluated twice - before the

)

Practical experience with this process at the semiempirical level

damping F{i and after the damping from the new matrix Pp'.
shows that it is capable to secure the convergence of the SCF
procedure in cases where simpler approaches fail.

17. Continuation of the SCF procedure, The steps 5 to 16 are
repeated. When the convergence criterion is satisfied, it is useful
to do cne iteraticn more withont the extrapolation, damping and
level shifting. Now the complete spectrum of eigenvalues and
corresponding eigenvectors are evaluated.

Depending on the guality of the initial approximation from 10
to 20 iteration should be done. For transition metal complexes it
is difficult to find ar appropriate guess of C and, as a rule, the
number of iterations is 40 or more. As an example, carbonyl com-
plexes of transition metals show bad convergence. Usuwally the SCF
procedure wmeets with difficulties for gecmetries at the
dissociation of chemical bonds or in cases of crossing of two
sheets of the adiabatic potential.

tThe SCF procedure just described leads to a stationary state
of a2 molecale but there is no guarantee that the given state ip the
ground state. For most organic molecules this alternative situation
rarely appears boet for inorganic complexes may be freguent.
Therefore we recommend performing the SCF procedure for several
alternative MO occupations and the state of lowest energy is
accepted as the ground state. In the case of energy levels lying
close to one another, confiquration interaction may alter their
order.

For ab initic calculations of the elecironic structure of
molecules a large number of computer programs has been developed.
Among them the program POLYATOM {version II) and its derivatives
IBMCL and PHANTOM, program GAUSSIAN 70 and its innovated versionsa
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76, 80, 82, systems ASTERIX, MUNICH, MOLECULE, SUPERMOLECULE,
ALCHEMY, HONDOS5, HONDO7, GAMESS, etc. should be mentioned. These
programs represent software of high level and all have been
developed for decades by a group of authors in different institutes
and countrieas. The programs are written in FORTRAN-IV or FORTRAN-77
languague and their length is from 104 to 10° cards (BONDOS -
22 00D, GAMESS - 42 000, GAUSSIANW B0 - 110 000 cards). In mani-
pulation with two-electron integrals they often utilize machine
languague +to increase their efficiency (subroutines of read/
write operations %o disks and other fregquent operations are
written in ASSEMBLER). The programs are followed by packages f£for
the calculaticn of molecular observables. Some are available
from exchange institotes {41,42).

Recently ab initio programs have been rewritten to run at
perscnal computers (e.g. MICROMOLE system). This develcpment is of
the principal importance since good gquality calculations may be
performed on the table overnight.

Ab initjo programs exclusively utilize the atomic system of
units - a.u. (see Appendix 1} where the Bohr radius ag is the unit
of length (bohr) and the double value of the ionization energy of
hydrogen atom E, serves for the unit of energy {hartree).

3.3 NON-EMPIRICAL METHODS

With this abbreviation we understand calculation methods
within the one-electron  approximation utilizing certain
approximations either in the Hamiltonian or wave function. These
methcds are derived from the Hartree-Fock eguations or Roothaan
equations in the LCAQ approximation. The calculations are usually
carried out using the self-consistent field (SCF) method.

3.3.1 Floating Spherical Gangsian Orbitals
This method (abbreviated FSGO} is based on the approximation
of each occupied MO by a single spherical gaussian function

2,3/4 2, 2
0y = xy = (2/np2)3/ % expl-(r - R)2/02) [132)
The parameter Py is interrelated to the orbital exponent of GIF a;

as follows

2

and it has & meaning of the orbital radius. By integrating one can
prove that approximately 74 % of the electron demsity is situated
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inside the aphere of radius p; (43). The above orbitals for the
closed-shell system directly represent traditional electron paira
of the Lewis valence theory. The electronic wave function within
thie approximation is given by a single Slater determinant

wgl = 2y = Ny B {o;(1)a 9(2)8 -..6 (2n-1)a o, (20)p)} [134]

Since the orbitals are non-orthogonal, the normalization factor is

1/8y = [{2n1)1*/2 detis} [135]

where 8§ is an overlap matrix of elements

sij = <¢i|¢j> [136]
If the overlap matrix is non-singular, then an inverse matrix

3-1 exists and thus the electrcnic energy in the non-orthogonal

bagis set, according to formulag [84] - [87] of Chapter 1, may be

expressed as

el n/2 - -1 n/2
ES" = 2§ <i|blk>s ; + ¥ {ik|kl){2s
i,k i,

1,.0.K,

R R R
i3 Sk1 - 833 Syl =

= f(Rl,pl,...,R ) [137]

n'fn
This is a non-linear function of orbital centres R, and orbital
radii Py In order to minimize the molecular energy one of numerous
metheds of minimization can be used, It is possible to show that
F5GOs fulfil the virial theorem as well as the Hellmann-Feynman
theorem {(Appendix 2}.

In comparison with standard ab initio methods the FSGO
procedure involves some specific features.

1. The FSGO method utilizes an absolute minimum basis seet in
which every orbital is gecgnpied. For example, in the water molecule
the FSGO basis set covere only 5 spherical GTFs whereas the minimum
basis set for an ab initio calculation consists of 7 cartesian GTFs
or 13 spherical GLFs. As wvirtual orbitals are omitted in the FSGO
method, the subsequent application of configquration interaction 1is
impossible.

2. The position of the GTF is optimized in contrast to ab initio
basis sets which are fixed at the atomic nuclei.

3. The FSGO method does not utilize the self-consistent field
procedure but the direct minimization of the molecular energy in
the non-orthogonal basis set of one-electron functions.

The molecular energy within the FSGO apprecach is only 82 - 85
% of the Hartree-Fock (SCF) energy. In its most simple form the
method does not correctly describe the lone electron pairs, w»-bonds

and inner shells {except the K-shell). For instance, in optimizing
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the energy of the water molecule the lone pairs exhibit a tendency
to coalesce; this, however, leads to the singularity of overlap
matrix S. The above defect ie avoided by postulating a minimum
separation of centres of gaussiaps (usunalily 0.1 - 9.2 ag}. Since
P3G0Os have no nodal planes, they cannot describe n-bonds. For
this purpose a pair of banana-type bonds is used instead of
¢ + 7 bonda [e.g. in ethene molecule) or three banana-type bonds
instead of ¢ + 2n bonds {in ethyne). The irner shells {L and M)
are simulated by a tetrahedral configoration of four gaussians.
2gain it is necessary a priori to prohibit their natural tendency
to coalesce.

Substantial improvement of the FSGO method has been achieved
by considering the double-zeta basis set
3 = C51x33(Ryepgy) * Cioxo(Ryepsn) = Nilxyy + 25x55) [138]
The corresponding primitive functione are centered at the same
point R,. The number of parameters to be optimized is increased to
4 for each orbital {Ri, Xir Pyt and pizl. The molecular energy,
however, decreases substantially and it reaches 95 % of the
Bartree-Fock energy.

Other modifications of the ¥FSGO method utilize ellipsoidal
Gauss-type functions instead of spherical ones. Pseudopotential
versions have also been developed to simulate the inner shells.
There exist versions of SCF calculations in which the molecular
orbitals are expressed in the form of a linear combination of
FSGOs, An important field of application of the FSGO method 1is
represented by the method of molecular fragments {(44}.

The FSGO calculations may be performed by specific programs
{45,46) or using standard ab initio programs having options for an
automatic optimization of the basia set [exponents of FSGOs) and
molecular geomeiry (positions of FSGOs}. The FSGOa non-centered at
nuclei may be introduced through fictitions atoms having zero
electrogtatic charge on the ‘nucleus' at the given site.

3.3.2 Pseudopotential Methods

These methods are appropriate for studying the qlectronic
structure of molecules containing heavy atoms. The pseudopotential
methods utilize the fact that only valence electrons take part in
the chemical bond whereas the inner atomic shells are only slightly
influenced by bond formation. With this assumption calculations
of the electronic structore of molecules can be done in  the
valence basis set only, whereas the core ({inner-shell electrons
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and the atomic nucleus) of individual atoms are approximated
throngh & nonlocal effective potential - pseudopotential. Although
the pseudopotential method was outlined as early as the beginning
of guantum mechanics (47,48}, only in the eighties it has found a
broader and theoretically advanced application.

Herring (49) introduced the plane wave method for wvalence
electrons, which are orthogonal to all spherical core wave func-
tions, when studying the electronic structure of crystals. BAs an
effect of the orthogomalization, a complicated and physically dif-
ficult to interpret problem arose, Slater {50) utilized the spheri-
cal symmetry of the core function by introducing the Orthogonalized
Plane Wave (OPW) method; this, however, demanded the potential
cutside the atomic region to be constant. In an important develop-
ment Phillips end Kleinman {51) used a symmetric combination of
plane waves, orthogonal to c¢ore plane waves, in the role of
the basis set. These authors have described the basic conditione
leading to the separation of the valence and core electrons.
In the gseventies the number of papers dealing with pseudopotential
technigques grew rapidly (52 - 82). Finally the general theory
of hermitian pseudopotentials was outlined; it is applicable both
to molecules and the solid state.

Let us consider a hermitian Hamiltonian for valence electrons,
ﬁv' and let us determine the basis set for orthonormal orbitals
{¢c} beleonging to the core subspace. The problem is reduced to

minimization of the energy functional

E, = <¢v{Hv|¢v> [13%8]

for the normalized valence  orbital ¢y that fulfils the
orthogonality condition with respect to all core orbitals

<¢v!¢.c) = 0 fz407
Thig condition limites the core subspace to which the valence
orbitals j¢v> do not belong. Therefore one can define a projection
operator P (hermitian and idempotent) in the form

P =T lo><0,l [141]
c

which satisfies the relationship

24 |¢c> - [¢c> 142}

Then the complementary projector a = i - ; yields

Qo> = {1 -P) [p >=0 [143]



231

The valence orbital |¢v> may be specified as
>aQleg>=(l-F > 144
ley> = Q@ lo> = ( } ey [144]
The orthogonality condition (140] ie satisfied for an arbitrary
pseudoorbital |¢ > and its arbitrary variation. The function i¢p>

is not necessarily orthogonal to the core orbitals, i.e. <¢c|¢p) %
# 0, The problem of minimization of E, is transcribed as

E, = <Q ¢p|HVIQ ¢p> [145]
at the normalization condition for jg >, i.e.

<Q ¢.|Q ¢.> = 1 146
0 ¢p|Q Py [146)

The variation of 5¢P leads to the equation
< > - < > =
6¢P]Q |: Ql¢p €y 6¢P|Q|¢p 0 {147]

where €y is a Lagrangian multiplier. Since the wvariation 6¢P is
arbitrary, then

{0B,Q ~ e,Q}|e,> = 0 {148)
This is equivalent to the eguation

o oSFPK

{Hv + Vg }!¢p> - gv!¢p> [149])

where a generalized Phillips-Klsinman pweeudopotsntial has been
introduced

vEPK = PR P - B P - PH, + BP [150]
It follocws f£from the characteristic equation [149] that  the
Lagrangian multiplier ¢, = B, represents an eigenvalue of the
pseudo-Hamiltonian

- - “GPK > o= -

Hpg = B, + Vg = (1 - P}Hv(l - P} + E_P {1511
80 that

Hpe |¢p> = Bv?¢p’ f152)

The form of the pseudo-Bamiltonian [151] is not appropriate
as an effect of application of projection operators: it contains
not only one-electron and two-electron operators but, as 2 conse-
quence, also-multielectron integrals. For this reason an effective
Hamiltonlan Hsff
only to the one-electron part of the operatoer 8,

n a,
: [+]

N .
~eff v o .2 2 b
BTN = E -{n fzme)vi + § Ps(l} + ig

is introduced in which the projection is applied

-1
At 153]
st T [
j =3
1t is advantageoue to write the effective pseudopotential for
atom A in the form of
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W 734 w"(lj [154]

ps(i) = ~ogr Zx T3} A
because ipn the limiting case of r - » we obtain wgs(i] - -oszzgr;;
(Z: is the core charge}.
The direct calculation of the pseudopotential meets with
limitations which make such an apprcach tco complicated. ‘The
valence pseudoorbitals may be chosen in the form of a linear

combination of valence orbitals and core orbitals

¢y = ¢, t L a e {155]
P v g c'c

where a are the combination coefficients calculated by the wvaria-
tional method. The above pseudopotential functions obey eq. [148].
The following problems complicate the direct theoretical

approach.

1. The core orbitals should be known in order to determine an
effective Hamiltonrian ﬁPs‘

2. The pseudopotential is a fanction of pseudoorbitals ¢p 80
that an iterative procedure must be used:

a) the solution of the Hartree~Fock eguations for core orbitals

Hc|¢c> = Ec[¢c> [i56]

b} an estimate of the energy E_ and the construction of the
paseudo-Hamiltonian HPS;

c} diagonalization of the matrix of the pseudo-Hamiltonian and
determination of the lowest eigenvalue Ev' This cycle is repeated
until self-consistency is achieved.

More advantageous is the semiempirical approach in which the
valence pseudoorbitals ¢p and the corresponding pseudopotentials

pg are constructed from the known atomic energy values., Such
pseudopotentiala are coastructed in an analytical form (Table 6}
and are then used to calculate the electronic astructure of the
molecules. In this way, changes in the atomic core, upon the bond
formation, are neglected (Frozen Core Approximation} (55).

The valence pseudcorbitals ¢p are sclutions of the pseudo-
potential eguation [152]. They have to exactly fit the valence
orbitals ¢y in the valence region and vanish in the core region
{Fig. 6}. The pseudoorbitals may be calculated by minimization of
the functional (53,54)

Fo= <¢p - ¢vl¢p - ¢%”Rre {157]

Most fregquently the form of the peeudoorbitals is chosen through a
linear combination of Gauss-type or Slater functions
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Analytical forms of pseudopotentials.
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No  Function Ref.
1 W= 05 3°/r forr >R (74}
W o= for r « Rg 'hard-core-
2 W= -0g,2%r for r > R (75~77)
W= -F AP for r <R, ‘Abarenkov-Heine'
1 L+
3 W= -osxzc/r -7 (Al + i?.]_r)i’l *linear cut-off’ (78)
& W= o 3%(r + c/r?) for r > R, (73,80)
W = A exp{-ar) for ¥ < R,
2.
5 W= -oSIzc/r + § {Bllr )Pl {B1)
6§ wW=czl 4 (82)
7 W= eag/l2r? + &%) - o si2(e? + aH)%) - u/r 4
+ i; Alrp exp(-¢,x%) (73)
< - 2
8 W= -og 2 /r+ % P{By,/r + B,,/r") {70}
9 W= -gSIzclr + [Alexp(-alr) + Azexp{-azrz)]/r (68)
10 W= —oSIzc/r - [exp(—alr] + exp{-azr)]!r {70)
11 W= 0o 2%/r + § By{c,/r? + cyr?)exp(-ar?) (70)
1
n
12 ¥Wa= -cSIzc/r - LG 1exp(-alrz} {56,71)
1
n
1
13 W= oy 2%/x - ;l: ¢yx “expl-a;7) {56,71)
}
Pc
-
x
o
|
A
o
0 .
; Re r
o,

Fig. 6. Radial part of the pseudoorbital

core orbital L

¢p' valence orbital by and
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o = L cxy [158]

3

By substituting inte [157] and +taking into account the ortho-

gonality condition we arrive at the set of linear equations
Llaalxgg = Axplxg?)ey = <xibpe [159]

where ) is a LDagrangian multiplier close to =zero because the
orbitals ¢p and ¢, are practically the same in the region R > R,.
The index R, means that the inteqration is carried out in the
region outside the core subspace: R > Rc. The value of R, is chosen
as the crossing point between the radial parts of the valence orbi-
tals ty and the most outer core orbital of the same symmetry {Fig.
6). Although the choice of R, is rather arbitrary, the shape of the
pseudocrbital is not very sensitive to R, vaine. Eg. [159] is
solved by an interative procedure.

It ig useful to intrcduce a semilocazl form of the operator
%:{i) into the effective pseudopotential [i54]

Wp(i) = T (i) By [160]

which contains only a limited number of adjustable parameters. The

operator P, is a projector into 1-th subspace of spherical
harmonics

- +1

P, = T ¥y ><Y
1 me—1 im

im! [161]
The operators ﬁg'l(i) are specified in an analytical form {Table
6}. The corresponding parameters are determined in such a way that
in the pseudoorbitals ¢ _ basis set, the effective pseuwdo-
Hamiltonian [153] yields the best agreement with the experimental
or theoretical valence orbital energies obtained by ab initic
calculations.

Pseudopotential methoda are most effective £for compounds
having a large number of core electrons. Here, however, it is
necessary to include some relativistic effects. For this reason
pseudopotential versions which include relativistic effects into
the pseudopotential operators have been developed (65,66}, The
calculations are performed in the relativistic pseudoorbital basis
set.

The effectiveness of the pseudopotential method lies in the
fact that the number of necesasary two-electron integrals is greatly
reduced; this is important for heavy atoms. The approximations
introduced, however, mean that the pseudopotential calculations are
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less exact than the full ab initio approach for the given type
of basia smet.

As a consequence of the frozen core approximation the results
become worse with increasing bond polarity because in  this
situation the core orbitals are influenced more by bond for-
mation. This can be improved by considering the pseudopotentials
to be dependent on the oxidation state of the atom in the
molecule. The errors increase with increasing number of wvalence
electrons as a conseguence of the higher polarizability of the
atoms at the right side of the periodic table, The above errors
originate in the frozen core approximation and partially dis-
appear when some of the core electrons are included into the
calculation.

Despite these difficulties the pseudopotential methods are
very effective for coordination compounds. They enable the use
of extended valence orbital basis sets which, with the limited
speed and capacity of existing computers, can lead to results
superior to those obtained by ab initio calculations with small
bagis sets.

3.3.3 Xa Method
This method closely resembles the density functional theory
outlined in paragraph 1.4.5. The electronic energy of a mole-
cule can, within the Hartree-Fock method (or one-electron approxi-

mation), be written as
el
E = El + El2 i162]
where the one-electron term is
m -

E, = E n;<ps|hip;> {163]
and the two-electron term
El2 = [ p2(1,2:1,2} Sy, dxl dxz = Ec + Ex {164]

consists of the Coulomb term

- m
E, = (1/2) J p{1) V(1) dx, = (1/2)izj ng g J g [165]
and the exchange-correlation term

~ m
E = {1/2} & p(1) V(1) dX; = (1/2}iz:i n; ny Kiq [166]

The density functions obey the relationship

pal1,2:1,2} = (1/2)[0(231) 2(2:2) = p{132) p(2;1)] [167)
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where the one-particle Fock-Dirac denaity matrix is expanded
through the natural orbitals

p(1) = T ng 3, (1) pi(1) [168]
i

so that p; are eigenfunctions and n; € <0, 1> the eigenvalues of ;.
The Coulomb potential has the form

- m - m -
V, = J pl2) g, d%, =¥ n. <p.(2) g ,)vs{2)> = F n. J.(21) (169}
C 12 2 3 i i 121%5 3 i3

and the potential of the exchange-correlation hole is

vx = [ Px(lfz} 952 dxz =

- ¥*
= = [ § nj<wi(1}wj(2)!glzle(1}¢i(2)> }/[wi(1)¢i<1}] [170]
For the exchange-correlation hole it holds true

pull72) = [2p,(1,2;1,2)/p(1)]1 - o(2) {171]

Within this symbolism the Hartree-Fock equaticons may be rewritten
irto the form

{R(1) + v (1) + Vv _{1)}p; (1} = eqp,(1) [172]

Recall that in the Hartree-Fock method, the potential acting
on the electron is non-local {formed of a sum of 3local one-
electron potentials differing for each electron}. In an appropriate
approximation the non-local potential of an atom may be substituted
for a local one. Such an approxiration is used within the framework
of the X¢ method.

Aoeording to Slater (83) the exchange-correlation term Gxil}
is substituted for a weighted mean value

Vs €1) = [V, (1)), = = [ 2 8; ng <¢;(1095(2) 1aq,165(2)0;(2)> 1/

i<y
*
/0 E Ny ¢ (1)gy (1) ] [173)
{indices i, j and k have the same spin). For such a statistical

approximatiorn the exact analytical soclution is known for a free-

electron gas

[V (1)1, = =~ ogp [{81787) 4(1)]

The basic approximation of the X¢ methed is represented by the

1/2 [174]

following assumption for the exchange-correlation potential
- - o /3
Vi (1) 0 Ve (1) = @ [V(1)],, = - ogy @ [(81/8n) o(1)1"/

The numerical factor 2/3 < o« <« 1 is regarded as an adjustable

i175]
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parameter which depends upon the atomic number Z of the atom. ({In
the original derivation Slater assumed & = 1 whereas in an
alterpative approach {85,86) « = 2/3.) Several methods to deter-
mine the parameter o have been so far proposed (84). The
values obtained by minimizing the difference in the atomic energy
between the Xoa method and Hartree-Fock method have found broad
application. For open- shell systems the energy is averaged over
the individual multiplets of the given electron configuration (87):
this approach is known as the hyper-Bartree-Fock method (HBF).
Values of ¢ are tabulated in literature (88,89).

In the Xq method, the electronic energy is

E{Xg) = g ni<i|ﬁ|i> + (1/2)F p(1) Gc(lj dx; +
1

+ (1/2) § p(1) Uxa(lj d¥y [176]
where
Uy, = (3/2) vy [177]
For the spin-polarized version another expreesion is used
“ef o(e)
E, = (1/2) g T opg(1) U001} ax, {178]
where

1/3

o{8) = (372) Vi) = - oo (3/2) @ [(81/4n) 5 (1)] [179]

and p is a charge density for the spin 8 = o or . The
spin-polarized (p) and spin-unpolarized (u) versions do not differ
substantially except for the case of the hydrogen atom for which p:
= p and p® = 0, whereas p: = p7 = /2 and o° = 27173 =

The eigenvalues of the characteristic eguation fulfil an

important relationship

(8B{Xa)/on;] = <i|h|i> + <i|V_ [i> + (2/3)<i|uxe|i> = ey [180]
for ¢ = n; = i. Thie indicates that ¢; values differ substantially
from the orbital energies within the Hartree-Fock wmethod. For

example, the ionization energy within the Xe method is given by the

formula

Ik(xq) = - <k[hlk> - <k|V |k> - <xk|Uy, |k> =

= oep - (1/2)<k|vxa|k> {181]
whereas the Koopmans theorem within the BHartree-Fock method pre-
dicts Ik = — ¢+ AR unusual feature of the X¢ method is the possi-
bility to obtain the lowest (stationary} value of the energy for
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fractional cccupation numbers of spinorbitals. Such a situation is
characteristic of the Fermi statistics when the Fermi distribution

law is wvalid
ny o= l/{exp(ci - cF}/kT + 1]
For the ground state (T = 0} we obtain

1 for ci < €p
n; = 0 for ey > ep
{o; 1) for €5 = €p

where ¢_ is a constant (Fermi level). The fracticnal occupation of

the eneigy levels contributes to the entropy at T = 0 which mani-
fests itself, for example, in the magnetic properties. For the
first transition metal row elements [Ti - Wi} the highest occupied
orbitals (3d and 4s} have approximately the same energy. The Xe
method often vields the lowest atomic energy for a fractional
cccupation of these orbitals {83,84).

Applications of the X¢ method for atomz are derived from the
iterative solation of the radial Schridinger equation for the
spherical potential

2 2 2 2 2 =
{-{n /2me)d /dr” 4 1{1 + 1}48°/2r° + ¥{r) - Enl} Pnl(r) =10 [182]
The charge density is given by the formula

plr) = (1/4nr2)n31 vy (B ()12 [183]

where LA is the degeneracy of the subshell characterized by the
quantum numbers n and 1. The spherical potential may be expressed
as follows

L]

- r )
vir) = -2/c + (1/r)£ dnr'? p(r') dr* # f &nx' olr') dr' -
xXr

ogr §

1/3}

- o [{B1/8a) p(r)) [184]

Another approach is based on the expansion of the charge density
via atomic orbitals y_,_ (20)

+1

2
p(l1} » T M., p{1) = N L Xpymfl)/€21 + 1) [185]
n,1 nl “nl a1 nl m=-1 nlm
where ¥, are the cccupation numbers of the subshells. This ap-
proach leads to an iterative solution of the egration
ceff
Bee |Xnin® = em1 ldmio®
where the one-electron effective Hamiltoniamn is
ceff

#SEE w h(1) + v (1) + v, (1) [187]

[186]
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FPor applications of the Xo method to molecules several
variants have been outlined. Scme are discussed below.
1. cellular methods are based on the expansion of one-electron
functions y; into the numeric-analytical basis set

k ik k

¥i=FCy Rylz) Yp(a,0) [188]
where L = {1,m) iz the set of angular quantum numbers, Y, are
analytical spherical harmonic  functions, cik  are expanding

L
coefficients, R%{r) is a numerical solution of the radial

Schrddinger equation [182] for the k-th cell. Within this group of
methods some additional assumptions are presumed; they differ from
each other in the way they split the whole integration space into
individual cells, namely:

a) The Scattered-Wave (SW) or Multiple-Scattering (MS) version
operates either with the muffin-tin {MT} approximation for spheri-
cal cells or with angular corrections to the non-muffin-tin (NMT)
potential (91-93);

b} The Linear Muffin-Tin Orbital (IMTO) version utilizes basis
set functions independent to the eigenvalusa €3 {94);

c) The Variation-cellular version applies a minimization of dis-
continuities at the sphere boundaries (95);

d) The Overlapping Sphere veraion conaiders the sphere radii and
heights of the cylindric parts of the overlap as variational para-
meters (96).

Fig. 7. Watson and atomic spheres in the Xz-5W-MT method.
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In the widely used X¢-SW method the molecular space is split

into three regions {Fig. 7):

2) atomic spheres of radii b, centerd on atoms (I);

b} a region over the Watson sphere that separates a molecule from
the remaining space {III};

¢} a region between the atomic spheres and the Watson sphere (II].
Such decomposition is also applied te the one-electron functions
bye Within the muffin-tin approximation the spherical poteantial is
poatulated inside the atomic spheres whereas it is constant, vII’
outside the spheres. In this approximation the one-electron func-
tions have the form

. ..
vil(z) = % ¢} R{(esx) Y (r), for 0 <1 < by

j

o (x) = § L al kit ery) vy (rg) L AY i (er) Y (r,), for ¢ < ¥,

¢II(r) = % E Ag nl{xrj) YL(rj} + % A: jl{xrw} YL(rw), for ¢ » vII

pI i (z) = § % c¥ RY(e;r) Y (), for b, <r <= [189]
1/2

where the index w represents the Watson sphere, « = |¢ - VIII .
kii’ are the modified spherical Hankel functions of the first kind,
n, - the spherical Neumann functions, il - the modified spherical
Bessel functions and jl ~ spherical BRessel functions. The one-
electron functions $; must be continuous (with continuous f£first
derivatives), which is secured by the bounndary conditions at the
contacts of the spheres. These conditions lead to a system of
equations for determining the coefficients C% and A% which c¢an be
solved by an iterative procedure.

2. The expansion methods are based upon specification of the
one-electron functions in the form
TR ALt [190]

which leads to Roothaan-like equaticns for determining cik

nkL
coefficients.

In the Discrete-Variation Method {DVM}! the basis set functions
{x} are defined with a discrete set of points {rk}, whereby a
matrix of deviations is minimized (98,99)

~eff

Xiy = g we <pii{r ) {Hg, " - e]¢j(zk}> [191)]
Here w, are the weighing facteors of trial points rp. The sclution
of the characteristic egquation
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is repreesented by & spectrum of orbital energies ¢, which is
utilized in the interpretation of photoelectron spectra. The matrix

elements
Hij = ]Ec hai ™ <¢i(rk]|ﬂ§ffl$jirkl> (193]
;5 = E wy (wi(rk)!¢j(rk)> [194]

are evaluated in a numerical way by using cubature formulas. The
calculation of a large number of six-fold integrals to high
precision becomes a serious problem. It may be simplified by
expanding the charge density into the basis set of aunxilijary
{usnpally analytical, spherically symmetric) functions

af{x) = E b, By(r) {195]
How the Coulomb potential Gc can be expressed analytically by using
B;’1 functions so that, in the subsequent step, one can effectively
determine the matrix elements Hij by a numerical integration. Thg
number of points necessary for such a procedure ranges between 190
to 105, or more.

The LCACG version of the Xq method (90,i00) utilizee Slater or
Gauss—-type orbitals as basis set functions {y}. The £form of the
exchange potential GXQ ® p1/3, however, does not allow the
calculation of its matrix elements in an analytical way. This prob-
lem is avoided by introducing a set of auxiliary analytical func-
tions {Ay} and {By} which are used to mimic the charge density and
the exchange-correlation potential, e.g.

plr) = L a A (r) - a [{81/8n) At ey b, B, (z) 1196]

B
The coefficients a and b# are cbtained by the least-squares method
for a emall number of +riel points in each cycle of the SCF
procedure. Then the matrix elemente of the one-electron effective
Hamiltonian
By = cxi;ﬁiif]xj) [197]
are expressed analytically through the integrals of Xy* hv and B
functions. The results obtained in this way are sensitive to the
type and extent of the atomic orbital basis set.

In the X method the theory of the transition state (TS} plays
an important role {83,84). According to this concept the ionization
energy of a2 closed shell is egual to
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T = {Blmy - 1) - Eml, o

= - [aE(Xallank]n;=3/2 + 05 = - {ek}“i’3/2 [198]
and the ionization energy of an open level is
I = {B(n, -~ 1) - E{nk)}nk=l -

= - LeB(Ra}/onpdpiny g * O3 = = deghptarys [199]

The corrections 0y are of the third order when considering a Taylor
expansion of the energy. This case corresponds to a generalization
of the Koopmans theorem for the X method: the ionization energy is
given by a value of -6y in the hypothetical TS state of fractional
cccupation number nt = - 1/2, Analogously the excitation energy

may be expressed as

aB; o = {E{s; - 1, n  + 1} - E(ni,na)} = {e, = g3}, + 04 {200}
for occupation numbers in the TS egual to nz =n; = 1/2 and n: =n,

+ 1/2. This approximation has found application in practical calcu-
lations gince the errors in the calculation of {ea - Ci}t are much
lower than those in the calculation of total molecular energies.

The main advantage of the X¢ method is the simplicity of its
algorithm and, usually, the lower cost in computer time compared to
ab ipitio methods. This non-empirical method often yields results
comparable with the double-zeta basis set of an ab initio approach.
Therefore it is exclusively used for compounds of the heavy
elements like 0s0,, HFE, Re2C1g', Pt(cu}g', etc. The Xg method has
also been corrected for relativistic effecte.

An important feature of the Xe method is the fact that
botk the occupied and unoccupied orbitals of the n-electron
system feel the potential of the remaining (n-1} electrons. This is
the main difference with respect to the Bartree-Fock method in
which the virtual orbitals are not properly determined properly.
This is the reasocn for the successful description of excitation and
ionization energies usging the concept of the transition state. The
advantages of the X¢ method also include the rigorous wvalidity of
the virial theorem as well as the Hellmann-Feynman theorem regard-
leses of the vealue of the g parameter.

A drawback of the X« methed is the fact that the energy
functional does not correspond to the wave function wused. For
this reason applications of X¢ method are usually 1limited to

energy properties only. Also the ¢ parameter is not chosen
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vnambigously. Some approximate versions of the Xe method contain
additional inadeguate assumptions. For example, the gecmetry of the
water molecunle is predicted to be lipnear when using the Xa-SW-MT
method buot this, evidently, is an artifact of the muffin-tin

approximaticn.

3.3.4 REMO and Fenske-Ball Method
Nonempirical methods of molecular orbitals (KEMO) are based
on the Roothaan equations for MO-LCRO-SCF calculations. Instead of
the rigorous ab initio appreoach these methed utilize some
simplifications and approximaticns for matrix elements of the Fock
operator; the reason for this is to reduce the type and number of
two—electron integrals,

The Ruedenberg approximation starts from the expansion of an
arbitrary i-th atomic orital centered at the atom A into a complete
orthogonal basis set centered at ancther atom of the molecunle

A _7B B

gy = ¥ aip ap [201]
B
The orthonormality conditicn fulfilled at each centre implies that
A,B

a. = < > = i
ip s |a s ip )

Then the matrix element of the one-electron operator M is given

i202])

exactly in the complete basis set as

<s® |H|d > - [A s 5 <0 |n|ah> ' <a3|ﬁla3> (203}
i 1.9 1 g
Bccordlng to Ruedenberg {101) the folliowing approximation is
possible in the minimom basis set

AAB

<s® |M|ﬁ > - (1/2)[[ 5 <t {M]ah> + EB sn 8 <0g|ﬁieg>] [204]

i.9

Within this approxlmatlon the two~electron integral is expressed as

(i,351kel,) = (1/4}[):“ ED s3'3 sDIL (ipppleplp) +

/B 4C,D B ¢ _B,A _C,D .
+ EA E "5 Spo1 (iapylkere) + E L Sqoi Spo1 tagiglkere) +

B D .B,A .D,C .
+ g § Sqii Serx (agigleplp)] [205]

Using the Ruedenberg approximation the four-centre and three-centre
integrals may be expressed through the two-centre and one-centre
ones. As pointed out by Ruttink (102) such an approximation yields
a result which is invariant with respect t¢ rotation of the axes of
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the local coordinate system. This approximation, moreover, does not
depend on the hybridization of the atomic orbitals {i.e, on a uni-
tary transformation at the given centre).

The Mulliken approximation may be considered as a special case
of the Ruedenberq approximation

A A B

3 < |M|da>5 + [B
q

<o} 1M o%> = sz ste <oSIM|n>s ]

(B
g Jgq

= {1/2)52:?[<a§|ﬁ|a?> + <a?[ﬁ|a?>] [206]

Within +this approximation the two-electron integral  becomes
expressed as

(indplkelp) = (178) sP/B sC°D [(i,i,1kcke) + {ipi,11p1p) +

+ [J'ngikckc) + {jBJ’BElDlD)I [207}]
In the Mulliken approximation oply the +two-centre and one-
centre integrals occur; they are of the Coulomb type (ihihlkBkB}
only. Their number iz egual %o m? in the basis gset of m orbitals.
The Mulliken approximation yields the result which is invariant
with respect to rotation of the axes of the local coordinate system
but dependent on the hybridization.
The Fenske-~Eall method assumes the one-electron Fock operator
in the form (104-~-196}

- - N .
F="7T(1) + % wctl} [208)
c

which means that the electron density is associated with a certain
centre, 6(1) is the kinetic energy term. Within this approximation
the diagonal matrix elements of the Fock operator become
L s N o A N o~

Fi‘i“ = <i|T + Wy|i> +C§A<1|WC|L) = &y +CEA¢1|WC!1> [209]
where the orbital energy of the i-th atomic orbital for +the mean
electron configuration of atom A is

- mA
e? = <ijh|i> + % ni(Jik - Kgp)

-~ m.ﬁ

= <i|T|i> + og <ilZ,/r,, |i> +k§in§

.
Gy + {0y - 11654

[210]

Expressions for averaged energies of the electron interaction G, 4
have been published by Slater (107); they can be easily calculated
by an analytical integration of §TCs. The term ‘iAEwCIiA) describes
the influence of the remaining centres (nuclei and electrons] and
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is approximated by pecint charges as

L e 1 0
<ip|Walip> = - ogy{9a/Rycel [211]
where the effective atomic charge (in units of e) is given by the
formula
a9 = 25 - 3¢ nf [212]
i

In molecunles, the Mulliken orbital populations are the ng values;
they are calculated by population analysis of the occupied
molecular orbitals. After these eubetitutions, the diagonal matrix
elements of the Fock operator adopt the simple form
N
A o
P, ;, = ¢, — ogy ¥ (Gn/Ryn) [213)
i i SIC:A C°TAC

For the off-diagonal matrix elements one can write
Fi‘jB - <1AIT + WAIJB) + <lAIT + WB|35> - <1A|TlgB) +

N "
+ T <i,|Waldn> [214]
csA,g » C'°B

Using the Mulliken approximation the  three-centre  integrals
in|WC|jB> are decomposed and by introducing the point-charge
approximation we obtain

B B
| . = 8. . (c. + c.} - T, . -
lAJB 1»\38 z 3 liJB
(1/2) T 91/ /R, i
-{1/2) s, . T Cer Au({l/R . + 1 215]
1A s C<A,B ST “°C AC RBC

where the overlap and kinetic integrals are calculated by the
analyticel integration of STOs. Finally, as a conseguence of the
orthogonality of atomic orbitals at the given atom, we obtain

- - N -
F, . =«<i [T+ W, |i,>+ T <i IW,|j,> =
i3, A alla” " L “altcl A

= (B -0 g O/, )6 =0 [216]
i s1 k. Yc'Tact®i;

This molecular orbital method is performed by an iterative solu-
tion.of the Roothaan equations

Fc’ = SC'E [217]

because the matrix elements of the Fock operator depend on the
result of the population analysis of the molecular crbitals through
the qg values. The analytical function basis set is usvally

represented by single-zeta 5T0s for inner core electrons and
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double-zeta STOs for valence electrons. This method belonge to the
most simple and relatively 1little time-consuming versions of
MO-LCAO-SCF calculations,

3.4 METEODS OF ZERO DIFFERENTIAL OVERLAP
This numerous group of guantum-chemical calculation methods is
bagsed on the Roothaan eguations for molecular-orbital calculations
in the LCAC approximation. Instead of ab initioc calculations, heavy
approximations and simplifications are used as follows (198-112}.
1. The methods conly operate in the valence basis set of atomic
orbitals so that the nuclear charges 9y = eZ_  are substituted for

A

core charges ezg. The number Z, means the number of valence

electrons in the free atom. A

2. Atomic orbitals are of the Slater type {STC) and are usually
of the single-zeta guality.

3. A complete or partial =zero differential overlap approxi-

mation is used
_ 2
;1) 0j{1) dv, = [di(l}] 553 av, [218]

4, Some components of the matrix elements of the Fock operator
are not evaluated from the basis set functions but are taken as
parameters determined in a semiempirical fashion.

5. Additional approximations are introduced for certain types of

integrals.

3.4.1 200 Approximation
The differential overlap of a couple of atomic orbitals 8y and

&j has the meaning of the probability of finding the k-th electron
in the volume element dV common for these orbitals; it is

Dij{k) avy, = ai(k) aj(k) dvk [219]

in the Zero bDifferential Overlap ({2ZD0O} approximation it is
assumed that Dij vanishes for i = j. Coneegquently the integrals
containing D, . are neglected for i # j. Within this approximation
the molecular integrals are reduced to only the following types:
a) overlap integrals

= <P = -
£, T caifajb = f Dij(I} dvy = 654 [220]
b) kinetic integrals

o (2 A2 B
Tiaja -{a"/2m,} <ai|vl|aj> [221]
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whereby the operator v% transforms the function aj(l) before the
integration thus yieldirg an overlap integral;
c) electron-nuclear attraction integrals

c c A _~1 c -1
Vi3, = %s1 fc UilTicloy” = osp To T Tic Diyll) 9V <
c
= Vi 5 Gy [222]
A A

which are either one-centre (C = A} or two-centre (C = A};
d} electron repulsion integrals

(izdalkelp) = ogy I 773 D; 5{1) Dy, (2) avy v, =
= Uipialkeke) 634 64 T2y 614 04 [223]
which are either one-centre or two-centre; their number is only m2
which represents a significant reduction with respect to the
original number of mt.
As a consequence of the 2D0 approximation the Roothaan
equations adopt the form

e = c"Te" [224)

where p = g or § for the open-shell system in the UHF approach. For
the closed-shell system it is sufficient only to consider p = ..
The above expression means that the matrix of LCAC coefficients €
directly makes the Fock operator matrix diagonal. The nor—
malization condition £for the matrix of LCAQO coefficients is
simplified to
el =1 [225]
For the matrix elements of the one-electron core operator it

holds true:
a) diagonal terms are

N

c

e . =0 -1 V¢, [226]
lAlA T oeaa LA

where the one-centre part of the kinetic and potential energy is

W= Ty - Vg [227)
A A A A
b} off-diagonal one-centre terms are equal to zero

RS . =0 [228]

c) woff-diagonal two-centre terms (resonance integrals) are
approximated through the overlap integral wmatrix (which in this
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case only is not taken in the 2ZDO approximation])

c t
ATHB ATB ATB

The adjustable parameters p;B are regarded as Ffunctions of
the atomic pair (A, B} and of the type of interaction t (o or ).
Sometimes a functional dependence on the interatomic distance Ran
is considered for them.

%he matrix elements of the Fock operator are

] = L4 a » - n " PR
F! ; hy ; +L (Pj + P }( i,133) - BY ; (dpi,04,4,) §230]
A A A A 1 A A
Fl 3 == p] 3 (ia1513,3,) [2313
ATA A A
F? . =hn¥ , - ] 232
i3, ii, 3, {iaip13gig} [232}

They represent a substantial simplification relative toc the ab
initio approach. The ZD0 equations derived above, however, are not
used in practical calculations. Usually an additional requirement
is applied, namely the invariance of the total molecular energy by
coordinate transformation (rotation}; this leads to  certain

restrictions for integrals Vl 1 and {1A1A|3533} which must be

averaged over the ~-imuthal quantum number (1) of the atomic
orbital,.
According to subsequent assumptions three basic classes of 2ZDO

methods are distinguished:

1. methods of CHDO type {alsc PPP for n-electron systems};

2. methods of INDC type [alsc MINDO, EMZDO, MCZDD and SINDO);

3. methods of NDDO type {also MNDO, PHRO and LNDO}.
These methods will be discussed in the forthcoming paragraphs. For
open-shell systems they are applied only within the UBF approach.

3.4.2 Principles of Semiempirical Parametrization
The neglect of differential overlap represents a heavy sim-
plification of the two-electron part of the Fock operator which
should be carefully balanced by an appropriate modification of the
one-electron operator h®. For this purpose a semiempirical paramet-
rization is used.

Let us start from the atomic energy formula

T ot + lEJ(J.j - Ky 5) [233]

from which the ionization energy I? aor the electron affinity A? may

be expressed as functions of integrals U?, Jij and Kij' The
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experimental values of these guantities are known from atomic
spectroscopy where, if necessary, an extrapolation technique may
alsc be used. This procedure enables one to evaluate ‘spectral®
values of integrals U? and some one—centre repulsion integrals. The
data obtained in this way depend strongly on the choice of the
reference electron configuration and thus different values of these
guantities can be found in the literature. It must be mentioned
that the spectral values differ substantially from the theoretical
data obtained by direct integration over the basis set functions.
From time to time a scaling approach is applied: the theoretical
integrals are multiplied by an empirically obtained reduction
factor., The spectral valnes, moreover, include a part of the cor-
relation energy.

The use of spectral parameters for certain integrals to
evaluate matrix elements of the Pock operator will be suc-
cesaful only if the true electron configuration of an atom in the
molecule does not substantially differ from the reference electron
configuration of the free atom. This condition is fulfilled well in
hydrocarbone where the valence state of the carbon atom is retained
in a large series of similar compounds. On the contrary, co-
ordination compounds of transition metals exhibit great wvaria-
bility of the relevant electron configurations. For this reason a
universal parametrization for auch elemente is not available.

The one-centre electron repulsion integrals (ac|bd] may be
expressed ([Laplace-Neumann expansion) through radial integrals

R bd and angolar coefficients obtained by a combination of
Clebsch-Gordan c¢oefficients (gee Section 2.2)
o gk k k
(ac|bd) = E R, bg © (lama,lcmc) c {lbmb,ldmd) [234]
The radial integrals of the Coulomb and exchange type
k k
Rabab = Fab
k k
Rabba = Cab [235]

are called the Slater-Condon parameters (SCP}; they are available
from the analysis of atomic spectra (113}.
The mean energy value of the electron configuration sxpydsz

may be written in the form (107)

E(sprdsz) = XU, + yup + 20y + wlg + (1/2}x{x - I}GBB +

+ {1/ 2)y(y - )6, + (1/2)2{z - 1)Gz, + (1/2)w(w = 1)Gep + xyG , +

+ szsd + wasf + yszd + ywcpf + ZWG4, i236]
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The electronic interaction terms are averaged for individeal values
of the azimuthal guantum number 1 and they consists of Coulomb and
exchange integrals (114)

0

Jes = Fag
R B 2
Jpp Fpp [4/125)FpP
2
X__ = (3/25)F
PP (3/25) PP
J.. = PO, - {4/441)F2 - {a/441)F%
dd dd dad dd
= 2 4
Kyg = (5/98)Fg4 + (5/98)?dd
]
Isp = Fap
1
Ksp = (1/3}Gsp
0
Jsd = Fsd
K_, = (1/5)G2
sd sd
]
Ioa = Fpa
K_, = (2/15)G}, + (3/35)G>
pd pd pd
0
GSB = JBB = FBS
6. =3 - (2/5)K_ = ¥ - (2/25)F2
PP PP PP PP BP
- I 2 4
Gaq ™ Jag - (4/9}Kdd Faa (2/63)F 4 ~ (2/63)F 3,
_ o0 2 4 &
Geg = Fgp - (4/195)Fg, - (2/143)Fg, - (100/5577)F;,
- R 1
Cgp = Jap = (1/2]1:Sp = Fap [1/6}(;sp
tH 2
Ggad = Jaq — (1/2]KBd =F 4 - [1/10}(;sd
0 3
Ggg = Fge - (1/12)G
G o =d .- {1/2)K_, = ¥ - (1/15)91 - (3/70)33
pd pd pd pd pd pd
_ &0 2 4
pr = pr - (3/70)pr - (2/63)pr
G.. = FO, - {3/70)6L, - (2/105)63. - (5/231}G3 237
af = Fas af at as (237]
Using the formula [236]) the ionization energies may be written as
-1® = p(a¥pYaZf¥) - e(s* 1pYa?t¥) =

= 02 + {x - )G + szp + 2G4 + WG

ag £



251

-1 = E{e¥p¥a%s¥) - E(e¥pY 1a%¥) =

oo

=0+ x6_ + (y - 1)6_ + +
p * Xgp * (¥ = 1)Gp, + 26pq + WG

-1h = g(e*pYa’fY) - p(e™p¥a*'eY) -

ug + X6 g+ Y6,q * (2 - L64q + Wy

p:3 E(Bxpydsz) - E(sxpydsz-l’ -

|
i1
Hh
L]

- UR + xG, + ¥opg + 26gp *+ {w = 1)Ggg [238]
apd analogonsly the electron affinities are

-Az - E(sx+1pydsz) - E(a®pY¥a?%t¥) = Uz + X6+ ¥ + 26 + WG

= sp ad sf
_-A - Bl X Y“‘l;Z;W\ - ot X VL Z oW, = . Jrap— I /T
- Eis p a"f" ] Bla p°d L} Up ¥ XGgp * ¥Spp * nGpd + -pr
A x z+1 x
-ah = B(s*pYa® 1Y) - B(s™p¥a%t") = uﬁ + XG4 + YO q + 204 + W4y
_aB . X Y ZeWHLy X YAZeWy o
Ay E(a"pid“€" ~) - E{s p*d"f") Ug + XGoe *+ prf + 2Ggp + WGpg
[239)
A

Further the Mulliken orbital electronegativities, defined as X, =
(12 + a?}/z, may be expressed
~Xg ™ Uﬁ + Hxg vox, - 1)Ggq + (¥; + ya)Gsp +

+ (z; + za]GBd + (wy + wa)Gsf]IZ

A
-x ug 2 LRy + %06, * (v + ¥, - 216, +
+ {zi + za)Gpd + {wi + wa)cpf]fz
A
X3 = U + [(xy + %064 + (yy + o) *

+ (zi + z_ - 1)Gdd + (wi + "a}Gdf]/2

a

A‘
~Xg Ug + [(x; + xs]GBf + (yi + Ya}pr +

+ {2y + 2,06, + Wy + W - 1)Gg¢)/2 [240]

where x; {xa} are the occupation numbers in the reference electron
configuration for the ionization (affinity) process. Finally the

quantities Y? = 12 - A? may be expressed as

Yﬁ'GSB

[241)
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TABLE 7
Reference electron configurations dzsxpy.

Process z X b4

Progess for p-slements

Isfsxpy - s*71pY) 2 2 - 2
Ip(sxp > sxpy 1) 2 2% - 2
Aslsxp x+1 y} 1 2 .« 1
Ap(sxp » sxpy+1) 2 z€ - 2
First process for d-elements

1 (dz -1 1po az-1 0p ) 2 _ 1 1 0
Ip(dz 1 0 1 - dz -1 OPG) 2 _ 1 0 1

1 ta*? lp" » a2 25lpY 2 -1 1 0

A (a%s%p% . a%s'p¥) z® 0 0

Ap{dz o, p? - a%s%!) z¢ 0 0
d(dz lslpo - dzslpoj z€ - 1 1 )
Second process for d-elements

I (dz-2 ZPO dz-251p0) 2 _ 2 2 o

1o (a%2elp! .+ a2-261p0) 2 -2 1 1
Id(dz-z Zp " d2-352p0] 2 _ 2 2 0

A (dz 141 p + dz—lszpoj z° -1 1 0

Ap(dz Islpo » dz_lslpl) z¢ -1 1 0
Ad[dz lslpo =Y dzslpo} 2€ -1 1 0

Values of G g are accessible from varicus electron exchange
processes, viz.
Gsp - Igfsxpydsz . 3x—lpydsz) _ 12+(sxpy_1dsz . sx—lpy—ldsz)
¥ 42 x y-1.2 w At, X=1 v .z .w x-1_y-1.2 w
= 18 {s a%t¥ . s P d“f”") - Ip {= ptd“f” - =8 <ol - S
[242]
In processing these formulae, the reference electron configuration
must first be chogen. Relevant examples are shown in Table 7.

The relationships above represent the basis for the semiempi-
rical parametrization of the CNDO type methods (which contain only
the monopole F0 contributions} and INDOQ type methods {with a com-
plete set of non-zero multipele 6" and F" contributions in the

Laplace-Neumann expansion of the repulsion integrals}.
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Bapis set of S5TD functione. Explicit knowlege of the analyti-
cal form of the atomic orbitals is necessary for the evaluation of
overlap integrals and some repulsion integrals. The following basis
sets are freguently used.

1. S8later ADs (14) have orbital exponente calculated with

{n1 ™ {2 - onllfn* where the screening constants on1 ared
g ™ 0.3(K - 1)

0g = 0gp = 0+85K + 0.35(L ~ 1)

°3g = 93p = K + 0.8B5L + 0.35(M3P - 1)

ogq =K+ L+ Msp + 0.35(My - 1)

S4 ™ 9gp ™ K+ L + 0.854 + 0.35(NBP - 1)

o4q = o4¢ =~ K+ L+ M+ 0.35{Ndf - 1)

958 = “5p = K +L+ M+ 0,854 + 0.35(0sp - 1)

0gq = 0gg "R+ L + M+ N+ 0.35(0df - 1)

“6s = “6p ™ K+L+M+ N+ 0.850 + 0.35(Psp - 1)
O6d = Ogg "KL+ M+ N+O+ 0.35(P; - 1)

Here, K, L, Hsp' e++» is the number of electrons in the shell or
subshell. The characteristic feature of these AQs ias the
attribution of the common orbital exponent to a group of orbitals
{n=, np) and {nd, nf). The value af 4?3 = 1.2 is usually used for
the hydroger atom in molecules. The fractional effective quantum

* * *
number n 18 given as

n I 1 2 3 4 5 6

*
n

1.0 2.6 3.0 3.7 4.0 4.2

This definition, however, complicates the evalnation of integrals.
In this case the radial part of the orbital may be approximated by
a pair of primitive functions having the closest higher and lower

*
integer quantum number. For example, for n = 3.7 it is

2.7 2

+ 0.7¢%Yexp(-2/3.7a,)
[243]

R4[r] = Nr exp(—ztr/3.7ao) = N*{0.3r

where the normalization factor is N' = 1.012 845 31.

2. Burns AOs {15) possess another definition for the screening
constants and have an integer effective quantum number egual to
the principal one. They reproduce better the results of the atomic
SCF calculations.
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3. Clementi-Raimondl AQs {11i5,116) were obtained by atomic SCF
calculations. They, however, are unknown for wvirtual AOs,

4. Zerner-Gouterman exponents (114,117} for atoms Sc through E&n
describe better transition metals in their valence state.

5. Extended bhasis sets of DZ or PZ type have been published by a
group of authors (118-122). They describe better the radial
dependence of transition metal atom d-orbitals (Fig. 8).

2.0

Rir}

1.0

0

C 10 2.0 r

Fig. B. 3d-orbital radial parts for the iron atom {3d6452 configu-
rationj. R - Richardson AQ, W - Watson AC, C - Clementi AQ, B -
Barns AO, S -~ Slater AO.

6. In semiempirical methods, 8ST0 function exporentz may be
regarded as adjustable parameters and may be obtained by calib-
ration to selected molecular properties.

7. 5TU function exponents {e.g. Slater or Burns) may be scaled
using a universal scaling factor ‘n1 dependent on the principal
and the azimuthal guantum numbers.

Expression of repulsion intsegrals. Only one-centre and two-
centre repulsion integrals are considered in methods utilizing the
200 approximation. These integrals shoud be mutually proportional
as follows from the limiting conditions:

al lim 3, . = (3. . 3. . ) [244]
R _-8 *ads l.\“'A' I
AB

i.e. at short distancezs the bicentric integral should be

traneformed to the mean value of the one-centre integrals;
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b) lim 3, . [245])

R Lo L3, 951/Ran
i.e. at 1long distances the wvalue of the two-centre integral
corresponds to the classical formula for coulombic repulsion of two
point charges.

The use of theoretical values for the one-centre inteqrals is
consistent with the theoreticel integration of two-centre Jij' The
use of spectroscopic values for one-centre integrals requires

certain approximations for the two-centre integrals Ji For this

5
purpose several formulae have been proposed; the most fregquently
used approximations are according to:

al Mataga and Nishimoto {123,124)
Jij = “sI/{RAB + aj [246]
where

a= 2aSI/(Jii + J..} [247]

33

ahg.feV)

I 1 1 i !

=L 1
C 1 2 3 4 5 8RN

Fig. 9. Plot of repulsion integral YAB(R] vs R for two carbon
atoms, S - theoretical value using Slater AOs; OK - Ohno-Klopman
approximation; PP - Pariser-Parr approximation; MN - Mataga-
Nishimoto approximation.
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b} Ohno {125)

Jiy T o1/ (Rap + a2 [248]
c} Klopman (126}
_ 2 2,1/2
355 = ogp/[Ryg *+ logp/8) (11355 + 173,97 [249]

The Pariser-Parr approximation is also utilized for n-electron
systems in the PPP method (127,128). The muteal relationship of
these approximations is illystrated in Fig. 9.

Approximation of attraction integrals. The interaction energy
of an electron situated on an atomic orbital 02 with the neutral

atom C consists of the attraction energy to atomic core Zg and

the energy of interelectronic repulsion {Fig. 10)

(ipi f€) = -vC . + 7% nS[(i,4,|kka) = (1/2}(i,kn[iskn)] [250]
ATA 141, k k ATRITCTC A CITATC

where nﬁ are the atomic orbital occupation numbers of atom C.
For the electron configuration sxpydsz in the 2ZDO approximation it
is true that

1

(iAiA[c] N ; xJ“.:g + yJ:g + zagg + in‘cf: [251]
A A

Since the penetration integral [iAiAIC} is npsually wvery small,
we can neglect it to obtain

¢  _ _.AcC c c c
Vi, o= foi_‘B + yJ?.p + zJ‘i"d + wJ‘i‘*f [252]

A A

1.
n§ Wiaiglkcke) - S liakelia kel

Fig. 10. Schematic representation of the penetration interaction.
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In the special case of the mean electron confiquration (ns,np)x+y,

which is the usual assumption of the CNDO and INDO methods,
C C c C
vi‘i‘ (x + YJJ?B Zc J?s [253]

and for the configquration (3d}z[4s,4p)x+y it holde true

C = C < C
i omx+ YIThe + 125 - (x + y) 1555 [254)
This approximation can be modified for partial inclueion of pene-
tration effects, viz.

c c
U 2ol(1 - w)The + 0 £,{Ryc,¢n)] [255]

where the parameter o represents the degree of penetration and f1
is an empirical function. The more difuse functions (2p or 4s
orbitals} exhibit a higher penetration effect relative to the more
localized orbitals (2s or 3d AOs).

The attraction integrals may be evaluated by direct in-
tegration over STOs. Better results, however, were obtained using
approximate formulae probably as an effect of compensation of
errors introduced by ZDO approximation.

Repulsion of atomic core. The total energy term

N
VNN ‘A§B

W

AB (256]

substantially influencee the caleculation of equilibrium geometries.
In all-valence methods

N o .
Wap = I Zp fzfnaB) [257]

where the repulsion potential is

£,(Ryp) = ogy/Rap [258]

The electronic energy of a molecule ig strongly affected by
the ZDC approximation. Such an energy defect should be compensated
by an appropriate choice of the empirical potential W,,. ©One fre-

AR
gquently used approximaticn isa

¢ ¢
Wy = 25 35 ghB [259]
and for transition metal elements

[»
Wy = 25 (xThe + yagﬁ + z750) [260]

The empirical function fz(RAB} is specifically defined for certain
calculation methods.

Expression of resonance integrals. The resonance integrals hgj
substantially influence the energy of the chemical bond. A detailed
thecretical analysis leads to the conclusion that this integral
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is proportional to the interference demsity, which is a measure
of the electron transfer into the interbond region upon bond
formation. 1In methods wutilizing the 32ZD0O approximation these
integrals are expressed in a semiempirical way, only. Most fre-
guently their proportionality to overlap integrals is exploited.
The common formulae are of the following type

J_"38[1] (1/2)K (g2 + *3103}Sij [261]
and
h$ 5 (1) = -Kp(zh + I‘;)sij [262]

3.4.3 CHDO Meihod
This method {Complete Neglect of Differential Overlap: CNDOJ
utilizes all conseguences of the ZD0 approximation. In order to

secure the invariance of the total energy by rotation of the
coordinate system, two additiocnal assumptions are made:

a) integrals of electron repulsion are averaged over orbitals
at the given centre

(ipip[3gdg) = To2 = vag [263]
b) electron-nuclear attraction integrals are averaged as

c c

Vi, * V. [264]

The requirement of invariance of the molecnlar energy demands
an averaging process only over the azimethal guantum number ({1}
8o that it is possible to consider charge densities Dii(ll and
D j(Z} with different atomic orbital radial parts.

Individual wversions of the CNDO method differ from one another
in these details:

a) expression of U? integrals and choice of the reference
electron configuration;
b) evaluation of integrals Yan and YAB:

c¢) expression of averaged integrals V

d) choice of exponents of Slater-type orbitals g

e) expression of resonance integrals and callbratlon of adjus-
table parameters;

f) expression of the V

NN
the beet known versions of the CNDO methed are briefly charac-

potential for repulsion of atomic core.

terized in Table 8 and are discussed in more detail below.



259

Parametrization of CNDO/1l method for atoms B through F {129)
utilizes the integrals U? expressed via a mean wvalue of the
ionization energy I?

A c
Ul = -1} - (3§ - lhypp [265]
The integrals y,,., YABR and V: are evaluated by a direct integraticn
over valence s-crbitals of the Slater type
vam = oz I T13 8501117 [s,02)1% av, av, [266]
c -1 2
Vy = ogr Zp T Ty [8,(1)1° dvy [267)

The resonance integrals are used in the form th(I} according to
formula [261] with the proportionality constant K, = 1.0. The
atomic parameters Bp for the H - F elements were calibrated in such
a way so that the best agreement was obtained with orbital energies
derived from ab initio calculations of small molecules.

A modified version of the CRDO/]1 method has been proposed by
Brown ard Burden (130}).

CNDO/2 version for e-p elements utilizes, instead of the
CNDO/1 version, the following expressions for the integrals

c

Vi = 2o vae [268]
od = xd - 2] - 172)yy, (269]

The orbital Mulliken electronegativity x? ie taken as an empirical
parameter determined from spectroscopic data. The values of the
CNDO/2 parameters are given in Tabkle 9.

According to Santry and Segal (132), the parametrization of
elements Na through Cl has options for different basis set size:

s-p, 8-p~d and s-p-d°’ {of more diffuse d-functions). The values of
the Ba parameters for the Na - Cl atome were obtained by scaling
the values of 55 known for atoms Li - F according to the formula
By = gB(uA ng)/(u28 + ugp} [270]
In the expression {261] for the rescnance integrals, the proportioc-
nality factor is K, = 0.75 if the pair of atoms A and B spans the
interval Na - Cl; elsewhere Kt = 1.0,

This method has beer modified by Santry (132) to CNDO/2B
version and also by Mislow et al. (134). The extensions of this
type of parametrization to other elements have been carried out by
Hase and Schweig (135) and Scharfenberg {136}).

CNDO/2 method for d-elements differentiates between two types
of orbitals T? = S5, D according to their principal gquantum number.
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TABLE 8
Various versions of the CNDO method.

No Aunthors Atoms Type Calibration Ref.
A} CNDO/1 versiona
1 Pople-Segal 8-F s se, C {129}
2 Brown-Burden H,C-F s d {130}
B) CNDO/2 versions for p-elements
3 Pople-Segal E-F s from CNDO/L {131}
4 Santry-Segal Ha-Cl1 s,{p) scaling (132)
S Hase-Schweig Ge-Br s R, d, 1 (135)
6 Scharfenberg I s R, d {136)
C} CNDO/2 versions for d-elements
7 Clack et al. Sc-Cua s,D ae, C {137)
8 Ruette-Ludena Mo 5,0 R, AH (139}
9 Blyholder Ni s,D R, aB {140)
10 Kai-Nishimoto Mn-Cu s,D scaling {141)
11 sSérafini et al. Cr,PFe,Ni S,D q (142),(143)
12 Freund et al. Cr-Ni 5,P,D q (144),{145)
13 Baetzocld Ha,Ca,Cu,BAg, S,D R, »E, I (146}
Pd,Cd,Aa
D) CNDO/S versions
14 del Bene-Jaffé H-F s aB (147)-(150)
i5 Singerman-Jaffé S S, (D) {151)
16 Rajtzmann et al. H-Cl,Ga-Br, 8 {is2},{153}
Ti-Cu,Zr-Ag
E} Other versions
17 Brown-Robby B-C1 s {154)
18 Fiacher-Kollmar H,C s a8 {155}
19 BSjer-Meza H-Ca,Ga-Br s se,d,a8, 1 {156),(157}
20 Bhattacharyya H-Br,I s,D {158)-{160}
21 Sakaki et al. Cr,Mn,Pd, {161)~-{163)
Ir-Bg
22 Deb-Coulson F,Cl,Br,I s scaling (165}
23 Sichel-Whitehead H-F,Si-Cl, S AH (166}-(168)
Ge-Br,Sn-1
24 Todelleo Cc-F,Cl1,Br, s none {169}
Fi-Cu, Zr-Ag
25 Bthm-Gleiter BE-Br S,P,D R {177}
F} Quasirelativietlic CKDO/1 version
26 BoZa 8-118 s,P,D,F R (172)

® calibration quantities: ae - difference in orbital energy, € -

LCAO matrix, d - dipole moment, R - equilibrium geometry, I -
icnization energy, aB - heat of formation, g - atomic charges, aF -~
excitation energy.
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TABLE 8 {Continued)

No Parameters °
U v YAA Yan ¢ ﬁAB
A) CNDO/1 versions
1 I,y(AA) TI TI TI sl g{s)
2 AP TI TI I 51 Pople

B) CNDO/2 versions for p-elements

3 X,y(BAR) y(AC) TI TI 53 ﬁ(S;
4 X,v{an) yi{AcC) T TI 51 s(si,K
5 X,y[(BA}] y{AC) TY TL s1 B(S;,K
6 X,v(8a) y{(acC) 7T TI sl 8{8),K
C) CNDO/2 versions for d-slements
7 X,y(AA) y(AC) TI TI 26,8 p(8),5(D)
8 X,y{aA) y(AC) 71 TI s1 (s}
9 X,v{An) y(AC) TI TI 51 8({s),s(p)
10 X,y{An) y(AC) TI T ZG s(s .ﬁ(P):B{D}
11 X,y{Aa) vy{aC) TI TI %G s(s),s{P},8(D)
12 er(AA) y(AC} TI 71 APR ﬁ(slfﬁ{P):B{D)
13 X,v{BA] y[AC) TI TI CR g(s)
D)} CHNDQ/S versions
14 X,v{An) y({AC) sP M, P sl s{8),K
15 X,y{BA] vy(AC) se | 51,B gis),K
16 X,y(AA) y{aC] TI/S M,0 51 gis)
E) QOther varsiocns
17 I 1/R{AC) TI/S 1/rR{aB} 81,B K
18 I,y(AA} y(AC),OK TI TI 51 I,K
19 I,y(AA) y{AC) 7I TI CR gis)
20 I,v{An)] y(AC) TI/S M CR I,K
21 I,v({Ra) yiacC) P 0 B i,K
22 TI y{AC) TI 7L 53 gis)
23 sp y {AC) SP M,0,7T 81 g(s)
24 SP TI TI TI 8E
25 SP y(AC), 0K TI/8 OK B I
F) Quasirelativistic CKDO/1 version
26 I,y(BA} v(AC) TI TI PL R
e Integrala: TI - theoretical, AP - adjustable parameters, SP -

spectral values, M - Mataga approximation, ©0 - Chno approximation,
P - Pariser approximation, TI/S - scaling of theoretical integrals.
Exponents: S1 - Sliater, B - Burns, CR -~ Clementi-Raimondi, 26 -
Zerner-Gouterman, DZ - double~zeta, S3 - single-zeta, SE - gemiem-
pirical, AP - adjustable parameters, PL - Pyykk&é-Lohr.
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TABLE 9

CNDO/2 parameters for p-elements.

A A A A 0

z A b % X5 Xy ¢ -Bp
A} Popla-Segal {131)

1 H 7.176 1.200 9.0

3 Li 3.106 1.258 0.650 9.0

4 Be 5.946 2.563 0.975 13.0

5 B 9.594 4.00} 1.300 17.0

6 C 14.051 5.572 1.625 21.0

7 N 19.316 7.275 1,950 25.0

8 4] 25,390 9.1i1 2.275 31.0

9 F 32,272 11.080 2.600 39.0
B) Santry-Segal (132)

11 Na 2,804 1.302 0.150 0.733 7.720
12 Mg 5.125 2.052 6.162 0.950 9.447
i3 Al 7.771 2.995 0.224 1.167 11.301
14 83 10.033 4.133 0.337 1.383 13.065
i5 4 14.033 5.464 0.5G60 1.600 15,070
16 s 17,650 6.989 0.713 1.817 18.150
17 Cl 21.591 B.708 0.977 2.033 22.330
) Bofa

30 En 4,547 1.452 1.509 7.6
D) Hase-Schwelg (138)

32 Ge 11,435 4.080 1.527 10.0
33 As 13.335 5.345 1.702 13.0
34 Se 16.315 7.100 1.878 16.0
35 Br 15.630 8.400 2.054 22.0
E) Scherfenberg (136)

53 I 17.704 6.423 2.5015 14.0
F) Santry (133)

14 8i 9.0 4.5 8.5
15 P 11.2 5.2 10.0
16 5 13.0 6.4 11.5
17 ci 16.0 7.0 12.2

* Parameters X and g in ev.

The 3d orbitals are classified as orbitals of the D-type whereas
the 4s and 4p orbitals are of the S5-type. Then the one-centre in-
y 0 0
teqrals are of the Ym(sfsjf YAA(S!D]t YAA(DID]I ﬁAis) and ﬁA(D]
type and the two-centre integrals are of the YAB(S’S)' YAB{S'D)'
c c C c

YAB(DrS]: YAB{DfD}: VA(S): VA(D]: VB(S) and VB(D) type. If t?g
reference electron configuration of a transition metal is {3d)F
{45,49}2, then the integrals U? are given by formulae

Ups = ~Xag - ran(8:8) - {25 - 3/2}y,,(s,D) [271]

uf;p = -xip ~ vpalS.S) - (25 - 3/2)y,,(S.D) [272]
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W = X34 - 2rp,(8,D) - (25 - 5/2)y,,(D,D) (273}

Choosing another reference electron configuration (3d)z
(45,4p}x+y, after analysis of the atomic spectra, one can obtain
different valueas of xg. Theraefore the CNDG parametrization for
transition metals possesses an additional degree of freedom
represented by the occupation numbers ni of the atomic orbitals.

The two-centre repulsion integrals are evaluated by direct
integration over atomic e-orbitals with their radial parts
dependent on the troe principal quantum number (n) and the orbital
exponent {n1* viz.

vap(8:D) = ogp 55 73 Logylry 5 )1 (05,005, 5901% dry ar,  [274]

Neglecting penetration integrals, an approximate expression for
the integrals Vg{S} and Vi{D) is obtained. For the electron con-

figuration (3d)n-2(43,4p)2, i.e. x + y = 2, we obtain

vSTd) = (3§ - 2) ypel1iD) + 2y, .(7%)8) [275]
if the atom C is of D-type, and
VAT = 2§ ypelTES) (276)

if the atom C is of S-type.

The parametrization of the CNDO/2 method according to Clack et
al. (137) for atoms Sc through Ca {Table 10) exploits the semi-
empirical values of ﬁg(S) and ﬁg(n) determined for two different
basis sets: with exponents according to Zerner and Gouterman or
according to Burns.

A modified parametrization for atoms Mn through Cu has been
proposed by Kai and Nishimoto [141) who applied a scaling procedure

ﬁg(Si =a Xﬁs +b [277]
salB) = 53(S) X /xG, [278]

Some cther types of parametrization are presented in Tables 10
and 1i.

The CRDO/2 version of Freund et al. (144,145) explicitly
differentiates among S, P and D types of integrals. This progress
wag motivated mainly by the fact that the vacant 4p orbitals differ
substantially from occupied 4s orbitals for transition metals., The
values of U? depend on the reference electron configuration and two
sets have been proposed:

a) for the configuration 3d% %452
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TABLE 1¢
CNDO/2 parameters for d-elements.

A A A A A i 1]
2 A X5 X5 X3 s ‘p -Bg “fp
A) Clack et al. {137}
21 Sc 3.657 0.558 3,793 1.230 2.029 2.0 15.0
22 Ti 3.770 0.690 4,149 1,300 2.183 7.0 i8.0
23 v 3.822 0.777 4.475 1,300 2.330 12.0 21.0
24 Cr 3.909 0.876 4.822 i,320 2.470 17.0 23.0
25 Mn 3.983 0.975 5.157 1.360 2.600 22.0 25.0
26 Fe 4.120 1.062 5.504 1.370 2.722 26.0 27.0
27 Ca §.170 1.16 5.839% 1,423 2.830 29.90 28.0
28 Ni 4,306 1.26 6.182 1.473 2.960 32.90 29.0
29 Ca 4.567 1.347 6.520 1.482 3.080 35.0 30.0
B} Blyholder {140)
28 Ni 4.3 1.3 10.0 i.8 2.5 6.0 10.¢
C} Ruette-Ludena (139)
42 Mo 3.93 0.71 4.53 0.7375 1.243 5.85 5.85
® Parameters X and g in eV.
TABLE 11
Modified CNDD/2 parameters for d-elements.
A A A 0 ] ¢
2 A {S Cp Cd -ﬁs "‘ﬁp ﬁd
A) Kai-Nishimoto (141}
25 M¥n 1,360 1.360 2.600 i6.1 3.94 25.0
26 Fe 1,370 1.370 2-722 16.9 4.36 27.0
27 Co 1.423 1.423 2.830 17.1 4.76 28.0
28 Ni 1.473 i.473 2.960 i7.9 5.22 29.0
29 Cu 1.482 1.482 3.080 19.3 5.6% 30.9
B) Sérafini et al., {143)
24 Cr 1.320 G.400 2.480 18.0 14.0 24.¢
26 Fe 1.37¢6 0.425 2.722 231.6 16.0 29.¢
28 Ki 1,473 0.450 2.960 25.0 18.¢ 31.0
C) Freund et al., (145)
24 Cr 1,225 0.150 1.355 3.0 3.0 7.0
25 Mn 1,325 0.388 1.499 4.0 4.0 8.0
26 Fe 1.375 0.413 i.780 6,0 6.0 9.0
27 Co 1.475 0.438 1,930 5.0 5.0 10.0
28 Ni 1.530 0.400 2.180 5.0 5.0 1.0
a
uh, = -xh, - vaa(S/8) = (25 - 3/2) yp,(s,D) [279]
B
uﬁp = -Xj, - 2rpa(S/P) - {23 - 5/2) yp,(2.D) [280]
a
U‘gd = -Xaq ~ 2yp,(S,D) - (zi = 5/2) yp,(D,D) [281]
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b) for the configuration Bdn_lﬁsl

Uy, = X3, - (1/2)y,,(S,8) - (35 - 1) y,,(8,D) [282]
Ugp = ~Xgp = van(S/®) - (2§ - 3/2) vp,(eD) [283]
U3g = ~X3q - ranlSiD) - (2§ - 3/2) v, (D,D) [284]

The stability order of these configurations E(sxpydz) alters in
passing from Mn to Fe. For elements Sc - Mn the configuration
3dn-2432 ie the most stable whereas for elements Fe - Cu the confi-
guration 3dn-14s1 is the most stable. The integrals Vg are given by
an approximate formula [252]. In this version the orbital exponents
are regarded as adjustable parameters and together with the ﬁg(ng
parameters they were calibrated to atomic charges and differences
in orbital energies obtained by ab initic calculaticns and pseudc-
potential calculations for transiticn metal carbenyls.

The CRDO/S method of del Bene and Jaffé {147-150) has been pa-
rametrized to be capable to reproduce the excitation energies
{electronic spectra) of molecules. It is combined with the 1limited
configuration interaction. This method closely resembles  the
PPP version developed for the p-electron systems. Its charac-
teristic feature is a semiempirical paramstrization of one-centre
repulsion integrals which are determined by the difference of the
mean icnization energy and electron affinity values

vpp = I - B [285]

The two-centre repulgion integrals are expressed using Pariser-
Parr approximation, by a model of uniformly charged spheres or by
Mataga-MNishimoto approximation. The proportionelity factor in the
formela for resonance integrals hgj(I} depends on the type of
chemical bond: Ko = 1.0 and KH = (3.585.

The method above has beenr extended to third-row elements
(151) as well as transition metals (152,153). It was shown that
the spectroscopic values for the Coulomb integrals Jii may be re-
produced by scaling the theoretical integrals obtained by direct
integration over Slater AOs

(339),, = Ag (14]33) [286]

The CNDO version of Tondello (169} cperates with spectro-
gcopic values for the U? integrals. For this purpose the averaged
atomic configuration energies of adjacent oxidation states

{ao, at and A%Y for transition metals and A, A’ and A* for s-p
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elements) are conaidered. The exponents of the STO are also de-
duced £from them so that they are regarded as semiempirical
parameters. The Mulliken approximation (170) is used to express
the off-diagonal matrix elements.

The CNDO versicon of BShm and Gleiter {171) for atoms B through
Br differentiates among three types of spheres: T? = §, P and D. In
order to secure rotational invariance the method uses averaged
values of the one-centre repulsion integrals

ran(THT5) = DranlTh o) + rpalr T 1/2 [287]

The theoretical integrals obtained by a direct integration over the
Burns atomic orbitals are scaled by the factor A?{Tn}. The two-
centre repulsion integrals are expressed using the Ohno-Klopman
formula. The spectroscopic values for Ui published by Sichel and
Whiteheat (166} and DiSipio et al. (172) are used. vValues of Ug
have been extrapoclated as

u: - [(uﬁ + ug)/{x‘; + rgu zg [288]

The values cof Ugd for atoms Na through Cl, as well as values for
Uis and Uﬁp for atoms Sc through 2Zn were scaled by factors of 0.805,
0.80 and ¢.75, respectively. The ionization energies have been
taken from publications of Pople and Beveridge (108), Levison and
Perkins (157), Ballhausen and Gray {173) and Moore {113]).

The integrals Vg partly include +the penetration effect and
are expressed by a formula similar toc those of Fischer and FKollmar

C

VS = Blogrpe * (1 - o) (R, + 17¢57Y 200, + 0721773 fassg

A

which is the weighted average of the Ohno-Kiopman formula and
CNDO/2 formula for two-centre repulsion integrals. The parameter
wp = gA/{anAj represents the degree of penetration dependent on
the relative AQ diffusion.

The atomic core repulsgion is given by an empirical potential
c c
Wap = Zp 2g yAB[l + exp(-aARAB} + exP(_OBRAB”ferr {290]

where the parameters apy and feff are calibrated to equilibriam

gecmetries of the diatomic molecules.

The resonance integrals are expressed by a rather complicated

formula
c  _
hij = A, Iij(RAB} Mij[Ru) {291]

where Aij is the weighted mean value of ionization enerqgies, Iij(R]
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is the interference function proportional to factor (1 - Sij}sij
and M, . is the direction dependent (orientation) function
reflecting the polarization of ACs in the bonding region. The
functione Iij and Hij contain specific parameters dependent on the
type of the chemical bond (5, =n, &}.

Other versions of the CNDO method are characterized in Table
8. Nonempirical vesionas of the CNDO method (174-176} have alsoc been
proposed and utilise extended basis sets of PZ-STO functions.

Quasirelativistic {177) and relativisetic versions for heavy

atoms will be discussed in Section 3.6.

3.4.4 INDD Method
This method {Intermediate Neglect of Differentiel Overlap:
INDO) represents a natural extension of the CHDO method. The
extension 1lies in the inclusion of all one-centre repulsion
integrals. The matrix elements of the Fock operator in +the JIWDD

method are (108-112)

R a B i.i - p" 4 i
F g =Bf; + D0 [(eg )+ 2f 3 )(i,i,lkalp) - B o (kg |ip2,00 +
AT a k,1 AT AT ATA

A A
+ L EC ‘Pﬁ!k‘ + Pﬁ‘k*)(inia|kckc} [292)
FE‘J_ 'k‘?: [(p;‘:*l‘ + P}‘i‘l‘”injalkalal - P}Eall(ialalkaja)] [293]
3 ;= hg 5 - ] 5 (1,3, 13p9g} [294]
ATH AR AYE

Classification of the one-centre repulsion integrals used in
the INDO method is given in Table 12. These integrals are not cal-
culated by direct integration over STOs but they are composed of
Slater-Condon parameters the values of which are known from atomic
spectroscopy. Their values were published by Slater {107), Hinze
and Jaffé (178), Tondello et al. {179} or Anno and Teruya (180,
181), Liska et al. {182), Stevenson and Burkey (185), Galasso {187)
and Gordon (188].

In the a-p basis aset the following expressions hold true for

non-zerc repulsion integrals

0
1/ Jog ™ (es|ss) = Fog {295]
/6/f Jsp = (ss|p;p;) = ng [ 2961
o 0 2
/3/ Jpp = (p;p;{p;p;) Fp* {4/25}Fpp [257]
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0 0
6 = {p,p: [p:p:) = FO_ - F 298
/67 3,5 = {p3P;p4P5) pp = (4/28)F {298]
112/ Ky, = (spglep;) = (1/3)c;§|p [299]
0
f12/ Kpp' (pipj]pipj] (3/25}Fpp [300]

The numbers in slashs represent the multiplicity of the formula,
i.e. alltogether 40 non-zero cases., In the d-s-p basis set there
exist 232 non-zero repulsion integrals, forming 13 groups
according to their wvalue, which c¢annot be expressed through
Slater-Condon parameters (SCP). The total number of pon-zero
integrals equals 735; they form 58 groups according to the s=same
value (183}.

The semiempirical parametrization of the INDO method closely
regembles the CNDO approach. Using SCPs the expression f£for the
energy of an electron configuration (nsxnpy) may be written as

. na¥ppY) = - G0 _
Ef{A; ns'np’) xU‘::s + inp + (x +y)(x+y - 1}F /2

1 2
- xyG. /6 ~ - 1)F. /25 301
¥Ggp yly o [301]
where Fo is an averaged value of the FO FO and F0 arameters
9 ss’ " 8p pp P

TABLE 12

Classification of integrals in the INDPO method.

Characteristic Basis set size

8 s-p d-s-p

A) Statistics

rumber of orbitals 1 4 9
number of integrals i 156 6561
non-zero integrals 1 40 753
number of classes 1 6 58
B) Radial parte
G a 4] t] 0 0 1]
viS,8) Feg FSS'FSP'FPP FSS,FSP,FPP
O 1]
Y[SI’D) Fsd'de
1]
Y(DJD) Fdd
. 2 1 2 2 2 4 1
spectral available FPP'GBP Fpp'de’Fdd’Fdd'Gsp’
1 2 3
853%5a%pa
not SCP type Rl R2 R2
¥YP sppd’ sppd’ sddd
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TABLE 13
Expression of U-integrals in the INDO method.

Atom U? Correction Ay -
INDO/1 INDO/2
H,Li,Na uﬁ - -
1
u; - Ggp/12
1
Be,Mg UL - Ggp/12
1 1
G- /6 G /a
Vg Cap/ s’
i c 1 c
B-F uh -G, (25-2)/6 GoplZ5-3/21/6
al-cl
oA 1 2 ¢ 1 2 ,.c
¢t /3 - 7% (2%-3)2/25 G. /3 + F-_(25-5/2)2/25
P sp’ ppfZa—312/ sp’ pp{2a=53/2)2/

. )
UL (INDO} = UL(CNDO) + o

usually is taken for ynA(S,S) integral of the CNDO method. The
U? integrals are sgimilar to those of the CNDO method with a
correction a? dependent on the SCP values (Table 13).

In the s-p valence basis set the matrix elements of the Fock

operator are simplified a=m

7 - A @ B A | e Ah
Fl g =up+ z [(Pk‘kl+ Pk“k*) ik = P x ikl *

A K
C Cina B
+ 7 [V + TP + P I1yanl [302]
C+A A k l':ckc kckc AC
F7 ., = 2(p% . + 9f . kBB - p7 | (g2} + JDB {303]
1A]l :L.k]h lAJA 13 lAJI ij 1]
F? . =hnS . -7 .y [304]
llJB iAJB ilJB AB

The moet Iimportant versions of the INDC® method will be
discussed in more detail. Their review is given in Table 14.

INDO/2 method for s-p elements closely resembles the CRDO/2
parametrization so that only the set of Slater-Condon parameters
F2 and Gi is added. Their values according to various sources are
listed in Table 15, The versions of Galassc (187) and Gordon et al.
{188) utilize the modified parameters x?, g? and ﬁg.

MINDO method for s-p elements {Modified INDO) is characterized
by a different way to express th e resonance integrals; they are
calibrated to the heat of formation of the molecules. Since parame-
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TABLE 14
Various versions of the INDO method.

No  Authors Atoms Expression of hgj ®  Ref.
A) INDO/2 versions for p=-elements
1 Pople et al. B-F as CNDO/1 {184}
2 Stevenson-Burkey Na-Cl1 as CNDQ/2-B {185}
3 Benson-HBudson C-F,85i-Cl as CNDO/1 or CNDO/2-B (186)
4 Deb-Coulson F,Cl,Br,Xt scaling {165)
5 galasso Cc-F,S,C1,Br,I scaling {187)
6 Gordon et al. Na-Cl scaling {188
7 Kaufman-Predney WNa-Cl ag CNDO/2 {189
8 wvan Catlege g-¥ I, & {190
B} MINDO version for p-elemsnts
%  MINDO/1 H-F i, X'(AB), K''(AB) {191
16 MINDG/2 H-F I, K(AB) {193),{193)
11 MIRDO/3 H-C1 I, K(AB) {195
€} INDO vermione for d-elements
12 clack Sc-Cu as CRDO/2 (197)
13 BoXa-Pelikdn Sc-Cu as CNDD/2 (199), (200}
14 Fantucci~-Valenti Se-Cua as CNDO/2 (198
15 Bacon-Zerner H-Ca, as CNDO/2 (201
Sc-Cu
i6 Zerner et al. Ca-Zn as CHDO/2 {202)
17 Béhm-Gleiter H-K, Ca-%Zn I {171)
18 Van der Lugt 1 {203}
19 Blair-webb Pt,C1 U, K{AB) {204)
20 Oleari et al. I (205)-(208)
D) Quasirelativistic INDO/1 versicn
21 Boda H-118 ¢/ K {223)
® Expressione through: I - ionization energy, B3 - electron

affinity, U - atomic potential, ¢ - orbital exponents.

ters Yan = F0 are taken from spectroscopic data, then the %two-
centre integrals are not evaluated theoretically but are approxima-
ted through Onho-Klopmar formula. This class of methods covers
MINDO/1 (191}, SPINDO/1 {192}, MINDO/2 (193, 194] and MINDO/3 {195)
versions. In the last version the atomic parameters Ug, U:, 322,
pp’ K:;, and KRA. are determined from spectroscopic data using the
approach of Oleari et al. (172, 196). The STO exponents are
regarded as adjustable parameters and together with diatomic para-
meters apn and KAB'
heat of formation and eguilibrium geometries of the small mole-

are calibrated to the experimental values of

cules,
INDO/2 method for d~elements utilizes the corresponding CRDO/2

approach with correctiona by values of the Slater-Condor parameters

vd(mpo/2) = ul(cwpos2) + a¥(sce) [305]
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TABLE 14 ({Continued)

No Parameters 2
u cPp v Yaa YaR e

A) INDO/2 versions for p-elements

1 X,5CP sl y tAC PI TI 51

2 X,5CP Ex y {AC TI TL sl

3 X,SCP HJ y{AC TI PI 51

4 TI T1 y |AC TI TI Sz

5 X,8CP 5E,TI y LAC TL TI CR

6 X,SCP Ex y{AC PI 71 AP

7 X,sCp Ex y [AC TI TI 51

8 X,SCP 51 y (AC Sp TI/S 51
B) MINDO version for p-elements

9 Sp Sp y(AC Sp OK 3]

16 Sp sp v {AC Sp OK 51

11 Sp Sp v{AC Sp OK AP
C} INCDO versions for d-slements

12 X,SCP ol y [AC I T3 zZ6

13 X,8CP AT+TI y LAC PI TI 2G

14 Sp ih) v [AC sp MN 2G

15 I,5CP HJ y [AC TI TI sl

2G

16 I,sCP ol y(AC) Sp MN ZG

17 Sp BJ,01 y(AC)+0OR TI/S OK B

18 I,SCP Sp Ap T Ap CR,DZ

19 I,SCP TI v (AC) TI 71 5%

20 Sp Sp y(AC) Sp 1/R DE

D) Quasirelativistic INDO/1 version

21 I,sCP T y{AC) 7T TI PL

® glater-Condon parameters according to: B - Hinze-Jdaffé, 0Ol -
Oleari et al., AT - Anno-Teruya, Sl - Slater, Sp -~ own spectral
values, TI - theoretical integration, Ex - extrapclated values, SE
- semiempirical values. Approximate expressions: MN - Mataga-

Nishimoto, OK - Ohno-Klopman, Ap - own functions. Qther symbols are
the same as in Table B.

where

A ] 2

ag = (3p = 3/2) G 4/10 [306]
A _ sl c _ 1 3

Bp = Ggp/6 + (33 ~ 3/2)64/15 + G_,4(3/70) (3071
R w2 s+ (28 - 5/2)F2,(2/63) + F4(2/63) [3081

Only the Coulomb {ii|3jj) and exchange {ijjij) one-centre integrals
are considered so that the rotational invariance of the method
is not achieved in the d-s-p basis set. This deffect, however,
is not serious. The SCP values according to various sources are

given in Table 16.
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TABLE 15
Slater-Condon parameters for p-elements.

Atom Slater Binze-Jaffé Galasso Gordeon
{107} {178} {187) {188}
Stevenscn
(185)

2
A) Parameters Fpp {eV)

3 1i 1,3568

4 Be 2.4251 2.6562

5 B 3.5485 3.4807

6 C 4.7269 4.5097 6.3700

7 N 5.9605 6.4592 7.8394

8 0O 7.2492 6.9024 9.0277

9 F 8.5929 {8.058) 10.3634

11 HNa 1.1866 1.9579
12 Mg 1.8318 3.2730 2.4680
13 Al 2,.4685 1.6024 2.9411
14 si 3.2777 2.2626 3.495]1
15 p 3.7912 2.9476 4.1229
16 s 4.4872 4.5376 5.9301 4.7672
17 cl 5.2094 (5.277} 6.6842 5.4826
35 Br €.0446

54 I 5.2354
B} Parameters Gip {ev)

3 nLi 2.5036

4 Be 3.8284 3,.8279

5 B 5.4220 5.4012

6 C 7.2843 6.8975 9,3733

7 R 95.4154 8.9580 11.0839

8 © 11.815 11.8148 12.7306

9 F 14.484 {13.388) 14.5536

11 Na 2.1216 3.5005
i2 Mg 2.8018 2.4763 3.7750
13 Al 3.6546 3.3589 4.3543
14 s8i 4.6575 4,.8121 5.2186
i5 p 5.8025 1.0478 6.3102
16 s 7.6011 3.0755 8.5173 7.5285
17 1 8.5078 {2.864) 9.4913 B.95440
35 Br 8.4035
54 I 7-1057

A rotatiocnal invariant version (199,200} ie obtained by
censidering all one-centre repulsion integrals in the d-s-p
1 2 2
sppd’ Rsppd and dedd are
not available from the spectroscopic data {they do not occur in

basis set. Since the radial integrals R

formulae for energies of atomic terms) an extrapolation was used,
to cobtain
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1

1 1 1
Rsppd = (Rsppd/Gpd}theor (Gpd)spec (309]
2 2 2 2
Rsppd = (Rsppd/Gsd,theor (Gsd)spec [310]
2 2 2 2
Rgdda ™ (dedd/Gsd}theor (Gsd’spec [311]

The necessary theoretical (thecr) values for these integrals have
been evaluated by direct integraticon over P2-ST0s in the valence
basis set of Richardson et al. {120,121). The spectroscopic (spec)
parameters were taken from data of Anno and Teruya for the dn-251p1
electron configuratione of neutral atoms. The radial integrals
obtained in this way are listed in Table 17.

INDD/1 version of Bacon and Zerner (202) for elements from H
through Cu is based on the evaluation of U? integrals using the
ionization energies 12 and SCPs. Both relevant electron configura-
tions are considered for transition metals. The wversion has been
modified by Zerner et al. (191} by evalvating the one-centre
integrals FC from spectroscopic data (INDO/S approach). The two-
centre repulsion integrals are expressed through a modified Mataga-
Nishimoto formula

Yap = °gr f/[RAB + 2GSIf/(YAA + yBB)] [312]
with the screening constant £ = 1,2, The mixing of two relevant
reference electron configurations for transition metals is also
taken into account in this version.

Other INDO versione for transition metals have been proposed
by Bthm and Gleiter (171), van der Lugt {203), Blair and Webb
{204), Oleari et al. (205-208), Ross {209,210), Blomquist et al.
(211), DeBrouckére et al. (212) and =2Ziegler (213,214).

An MCZDO method (154) ie known with corrections to the
potential of the crystal lattice {215), a SINDD metheod (216] and an
EMZDO method (217) spanning the class of the INDO approach.

INDO versions for f-block elements (lanthanoides) have been
developed by Clack and Warren ({218}, Farning and Fitzpatrick
(219), Le-Min et al. (220,221) and Culberson et al. (222). In the
lagt version Slater-type orbitals of double-zeta guality have
been used with parameters {exponente and weights) generated by the
best fit to the set of <r>, <r2> and 4r3> values promoted by a
numerical Dirac-Fock relativistic atomic program.

A guasirelativistic INDD/1 version applicable to all ele-
ments (including superheavy atoms) will be described im Section
3.6.1.



274

TABLE 16
Slater-Condon parametere for d-elements.
Atom Parameter (cm—l} b
2 o2 ) 2 z 1 3 1 )
Z A g Fig Faq €4 Fod Spa Gha Sgp Fop
21 sc 0 BJ 28420 9702 5475 23890 2739 7840 8232
1 36113 22491 6090 84790 5700 735 24729
¢ AT 29500 14600 587¢ 11000 5650 2210 12100 5000
1 « 3610G 22700 6090 8470 5700 651 24700
0 AT 6680 11000 5650 2210 12100
1 24700
22 i 0 HJ 37730 20727 7670 8015 4890 6370 6276
i 39053 14112 90690 15190 6750 7840 21825
0 To 37485 24255 7750 15750 5259 3185 6600 5500
1 42875 27783 18000 17500 6750 4116 7200 8750
0 AT 449060 29700 6200 13700 7326 10300 131090
1 » 21900 36100 7608 10200 512¢ 1690 23900
¢ AT 45200 27600 252¢ 13700 7320 10300 13100
1 1308086 13800 5999 938 233900
23V 0 HJI 36603 9065 27510 17535 27930 10854
1 47089 30870 9710 13370 4650 8820
0 To 43855 28444 8250 17500 5700 3454 7950 6000
1 49245 31972 1050C¢ 21000 7200 4385 7650 9250
¢ AT 50800 35400 6240 112090 5180 1710 15109
1 « 43700 27100 7946 11500 48890 2440 25100
0 AT 56000 34300 8319 11209 5180 1710 15100
1 67100 42200 8130 16700 5000 3640 25100
24 Cr 0 BJ 46697 36162 7310 1225 45 3430 30960
1 51499 35721 B735 16065 1245 14210
0 To 50225 32634 7900 19250 6159 3748 7500 &509
1 55615 36162 10500 21400 7650 4679 8100 9750
¢ AT 63500 36800 522¢ 11400 5580 297 14400
1 « 32500 32000 6600 12800 4680 4389
¢ AT 63200 37900 7930 11400 5580 297 14400
25 Mn 0 HJ 55909 42777 5960 7585 13710 8523
1 23520 59094 6510 24909 2940
¢ To 56595 36823 9000 19250 6600 4018 7950 7000
1 61985 40351 9500 22750 8100 4949 8550 10250
¢ AT 66000 37900 6110 8010 1240 45870 18900
1 » 27100 35600 7880 11800 4810 3560 28000
0 AT 67300 42000 6550 7810 5100 2450 18900
1 77400 48700 10300 18700 7130 3510 28000
26 Fe ¢ BJ 5831¢ 33516 6425 7385 225 8820 12234
1 66689 498313 7955 11165 3915 7350
0 To 62965 41013 8000 12250 7850 4312 B4oo0 7500
1 68355 44541 9000 22750 8550 5218 9080 10750
¢ AT 61000 38400 6640 5620 2450 3520 16300
1 s 51400 42400 7810 10300 4050 4560 27800
0 AT 72100 46000 11200 10300 2350 B8 16300
1 B3400 53100 9170 17400 6180 5660 27800
27 Co O HJ 68992 52479 5715 7035 2385
1 44394 18785 12355
9 To 69335 45202 8500 17500 7500 4581 8850 8600
1 74725 48730 10500 24500 9000 5488 9450 11250
0 AT 64500 48100 6340 6290 3170 2260 22700
1 + 85900 44200 7830 12700 4380 3070 14200
¢ AT 77400 359508 3070 12100 28690 7150 22700
1 88100 56700 9359 17900 5870 4950 14200
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TABLE 16 (Continued)

Atom Parameter [cm_l) b
s o2 7 ) W) T 3 T p)
2 A g Fdd ?dd Gsd de Gpd Gpd Gsp op
28 Ni 0 BJ 79821 53361 6695 4550 39000 3920
i 80213 53802 7709 11978 3570 7840
0 To 75705 49392 9500 12250 7950 4875 9300 8500
i 81085 52%20 16800 15750 9450 5757 9900 11750
0 AT 79800 53300 6700 6050 3010 3250 19400
1 .~ 82400 58300 7620 12700 4560 4190
0 AT 77600 53190 9780 8570 3080 19400
29 Ca 0 BJS 11025 5B65 8575 23436
1 84280 58212 14470 5565 3990 5l45 21
0 To 82075 53%81 10000 16800 8400 5145 93750 3000
1 B7465 57109 11500 19250 9900 6027 10350 12250
0 AT 85980 57965 4460 10700 5620 6930 20790
1 +~ 92800 59800 9040 15600 49860 7350 3170¢
0 AT 4460 10700 5620 6930 20700
1 92800 61800 8500 18500 5230 6270 3176¢C

HJ - Binze-Jaffé {178) using total regression to configurations
a", dn-lsl, dn-lpl, dn-232’ n-zslpl and dn_zpz: To - Tondello et

al. (179); AT - Anno-Teruya (180) for energetically lowest confiqu-

rations; ar’ - Anno~Teruya (180) for configurations dn_zslpl.

b 1 eV ~ 8066 om l.

TABLE 17

Parameters of rotational invariant INDO method.

Atom Ratio * Extrapolated integral/eV

1 i 2 Z 2 2 1 2 2

2 A g R q/Gq Roppa’®sd Readd’®sd Reppd  Feppd  Reddd

21 Sc O 1.7953 0.4787 1.0112 1.2576 0.3965 6.8374

22 Ti 9 1.9637 0.4793 0.9745 1.7821 0.1497 0.3044
1 1.8336 1.2182 0.9574

23 v 1] 2.1544 0.4475 0.9420 1.383% 0.4611 0.9705
1 1.9183 1.2809 0.8936

24 Ccxr © 22,3447 0.4273 0.9029 1.6221 0.4201 0.8B76
1 2.0020 1.3431 0.8284

25 ¥Mn © 2.5363 0.4073 0.8650 1.6037 0.3308 0.7025
1 2.1137 1.3556 0.7673

26 Fe O 2.7451 $.379% 0.8255 0.7996 0.527% 1.1462
1 2,2059 1.3877 6.7128

27 Co 0 2.9001 0.3867 0.7904 1.0284 0.1472 0.3008
1 2,2721 1.4381 0.6617

28 Hi O 3.0381 0.3919 (G.7631 1.1599 0.4752 0.9253
1 2.3525 1.461¢6 0.6151

29 Cu © 3.2568 G.3555 0.7212 2.2693 0.1566 0.3988
i 2.4271 1.4816 0.5745

a

According to (199) for Richardson AOs.
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3.4.5 NDDO and MNDPO method

This method utilizing the ZDD approximation is characterized
by the feature that all types of one-centre (injalknln} repulaion
integrals and two-centre (iAjA’kBlB) Coulomb-type integrals are
exactly taken into account., This is the origin of the abbreviation
WDDO: Neglect of Diatomic Differential Overlap.

Within this approximation the matrix elements of the Fock
operator become

c

1, =n, +1 5%¢

P+ PEN(i i, |ka1.) #+
i i, i, oia X1 k1l k1l ATAITCTC

A o i . s _ph ra . =
N LRy + Py dlipiafikgla) = By (5a1,00,k, )10
C [+ .8 * :
=F7 . {INDO) + ¥ I~ (PL, + PL M(i,i,|k.l.) [313]
i4, CEn ko1 k1 ki’ tatal™etc
= h< c a 2 o i
F? . hy + T L (P * Pkll{lajaikclc) +

3 Ja can k,1

A o 3 a . n ] 2 -
M kzl [Py + Pyt (ia3p1ka1n) = Ppy (1315 35ka 0]
r

c C a B s .
=F? . [INDO} + | [V; 5 + F (Pl + PL (i, i,ik.1.)} {314}
i3, cen i3, x;1 k1l k1l ATARITCTC
F?7 . =1 . -2 eB el . (ik,|ialn) {315)
3,3, i, ¥ 1 kalB A"A!-B™B
In the s-p atomic orbital basis set the terms Fg 3 and FE j
AT A B

may be simplified in their INDO part since the one-centre repulsion
integrals are only of the Coulomb (ii|jij} and exchange (ij]Jij}
type. Instead of the CNDO and INDO method there are 22 djifferent
bicentric KDDO integrals in the valence s-p basis set. HNeglecting
the penetration effects the following approximation is uswally

accepted
C C oy o
vy 3 = 24 {1nja|scsc) i31e6]

A
The integrals U? are taken from the INDO method.

The principles of the NDBO method have been formulated by
Pople at al. {224) and the method developed by various authors
{225-228). In these version the two-centre repulsicn integrals
are evaluated by direct integration over the STOs.

MNDO method (Modified Neglect of Diatomic Overlap) [229) is a
vergion of the NDDC method that utilizes a semiempirical way to

evaluate the two-centre repulsion inteqgrals. These integrals are
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calculated by considering electric multipoles in a mutual inter-

action:

(ipkalipls) =3 I I () (317}
, i, @ 1 2

where M?m igs the multipole moment of the charge digtribution

e[ﬂi(l)éi{l}], the subscripts 1 and m specifying the order and
orientation of the multipoles. Each multipole is represented by an
appropriate configuration of 21 point charges of magnitude elzl,
with charge separations D;- The interaction between two multipoles
is then calculated by applying the formula

2 211 212
LR ) L £ (R, ) [318]
l1m lzm 2t ja jgl 11743

where Rij denotea the distance between the point charges i and j in
the interacting configurations at atoms A &and B. The function
fliRij} stands for any semiempirical expression which behaves
properly in the limits R,_ » » and R

AB AB
set for the valence electrons, there are only four configurations

» 0. With a2 minimal =sp basis

to be coneidered: the differential overlap Dy, is an electric
monopole, DBp is a dipole, D__ a linear {diagonal) guadrupole and
h) " is a asguare [off-diagonal) gquadrupole. The charge sepazation
in the dipele configuration ig d; and that in the guadrupole confi-
guration is dz.

The resulting value of the integral is evaluated using the
Dewar-Sabelli-Klopman formula of [294] type

2 A B ,2.1/2
fllaij} = [Rij + {pli + Pla) ] [319]
and Mataga-Nishimoto approximation
A B -1
flinij} = [Rij + 1/[911 + 912)] {320)

With an s-p basis set, both functions make use of three additive
terms o, for each element which are characteristic of monopole,
dipole, and guadrupole {1 = 0, 1, 2). Thease are chosen to yield the
correct one-centre limit for the interaction between two monopoles

ng, _RspA andAKppA Th: set of optimized atomic parameters is
Ui' U;..ga = §pr 58"ﬁp ?nd an . ! 8
occurs in the approximation for the attraction integrals Vi 4

vC

R
AJA

valves (Table 18). The ap Pparameter

AT A
[ &P s
= —Zc(lajalscsc) + fz‘“ac'“a'“c) i3211

and for the empirical potential L for expression of atomic core

repulsion
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-a R -a R
Wap = Zg Zg (BABAISBSB}{I + e % s + e T8 as] [322]
with a slight modification for the pairs N-H and O-H
= o< pC ~a_R - R

We = 2y Zg (sxsxjaasﬂ}[l + Rye "x xu + e T xH] f323]
Finally

c A B

R PR A ]
hlajs Sl,\JE('Bl pj)/z [324]

The MNDO parameters are calibrated through the heats of for-
mation, equilibrium gecmetries, dipcie moments and ionization ener-

gies of the organic molecules.

TABLE 18
MNDO parameters for some elements.”

4 A Parameters
A A A A

Ug Ug ¢s"%p ~fg ~Bp “a
1 H =-11.906 1,332 6.989 2.544
5 B -34.547 -23.122 1.507 8.252 8.252 2.135
6 c -52.28B0 -39.206 1.788 18.985% 7.934 2.546
7 N ~71.932 -57.172 2.256 20.496 20.496 2.861
8 o -99.643 -77.797 2.700 32.688 32.688 3.160
9 F -131.071 -195.782 Z2.848 48,290 36,508 3.420

dy 43 Po Py 2

0.560345
6.506893 0.430113 0.679822 0.539446 0.476128
0.427284 0.362563 0.588660 ©.430254 0.395734
0.338616 0.287325 0.529751 0.337322 0.324853
0.282894 0.240043 0.466882 ¢.275822 G.278628
0.268138 0.227522 0.425492 0.243849 6.255793

L-T- N
HOOo 2 N0 Wwm

ald

Parameters U and g in eV, 4 in 3"1, d and p in R.

The MNDO method has been further modified [248) and named the
Auatin Modal 1 {AM1). The principal change is applied tc the core
repulsion function

Wap = B Zg (8,8,]848,)[2 + F(A) + F(B)] [325]

where

F(A) = expl-ayRyg) + L K} explly (Ry, - M5)?) [326]
1

and analogously for F{B). The new set of parameters K?, L?

and M%

3
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(see Teble 19} provides a serious improvement vyielding realistic
results for molecular geometries, heats of formation, rotational
barriere, icnization energies and dipocle moments of the organic
molecules. The main gaina are the ability of AM1 to reproduce
hydrogen bonds and the promise of better estimates of activation
energies for reactions.

TABLE 19

AM1 parameters.

Parameter Element
B a4 N 4]
UB -=11.396 -52.029 -71.860 ~97,830
Up -39.614 -57.168 ~-78.262
$a 1.188 1.807 2.315 3.108
gp 1.685 2.158 2.524
-8, 6,174 15.716 20.299 29.273
-ﬁp 7.719 18,239 29,273
a 2,882 2.648 2.547 4.455
Kl 0.122796 6.011355 0.025251 0.280962
K2 0.005090 G.045924 0.028953 0.081430
K3 -0.018336 -0,020061 -0,005806
K4 -0,001260
L1 5.000 5.000 5.000 5.000
Lz 5.000 5.000 5.000 7.000
L3 2.9000 5.000 2.000
L4 5.000
Ml 1.200 1.600 1.500 0.847918
“2 1.800 1,850 2.100 1.445071
u3 2,100 2.050 2.400
M4 2,650

The MNDO version has been reparametrized in oxder toc take
intg account the correlation effects. This MNDOC method ([230])
utilizes the second-order Brillouin-Wigner perturbation theory.

LNPO/8 method (Local Neglect of Differential Overlap) (231)
applies the ZDDO approxXimation to two-centre repulsion integrals in
the local coordinate system instead of the molecular one. This ver-
sicn represents an extension of the CHDO/S and INDO/S approachs and
has been used with success to calculate the excitation energies

in hydrocarbons.
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PNDO method {Partial Neglect of Differential Overlap} (112,
232} differentiates among two-centre repulsion integrals in the
local cocrdinate system. A special procedure was proposed feor the
parametrization of one-centre integrals.

Yonezava §233,234) utilizes the Mulliken approximation for
repulsion iptegrals side by side with the semiempirical paramet-
rization of one-centre integrals.

The WDDO method initiated the appearance of a set of similar
methods among which included: IRDO (Intermediate Retention of

Differential Overlap) {235), DRINDO (Dipole Retained INDO)
(236), NNDO (Neglect of Non-neighbour Diatomic Overlap} (237,238),
PDDO (Projection of Diatomic Differential Overlap} (239-241),

LEDO {Limited Expansicn of Diatomic Overlap) {242), PRDDO (Partial
Retention of Diatomic Differential Overlap] ({243,244} and VRDDO
{Variable Retention of Diatomic Differential Overlap) (245,246}. iIn
this development a non-empirical apprcach is preferred; it
simulates the ab initio calculations by a sebstantial reduction of
the enormous number of two-centre repulsion integrals.

3.4.6 Comparison of NDO Methods

There are three basic groups of all-valence methoda which deal
with the ZDO approximation: CNDO, INDO and NDDO. Each of them
comprises numerous versions differing one from ancther mainly in
the semiempirical parametrization. There is no doubt that the
number of methods utilizing the 2P0 approximation will continue to
grow. Therefore it is necessary do discuss specific advantages of
individval types of methods.

The main motivation of these NDO methods lies in the reduction
the large number of two-electron repulsion integrals; this is com-
nected with finding a compromise between sophistication and time
consumption of the respective method. The CNDPO method is formally
compatible with the Mulliken approximation for the repulsion integ-
rals and the NDDO method is compatible with the Ruedenberg approxi-
mation. By orthogonalization of the basis set the CNPO method i=s
exact in the first-order and the WDP method in the second~order
expansion of the overlap integral matrix. Whereas the CNDDO method
is rather fast, the RDPDO method is slower in evaluation and
manipulation of a higher number of repulsion integrals. If
there are m valence orbitals at each centre and the number of
atoms in a molecule is N, then the number of repulsion integrals
is given by the following estimate
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method | one-centre two-centre

CNDO | Wi{N - 1}/2
INDO M.N RiN - 1}/2
NDDOD M.N M.H({R - 1}/2
where M = [m{m + 1)/2)[m{m + 1)/2 + 1]/2 = (m‘ + 2m° + 3mf 4 2m) /8.

If m = 4 and N = 50, then we obtain 1226, 3975 and 70125 repulsion
integrals to be considered within the CNDO, INDO and ®DBDO methods,
respectively. Therafore the CNDO and INDO integrals can be kept in
fast memory whereas NDDO integrals must be stored on the external
{slow) memory wmedium.

A comparison of different NDC methods from the viewpoint
their time consumption and precision is given in Fig. 11,

The use of the INDC methoed is preferred to
molecular properties

of

study those
which depend on the one-centre exchange

B

10F

5 L
PRDDO
VRBDO -
l | 1 -
0 5 10 15

Fig. 1l1. Relative error vs relative CPU-time

cost for some SCF
methods.
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interaction., For example, the INDO method correctly differentiates
between the singlet and triplet state of the o, molecule,
cctahedral {NiF6]4- complex, etc. For this reason the INDO method
is recommended for coordination compounds of high symmetry (having
degenerate energy levels).
In semiempirical parametrization three basic approaches are
known:
a) analysis of atomic spectra;
b} scaling of theoretical integrale and an extrapolation;
¢} adjustment of parameters to the selected molecular properties.
The analyais of atomic spsctra may be complicated by the fact
that not all the energy levels {according to atomic stracture
thecry {107)) are determined or correctly interpreted. The missing
data influnence the wvalue of the mean energy of the electron
configuration and subseguently alsc the wvalues of the parame-
ters derived such as U?, FO, G1 2

F
sp’ "pp
serious for the third-row and for the +tranaiticn metal elements.

;, etc. This problem becomes

Analysis of atomic spectra is not capable of giving information
about some radial integrals (for d-s-p elements) which are not of
the SCP type. The resulting parameters implicitly include the
electron correlation effects, the influence of inner shells as well
as relativistic effects. This fact makes the subsegquent application
of the configuration interaction rather problematic.

One of the mosat important property of spectroscopic parameters
is represented by their configurational dependence. This means that
the values deduced for the parameters depend on the choice of the
reference electron configuration and oxidation states of the atoms
or ions. This problem is important for transition metal elements.
For this reason, there are further attempts te take the configu-
rational dependence of the semiempirical parameters into account in
the calculation of molecular electronic structure {248}.

The scaling of the theoretical integrals is based on the fact
that the one-centre integrals in the STO basis set can simply be
evaluated by explicit formulas (248). For example, the kinetic in-
tegral T, = 42{21(1 + 1) + nl/{2n(2n - 1}) (in units of hartreel},

the attraction integral is = Zg ¢/n and the two-electren integ-

rals are (ns ns|ns ns} = ¢ kit where the constant factors kl = 5/8,
ky = 93/256, k3 = 793/3072, k4 = 26333/13107 and ke = 43191/262144.
Then the theoretical dependence of U? on g? is a gquadratic function
and 70 is a linear function of ;. Bither the STO exponents or the

theoretical values of integrals may be acaled.



283

Adijustment of the parameters to selected molecular properties
{e.g., the MINDO/3 or MNDC approach) may yield excellent results in
a series of similar {(mostly organic) compounds. In this approach,
however, the original physical meaning of some guantities can be

exhibit
certain anomalies: 42 > 4':' gg > gg, gg > 43 or g; > g‘p. These
ecreening of the

nuclear charge ¢ = (Z - c)/n*. The use of a larger set of adjust-

lost. For example, the optimized MINDO/3 exponents of STO=s
1

trends are inadeguate from the viewpoint of the

able parameters is compicated by the fact that a change of one

parameter, by a non-linear optimization of the multidimensional
calibration function, alters the valves of the remaining parameters
in a way which cannot be predicted (195).

A review of the applicability of the NDO methods is presented

in Pable 20.

TABLE 20
Applications of WPO methods.

Property

Useful method

1. Mclecular gecmetry
2. Heat of formation

3. Conformational analysis

4. Weak intermolecular inter-
actions, hydrogen bonds

5. Reactivity: qualitatively
quantitatively

6. Ionization energies
{in Koopmans approximation}

7. BElectronic spectra
8. Tipole moments

9. ESCA parameters
10. NMR parameters
11. ESR parameters

12, Separation of different
spin states

13. Molecules consisting heavy
atoms

14. Spin-orbit splitting

MIKDO/3, MNDO, CNDO, INDO, AMI

MINDO/3, MNDD, AM1
gome versiona of CNDO, INDO

PCILO, MINDO/3, MNDO, AM1
PCILO, CNDO, AM1

EHT
MINDO/3, CRDO , MNDO, AM1

MINDO/3, MNDO, CRDO, INDO, AM1

CNDO/S, INDO/S, MNDOC

CNDO, INDO, MINDO/3, MNDO, AMI1
CNDO, MINDO/3

CNDO, INDO, MINDO/3

INDC

INDO

Quasirelativistic CNDO, INDD, REX

Relativistic CRDO, REX
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Comparison of the epplicability of the various NDO versions
to reproduce molecular properties is rather problematical. Rach
version is successful in reproducing at least one characteristic
{as a rule the one which was selected for calibration of the semi-
semiempirical parameters); this is a basic condition for publi-
cation of the methed. In general, the INDO method is regarder ta be
more sucessful than the CNDO method while the NDDO (MNDO) method is
more sophisticated than the INDO approach. Bowever, the npumber of
parameters increages in this order so that new problems of their

proper balance appear.

3.5 EXTENDED BiCREL METHOD
This all-valence semiempirical method [abbreviated as EHT:
Extended Hiickel Theory or MWH: Mulliken-Wolfsherg-Helmholtz) is
very simple and popular. It is an extension of the method developed
by E. Hiickel as early as in 1930 which was applicable to the
aromatic compouonds (250-258}.
The method is based on the one-electron effective Ramiltonian
A=y heff [327]
D P
In this method the electron repulsion is not explicitly expressed
but is included implicitly in the semiempirical parameters used for
evaluation of the matrix elements of the effective operator EEff.
The diagonal wmatrix elements {Coulomb integrals) are given through
the icnization energy of the valence orbitals
By ;o= <eh )RSy - - 2R [328]

g
A A

and the off-diagonal matrix elements (resonance integrals) are
propertional to overlap integral and to a mean value of the dia-
genal matrix elements

B, . = f(s, . H, . H. . 329
l.ﬁJB ( 1133, lAllf JBJB) [ ]
according to one of the following approximations:

a} according to Wolfeberg and Helmholtz (259)
Hij = {1/2) K Sij(Hii + Hjj) {330]

where the proportionality constant K ¢ <1; 2>, usually X = 1.75;
b} according to Ballhausen and Gray (260}

H,, = - K 8, y3/2

i3 i3 £331]

35 B33
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¢) according to Yeranos (261}

Hyg = 2K Sy, By, Ho. By + Hy) (332]
d) according to Cusachs (262)
Hij = (1/2) Si. |Slj|)( i jj) [333]

The matrix of LCAQ coefficients ¢ is in the EBT method

obtained by solving the matrix eguation
Bc’ ~gcl g [334)

and the electronic enerqy is given by the formula

l OCCG‘ occﬁ
ESY = P, H,. = 5
?i ij "ij E ‘u’ E u [33%)

The overlap integrale are calculated using SZ-5T0s and for valence
d-orbitals vsing DZ-STOs.

In the reole of parameters the ionization energies of valence
orbitals accur: VSIP - Valence State Ionization Potential, VSIE -
Valence State Ionization Energy, VOIP - Valence Orbital Ionization
Potential, VOIE - Valence State Ionization Energy. Constant values
of these parameters are used in the EBT version; they are obtained
by analysis of atomic spectra. For example, the VDIE value for the
transition from state Tg to Tg+1 of atom A is {263}

VOIE = B, (A;Tq+1} - B, (a;70) + 1R(q) [236]

where the energies of electron configurations E are averaged over
all multiplets and 1A (g} is the icnization energy of the atomic
ground state {[or of the ion A%t i. Selected values of By, parameters
are collected in Table 21.

TABLE 21
Parameters of the EHT method [eV).

Atom Ionization enerqgy Atom Ionization energy
A A A A A
Z A IB Ip Z A Is IP Id
1 B 13.6 24 Cr 8.66 5.24 11.22
& B 15.2 8.5 25 Mn 8.36 5.06 11.5%9
6 C 21.4 11.4 26 Fe 9.10 5.32 12.6
7 N 26.0 13.4 27 Co 9.21 5.29 13.18
8 0 32.2 14.8 28 Ni 8.86 4.90 12.99
9 F 20.0 18.1 §2 Mo 8.34 5.24 10.%90
is P 1B.6 14.0 74 W 8.26 5.17 10.37
l1é & 20.0 13.3 75 Re 9.36 5.96 12.66
17 cC1 26.3 14.2 78 Pt 9.01 5.47 12.59
35 Br 24.0 12.3
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Substantial improvement of the BETH method is cbtained by
iterative versions (IEHT - Iterative Extended Hiickel Theory). 1In
these methods the VOIE are considered as functions of the effective
atomic charge qg and eventually of the orbital population n?, viz.

a) according to Einze and Jaffé (264) for atoms H - Ar

VOIE{A,i}) = a?

A 0,2
+ by qA + o, (qa} {337]
b} according to Cusmachs and Reynolds {265-267)

s A A D A A
VOIE{A,i) = aj + by q, + ¢ ny [338]

for atoms Li - C1 {Table 22) and
0}2

VOIE(H,ls) /eV = ~13.6 - 26.93 q) ~ 13.97 (qQ)% + 0.121 (af)? (339}

for the hydrogen atom;
e} according to Basch et al. {251-253) for atoms Ti - Cu [Table
23)

VOIB{A,i;T) = aA T (q j + b% T qg + cA ¥ [340]

In this last version, which is configurational dependent, a 1linear
interpolation is used for transition metal elements, namely

A A a ~1.1
- Hgq = {1 - 5 - np)VOIE{A,d;dn) + o VOIE(A,d;d" "8") +
+ n; VOrE(A,d;a" pl) [341]
-H_ = {2 - 0D - n;)VOIE(A,s :a®1gly 4 (P - 1)vorE(A,8;d"" 2:2) +
+ n; VOIE(A,s:d" 2slp!) [322]
A A -1.1 A n-2_2
- B = (2 ~ o - n )VOIE(A, p;d® tst) + {ny - 1)VOIE(a,p;d" “p") +
+ ng VOIE(A,p;d™ 2slpl) [343]
TABLE 22

VOIP parameters according to Cusachs and Reynolde (248 - 25G).

Atom Parameter {eV]
Z A aA bA cA aA bA cA
8 s 8 P P P
3 Li 6.50 4.30 1.10 3.90 4.30 0.30
4 Be 11.50 7.20 1.30 6.70 7.20 g.70
5 B 17.00 2.80 1.50 9.60 9.8¢ 1.60
6 C 22.90 11.90 1.70 12.90 11.90 1.50
¥ N 29,3¢ 13.76 1.90 16.30 13.7¢ 1.50
B O 36.20 15.29 2.10 19.90 12.09 2.30
9 F 43,60 16,20 2.30 23.80 16.20 2.80
14 Si 17.88 8.16 1.56 8.85 8.16 0.95
i5 P 20.21 9.41 1.02 11.16 9.41 0.42
16 8 26.15 9.70 2.43 13.62 9.70 1.12
i7 ¢l 30.30 16.34 2.98 15.52 1G.36 1.13
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TABLE 23
VOIE parameters for d-elements (251 - 253}).°
3 -1
Atom Parameter (10° cm )
VOIE(3d) VOIE(4s) VOIE({4p)
E A
a b c d e £ g h i

21 s¢ C 23.2 37.5 49.7 46.1 53.8 60.8 26.1 34.9 31.9

22 Ti A 17.15 18.45 18.45 9.3 %.3 9.3 7.4 7.8 7.8
B 60.8% 77.85 76.75 50.4 58.5 55.0 35.6 48.9 48.9
c 27.4 44.6 55.4 4B.6 57.2 66.0 26.9 35.9 34.4

2y v A 15.8 14.0 14,0 8.55 8.55 8.55 7.45 7.45 7.45
B 68.0 87.90 87.3 54.15 62.95 57.55 45.45 50.85 50.85
C 31.4 51.4 61.4 51.0 60.4 70.6 27.7 36.8 36.4

24 ¢cr A 14.75 9.75 9.75 8.05 8.05 8.05 7.25 7.25 7.25
B 74.75 95.95 96.95 57.55 66.85 60.45 47.55 52.85 52.85
¢ 35.1 57.9 67.7 53.2 63.3 74.7 28.4 37.8 138.1

25 Mn A 14.1 5.5 5.5 7.6 7.6 7.6 7.2 7.2 7.2
B 80.8 105.0 106.0 60.9 70.3 63.8 49,3 §55.2 55.2
C 38.6 64.1 74.3 55.3 65.9 78.3 295.2 138.8 39.4

26 Fe A 13.8 13.8 13.8 7.3%5 7.35 7.3 7.3 7.3 7.3
B 86.2 101.5 101.9 63.85 73.05 67.35 50.8 57.8 57.8
C 41.9 70.9 B1l.2 57.3 68.3 8l.4 29,9 39.7 40.3

27 Co A 13.85 13.85 13.8% 7.2% 7.25 7.2% 7.55 7.55 7.55
B 91.15 106.25 105.55 66.65 75.25 71.35 51.95 60.65 60.65
¢ 44.8 75.6 88.4 55,1 70.5 84.0 30,7 40.7 40.8

28 Wi A 14.2 14.2 14.2 7.35 7.35% 7.35 7.95 7.95 7.95
B 95.5 110.7 108.2 69.05 77.05 75.65 52.85 63.75 63.75
c 47.6 80.%3 95.9 60.8 72.3 86,0 31.4 41.6 40.9

29 ¢Ca A 15.05 15.05 15.05 7.6 7.8 7.6 8.45 B8.45 B.45
B 98.95 114.65 109.75 71.3 78.1 80.3 53.55 67.15 67.15
C 50.30 86.00 103.75 62.2 74.0 87.6 32,1 42.6 40.6

36 ZIn C 75.3 88.6 43.5 39.9

® Electron configurations: a - dn, b - dn-lal, c =~ dn—lpl, d

dn-lsl, e - dn-2s2' £ - dn_zalpl, g - dn-lpl' h - dn—2p2’

d7 s p . 1 eV = BOGE em™ L.

The dependence of the diagonal matrix elements of the efiec-
tive Bamiltonian on the effective charge and orbital population re-
quires an iterative solution to eg. [334] until self-consistency.
Therefore this method is abbreviated as SCC (Self-Conasistent
Charge} or SCCC (Self-Consistent Charge and Configuration) method.

In the novel parametrization initiated by Anno and Sakai
{271-273) the following expression is used

, 2
-8y, - VOIE(A,1;d%spY) = By + Box + Byy + B4x2 + Bxy + Bgy” +

2
+ B,z + Bgxz + Bgyz + B 4z” 4+ (Bl1 + Byox + By + 3142}2A +
2
+ By .7y [344]

where the values of Bl through B15 parameters have been calculated
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for a whole period of elements. These parameters have been

published for electron configurations:

aj K22sx2pY of elements Be - F (272]

b) K°L835%3pY of elements Mg - €1 (274)

) K2L83323p63dz4sx4py of elemente Sc - Cu (271)
d) K2L8M1845x4py of elements Zo - Rr {275)

e) kK1%u %4e24p%2a%55%spY of elements ¥ - cd (276)

£) k2nBm184524p%4410

g) K21.8M185325526,550%65%6pY of elements HE - Bi (278).

The Extended Hlickel method and its iterative versions are
frequently used to astudy cocordination compounds. The method contri-
buted to the formulation of the Woodwaard-Boffmann rules which can

53x5py cf elements &g - Xe (277}

be used in predicting the courses of various organic and inorganic
reactions. On the other hand, the method exhibits some drawbacks,
among which the absence of the interelectronic repulsion is criti-
cal: the method is not capable of reproducing many important pro-
perties, namely those dependent on the exchange interaction. For
this purpose some additional corrections to electron repulesion have
been proposed (279).

In its original formulatjion the Hiickel method assumes a o¢-w
separability, accoEding to which the electronic Hamiltonian H®! is

split into H and H_ components
4} T

~ na 2 3 N nc na

H = )l: {={n lzme}vi - ogr }}i ZA/riA} + ogy § {g (llrij) [345]

o R ~core b o

H =Y bh + o Y T {(1/5.,) [346]
n Kk k 83 <l kl

for k, 1 « <no + 1, n>» running over n-electrons. The one-electron

operator h;ore involves the effective potential, given by the
nuclei, inner-shell electrons and g-electrons, which acts to the

electron

- N

core _ 2 2

hy -f{h /2mejvk - ogy g 2,/Tpn *
43

g ey =1,. TS N
+ ogr I {<ijr jjik> - <i|r;|ki>} {3471

i

Accordingly the total electronic energy consists of B and E_ con-
tributions

Fl = F +E =<0 |H o>+ < |H |5 > [348]
o ™ [*3 a fud ™ n "
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where s and 2 are the determinantal, mutually orthogonal, wave

functions corresponding to ¢ and n molecular orbitals, respectively.
The HMO method is purely empirical and based on these assump-

tions:

_ a) all diagonal matrix elements hii of the effective Hamiltonian

H are set to o guantities;

b) the off-diagonal matrix elements hij for adjaced p-orbitals
(adjaced atoms} egual to 5 duantities and the rest of them is put
zaroj

c¢) overlap integrals are neglected.

Within these approximationas, the secular equation is solved
to yield the energies and LCAD ccefficients of r-molecular orbitals.

Variouns versions of the EMO method differ one from another in
specifying the choice of ¢ and g integrals and their eventual de-
pendence on the atomic charge or orbital population.

3.6 IRCLUSION OF RELATIVISTIC EFFECTS
3.6.1 Dominant Relativistic Terms

The inclusion of relativistic effects into the MO-LCAO-SCF
celculations of the molecules is important when studying the mole-
cules consisting of heavy atoms.

Basic equation for relativistic guantum chemistry is the Dirac
equation: egquation [32] of Chapter 2. For a single electron in the
central potential field V{r}

-~ -

3 -
{cngl YpPn + v4mecz + ev(rily, = ¢ gy [349]

or simply

hy ¢; =€ 3y {3s50]
where ¢ is a four~component spinor. For many-electron systems a
relativistic Hartree-Fock approximation is applied in which the
wave function is approximated by a single Slater determinant formed

of one-particle four-~component spinors

- n
po= & opy (i)} o= 1y (1) 25(2) -ev ()] [351]
i
The electronic Hamiltonian has the form of
- - -1
E = h. + T, [352]
E i iEj °s1 Tij

so that one-electron relativistic effects are exactly covered
whereas the interelectron repulsion is takem in the non-
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relativistic limit. The Dirac-Fock methced is based on these
assumptions so that the following equation has to be sclved
By =%y [353]

The non-relativistic limit is obtained by a simple substitu-
tion of the apeed of light in the Dirac Hamiltonian for ¢ -+ «. The
above method may be extended by considering additicnal relativigtic
terms according to Table 3 of Chapter 2. According to ({280),
the dominant relativistic corrections in heavier many-elec—
tron systems are represented by the kinetic energy correction
proportional to pi, the spin-orbit interaction and the Darwin term.
The Darwin corrections appear by decomposition of the four-
component Dirac eguation into the tweo-component form, when the
electron cannot be considered as a point charge but rather as a
diffuse charge cloud of definite size.

The principal atomic zelativistic effects are the rela-
tivistie contraction of orbitala, the spin-orbit splittipng and the
indirect relativistic expansion of diffuse orbitals (2Bl).

1. Relativistic Contraction. In hydrogen-like atoms, the proba-
bility function maximum for the 1s electron is localized at a
distance <r> ax from the nucleus which is propertional to the Bohr
radius at S 2SN anzlz. The Bohr radius a = 4ne0h2/me2 = aO(mE/m]
depende on the electron mass m which is a function of its velocity
v according to the Einstein formula m_ = m /{1 - (v/c}2]1/2. For % =
80 {Hg atom} an estimate of the radial velocity at the 1s orbital
is <v > = <131vrlls> ~ 0.58 ¢ so that the electron mass is m =~ 1,23
m,. As a conseguence of the greater electron mass the Bohr radius
decreases and thus the mean orbital radius contracts due +to
relativistic effects (in the given example by 23 %}. The remaining
orbitals, orthogonal to 1ls, will elso contract because

£+

2
é‘ R, {r} R (r) r* dr = 0 [354]

reguires a shift of the nodal planes towards the nucleus. The p-
orbitals and the inner d-orbitale contract in an analogous way.
The contraction of the subshell P1/2 is comparable teo that of
the £1/2 orbital whereas the subshell P3/2 iz subject to less
contraction.

2. Spin-Orbit Splitting. Within the relativistic approach the
orbital angular momentum 1 and the spin angular momenptum @ cannot
be separately considered but only coupled in the total angular
momentum j = 1 + 8. The corresponding quantum number J differen-
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tiates betwaen the electroen subshells Py/2 and Py/o¢ d3/2 and
d5/2, etc. The subshell splitting {e.g. energy difference of
P1/2 and P39 levels] is a relativistic effect and can adopt
values of several eV for heavy atoms. Wwhereas the lower energy
subshell Py g maY be occupied by twe electrons, the P3/2 subshell
may be occupied by four electrons.

3. 1Indirect Relativistic Expansion. The d- and f-electzons
possess high angular momenta and thus occur near the nucleus only
with low probability. Since the s- and p-electrons undergo rela-
tivistic contraction of the corresponding shell, then  the
screening of the nuclear charge becomes larger. Therefore the d-
and f-electrons feel a weaker nuclear attraction and conseguently
the corresponding shells are expanded (energetically destabilized).
The mutual relationehip between the relativistic contraction and

expansion is illustrated in Fig. 12.

I 0.6 T T i { 0.8 T T 7
@ 0‘4 a 0-6_
©T ©
2 =2
= = 04t
ja ) [}
g 02 <E(
02
00
0.0
i 1
-0.2
02+ i
-0.4 1 ! I -0.4 I L i
0 25 50 7.5 1008 G 20 L0 6.0
rigg— rlag—

Fig. 12. Radial relativistic contraction of the 78 orbital and ex-
pansion of the 6d orbital for the uranium atom. R - relativistic
calculaticon; NR - nonrelativistic one,

The one-electron four-component wave function in the central

potential field hae the form
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9 (T] xiii(@,wl (385
i, (0) g2 is.0)

yiﬁi(r,d.¢} =

where g{r] and f{r} are the radial functions obeying the normali-
zation condition

5 ig?(zy + £2qx)) £ ar = 1 (356]
0

The functions (2) are two-component spinors which may be expressed
Ikm P P Y B

through (complex) normalized spherical harmonics ¥y o
r
1

clj,m;l,m - 1/2,1/2,41/2) ¥

(2) _ 1,m=-1/2

o [357]

¢{j,m;1l,m + 1/2,1/2,-1/72) ¥, m+l/2
for quantum numbers k = +(j + 1/2) and 1 = j % 1/2 by the con-
straint m = m, = m +omo. The necessary Clebsh-Gordan coefficients

cl{i,m;l - ms,llz,ms} are given in Table 24,

TABLE 24

Selected Clebsh-Gordan coefficients.

i m, c(3,m;l,m - ms,l/2,m8)
1+ 1/2  1/2 [(1L+m+ 1/2)/(21 + 1)1172
1-1/2  1/2 -[{1 -m+ 1/2)/(21 + 1)11/2
141/2 -1/2  [(L-m+ 1/2)/{21 + 1)71172
1-1/2 -1/2 ({1 -m+ 1/2)7(21 + 1)1Y/2

The commcon set of eigenfunctions of operators 12, 32, j2 and

jz depends on the relativistic guantum numbers k and m,

12 [gem = 2L + 1) a7 |y > [358]
a2 [ixp> = (374) n2 | Xpem™ [359]
52 lxg? = 303 + 1} 87 (B [360]
5z l2ka® = 5 B |txn™ [361]

The moetual relationship among the guantum pumbers is giver in
Table 25.

Relativistic ab initio calculations for diatomic molecules
begin with generation of a numerical basis set by =olving the
radial part of the Dirac equation; the molecular integrals are then
calculated by a numerical integration {282],
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TABLE 25

Reiationships among gquantum numbers for relativistic AOs.

Quantum Atomic orbital

number 8 P p d d z £
1 0 1 1 2 2 3 3
3 1/2 1/2 3/2 3/2 5/2 5/2 772
k -1 +1 -2 +2 -3 +3 ~4

The Dirac-Fock method for molecules {283) is covered by nume-
rous approximate versions; some will be discussed below.
1. The One-Centre Expansion {CCE} method is applicable to hyd-
rides of the XHn type. It is based on expansion of the proton
potential around the heavy centre X (280}

-1 1 1+1
Iy =1§0 {r) /(e ") Pylcos vy) [362]
where P, are asgociated Legendre polynomials; r, and r, are the

lower and upper compcnent relative teo o (see Chapter 2). The
method is svuccessful in the reproduction of equilibrium interatomic
distances and harmonic force constants. Some valence orbital energy

illustrative calculations are compiled in Table 26.

TABLE 26

Ionization energies I {(eV], Dirac-Pock orbital energies ¢ {eV) and
their relativistic changes.

Atom Ionjization energy Orbital energy erelfenr

Iy I, ns {n-l}dslz ns l(n—lll.)cls/2
Cu 7.72 20,29 6.66 12,91 1.03 0.97
Ag 7.57 21.48 6.45 13.65 1.08 0.93
Au 9.22 20.5 7.94 11.67 1.32 c.82

2. Relativistic Pssudopotential Methods (65,284) 1link together
the advantages of effective core potentials and SCF calculations in
the valence basis set with partial inclusion of relativistic
effects. The method is umeful in studying compounds of the heaviest
elements such as 0?6.

3. The Dirac-Slater method (DS) is a relativistic modification of
the Xu method. In the DS-Xq-DVM version the basis aset functions
xj{rk] are represented by relativistic symmetry orbitals which are
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obtained by a linear combination of the four-component AOs of dif-
ferent atoms {285,286). In the DS-Xo-SW version the wave functions

obey the integral eguation {2B7)

plr) = §f G{c,z") [V(z*) - Vgl v(z') dr’ [363]
where the Green function Gi{r,r'} is defined by the Dirac-type
egquation

3o~ - 2
{cngl YoPn * Ya®ee - €lG(r,r’) = -I s(r - ') {364]

and the muffin-tin potential (see Section 3.3.3) is given as

v(r) = ¥ vi(r;) + vi%
3 I

4. The Relativistic BExtended Hiickel method (REX} considers a

doubled basis set with Slater-type orbitals having different expo-

+ v, (=) [365]

nents for 8y, = 8, Pyyy = Bs Py = Br dyyy =30 dg,y =d, f£g,,y =
£ and f7/2 = f gubshells {288-290). The zet of exponents was ob-
tained from the formula gg - [ni + 1/2)/(ri> ar gi = ni/rgax with
r, representing calculated Dirac-Fock atomie¢ values {291). The
diagonal matrix elements of the ope-electron effective Hamiltonian
are approximated by values for the atomic orbital energies obtained
from atomic Dirac-Fock calculations. A Full list of these parame-
ters is reproduced in Table 27. The off-diagonal mairix elements
are expressed by standard EHT approximations dependent on the over-
lap integrals and diagonal watrix elements. Calculation of the
overlap integrals is carried out in the usua)l {real) basis set of
l-functions (real spherical harmonics) and then a transformation is
applied into the basis set of complex spinors using appropriate
Clebsh- Gordan coefficients. In practical calculations a guaternio-
nic storage mode is used (292) which allows a reduction of the
memory reguirements.

More elaborate versions use a relativistic double-zeta basis
set which is important for valence d- and f-orbitals ({293-296).
These were derived from the best £fit of the Dirac-Fock charge
density {in a numerical form) by D2-ST0s. BAn iterative wversion
of the REX method has also been proposed; all these facilities
have been integrated into the computer program ITEREX (292).

The resulting wave function of REX or ITEREX methods is four-
component.

5. The Quasirelativistic CNDO/1 and INDO/1 Methods (177,223,297)
are based on the assumption that the dominant relativistic effect

is represepted by the orbital relaxation {expansion and/or contrac-
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tion) as exemplified by Fig. 13 for the platinum atom. In these
versions spin-orbit coupling is switched off. Orbital rela-
xation is treated through the set of parameters: orbital ex-
ponents gi and Dirac-~Fock orbital energies e?. These parameters
are taken from the REX method and averaged over the spin-orbit

components as

Sy = [2 ¢y a79 # (X +1)¢p,,00/(20 + 1) [366]
ey = {1 €172 * (1 + 1)61+1/2]/(21 + 1) [367]

ei;eg S — 6par

6p 8Py2

- S ==
—al S . T

8 = 172

— ::f-—'SUsu

Mg gan 38 T 5da

a) b c)

Fig. 13. Celculated orbital energies for a Pt atom: a - non-relati-
vistic Hartree-Fock, b - averaged [guasirelativistic), ¢ - relati-
vistic Dirac-Fock.

The parametrization of this c¢lasse of methods utilizes the
following expression for the atomic potential

vh = - 1} + cf} - p ok o}h [368]

i ii 33 ij
with ionization potentials given through atomic orbital energies
a A
Ij = - ¢ [369]

Then the diagonal matrix elements of the one-electron part of the
Fock operator are

By 5 = vt - 2§ Ng ng [370]
where NC is the occupation number of the i-th shell (reference
electron configuration] and Gig stands for the mean interelectro-
nic repulsion between shells i and j. At the CNDO level only the
monopole Fo terms contribute to G?g whereas at the INDO levels the
exact contribution of the correspending Slater-Condon parameters FE
and Gk is ¢onsidered. The necessary one-electron and two-electron
integrals are calculated by a direct integration over STOs.
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TABLE 27
Parameters of REX and relativistic CNDO/1 methods.

Orbital exponents

%z Configuration = P P d d
1s
1 H 1l=s 1.0
2 Be 1s 1.618
28 2p 2p
3 1i 28t 0.645
251 0.524 ©.524
4 Be 252 0.944
2s12p! 0.875 0.875
58 2al2pl 1.265 1.134 1.134
6 C 2s22p2 1.577 1.435 1.434
78 282207 1.886 1.729 1.728
g o 2s22pt 2.194 2.020 2.017
9 F 2822p° 2.501 2.308 2.303
10 Ne 2e22p® 2.807 2.595 2.588
3s 3p 3p
11 Ha 331 06.833
3pl 0.611 0.611
12 Mg 382 1.078
3sl3p! 0.863 0.861
13 Al 3a’3p! 1.349 1.020 1.018
14 Si 3s°3p2 1.592 1.257 1.254
15 P 3s°3p° 1.821 1.481 1.476
16 5 3s23pt 2.042 1.696 1.689
17 ¢l 2s23p° 2.258 1.907 1.897
18 Ar 3p23p® 2.471 2.114 2.102
4s 4p ip 3d 3d
19 Kk 4s! 0.861
4pt 0.672 0.670
3at 0.364 0.364
20 Ca 4s° 1.071
astapl 0.895 0,891
asl3al 1.872 1.865
21 sc 4s23al 1.143 2.072 2.067
4staplaa 0.952 0.950
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Orbital energies (evV)

Z Configuration e P P d d
1ls
18 1s! 13.606
2 Be 1s° 24.980
2s 2p 2p
3 Li 2al 5.343
2p! 3.499 3.499
4 Be 252 8.417
2812p! 5.631 5.631
5B 2s%2p! 13,468 8.431 8.428
6 ¢ 2al2p? 19.391 11.073 11.065
7 8 2822p° 26.253 13.847 13.829
8 0 2a22pt 34.080 16.784 16.745
9 F 28%2p° 42.885 19.901 19.828
10 Be 2s822p° 52.677 23.207 23.083
3a 35 3p
11 Na 38l 1.962
3pt 2.977 2.875
12 Mg 3s2 6.897
3sl3p? 4.170 4.164
13 A1 3823p! 10.736 5.713 5.698
14 si 3s23p? 14.844 7.594 7.563
15 p 3823p> 19.306 9.564 9.508
16 5 3s823pt 24.145 11.647 11.555
17 €1 2s3p° 29.378 13.857 13.716
18 Ar 3p23p® 35.010 16.201 15.995
4s ap 4p 3d 3d
19 k48l 4.028
491 2.603 2.597
3al 1.580 1.580
20 ca 482 5.342
astep! 3.577 3.561
asl3al 3.228 3.226
21 sc 4s23a! 5.753 9.145 9.124
4staplaal 3.728 3.739
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TABLE 27
{Continued)
Orbital exponents

Z Configuration s P P | d

22 Ti 4s23a® 1.203 2.338 2.332
aslqplza? 1.004 0.998

23 v 4s23g> 1.257 2.577 2.568
aslaplza? 1.048 1.040

24 cr 4sl34” 1.186 2.488 2.474
aplaa® 0.894 0.889

25 Mn 48234 1.357 3.011 2.998
aslaplsa® 1.123 1.113

26 Fe 4523a° 1.404 3.216 3.200
astqplaa® 1.155 1.144

27 co 2e23a’ 1.450 3.416 3.396
talsplaa’ 1.186 1.174

28 ni 4s23a® 1.494 3.613 3.588
aslaplag® 1.215 1.203

29 cu 481310 1.380 3,532 3.493
apl3alt 0.989 0.980

30 zn 4s823a° 1.580 3.998 3.963
4slapl3ql? 1.267 1.251

31 Ga 4s24p’3a!® 1.838 1.327 1.309 4.4395 4.406

32 Ge 4824p23al®  2.057 1.569 1.544 4.851 4.817

33 as 4s24p°> 2.258 1.783 1.751

34 se 4s24pt 2.449 1.981 1.942

35 Br 4s24p> 2.633 2.169 2.124

36 Kr 4s24p® 2.811 2.350 2.298

Ss 5p 5p 4a 4d

37 Rb Set 0.992
s5pl 0.782 0.772
4a? 0.515 0.516

38 Sr 582 1.205
5slsp! 1.010 0.994
5al4dl 1.611 1.594

39 v 5s2aal 1.306 1.799 1.785
5825p! 1.097 1.077

40 zr 5s24q? 1.382 2.069 2.050
5s25plaal 1.162 1.139
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TABLE 27
{Continued)

Orbital energies {eV)

Z Configuration = P P a d

22 7i 48%34% 6.086 10.824 10.786
aalaplaa? 3.877 3.863

23 v 4s2a3a’ 6.383 12.315 12.256
aslaplaa? 3.977 3.951

24 cr 4sl3a’ 5.739 8.654 8.572
4plaa® 3.136 3.181

25 Mn 4523d° 6.923 15.003 14.882
aslaplad® 4.106 4.120

26 Fe 4s23d° 7.176 16.258 16.095
aslaplaad’® 4.208 4.168

27 Co 4a?3d’ 7.421 17.474 17.260
astaplaa’? 4.261 4.221

28 Ni 4s234° 7.661 18.662 18.385
4slaplaa® 4.310 4.266

29 cu 4sl3al? 6.661 13.276 12.906
2pl3al? 3.395 3.374

30 zn 45234’ 8.126 20.977 20.537
aslaplsal® 4.394 4.343

31 Ga 4s4pl34!® 11.818 5.702 5.604 32.025 31.488

32 Ge 4e24p23al® 15.523 7.417 7.236 24.049 43.391

33 as 4e4p’ 19.397 9.143 8.858

34 Se 4s’4pt 23.477 10.926 10.516

35 Br 4s’4p> 27.782 12.787 12.226

36 Kr 4a24pb 32.321 14.736 13.996

58 55 5p 43 ad

37 Rb Sel 3.811
Sp 2.470  2.447
agt 1.625 1.627

38 sr Ss2 4.932
salspl 3.317 3.263
sslaal 2.944 2.935

19 ¥ SaZaal 5.479 6.331 6.274
5e25pt 3.557 3.489

20 zr 5a224? 5.859 7.977 7.875
salsptaal 3.716 3.636
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TABLE 27
{Continued]

Orbital exponents

Z Configuration s D p d d E f
41 Nb 5sl4d? 1.358 2.127 2.100
5slspled’ 1,218 1.191
42 Mo 5slsd’ 1.405 2.347 2.315
5plad> 1.089 1.064
43 Pc 5a24d° 1.558 2.705 2.674
5slsplag’ 1.311 1.276
44 Ru 5slda’ 1.488 2.744 2.702
5slsplaa® 1.351 1.312
45 Rh 5d'4q® 1.525 2.929 2.882
5p4a® 1.162 1.127
46 pa s5sisplea®  1.961
splaa’ 1.186 1.144
4al® 2.944 2.876
47 ng Sstaql? 1.594 3.224 3.285
5plaal® 1.196 1.157
48 cd 55244l 1.781 3,588 3.594
5slsplaal® 1.483 1.428
49 In Ss?5plaal®  2.018 1.499 1.245 3.885 3.890
50 Sn S5s25p24dl®  2.218 1.732 1.664 4.162 4.107
51 Sb 5s25p> 2.399 1.933 1.853
52 Te 5525p% 2.568 2.117 2.025
53 I 5g25p° 2.731 2.289 2.198
54 Xe Se25p° 2.888 2.454 2.339
68 6p 6p 5d 5d
55 ¢a 68l 1.068
6p’ 0.866 0.B42
5al 0.793 0.796
56 Ba 682 1.279
6alep! 1.097 1.059
6alsal 1.879 1.842
57 La 6s25d1 1.377 1.926 1.889
6sl6pisal 1.184 1.137
6s 5B Sp % sd 4z af
58 Ce 6s°5psalas! 1.398 3.205 3.066 1.952 1.919 4.342 4.576



301

PABLE 27
{Continued)
Orbital energies (eV)
2 Configuration s P p d d ¥ £
41 ®b sst4at 5.593 7.008 6.866
sslsplsaa’ 3.837 3.747
42 Mo 5a'sd’® 5.770 8.206 8.003
5plaq’ 3.176 3.118
43 Tc 582445 6.679 12.510 12.225
5stsplea’ 4.016 3.906
44 Ru 5st4d’ 6.074 10.605 16.251
5s15p*ad’ 4.085 3.966
45 Rh 5dtag® 6.208 11.9823 11.377
splaa® 3.287 3.218
46 pd sslsplaa®  9.224
splaa’ 3.314 3.243
44! 9.267 8.702
47 ag se'aal?® 6.453 14.313 13.646
splaal? 3.338 3.226
48 ca 5524410 7.658 20.089 19.290
5st5ptaal? 4.281 4.127
45 In Se®5p4a'® 10.790 5.478 5.214 28.090 27.132
50 Sn Ss°5p24di® 13.883 7.008 6.568 36.362 35.220
51 Sb 5825p° 17.070 B8.535 7,892
52 Te 5e25pt 20.390 10.099 9.223
53 1 5alsp® 23.860 11.719 10.580
54 Xe 5s25p5 27.487 13.404 11,968
6a 6p 6p 5d 5d
55 Cs 68 3.490
6p* 2.329 2.279
sat 1.768 1.771
56 Ba 6s° 4.440
6st6pt 3.105 2.991
6alsal 3.625 3.582
57 La 68?54t 4.888 6.477 6.350
6sleptsal 3.315 3.175
63 5D 5p sd 5d 4T af
58 ce 6825pPsalarl 4.968 31.583 28.613 6.501 6.364 14.732 14.449
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TABLE 27
{Continued}

Orbital exponents

2 Configuration s P P d d T £

59 Pr 6s°5p°4f>  1.345 3.189 3.038 4.138 4.0690
6525p85d4£2 1.979 1.944

60 Nd 6s°5p°4£%  1.363 3.262 3.100 4.361 4.308
6s25p8satas? 2.001 1.963

61 Pm 6s25p°2f®  1.382 3.3324 3.161 4.565 4.506
6525p%5a’as? 2.019 1.979

62 sm 6s°5p%4£%  1.399 3.405 3.219 4.755 4.689
6s25p8salas’® 2.035 1.992

63 Eu 6s25pP4f’  1.417 3.474 3.276 4.936 4.862
6s°5p®salseb 2.046 2.002

64 Gd 6s25p®salar’ 1.520 3.636 3.429 2.056 2.009 5.429 5.364

65 To 6s25p%2f%  1.451 3.612 3.387 5.275 5.185
6s25p%5ates 2.062 2.012

66 Dy 6s°5p°4£t0  1.468 3.680 3.441 5.437 5.337
6s25p8salas? 2.066 2.014

67 Ho 6s°5p°4£t1  1.485 3.749 3.494 5.595 5.485
6525p°5atas!0 2.066 2.012

68 Er 6s25p°4£'%  1.502 3.817 3.547 5.750 5.628
6ssp®salasl! 2.065 2.008

69 Tn 6s525pP4£1®  1.s19 3.886 3.599 5.902 5.767
6a25p°5alagl? 2.060 2.001

70 ¥b 6s25p%4£!*  1.536 3.955 3.651 6.051 5.903
6s25pSs5alasl3 2.052 1.992

71 Lu 6s25pBs5alasl%i.666 4.124 3.810 2.041 1.979 6.482 6.355

68 6p 6p 5d 5d

72 Bf 682542 1.760 2.353  2.273
6s'6plsa? 1.486 1.371

73 Ta 685a° 1.841 2.598 2.504
6sleplsa’ 1.557 1.426

74 W 6s25g% 1.915 2.811 2.70S
6sl6plsal 1.621 1.474

75 Re 6825d° 1.984 3.005 3.056
6s'6p'5d> 1.680 1.518

76 0s 6525d° 2.049 3.187 3.058
6s16p’5a® 1.733 1.555



TABLE 27
{Continued)

303

Orbital energies [eV)

2 Configuration s P P d | b f

59 pr 6s25pP4f>  4.674 29.243 26.249 9.089 8.782
6s25p8s5qta£? 6.491 6.346

60 Nd 6a%5pfas?  4.739 30.135 26.894 10.045 9.666
6a25psalasd 6.455 6.304

61 Pm 6525pPaf>  4.803 30.998 27.500 10.855 10.398
6825p85alar? 6.400 6.242

62 sm 6s25p52£  4.865 31.843 28.077 11.551 11.009
6825p°5ala¢> 6.328 6.165

63 Bu 68°5p5%4f7  4.926 32,679 28.632 12.154 11.518
6825pP544£6 6.242 6.075

64 Gd 6825pP5alag” 5.438 37.340 32.700 6.144 5.973 20.111 19.349

65 Tb 6825p%4r?  5.047 34.343 29.695 13.136 12.284
6a25p5qtas’ 6.035 5.862

66 Dy 6s25p®ar!®  5.107 35.179 30.209 13.536 12.559
6s2s5p®satas’® 5.917 5.741

67 Ho 6s25pPagl?  5.167 36.022 30.713 13.833 12.770
6a25p05q14£10 5.789 5.612

68 Br 6825p%a£l? 5,227 36.874 31.210 14.184 12.923
6s25pfsalesl! 5.658 5.477

69 Tm 6525054813  5.287 37.739 31.700 14.443 13.020
682505541 agl? 5.512 5.335

70 b 6s25parl? 5,248 38.618 32.186 14.666 13.066
6a2spSsalesl? 5.362 5.188

71 Lu 6825pBsalesl®e.055 44.241 36.951 5.207 5.035 23.274 21.519

6s 6 6p 53 5d

72 Bf 682542 6.522 6.730 6.409
ssl6plsa? 3.915 3.593

73 Ta 632547 6.912 8.122 7.640
saleplsa’ 4.005 3.691

74 w 6s25at 7.257 9.470 8.814
sslsplsat 4.170 3.767

75 Re 6825d° 7.573 10.808 9.962
6sléplsa® 4.267 3.828

76 0s 68%5a® 7.867 12.149 11.098
6slep!sal 4.351 3.877
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TABLE 27
{Continued}
Orbital exponents
%Z Configuration s P p d d ¥ £
77 Ir 6s2sd’ 2.111 3.360 3.220
6sleplsa’ 1.784 1.590
78 Pt 6slsa’ 2.071 3.415 3.245
6sl6p’sa® 1.835 1.621
79 Au 6slsal® 2.124 3.581 3.398
spisal? 1.633 1.428
80 Hy 6s25a1° 2.286 3.843 3.670
6sleplsal® 1.926 1.676
81 71 6s26pi5al® 2.520 1.848 1.620 4.108 3.945
82 pb 6s826p25dt°  2.718 2.115 1.849 4.351 4.341
83 Bi 6826p> 2.898 2.338 2.040
84 Po 6s526pt 3.067 2.538 2.211
85 At 6526p° 3.229 2.724 2.369
86 Rn 68%6p° 3.384 2.900 2.517
7s 7 70 63 6d
87 Fr 78! 1.266
7pt 1.015 0.930
6al 0.888 0.904
88 Ra 782 1.490
7817p! 1.269 1.140
7el6al 1.857 1.779
89 Ac 7s26dl 1.630 1.896 1.828
78l 7p6al 1.392 1.236
90 Th 7s%6d° 1.742 2.142 2.056
781701 64° 1.333 1.178
78 6p 6p 6d 6d 5T 5f
91 pa 7s%6p®6a’se? 1.699 3.803 3.350 2.023 1.941 3.624 3.524
92 U 26966d15f3 1.728 3.907 3.425 2.062 1.975 3.866 3.761
93 Np 7526966d 5¢% 1,756 4.008 3.496 2.093 2.000 4.081 3.969
94 pu 7s26p®s£®  1.681 4.048 3.492 4.059 3.911
7826p%6al 525 2.117 2.019
95 am 7s26p®s£?  1.704 4.142 3.553 4.255 4.104
78%6pBsalse® 2.136 2.032
96 Cm 7s%6p°6dlss’ 1.838 4.297 3.689 2.149 2.081 4.639 4.507
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TABLE 27
({Continued)
Orbital energies (ev)
Z Configuration = o) P d d b £
77 Ir 68254’ B.146 13.503 12.229
6sleplsd’ 4.425 3.917
78 Pt 6815a° 7.734 12.201 10.700
6sl6plsa® 4.492 3.950
79 Au 6s2sal? 7.937 13.430 11.667
éplsal? 3.697 3.351
80 Hg 6825410 8.926 17.689 15.637
6sleplsal? 4.606 3.998
81 71 6s6pisal® 12.223 5.751 4.804 24.341 21.937
82 Pb 6826p25d? 15.416 7.486 5.984 30.988 28.192
83 Bi 6a26pd 18.672 9.211 7.107
84 Po 6826pt 22,037 10.976 8.216
85 At 6slep> 25.528 12.803 9.328
86 Rn 6s26p® 29.156 14.705 10.450
78 ¥ 7p 6d &d
87 Fr 7sl 3.611
7p1 2.337 2.188
6al 1.724 1.738
88 Ra 782 4.523
78l7p! 3.065 2.743
7alal 2.917 2.872
89 Ac 7s26al 5.186 4.882 4.694
78l 7pt6al 3.366 2.951
90 Th 7s%64® 5.699 6.068 5.733
78l7plea? 3.594 3.095
78 6p ép 6d 6d 5t 5§
91 pa 7s26p®6alse? 5.410 34.965 25.982 5.203 4.962 7.950 7.348
92 U 7e26pP6alse? 5.506 36.54B 26.795 5.245 4.997 9.444 6.697
93 Np 7e26p®6alss? 5.602 38.064 27.522 5.248 4.977 10.830 9.932
94 pu 7826p5%5£%  5.139 36.482 25.567 8.103 7.100
7826p%6a15£° 5.221 4.941
95 Am 7s%6p®sf’  5.205 37.764 26.045 9.134 7.960
7826p%6al5£® 5.171 4.883
96 cm 7826p®6alse’ 5.897 42.455 29.379 5.099 4.807 14.614 13.218
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TABLE 27
{Continued)

Crbhital exponents

Z Configuration = ) P a d T £
97 Bk 78%6pP5£°  1.748 4.329 3.667 4.623 4.452
7s26p®ealss® 2.157 2.045
98 cf 7s26psel0  1.770 4.422 3.722 $.792 4.613
7826p%6alse’ 2.161 2.045
99 Es 7s26p®sfll  1.792 4.s15 3.775 4.956 4.768
7526p66d15f 2.160 2.040
100 Pn 78%6p®5:1%2  1.815 4.608 3.826 5.115 4.916
7826p%6al5¢ 2.155 2.032
101 Md 7s26pSsel®  1.838 4.702 3.876 5.269 5.061
7826pPealssl? 2.145 2.019
102 No 732ﬁp 5f14 1.861 4.797 3.925 5.419 5.200
7s26pS6alss 2.130  2.002
103 Lr 7s Gpsﬁdlsf 2.041 4.964 4.073 2.109 1.980 5.722 5.527
7a 75 Tp 63 6d
104 782642 2.171 2.467 2.297
781 7pl6d? 1.854 1.489
105 7s’ea’ 2.287 2.729 2.536
78l7plea’ 1.966 1.548
106  7s%ga® 2.397 2.949 2.726
78l7pleat 2,071 1.600
107 7s%6a” 2.501 3.145 2.900
7517p16d5 2.172 1.646
108 78%6a 2.603 3.325 3.061
17916d 2,270 1.688
109 7s%6d’ 2.703 3.494 3.211
78l7pt6a’ 2.367 1.725
110 7s%6a® 2.802 3.6584 3.354
78175 6a® 2.464 1.759
111 78%6a? 2.901 3.808 3.490
7p16d 2.423 1.648
112 78%6a? 3.001 3.957 3.621
17915410 2.662 1.818
113 7s7plea’®  3.214 2.456 1.666 4.190 3.880
114 7327926d10 3,405 2.749 1.892 4.403 4.104
115 78%7p°64}%  3.584 2.995 2.078 4.601 4.307
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{Continued)
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Orbital energies [eV)

Z Configuration s P P d d 4 £

97 Bk 78%6p®5£%  5.340 40.323 26.893 11.073 9.532
7826p®6alse® 5.013 4.720

98 cf 7s%6p®s£1®  5.409 41.615 27.272 11.993 10.254
7826p®6als£? 1.912 4.619

99 Bs 7s26pPsell  5.479 42.924 27.626 12.887 10.937
7826p%6als£10 4.798 4.508

100 Fm 7s26p®5e12  5.550 44.256 27.957 13.755 11.583
782%6p®6alsell 4.673 4.388

101 Md 7s%6p®s£!®  5.622 45.618 28.267 14.601 12.194
7826pSealsel? 4.538 4.261

102 No 7s26p°5¢?  5.696 47.014 28.557 15.425 12.770
7826p6atse!3 1.395 4.127

103 Lr 7s26p®6a's5£1%6.738 53.227 32.758 4.242 3.985 22.375 19.452

78 75 7p 63 sa

104  7s%6d? 7.443 5.641 5.121
78l7plea? 4.225 3.320

105 7s%6d> 8.076 6.889 6.090
7al7plea® 4.475 3.415

106  7s’e6at 8.675 B8.088 6.994
7817plea? 4.701 3.489

107 7s%6d® 9.260 9.271 7.863
78t 7pl6d” 4.915 3.547

108 7s26a® 9.841 10.454 8.712
781 7pt6a® 5.122 3.594

109  7s%6d’ 10.427 11.646 9.550
78l7pi6a’ 5,326 3.633

110  7s26d® 11.024 12.851 10.381
7817plea® 5.532 3.664

111 78264’ 11.636 14,074 11.208
7pleald 4.916 3.374

112 7s%6a’® 12.269 15.316 12.032
7817pl6al® 5,961 3.711

113 7e27p'6al® 16.00a4 7.223 ¢.103 20.731 16.890

114 7827p%6a'® 19.632 9.674 5.015 26.020 21.561

115 7e27p%6al® 23.334 12.131 5.867 31.361 26.238
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TABLE 27
{Continned)
Orbital exponents
Z Configuration s ) ) d d t £
116  7e27p%6al®  3.754 3.216 2.242 4.788 4.497
117 7827p° 3.920 3.422 2.391
118 7827p° 4.081 3.617 2.528
Bs 85 8p 73 7d
119 gst 1.634
gpt 1.265 0.987
701 0.970 1.030
120  8s® 1.851
gslepl 1.554 1.141
galyal 1.641 1.616

The expression for the resonance integrals is as simple as
possible

H = (1/2) s, (gh + p?) Kp [371]

1AJB ]
with an approximation of

g

Y= ~chmd [372]

{in eV} and the universal scaling factor K = 1.4. The 1last

AB
quantity may depend upon atomic electronegativitiea, viz.

Kpp = XA/XB = 1 {3731
{so called variable scaling approach]j.

The resulting wave function is single-component and the method
iz as fast as the common CRDC or INDD versions.

An important feature of this clasa of methods is that the CNDO
or INDO formulas depend explicitly on the reference electron
configuration sxpydsz {numbers N?]. This should be consistent with
the configuration used in the derivation of parameters {g? and I?].
The choice of the reference electron configuration should be
carefully performed. For example, in trying to study planar Pd(II)
and Pt(II) complexes, it wmust be remembered that such complexes
behave like d8 systems. Thus the consistent reference electron
2 and 5d8652
4d10 and 5d9631, respectively. Similarly, hexacoordinate Cu(II)

configarations must be 4d855 and not the experimental
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TABLE 27
(Continued)
Orbital energies {(eV)
Z Configuration = p P d d ¥ £

116  78%7p%6al® 27.i58 14.670 6.694 36.797 30.966
2.5

117 7827 31.128 17.324 7.509
118 78278 35.258 20.116 8.320
8a 8p 8p 73 7d

119 ss! 1.322

8p’ 2.498 2.067

7dt 1.680 1.727
120 882 5.218

gslap! 3.204 2.369

galzal 2.230 2.273

complexes are typical d9 systems, and therefore the 3d94s2 re-

ference configuration must be wused instead of the experimental
free-atom state of 3d1°4sl. If such a set of parameters is
not at one's disposal from direct Dirac-Fock calculations, an
interpolaticon can be used, as exemplified by Fig. 14 for f£first

transition metal series (223).

£
40+
30
20}
1.0 3 ""M
=]
] 1 L] 1 i 1 J | I

9 23 27 3N 3 Z

Fig. 14. Averaged exponents of Slater-type orbitals for fourth-row
atoms.
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6. The Relativistic CNDO/1 Method (298,299) integrates the prog-
ress of the REX method with that of the guasirelativistic CRDO/1
version. This method includes spin-orbit splitting in the same way
as the REX method, through a set of parameters.

Within the Condon-Shortley phase convention used below the
complex spherical harmonics can be composed of 1zeal angular
momentum functions Yi,m as

y, = (-pie AR D204, 0}/2]1’2{ Yy o+ i siga(m) ¥]

1,m 1, R, ]

[374}

;1 has been

The alternative Fano-Racah convention Yom = 1 Y
r
1
used in the ITEREX program (292). Then the spherical spinors may be

1,m1

expressed as

- +
(2} Cym Yi,mer/2 ] _ | P Yam * P03 ¥
+
i

C+
i.m 1,m+1/2

#10, [375)

with the D-coefficients defined by

by (3, 1,m) = €5 o 101+ 5y i1y} /21Y2 (cy[me1/28[0-1/21172 g0,
p,(3,1,m) = c; w 1+ 6y g p)/21H/2 (o) lmd /2 imsd 21112 ag9
D3{j,l,m} = gignim - 1/2} Dy [3781
D4(j,1,m] = sign{m + 1/2} D, [379]

in summary, the atomic spinorsg need uzual (real) angular momentum

functions'Yi m and the appropriate Clebsh-Gordan coefficients c§ o
L} 1 E

{or the corresponding D-cocefficients) for their construction.
The four-component atemic spinors

2
o) . £l2)

380
Ynkm {1/2m ¢} o -p f(zj [ 1

nkm

are constructed from the two-component functions

2 (x0.0) = R (5} 12 (0,0) (381]
with the radial part in the form of a Slater-type orbital
R, () = [(20)2™*/(20) 11172 7 expi¢x) [382)

Hence ¢ is the vector of Pauli matrices and p 1is the 1linear
momentum operator. The overlap integral between two atomic epinors
centered at atoms A and B ie
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Sap = <eifel®)> = «e(2)el2)s o (17a02c?) <efP)1p%1£l2)>  (383)

Because 1/{4m c } ~ 1079 a.d., the second term over the lower

component functions can be omitted. For the same reason the one-
electron part of the Fock operator contains only the integrals over
the upper component functions

Rap = <op)Injeftd> = <e(P)|n1£f?)>

- ‘cj ¥1 ,m -1/2 Alhl m, Y1 ,m -1/2 Ra> ¥

..|.

+ [384]

5., Ylﬁ,m‘+1/2 aih’cg m Y1_,m +1/2 R8”

Now it is seen that the one-electron integrals over atomic spinors
can be expressed through integrals evaluated in the real orbital
basis set with appropriate exponents. Then the real and imaginary

parte of H

AR BTe composed as

+ " + -
Re(Hyg) = D;p Dyg <Ry Yalh|Rg Yp> + Dyp Dyp <R, Yplh(Ry ¥p> +

+
+

Dya Dop <Ry Yy ;h|R YB> Dyp Dgp <Ry Y, |h|R Y.>  [385])

+ 0 -
Im{Hyp) = Dy, Dap <R, Y, |BIRg ¥o> - Dy, Dy <R, YA|h;R Y >+

+

Dyp <R, YA|h|R -

p ¥g> = Dgp Dop <Ry YA|h|R YS>  (386)

Doa B B

where <R, ¥: |h|RB Y > are calculated in real (1) orbital basis set.
The remaining 1ntegrals to be considered within the CHNDO
approach are the two-centre Coulomb integrals over s-—functions

AB AB AB
Gj3 = <s} |r12|a o3> [387)

Since the s-functions are always real, the Coulomb integral matrix
does not need any transformaticn.
The Fock operator matrix in the relativistic CNDO method is

P, = By, - Py G, + § PysG; 4 [388]
Fik = By = Pri Cux [389]
with the charge density matrix

[390]

L 3
Py = E i, ¥, C.x
defined using coefficients C#k of the linear combination of atomic
spinorbitals and the occupation numbers Nﬂ of molecular spin-

orbitals having values of 0 or 1.
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For open shell system the formulation above is consistent with
the spin-unrestricted Hartree-Fock approach (different orbitals for
different spin). The Rcothaan eguations for obtaining the

combinaticn coefficient matric C are
rct = ¢t [391]

Notice, the matrices H, P and F are complex hermitian, € is complex
unitary, € is real symmetric (s-functions only] ard E is real
diagonal. The diagonalization matrix returned from the eigenproblem
routines is % = C+.

Since the relativistic approach utilizes a doubled basis set,
M = 2M, the corresponding complex matrices need 4N2 space, i.e., 8
times more than the real (nonrelativistic) matrices of M size.
Possible hermicity reduces the desired space twice and the
quaternionic storage mode by another factor of two. If M3 waa the
rate determining step for a nonrelativistic 8CF procedure, the

3 .. . .
time, i.e., 8 times

relativistic calculation would need Mg = BM
more CPU time. For this reason the relativistic CHDO method needs a
generation higher computer equipment than the comparable non-

relativistic versions.

3.6.2 Spin-Orbit Interaction

The spin-orbit interaction (S0I} operator in one-electron
atoms is cbtained from the Dirac equation in the form

h%° = - (e/2mZc?) ™! [av(r)/er] 8.1 = ¢ 8.1 [392]

vhere V(r] = eZA/4ﬁeor is the Coulomb potential determined by the
nuclear charge. This equation defines the spin-orbit coupling
constant ¢ for a single-electron atom. For many-electron atoms the
potential V{r} is understcod as a superposition of the coulembic
interactions of the nucleus and all the remaining electrons with
the given electron {(300-302}. This potential is no longer generated
by a point charge and its partial derivative is unknown.

If the whole magnetic interaction of a many-electron atom
includes relativistic terms containg spin and orbital cocrdinates,
then according to Table 3 of Chapter 2

~5-1 ~5-1 ~s-1 g
Vag = [E"{1)1, + Boo (2) + BO_“(3) + H2_%(1) =

-1, C L BO S BO 88
=53 h,: + T (hi, +#h.:] + T b/ [393]
i Al i%3 ji ji inj ij
where
80 -3 - 7
hs =K Z, Tl ’i‘li [394]
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is the SOI term of the type 'spin - own orbital’ in the Cowvlomb
field;

hézo = - 2K r;; (Rij x pi)"j i395]
is the SOOI term of the type 'spin - other orbital' (interaction of
the spin magnetic moment of the j-th electron with the orbital an-
gular momentum of the i-th electron);

hgg = - K r;:; (Rij x pylesy [396]
is the SOI term of the type ‘spin - own orbital' for i-th electron
in the Coulomb field of the j-th electron;

h35 - x[r;g 2.8 - 3rzgtsi.aj){-j.aij)] [397]
is the spin-spin interaction term for electrons (dipole-dipole
interaction of spin magnetic moments}. The factor XK includes all
the physical conatantz in the given system of units {in ST umnits it
st ™ oSI/2m§c2 = 92/8n60m§
derived by Bethe and Salpeter (303} from the Breit eguation and

is K 02). The expressions above have been
Slater (304) from the classical analogy.

The relaticnship [393] can be simplified for an atom having a
single open shell lying above several closed shells; then the spin-
orbit coupling constant may be defined exactly through

~ O A . o . 0 o
v = l..@; + hi. + h.. 398
mg - ‘c E ity igj ji igj ij ( ]

where o means summation over electrons of the open levels only.
To derive this expression we take into account the fact that
summation over electrons of the closed shells yields a zero
contribution to the first and third terms of [393]. The second term
has been analyzed by Elliot {305} who pointed out that the
interaction of an electron of the open shell with electrons of the
closed shell may be considered as an effective one-particle spin-
orbit potential. The nuclear pctential is screened by this term and
thus the value of the spin-orbit coupling constant decreases. The
quantity £ is a constant within the given electron configuration
and the subscript c denotes that the mutual interaction of
electrons of outer shells is not included in the spin-orbit
coupling constant.

Horie (306} found that part of the mutual S80I of open-shell
electrons can also be considered as a one-electron SOI and arrived
at the relationship
- o -

- 9 - , o~ 0 ~og
1i"i + ['E_ ht, - {¢* - gc}g 1i"i + T h::] [399]

v = £t
mg d L jz5 I ixy 13
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where the constant ¢' also includez the effective screening of the
nuclear potential by the outer electrons. Thie constant is defined
in such a way that the termz in square brackets do not have the
one-electron part anymore. Blume and Watson (301,302) were success-
ful in expressing ¢, through radial inteqrals available £from
Hartree-Fock wave functions.

The S0I coupling constants can be determined by inrelveding the
operator Gmg into the electronic Bamiltonian. Its eigenvalues may
be compared with the experimentally recorded splitting of the spec-
troscopic terms. Such an appreoach is necessary when the SCI is com-~
parable to the interelectronic repulsion and thus the LS coupling
applicable no more. In this approach the matrix elements of the
dipole-dipole interaction of the spin magnetic moments must be
evaluated side by side with those describing the spin - other orbi-
tal interaction. There are several publicationa on this topic
{306-310) in which formulae for these integrals have been tabu-
lated. The above method, however, seems to be too complicated £or
more complex electron configuratéons.

Usually it ie assumed that V__ is much lower in energy +than
the interelectronic repulsion {LS coupling scheme is possible).
Within this approximation the splitting of a multiplet obeys the
Landé interval rule [see Section 1.5.3). The effect of spin-spin
interactions is often neglected.

For practical purposes the one-electron effective SOI operator
of the A-th atom adopts the form

S50 A A ;-
VA = E gi,nl 1i"i [400]

Using the above expression the energy terme available £from atomic
spectrescopy have been analyzes and semiempirical wvalues for the
501 coupling constanis gi,nl have been derived for all elec-
tron configurations of atoms Be through Br (311).

Summation of the above terms is considered f£or molecules
(312). The energy eigenvalues are determined by the secular
equaticnh [the CI method - see Chapter 4}

det{ﬁuv - E <e1>ui«;pv>} =90 [401]

where matrix elements of the Hamiltohian between determinantal wave
functions consist of an electronic term and the spin-orbit term

~el BO
By = <@ |85 e > + BOO [402]

Matrix elements of the SOI operator between determinantal wave
functicons are expressed as
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Bav = <l : Eﬁ ¢} n1 Liemsle> = (-1)P<py D fm1 1A"|*j’ [403]
for the case of determinantal wave functions differing only in
a single spinorbital by * ¢j; p is the number of transpositions
which transfer the fanctions $5 and v5 to the same place inr the
Slater determinant. The diagonal matrix elements between determi-
nantal functions are
B -°§c<¢il T ‘5;\11 1“.-]:;»1': [404]
3 A
For closed shells the individual components cancel becavse the
integrales for m, o= +1/2 and m, = ~1/2 have the same absolute values
but different signs. Therefore only electrons of openrn shells
contribute to diagonal matrix elements of the S0I operator.
In order to evaluate Hzg integrals, LCAQC expansion of the

molecular orbitals is required
m

b; = E C;o 0, [405]

Then the molecular spinorbitals are $; = o504 with 74 representing
the formal epin function. Then we obtain expressions for the matrix

elements
m oce
80 . 2 .
Baa = L T (i) Brg oy [406]
r i
m m
80 - { P . . \
Bav ¥ (VT L T iy s Bri, e [407]
with abbreviation of
' = A A"
Hii, a5 ™ <Opnyl § fn1 1T o®[0474> [408)

For the closed-eghell pystem the number of electrons is n = 2na and
then

7. =a for r = n/f2 [409]

c!
r

= .
ir i,r’

o= (.,
Sir cl,r-n/2'

As the effective apin-orbit coupling constant ggl is

ny = B for r > n/2. [410]

proportional to r-g, only the one-centre integrals are considered

A
in many cases. They may be evaluated by considering the identity
A AT A T A
1e =198, + {1, s_+ 1 8.1 j411]
where the angular momenta shift operators are
TA _ JA IR
1, =1, ¢ 11Y {412]
o = o 1 ish [413]
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Such a substitution allows a simple expressicn for the matrix ele-

ments Hék,sl in the form

+

] i k4 =
Hrk,sl Hrk,sl + sz,sl + Hrk,sl (414}

The imaginary parts of Hik sl cancel. Then the following steps are
r
applied:
1. decide the non-zerc matrix elements, i.e.

= 0 except k = /2 and 1 = n/2,
or k > n/2 and 1 > n/2

z
Grk,sl

-+

Grk,sl = 0 except k > n/2 and 1 = a/2

sz,sl = 0 except k = n/2 and 1 > n/2 [415]

2. introduction of auxiliary discrete fuanctions
A = +1/2 for kX = n/2

k
A = =-1/2 for k > n/2
v = 1 for dp = 4 and By = v
. = {0 elsewhere; [4161]

3. evaluation of non-zero matrix elements in the s~p-d atomic or-
bital basis set

z .. 2 A A
Grk,sl Lh Akigip),kliay,x - Bx,y} M gid},kI[{Byz,xz - sz,yz} +

+ 2(Bxy,x2—y2 - sz_yz'xyl]} [217]
Gt = n? A {2 [((B. -8B, _}+ i(B, _ -B, _}]+
rk,sl By {p),k1 Xs2 z,x’ Y2 Z,¥
a
*flayaalv3 By, 2 -B,2 )+ (B2 2 B, 2 2)+
+ (sz,yz - Byz'n) :i[v'sinyz'zz - Bzz,yz) +
+ (Bxy,xz - sz,xy} M (Byz,xz—yz - sz—yz,yz}]} [418]

These rules can easily be programmed on digital computers.

In a detailed study of molecular electronic structure spin-
orbit splitting often plays a dominant zxole in the theoretical
interpretation of experimental data. This research has been
stimulated by the development of photoelectron spectroscopy in
last few decades, since the photoelecirorn spectra of molecules
containing heavy atoms exbibit considerable spin-orbit splitting.
Some atedies will be discussed below.

Manne et al. {313) included the SOI operator into the extended
Hiickel method. They applied an approach where after completion of
the iterative procedure, the matrix representation of the S0I
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operator has been diagonalized in the molecular spinorbital
basis set. Such an approach allows application of +the Koopmans
theorem even in the case of strong spin-orbit eplitting. More-
over, it may be implemented alsoc to other MO-LCAO-SCF wmethods
{314).

A semiempirical model for SOI inclusion in molecular ions has
been developed by Berkosky el al. (315). These authors took into
account explicit dependence of the S80I coupling constants uvpon
effective atomic charges in molecules, including metal complexes.

Bird and Day {316) applied perturbation theory to the results
of MO-LCAO-SCF calculations in order to include the S0I effect.
Perturbation theory has been used in a number of semi-empirical
calculations for the interpretation of small molecule photoelectron
spectra {315-319).

Numerous experimental data produced by photoelectron spectro-
scopy represent a good basis for testing the wvarious methods for
inclusin of the SOOI effect.

3.7 MOLECULAR ORBITAL PROPERTIES
3.7.1 Canonical Molecular Orbitals

The Hartree-Fock eqguations

§{¢} =1 {p} [419]

have an infinite number of soclutions {¢}, {¢'}, {#*'}, ete., which

transform, one to another, by uvnitary matrices U*', U'', etc.
{¢} =U'{o'} = U "{p''} = ... 420}

All these solutions produce the same determinantal wave function
and thus the same value for the electronic energy. For an unambig-
uous choice of molecular orbitals {4} some additional conditions
should be imposed (320). One possibility leads %o canonical
molecular orbitala. These crbitals are fixed with the condition
that the Lagrangian multiplier matrix L is diagonal

" rLu=2 {4217

In this basis the Hartree-Fock eguations adopt the usual form
Fle>=¢ lo> [422]
The density function p, = ¢:¢v meanins the probability of fin-
ding an electron, in the orbital ¢, in the volume element
dv¥. Since this function is spread over the whole molecular
framework, we speak ab nt delccalized molecular orbitals.
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The Fock operator ¥ is invariant with respect to all symmetry
operations ﬁk of the molecular symmetry so that the following
comrmutation relation is true
[FR ] =FR -R F=0 [423]
Therefore there exists a set of eigenfunctiona, c¢ommon to both
operators, represented by canonical molecular orbitals: these are
transformed according to individual irreducible representations of
the molecular point group symmetry. The above property of these
canonical MOs is useful in interpreting the excitation and
ionization of molecules. This is conditioned by the requirement
that the electronic wave functions in the ground, excited and
ionized states should tranaform according to irreducible represen-
tations of the molecular. The canonical MOs obey this rquirement.

The electronic energy of a neutral clesed-shell system may be

written in the form

9 occ oCC aeC
EY = E [2h ; + g (235, - ®; )1 = g (hy, + e;) [424]

where the integrals are expressed in the molecular orbital basis
set and the orbital energy is given as

oCcC

€y = by, * § (2Jij - Kij) {425]
Similarly, for the energy of a molecular cation we have

+

E, = Y [2h,, +F {2F., - K,.} + h,, + T (273,, - K,, ) [426]
k iTk ii ¢k i3 i3 kk 1%k ik ik

With the assumption that there 1is no orbital relaxation when
passing from the neutral to the ionized system, we arrive at the

expression
+ oCo oco osc
B, = E [2h; + % (2Jij - Kij)] - fhyy + § (2ka - Kkj} =
Q
=E - e {427]

The subscript k means the orbital from which the electron has been

removed. Then the ionization energy is given as

0 + 0
Ik = Ek -E = - €3 [428]

The last eguation represents statement of the Koopmans theorem
{321) acording to which the ionization energy is given by the

negative value of the corresponding orbital energy. The above
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statement negleets many important effects among which orbital
relaxation and the electrostatic correlation energy predominate.

1. Orbital relaxation manifests itself in a decrease of the
molecular caticn energy from compensation of the electron hole
created by the ionization. For this reason relaxation enerqgy
always decreases the ey value by the term a;. Its evaluation
is poesible using the ASCF approach

SCF

+ 1) r
Iy = (Blgep =~ (Bllgep = = o + 8

[429]

where the energies of the molecular cation and neutral molecule are
evalvuated by an independent SCF calculation. Because the ionized
system has open shells, the energy E; is calculated to a differeat
degree of approximation (UHF, RHF, LEP). The relaxation energy is
relatively low [about 1 eV} for ionization of strongly delotcalized
orbitales {e.g., in conjugated hydrocarbons or aromatics) where the
electron hole is spread over the whole molecular skeleton. With
ionization of strongly localized orbitals {(e.g., transition metal
3d-orbitals) the relaxation energy reaches 10 - 20 eV. in
these cases Kcopmans theorem is applicable no more. However, the
4SCF calculation is not advantageous because it xequires an
additional SCF calculation for each level which has to be done with
high accuracy.

2. The electrostatic correlation energy decreases the wvalue of
the electronic enerqgy for both the neutral and ionized system but
to a different extent. The substantial part of the correlation
energy is inversely proportional to the emergy separation of the
BEOMC and LUMD: 'EHOMO
rule, this difference is larger than in the neutral system, the

- CLUMOI' Since in the molecular cation, as a

correlation energy becomes smaller. Simultanecusly, the number of
electrons is smalier soc that the correlation energy ham a reduced
number of terms. For this reason correlation energy increases the
-€) values by the term a;. Consequently the ASCF calculation may
vield valuaes for ionization energies which are lower relative to
experimental data.

The ionization of the closed level in an open-shell system of
the spin multiplicity m leads to two final states of different
spin multiplicity: ' = m = 1.

Koopmans theorem corresponds to the statement that both
electrons in the doubly occupied molecular orbital contribute
egually to the molecular energy and thus they have the same
binding energy. In the other words this assumption means that the
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interelectronic repulsion within the orbital, changes linearly with
the change of occupation number n, from 2 to 1 and 0. This is il-
lustrated in Fig. 15 by the stright line (denoted as a}). In rea-
lity such a dependence is non-linear [curve b) which rationalizes

deviations from Koopmans thearem.

i
oSCF

L 1 T
0 1 m 2

Fig. 15. Demonstration of a paradoxical violation of the Koopmans
theorem; n; - cccupation number.

Koopmans theorem is limited not only quantitaetively but
also qualitatively as explained below. If the relaxation energies

have altered order relative to the orbital energies

Ci - Ej < ﬂj - Bi [430}
the ionization energy order is interchanged

SCF SCF

I > 1y [431)

This represents a paradox with respect to the Koopmans statement

o 0
I -6 < Ij -y {432]

according to which ionization of the lower energy orbital is
more favourable than ionization of the higher energy orbital.
Thus the electron configuration {¢j)1(¢i}2 is more stable than
{¢j}2(¢i}l despite the relationship € 4 < ¢;. The condition [430]
appears when (322):

a} there is a small difference in orbital energies;

b} there is a large value for the interelectronic repulsion J.,
for the lower energy orbital;

¢) these is a small value for the interelectronic repulsion J,
for the higher energy orbital;
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d} there is a large value of the interatomic Coulomb potential
Madelung term).

The above paraedox may be such that the gingly occopied or-
bital is bonding whereas the doubly occupied is its antibonding
counterpart.

In orxder to calcalate the excitation energies we first put
down the energies of the individual excited states. For example,
the energy of the singlet and triplet excited state obtained via
the i -~ a transitions is

1,3 a
FTR{g,) = 2h.. + 2J3., - K. + [h,, + 2J7.. - K. . +
(1) =T, (2hg; + 5 (2955 - Ryl + [0y + 5 (2355 - Ky5)]
+ [haa +j§i(2Jja - Kja)] + It K [433]

Then the excitation energy is

1,3 a 0 _ _ _ _

E{éi} - E €a ey (Jia Kia) t Ko [434}
and the ginglet-triplet separation is
1 a 3 a

Since the exchange integral is alwaye positive, the energy of the
lowest triplet state is always lower than the energy of the lowest
excited singlet state; this matches well with Hund rules. Note that
methods neglecting electron exchange interaction £fail in these
predictions.

The formulae for the ionization and excitation energies in
various approximations are collected in Table 28.

Molecular orbital calculaticns can be substantially simpli-
fied when an appropriate transformation of the atomic orbital basis
set is used. Cne possibility is the use of symmetry orbitals.
They are defined by a linear combination of atomic orbitals
{8} of appropriate symmetry

{£f} = v {o} [436]

Each symmetry orbital fia) is transformed according to an irredu-
cible representation r, of the molecelar symmetry point group
{Section 1.3.1). In this bhasis Bset the characteristic egquation
adopts Ehe block-diagonal form. For RLn coordination compounds the
symmetry orbitals either contain net central atom atomic orbitals
or ligand orbitals. Symmetry orbitals consisting only of 1ligand
components are named group orbitals. Then the canonical MOs are
given by a linear combination of group orbitals and central atom
orbitals of +the same symmetry. Bffective algorithms for the
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TABLE 28
Energy quantities the in one-electron approximation.®

Quantity Apprcach

RHF LHP

A} Ionization energy T to state of spin multiplicity m

Ii -ey

1, —es~(3/2)K, —e =(3/2)K,
1, —e +(1/2)K; —e +H{1/2)K,
r e - (1/2)K —e ~(1/2)K__

B} Electron affinity Ta to state of spin multiplicity m

A,
i ‘a

A, et (1/2)3 e, t(1/2)3

1

C) Excitation energy

Aisa €a™¢i V312125,

3Ai~a €a 31 Via

%65 .a ¢a=¢i"7ia" K0t Kap “a~¢i™71a* ;4

Y egmey—T; *2K, +2K__ cgmey=T; —(1/2)R__~(1/2)K,
2pn e me I +(3/2)K__+(1/2)3__ e, -e_=J_ +(1/2)K_ +(1/2)3__
QQi-m cm~ei—Jim+{3/2}Kim+{1/2)Jmm cm-ci—Jim+{1/2)Kim+[1/2}Jmm
® Levels are marked as follows: i - doubly occupied MO, m - singly

occupied MO, a - unoccupied MO.

generation of symmetry orbitals are incorporated into many programs
for MO-LCAO-SCF calculations.

Pople (323) pointed out that the molecular wave function and
electronic energy remain invariant by an arbitrary 1linear combi-
nation applied to the sub-set of occupied MOs. For example, in N,
melecule a combination of the ¢ orbital and two n orbitals yields
three equivalent orbitals, caliled +the banana (bent) bonds. The
axial symmetry of the molecular wave function remaine unchanged.
Similarly a combination of canonical MOs in the F, melecule yields
three eguivalent ohe-centre orbitals (lene electron pairs) at each
atom.
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3.7.2 Localized Molecular Orbitals

Such molecular orbitals may be constructed for which indi-
vidual probability functions p, adopt significant wvalues only
in the limited region of the molecular framework. These loca-

lized molecular orbitals {IMO) intuitive chemical
concepts (e.g., the Lewis approach) - the formation of two-electron
The LMOs

analysis of the mean values for many molecular observables {(binding

correspond to

covalent bonds, lone electron pairs, etc. permit the

energies, dipole moments, diamagnetic susceptibilities, electric
polarizabilities, etc,) in the form of contributions from molecular
fragments.

The various methods for the construction of localized MOs are
reviewed in Table 29. Some are discussed in more detail below.
TABLE 29

Methods for defining localized molecular orbitals.

Authors Localization criterion

Type

A) Methods of internal localization

1. Exclusive LMOs  Boya-Foster f[rlzj = riz
(328,329) 3

2. Energetic LMOs Edmiston-Ruedenberyg f{rlz) = Iy,
{330-333}

3. Charge LMOs von Niessen f(r,,}] = 8{r,,)
(335) 12 12

B) Methods of external localization

1. BEguivalent IMOs Lennard-Jdones,

Pople-Hall {334,342)
Hagnasco-Perico

unitary transformation
of cancnical MOs

2. Population LMOs maximization of local

{343) populations
Weinstain-Paunz
{386)

3. Projected IMOs  Pol&k (345,346} minimization of
Robby {347} projection norm

4. Direct ILMOs
S$. Strictly loca-

Daudey {348)
BoZa (349,350)

Brillouin theorem
modified Roothaan

lized or semi- equations

localized MO=

1. Methods of internal localization are based on the modified
Hartree-Fock eguations; they retain the SCF energy unchanged in the

given basis set and Hamiltonian approximation. fThe intrinsic

localized MOs obey the equation
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F o+ ptE) -

(F+ L H‘Pi) € I‘?‘i) [437]
where
i‘f} =p L p {438]
is an integral localization operator, p - spinless Focck-Dirac

density matrix and L - an arbitrary one-electron operator that
defines the localization. The equations above have been generalized
for non-orthogonal IMOs (326,327) ae well as for the MC-SCF
approach (336-341}. They were modified {324-327) for the descrip-
tion of the solid state in the form

- -t A A
(Fy + WB%) |oi> = & |ob> {439)
with a non-local pseudopotential
- e - -
wﬁ = vy - p Ly op [440]

Here Fp is the Fock operator for electrons localized at the A-th
centre and v, = F - Fp is the environmental potential.
In calculation of intrinsic localized MOs the following funo-
tion
D =7 <ii|f(r;,}]|ii> [441]
i

is minimized. The monotonous separation function f[rlz) is <chosen
in a specific way.

2. Methods of external 1localization are based on additional
assumptions about the form of the orbitals. These orbitals, as a
rule, do net reach the SCF level of energy. They are specified in
the form of a parametric function [for example, a limited linear
combination of orbitals of two centres) and the unknown parameters
are determined by energy minimization.

3. Methods of molecular fragments (44), separated electron groups
(351), atoms in molecules or molecules in molecules {352-354)
exploit the transferability of LMOs from one molecule to another
having similar bonds. Among them the most elaborate is the DIM
{Diatomics in Molecales) method (355)}.

Hybrid atomic orbitals ({BAO) introduced by Pauling {356}
represent an appropriate basis of one-centre functions to develop
chemical concepts in the theory of the chemical bond. HAO= {h?} are
defined by an orthogonal transformation of the real atomic orbitals
{ai} at the given atom A

{ht} = By {o™} [442]
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where the transformation matrix By fulfils the orthogonality

condition
T
BA BA = ¥ [443]

The resulting one-centre functions have directional properties.
Instead of pure atomic orbitals the HAOs have their centre of mass
of the electron density situated out of the nnocleus. Therefore it
is possible to define a direction for the HAO through the vector
connecting the nucleus with the centre of mass of the electron
density of the HAQ under coneideration. From the geometric point of
view HAOs are chosen to be situated along covalent bonds, i.e. the
directional vectors of a pair of HACe will be colinear. However,
there are examples known where the real (and orthogonal) HAOs
cannot be oriented along the bond directions (for example in
cyclopropane, Py molecnle, etec.) so that deviation of the HAOs from
the bond direction must be introduced.

The HAC directional properties enable one to construct
strictly localized ([two-centre] molecular orbitals. Therefore the
hybridization concept is associated with the study of the col-
lective {additive) properties of molecules in their ground electro-
nic state.

The numercous methods for construction of +these BEAQOs may be
clasajified as follcows:

a) criteria involving the projection of LMOs from MO LCAC SCF
wave functions {346,347,357-359};

b) geometric criteria (356,360-362);

¢} maximum overlap criterion (363-374};

d) other emergetic eriteria (375).

According to KRimball {362) construction of eguivalent HAOs
can be based on group theory. The set of egnivalent EAOS
{h} forms an irreducible represzentation o¢f the molecular point
group. By applying individual symmetry operations to the ap-
propriate generator hi new functions (symmetry orbitals) {h'}
are formed; they form a basis of an irreducible representation. The
result of the projection {Section 1.3.1) is given by the 1linear

combination

{n'} = A {b} [444]
and the decomposition of the reducible representation teo irredu-
cible compeonents has the form

Ty = E n Thog [445]
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The set of central atom orbitals {¢} can be divided into sub-
sets which span the basis of certain irreducible representations.

Therefore the decomposition of the reducible representation T is

Fs = B P1LTo1 [446)

If all the multiplicities fulfil the condition By o= O, then such
a subset {¢'} exists for which the following relationship is
true

Fge = E Ry o [447]
and each element of ﬂﬁ transforms exactly as one of the functions
hﬁ. In other words, the expression [444] represents a linear
combination of hybrid atomic orbitals from which npet atomic

orbitals of the central atom result. As far as the transformation

matrix A is determined then the inverse matrix B = A_l defines
the hybridization matrix
o} = a7t (b} =B {7} [448]

Results of the group theoretical apprcach for determining
equivalent HAOs are presented in Table 30.

In order to calculate the hybrid atomic orbitals in polyatomic
molecules without any symmetry the maximum overiap criterjomn can be
uged. The general solution of the problem is given by the Extended
Maximum Overlap Approximation {EMOA)} method (372-374). This method
is based on an expression for the molecular binding energy ¢ in
the form of two-centre incrementa

N
- - A B _AB ., _
£ = § E (1/2}AXB E % Eij {1 5A,B}§£{A,i},f(3,j) [449}
where the particular bindin energies ENB  are roportional to
g prop

33
weighted overlap integrals of bonding HAOs

AB _ _AB _A,.B
Eij = Ky éhi|hj> [450]
The discrete topoleogical function £(A,i} = . describes the bonding
model (electronie astructure formula) of a molecule; their values
are equal to the ordering numbersz of the chemical bonds: . = 1, 2,
3, ... The proportionality constants K:B are regarded as semi-

empirical parameters tranaferable from one molecule to another;
they are determined for the pair of atoms (A, B} and the type of
chemical bond {t = ¢, n, §). They may be obtained by calibration
to binding energies of sma2ll molecules.



TABLE 30
Equivalent hybrid atomic orbitals according to group analysis.

3237

Coord. Group Spatial Hybridization of orbitals
number arrangement a stromng m weak =
2 Bh linear Ep pzd2 =

dp pzdz -

Coy bent p? d{pd) d{sd)
ds d(pd) o{pd)
a®  a(pa) p(spd)

3 D3h regular triangle spz pdz dz
dp pd d
a%s  pa? p2
d3 pd2 p2

Cov triangle dsp pd2 {pd)d

C3v trigenal pyramid pz - (sd)d2 5
d°p - {sdjp”d

4 Ty tetrahedron sp°  a® a3
dss d2 93

Dsn square dgpz dzp -
d™p d’p -

C3v irregular tetrabhedron dzsp - d
dp3 - 8
dap - s

civ tetragonal pyramid at d (spip

5 D3y trigonal bipyramid d§p3 d; di
dsp d 4]

Cav tetragonal pyramid d:spz d pgz
da d P
a3 a sd?
d4p d spz

DSh reqular pentangle dzp2 pd2 - 5

Ce., pentagonal pyramid d2 s 3 {sp)p

& 0y octahedron d4sp d —2

Bay trigonal prism dssp - pzd
d4°p - p°s

Dyy trigonal antiprism d§p32 - sd

mixed type d”sp
dss
4 2
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TABLE 30 {Continued)

Coord. Group Spatial Bybridization of orbitals
numbear arrangement o strong n weax n
7 C,y structure of Zng- d38p3 - a*
v 5 2
d"sp - p
2= 4 2
Cov structure of TaFy, d ap - dp
d‘p3 - ds
dsp2 - ps
8 vy dodecahedron atsp? a -
s s 5 3
Bya antiprism d'p - -3
Cov planar centered prism dssp2 p -

The optimum hybrid atomic orbitals are determined by the
maximization of the molecular binding energy which leads to a
aystem of matrix eguations for individuyal centres

-1/2

7

8, = (0, o¥) D, 451}

with

{Dy}sy = o <op|o]> (By) sy Koo 6 (4521
alik _BEA % § kl 1 B j]. t f{A;i}lf{B!j}

3.7.3 pistribution of Electron Demsity
The electron density p{R} ir the point R of the molecule is
calculated as the mean value of the one-electron charge density
operator
a m
o(R) = (le| ¥ §(R-r )|w§1> =7 P,. g.(R} 5.(R) [453]
p L~ Tig T i
B 1,3
where 6 is the Dirac function. Redistribution of the electron den-

sity upon bond formation can be studied by the Roux function (377)

N
S(R) = 5(R) - T pp(R) [454)

where p, (R} represents a hypothetical electron distribution caunsed
by setting the free atom A into the corresponding molecular =site.
The difference between the electron deneity in the molecule and the
sum of atomic electron densities should be calculated for each
point of szpace. Graphically thisg function is represented by contour
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diagrame in important planes of the molecule. The properties of the
function A(R) have been discuased by Rosenfeld (378).

Within the MO-LCAO approximation the total electron charge may
be divided inte spatially lccalized one-centre and two-centre

terms
m N
A _B A AB
n=F% P,.S..=7 3y 5 ¢} A n siD [455]
Fe iy "ij ABi 3 iy vl v] vy 17

where pij are the elements of the charge density - bond order
matrix expressed through the LCAO coefficient matrix ¢ and
molecular orbitals occupation numbers M In the Mulliken popu-
lation analysis {379) the charge distribution is described via the
the following quantities.

1. Nat populations characterize the one-centre contributions,
namelys:

a) net orbital population

A _ ,AA

b) net atomie population

n, =g* n? [457]
a

o} net atomic charge (in units of e}

9p = Zp - 1y [458]

2. Overlap populations characterize two—centre contributions:
a) interorbital overlap population

AB _ , ,AB _AB
nps = 2 P33 ST [459]
b) interatomic overlap population

B _AR
nyg = I L nis {460]
i ]
3. Groes populations represent the sum of the net populations and

one half of the overlap populations:
a) gross orbital population

A B _AB AR B AB
Np = nb 4+ (1/2) T F ni: = Pip I T p?? sis [461]
B ] Bj
b) gross atomic population
A
N, = § N? [462]

c) gross (effective} atomic charge (in units of e}

]
gy = 2, - N, [463]
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More detailed distribution of the electronic charge within the
v~th molecular orbital can be described by using partial net orbi-

tal populations

A A 2
ni{v) M {Cui] [464]
and partial overlap populations
2By =2m o, B, B [465]
1] vy vi v] 1]

The critical point of the Melliken population analysis is
represented by the definition of the gross orbital population: the
overlap population is egually distributed between twc centres which
is reasonable only in non-polar diatomic molecules. The Mulliken
population analysis cannot exclude the observation of negative
electron densities and alsc atomic orbital electron populations
greater than 2,0. The results of this populaticn analysis are not
invariant with respect to the transformation of the basis set func-
tions. The net orbital population ni contribution is always attri-
buted to the A-th centre although correeponding electron density
maximum may lie in the region of another atom especially in the
case of diffuse functions {38¢,381).

In reality, no physical criterion exists for the unambiguous
definition of the effective atomic charge in molecules {the
effective atomic charge is not an observable). Among a large number
of different definitions for effective atomic charge, a few exam-
ples will be mentioned below.

1. Postulation of an additional criterion for unequal division of
the overlap population betwen the centres: mcdified population ana-
lysis according to Ldwdin {382), Jug {383} or others {384-389]).

2. Introduction of certain integration principles according to
which the electron density is summed up in the atomic regiomn, such
as the Politzer method {390), mid-plane method {3%91) and similar
approaches (3%2-394}).

3. Exclusion of the overlap population which may be obtained by
an asymmetric orthogonalization of the ADs basis set in the mole-
cule or by the neglect of differential overlap appliied in CNDO,
THDO and NDDO methods.

Population analysis for multideterminantal wave functicns has
been proposed by Karo (395}.

The overlap population resulting from the Mulliken population
analysis is often correlated with the strength of the chemical
bond. Ancther guantity of this kind is represented by the Wiberg
{bond-strength} index defined as {396)
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" = P L (#}3)? [466]

]
+ ng for an open-shell syastem. The above index adopts values

aroun 1.0 for the single bond, 2.0 for the double bond and 3.0 for
the triple bond. It should be modified when dealing with the rela-
tivistic atomic spinorbital basis set. In the latter case the bond-

x - a . - a - B
Notice, Pij 2 Pi. is used for a closed-shell system and Pij Pij

order index is defined as ({299])
Bag ™ 2 50 L0 (p‘;‘;)z [467]
. |

In etudying donor-acceptor interactions in coordination com-
pounds it is poesible to define specific criteria which cha-
racterize the charge distribution, for example the o-donor and n—
acceptor index. They may be introduced uesing the partial net
orbital populations n?{v}. For example, for the n-acceptor ability
of a diatomic ligand XY (dinitrogen molecule) coordinated linearly
to a central atom, the n-acceptor index has been defined as {(397)

x,X
AU

§ al(v) [468]
uEFe

where the summation runs over only molecular orbitals (v) of
gpecific symmetry (irreducible representation re).

Electric momentes represent another get of characteristics
describing the charge distribution in molecules. The operator
of the electric multipole moment of k-th order g{k) of a system
consisting of M charged particles with the position vectors

rF and electric charges qﬁ is defined as a tensor {338)

sk}

1
gaﬁ...a

2k+1 -
x {a/arpa) (a/arpp} ase (a/arpw) r,

[469]
where the subscripts o, f, ..., « denote one of the cartesian

M
= £ a, (-1)*n™
i

coordinates (X, Y, Z). The tensor g{k) has, in general, 2k + 1
independent components but this number can be by considering the
symmetyy properties of the system under study. The lowest electric
rultipole moments (2°-poles) are:

a} scalar of the electric monopole - the charge of the system g =
Y

b} vector of the electric dipole - the dipole moment of the
system d = 4(1]:

c] tensor of the electric quadrupole - the guadrupole moment of
the system Q = §(23;
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d} tensor of the electric octupole - the cctupole moment of the
system Q0 = §(3

e) tensor of the electric hexadecapole - the hexadecapcle moment
of the system E = §(4).

RQuantum-chemical calculations ¢f molecular electric moments
are used:

a) for testing the approximate molecular wave function by compa-
rison of calculated and experimentally established wvalues of the
loweest electric moments;

b) to estimate the interaction energy of molecules when the sepa-
ration between them is larger than their size (when the overlap
of full molecular wave functions is negligible);

c) to characterize intramolecular charge distribution.

The electric dipole operator is given by

- M N n

d=Yq z = |ej (L 2, Ry - L ) [470]
yoH A p P

where R, is the positional vector of the A-th nucleas and rp that

of p-th electron with respect to the reference coordinate system.
By shifting the origin of the coordinate system with the vector R,
then r = r; + R, and the following relationship is true for the
dipole moment

M M M
<d> = <w|§ a, rp|m> = <w|§ q, r;|w> + Ry E q, f471]
Thus the dipole moment of the molecule is invariant with respect
to the shift of the origin of the coordinate system only in the
case when the total charge of the molecule is egual to zero.

Within the Born~Oppenheimer approximation the mean wvalue of
the molecular dipole moment <d> can be written in the form of a sum
of the electronic term <d31> and the term induced by the nuclear

point charges |e|Z,R,. The electronic contribution within the MO-

ATA
LCAO-SCF approach is

<«a®l>

o
el el _
_Iel g <¢0 [rplwo > =

oCT

m
- lel T <o lryle,> = lel T Pyy <oslzy 1oy -

i,3 13
A B ,AB AB A,_,, .B
- -|e|A[B E L P (RA Sij + <ai|r1|ﬂjb) [2472]

where a lccal coordlnate system is intreduced (Fig. 16) with origin
at the midpoint of the interatomic separation R,., soc that
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Fig. 16. Coordinate systems for the transformation of the molecular
dipole moment.

r, =r 4 (RA + RB}IZ [4731]
Then the total meolecular dipole moment is composed of:

a) contributicns of elementary dipoles |e|RAqg induced by effec-

tive atomic charges

N
ap = oy - g EA %:B P‘;‘; s?? [474]
(using the Mulliken population analysis these charges are identical
with gross atomic charges);

b) contributions of wmomentum integrals of the £first order
<0?|ri|ﬁg> ip the atomic orbital basis set calculated in the 1local
coordinate systems.

In the case of the electronic wave function constructed from
strictly localized molecular orbitals, the electronic part of the
dipole moment is given by the contributions from individual two-
centre chemical bonds and lone electron pairs: <¢v|r1|¢v>. This
result explaines the success of the method of additivity of
molecular dipole moments.

The dipole moment represents a sensitive criterion for testing
the molecular wave function, since the wmolecular dipole moment
is given by two terms of high wvalue but oppoesite sign. There-
fore a relatively small change in the electronic contribution
causes a significant change in the wvalue of the molecular

dipole moment. For example, one of the drastic coneeguences
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of the 2ZDO approximation is the neglect of contributions
of polar n~bonds to the molecular dipole moment.

Within the Born-Oppenheimer approximation the components of
the tensor of the electric guadrupcle moment of the molecule are
given by the relationship

H
2
<er,8) - Ie] (172} [ E ZA{3RAQ RA;} = RA 60{3) -
n
-5 ‘“’Sllfﬁpa “pp ~ r; 533”@31)] (47s]
P

where « and p represent cartesian coordinates. The guadrupole
moment tensor may be transformed to its main axes wusing a
similarity transformation

Q' =uvlQu [476]

where the components in the main axes Qix, QQY and Qéz represent
observable physical guantities {370,371). As the guadrupole moment
is given by two terms of high value but opposite sign, it is alsc a
sensitive criterion for testing the molecular wave functions {400).

The elactrostatic potential V°*(R} at a point R in the
vicinity of an atomic or molecular system having an electronic
density pi{r) is given by {401}

-1

ve3(R) = r 2,)R, - R|™1 = J o(R')|R* - R|™ &R* [477]

where Za is the charge on nucleus A, located at R,. The two terms
on the right side correspond to the nuclear and electronic
contributions to the potential; they have opposite signs and
accordingly opposite effects. The electrostatic potential is
exactly egual in magnitede to the electrostatic {coulombic}
interaction energy between the static charge distribution of the
system and a positive unit peint charge located at R. It obeys
exactly the Poisson’s equation

72 v®5(R) = 4n ,(R) {478]

The total molecular energy carn be ralated to the electrostatic
potential by

2 0
0 A avn 0
E=(1/2) § (2,90 - 1 [ 73 ( az—] - "n] dz;, (479]
A 0 A n
where
Va =T ZglR, - Ry1™h - 5 p(R}|R - R,y ar’ [480)
BzA

is the electrcostati¢ potential at nucleus A, which includes contri-

butions from other nuclei as well as the n electrons.
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4, BLECTRON CORRELATION

By accounting for electron correlation the artifacts of the
one-electron approximation are overcome. One possibility how to in-
clude correlation efects is the use of correlation functions expli-
citly dependent upon the interelectronic distances. Configuration
interaction {CI} and the subseguently derived MC SCF and pair
correlation theories, as well as the VB and GVE methode, have won
wide application. In the above methods the determinantal functions
bagis set is generated by electronic excitations from the ground-
state wave function. Modern approachs include the many-body per-
turbation theory (MBPT)}, the coupled cluster approach {ceca)
and the Green function technigue {GFT). These methods operate
operate on the molecular spinorbital basis set using creation
and annihilation operators. The resulting algebraic relationships
are obtained with a diagrammatic technique.

Even calculations on the Hartree-Fock 1level are accompa-
nied by numerical difficulties. They are performed on efficient
computers but despite their time requirement they produce data
which can only be taken for semi-guantitative. Taking into account
electron correlation, the time requirement is increased. For
this price, however, data are obtained which are capable of
decribing the majority of molecular characteristics. Electron
correlation should be +taken into account especially when cal-
culating the enthalpy of formation, activation energy, dis-
sociation energy, ionization and excitation energy, electron
affinity and weak intermoalecular interactions. To a considerable
extent the eguilibrium and rate constant values are determined by
correlation effects 80 that they assume a central position in the
theoretical quantitative study of the majority of chemical

problems.

4.1 CORRELATION ENERGY

In Section 2.2 we noted that the basic approximetion in the
theory of the chemical bond, molecular spectroscepy and chemical
kinetics is the Born-Oppenheimer approximation enabling one to con-
sider the multi-electron wave function ©(1,2,...,n}) 4in the f£field
of the frozen nuclei. The one-electron (Hartree-Fock) approximation
is gquite a rough descripticn for the eystem where the probability
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density for the simultaneous occurrence of two electrons with
opposite spins at definite Jlocations is simply given by the
product of the probability densities for the individual independent
electrons. The electron repulsion term proportional to the factor
r;; requires a mutwal correlation for electron motion. The neglect
of electron correlation causes a defect in the electronic energy
referred to as correlation energy. The correlation energy for a
specific electronic state of the system, |u>, is defined as the
difference between the eigenvalue of the Hamiltonian (as a rule, it
iz the non-relativistic Hamiltonian ﬁe in the Born-Oppenheimer
approximation) and its average in the Hartree-Fock approximation

for the corresponding determinantal faunction |#>

E orr = <¥[Hgle¥> - <a{Hg|2> [1t

With the exception of very simple molecules neither the
Hartree-Fock limit energy nor the exact (non-relativistic) energy
are accessible for polyatomic molecules from ab initio calcu-
lations . Thus correlation energy computations contain a sys-
tematic error (Fig. 1). {The definition of correlation energy
for excited states is problematic, since the Hartree-Fock limit
energy is not precisely determined.) Since the one-determinantal
(Hartree-Fock) function |&> as well as the exact wave function |u>
satisfy the virial theorem then for correlation energy

E = - <T> = {1/2) <v>
corr corr

(2}

so that the correlation error in the potential energy is, apart

corr

from the sign, twice as much as the correlation error in the kine-
tic energy.

1 Fig. 1. Energy scale related to the
3 correlation energy.
] 1 - SCF calculation in the minimum
basis set;.
- near Hartree-Fock level;
- Hartree-Fock limit;
extended CI;
- exact non-relativistic energy;
- experiment;
- usual definition of the correla-
& tion energy;
5 practical estimate of the corre-
B lation enerqgy;
& experimental wvalve for the corre-
lation energy.

Energy

[N F RS
1

[+
I

o]
|
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While the relative velue for the correlation energy is small,
representing about a 1 % correction with respect te the Hartree-
Fock enerqgy, its absolute valne is large. Very often it is one
or even more orders of magnitude higher than the reaction heat
and activetion energy values of chemical procesges, There exist
some reactions for which the approximate conservation of cor-
relation energy can be coneidered (1); it is necessary that
the number of electron pairs as well as the spatial distribution
of neighbouring pairs be conserved. However, there are also proces-
seg¢ known where there is a substantial change in the correlation
energy. Among these latter processes are included electron exci-
tation and electron ionization. In the description of weak
intermolecular interactions, when dispersion forces are consi-
dered, an extraordinary important role is played by correlation
effects.

Curves for the adiabatic potential at the SCF level, at larger
deviations from eguilibrium geometry, show substantial deviation
from experiment. Very often, for infinitely separated nuclei, the
SCF energy is more than twice the energy of the isolated atoms.
For an F, molecule the sign of the dissociation energy at the SCF
level is even negative {(Pig. 2). These artifacts of the one-elac-
tron approximation vanish when correlation effecte are included.

I T H I
EIE, SCF ’
24 - -198,66
-1.04 axperiment -
B -188,7%
-112F . 1
| experiment | -199.48
-1,20 i L i t 1J-199,52

1 2 1 2 RO

Fig. 2. Curves for the adiabatic potential for a, and F, molecules.

The methods used for solving the correlation problem where
explicit functions of the d{rlz) type are considered, have found
only limited use for systems with a small number of electrons.
These methods have historically been derived from the fundamental
work of Hylleraas (2). They were used especially for He (2-7), Li
{8,9) and Be (10,11) atoms {Table 1}.



348

TABLE 1
Atomic calculations with electron correlation functions,

Atom Energy {Bh} Number of terms Ref.
He -2.902 44 {21
-2.903 209 34 {3]
< -2.903 723 7 80 [4,5]
> «2.903 746 7
-2.903 724 375 1078 (6,7}
(-2.903 72) exper.
Li -7.476 07 10 (8]
-7.478 025 60 {9}
{-7.478 061 exper.
Be -14.666 54 167 [11]
(-14.666 7} exper.

For the He atom Hylleraas {2) used a wave function of the type

~ks/2
i,

l+m+n 1 .m n
w(rl,rzl =m@m e E . Cimn K =T A (31
¥’

with elliptic coordinates s = Iy + Ly, T =I5 =Ty and a = ria-
Later the method was modified by Kinoshita (4,5} who considered
the wave function in the form of a series having 80 terme. The most

precigse calculations were done by Pekeris (6,7) in perimetric

coordinates

w=k(r, + r;, - r;)/2 [41
v =ki{r; + 1,5 - 1,)/2 [5]
w o= k(r1 +r, - rlz) [6]

with the wave function

e-{u+v+w) 5

m{rl,rz} = . clmn Ll(u) Lm{v} Ln(w} [71

1,m
having 1078 terms, Ln(w} being the normalized Laguerre polynomials
of the n-th order.

Precise calculations for the H, molecule {12} were based on
the correlation functions according to formula [223] of Chapter 2.
They yielded the dissociation energy (36 117.4 cm_I) which iz in
full agreement with the experimental value {36 117.3 £ 1.0 cm_ll

-
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4.2 VARTATIONAL CONFIGURATION INTERACTION

In the one-electron approximation the one-electron function
basis set is used, represented by the molecular spinorbitals.
molecular spinorbitals. A determinental function 2, is associated
with every electron configuration taking inte account the col-
lective property of a system of electrons {fermions), i. e. the
antisymmetry with respect to transposition of electron coordinates.
Determinantal functions form the basis set in the Hilbert space
giving rise to the possibility of exact expression of the many-
electron wave function in the form of a CI series

i}

QEl(l,Z,...,n} =1L a, %
u

While in the one-electron approximation wﬁl # &, with inde-

pendent particles, the electron correlation effects were neg-
lected, they may be taken into account by inclusion of configu-
ration interactio.

In the variational Configuration Interaction (CI} method the
coefficients in the CI expansion are evaluated by the linear
variational method [Section 1.2.3). Its principle rests on the

construction of matrix elements of the electronic Hamiltonian
CI CI

B

uv uv

= <§u|@v>. By solving the characteristic equation

= C¢u|HEll¢v> and on the non-orthogonality integrals S

(8T - Bs®*yqa} = 0 [9}

the column vector {a} of the expansion coefficients is obtained;
this corresponds to an eigenvalue E of the secular eguaticn
having a meaning of the electronic energy.

The variational CI is of general use for atoms and mo-
lecules as well as for aystems with clcsed shells and open
shells, for ground and excited states and for geometries close and
from the equilibrium atemic configuration.

The confiquration interaction can be performed as the next
step following the SCF procedure (when the molecular orbitals are
known) or after GVB or MC SCF methods. Unlikely to MC SCF method,
the number of the CI series +terms is extremely large {of the
order 103 to 105}. For this reason configuration interaction repre-
sents an exacting numerical problem.

Substantial simpification of the CI procedure can be achieved
by utilizing the molecular symmetry. For this purpose it is useful
to consider the spin-adapted COnfiggrationﬁ functlons represen-
ting the eigenvalues of the operator 5, and Sz; this is obtained



350

by a simple linear combination of the several {(as a rule two or
three) determinantal functions with combination coefficients known
from the symmetry regquirements, eimilarly as in the RBF method.

Tn an analogous way, symmetry-adapted configuration functions
gge introduced representing eigenfunctions of the operatozrs Lz and
L™.

Note that orbitals obtained using the SCF procedure usually
have random phases. This is not important for orbitals belonging
to one-dimensional irreducible representations. The symmetry adap-
tation of configuration functions, however, does depend upon the
selection o©of phases of orbitals which belong to multidimen-
sional irreducible representation. For example, if a pair of or-
bitals should be transformed as {x,y} but in fact, are transformed
as (x,-y), then the configuration function will not have the
correct symmetry. Therefote it is necessary to obtain correct
phase for orbitals to be used in the CI calculation.

A very important property resulting from symmetry is the
fact that matrix elements of Hgi are zeroc if the configuration
functions &, ard & belong to different irreducible representations
of the symmetry poirt group of molecule. Due to the above property
the HCI matrix can be arranged into block-diagonal form. (For this
purpose it is more advantageous if the RHF orbitals are processed,
since the orbitals do not possess the desired symmetry properties.)

Characteristic eguation can be solved separately for the
blocks corresponding to individual symmetry types. Very often the
HCI matrix contains only some 20 % non-zero elements, so that its
arrangement into block-diagonal form can substantially decrease the
requirements placed upon numerical computer processing.

Moreover, the symmetry adapted configuration fanctions are
automatically orthogonal to all cother configuration functicna of
a different symmetry type. Then, on the basis of the separation
theorem (Section 1.2.3) an upper 1limit for the excited state
energy can be estimated, being the energy value of the lowest state
within its relevant symmetry type. The above estimate does not
require explicit calculation of all the lower states of another
symmetry.

The number of determinantal functions which can bhe obtained
for the basis set of m orbitals for a state with n electrons with
total spin S is calculated according to the Weyls formula
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m+ 1 m+ 1
“'(25*”"{“‘*”[11/2-3][n/2+s+1] (107

For m » n » 5 the above number can be roughly approximated as N =
n-2(2me/n]n; where ¢ is natural logarithm base.

If configquration interaction is performed ocn all the deter-
minantal [configuration} functions produced at specifc m and n this
is referred to as complete CI. In the case of a limited ¢CI calcu-
lation either the orbital basis is reduced from m to m' (omitting
several highest virtual MOs} or only several types of determihantal
functions are included in the CI series. In the case of a fixed MO
basis the determinental functicns can be classified as monoexcited
Q? {if the i-th occupied spinorbital is replaced by wvirtual a),
biexcited @2? {if substituting a pair of wvirtual orbitals for a
pair of occupied), triexcited, tetraexcited, etc., In many appli-
cations into the CI series only the monoexcited and biexcited
configurations are included. Very seldomly are triexcitations and
tetraexcitations included and very rarely configurations from
higher excitations. Mcnoexcited and biexcited configurations yield
about 90% of the correlation energy.

For a complete CI calculation the solution of the characteris-
tic equation is invariant with respect to an arbitrary unitary
transformation applied to the molecular orbital basis set so
that the symmetry and spin adaptation of the configuration func-
tions can be omitted.

For a limited CI calculation this invariant property is lost.
Thus, the question of convergence of the CI expansion is empha-
sized, i.e. the number of CI terms which, in a given molecular or-
bital basis set, secures a certain degree of accuracy of the CI
wave function (e.g. the percentage of the correlation energy
covered].

Alternatively the natural orbitals (NO) rather thapn molecular
orbitals can be used in the CI method. Such orbitals were
introduced by Ldwdin (13) as the eigenfunctions of the first-order
spin—-free density function Pl(r}r}. The corresponding eligenvalues
are the non-integer occupation numbers of the natural orbitals.
NOs have the advantage that they provide a much faster convergence
of the CI series compared with canonical MOs (Table 2). The density
functions, however, are only known after performing the configu-
ration interaction, so that special features of HNOs are losing
their umerical effect.
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‘PABLE 2
Convergence of the CI method using MOs or ROs.”

Per-cent Number of configuration functions
of R MO NO
corr
50 87 32
60 140 50
70 22¢ 79
80 351 147
90 617 362
95 944 697
98 141¢ 1213
99 1760 1652
100 4120 4120
® Por H,O molecule (1S5).

One way to overcome these troubles is by using the method of
itarative orbitals (INO) {14).

When implementing configuration interaction the following
steps must be taken (15,16):

1. selection of the proper atomic orbital basis set {5} and
computation cf the one-electron and two-electron integrals in this
basis for the given molecular geometry;

2. calculation of the molecular orbitals {3} using the SCF pro-
cedure and transformation of the integrals from the atomic orbital
basis set into the molecular orbital basis set;

3. selection and conastruction of the set of symmetry and spin
adapted configuration functions suitable for +the description of
the electronic state under study; calculation of the respective
HC I

uv

4. computation of the lowest, E;, or several lowest eigenvalues

and of the corresponding eigenvectors of the matrix HCI;

matrix elements from the configuration functions;

5. construction of the reduced density functions 2 and P, from
the knewn eigenvectors {aa} as well as mean values of the one-elec-
tron, A(I}, and two-electron, A‘zj, operators for observables.
Calculations may be accompanied by construction of the reduced
transition functions from the eigenvectors {ai} and {aj} to deter-
mine the transition moments betwsen two electronic states (N
and ..

Both the cone-electiron and two-electron integrals is the mole-
molecular orbital basis set have to be known to obtain matrix ele-

ments Hgi. Canonical MOs obtained via the SCF procedure are ortho-
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gonal, which helps to simplify the matter. In eocme cases {such
ag GVB) orthonormalization of the one-electron function must
be carried out. For thig purpose either the modified Schmidt
orthogonalization procedure or the Léwdin symmetry orthogonali-
zation method is uvsed.

In the following transformations into the molecular orbitals

basis set

- m a ~
<i|hld> = . . «<pl|lhlg> 11
LBI$> = T GGy C5q <Blbla [11]
'q
<“|A|k1> ; ¢’ e. o ¢ <pq|“| > [12]
ij|g = s, G g|re
p,q,r,s P J9 kr "ls

the latter represents an extremely exacting numerical problem. Ir
fact, it is hecessary to calculate as many as m4 two-electron
integrals <ij|g|kl>, each representing the result of four-fold
summation and containing m  terms. This results in the process
being dependent on the basis set =size to the power of mS.
Fortunately, this process contains redundant operations, which can

be eliminated by successive applicaticon of four summations

- m -
<pg|g|rl> = 21 Cy <pa|girs> [13]
-1
- mn ~
<pa|g|kl> = zl Cyr <pd|g|zl> [14]
r-
- I -
<pj|gjkl> = I Cy. <palg|kl> (15]
g=1
- m -
<ijlglkl> = } Cip <pj|g|kl> {16}
p=1

A successive transform such as this is dependent on the dimension
of the basis set to the power of ms, which, ccmpared to the origi-
nal m8 process represents a sobstantial simplification. Further
simplification can be achieved using the symmetry properties (by
dividing individual tranaformations into blocks according to
irreducible representations).

The matrix elements HSi are given by the general expression

[204] of Chapter 1

m - m ~
BSD = 5 <ifnyg> 0%VGil9) + (1/2) T <ijlglkl> BV(ij|k1)  [17]
i.3 i,j.k,1

where D"V{i|j} and Dnv(ijlkl} are the generalized minors formed of
the matrix of non-orthogonality integrals Di} = (¢E|¢¥> in the
molecular spinorbital bagis set. In the orthogonal basis set of
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TABLE 3
Slater rules for matrix elements of the electronic Hamiltonian.®

Determinantal One-electron term Two-electron term
functions Bll) = <5 lnil)|¢ > g2 o ey |H(2}i@ >
uv u v uv L +8 v

1. Determirants are equivalent
B, = {9395---9,} T <ijh[3> L I<ii|glii> -

<3 -
[9q85en -ty * R iims '
e 13913820, ¢y, (5!

S
<
]

2. peterminants differ in one spinorbital b * Vg
e, = ]¢1...¢k...¢ng <k|h|k*> E [<ik]glik'> -
2y = Jogee-vge-vpl - <ik[g|k'i>s

n(i),nl{k")’
" Oa(i) (k]

3. Determinants differ in two spinorbitale ¥ * vg and vy * ¢j

g, = |¢1...¢k...¢j...wn] 0 <ik[g|k’']j'> -

& = seePleesPplaaa . Tien .
v H'1 ¥k lI’j ¢n' - <iklgli‘k >5q(k),q[j'}'

* %a(3)nlk)

4. Determinants differ in more than two spinorbitals
0 0

*' Matrix elements of the Hamiltonian are Hgé = Hiil + Hij,.

molecular spinorbitals, Slater rules can be applied with great
CcI

advantage to evaluate the matrix elements Huv {Table 3). The common
transcription valid for Slater rules {i7) in the molecular spin-
orbital basis set is given by

CI

B =
uwv

m -~ 0 - -
£Q <iIh|i'> + T Q;s(<ii|glit> - <ij|g)iir>) [18]
i i3

where for the numerical coefficients it holds true that

Qij... = { é: ifszw;eié for all k= irdree- [19]
and Q = 0 if 3, =& . The determinantal functions

o, = A{p1oy-eep b = [1,2,...,0] [20]
g, = ﬁ{wiwé...¢ﬁ} = |1',2',...,0"| [21]

are arranged so that maximom coincidence in the arrangement of the

spinorbitals is achieved, i.e. $; = ¥ for the maximum number of

i-values. For computer calculations, at present, several efficient
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CI

algorithms serve to yield the matrix elements Huv

among symmetry
adapted and spin adapted functions {15,16).
The structure of the BCL

For the matrix elements Hgi differing by only one spinorbital

matrix follows from the Slater rules.

CI1
uv

cel
g, = <e, (k-k") |85 |g > =

= <k|h|k'> + | (<ik|g[ik'> - <ik|g]k'i>) = <k|F|k'> [22]
1

If the one-electron functions |k> and |k'> represent the canonical
molecular orbitels cobtained by solving the Bartree-Fock (Roothaan]
equations, then the relationship

<k|Ffk’> = o [23)

%k,k*
is truve; consequently the matrix elements [22] all are zero. The
above result represents the contents of the Brillouin theorem,
which, as a rule, is formulated as follows: the matrix elements of
a one-electron Bamiltonian between configuration functions of the
ground and mcnoexcited states are =zero. It then f£follows that
monoexcited configurations do not influence the ground-state
energy. In combination with the doubly excited configurations
the €I is influenced by the moncexcited configurations.

The general rule to redvuce the number of CI matrix elements is
based on the property that operators commuting with the Bamil-
tonian share the same eigenfunctions. Then, if the wave function
is connected with a definite symmetry, orbital angular momen-
tom, spin angular mcmentum, etc., then every configuration function
§ucontributing to the CI expansion of ¢ must show the same symmet-
ry, orbital angular momentum, spin, etec. For example, for the
ground state lx; of a 52 molecule the conflguratlon (1og)2 cannot
be combined with the configuration {lo ) (lo } besause the latter
is of different symmeiry. The configuration (10 } (2o }1 can con-
tribute to the CI expansion, whereby the symmetrlzed combination
for the ainglet state

2, -‘{|1o:,2g;| ~ 1105, 2001} /v2 [24]
should be used; the positive sign combination for the triplet state
again disappear.

The solutior of the characteristic eguation [9] of high order
{103 - 105) represents iz a complicated numerical problem. Usually
we operate in an orthogonal basis set of configuration functions.
The existing computers do not allow one to retain the high-dimen-
sional §C matrix in the fast memory, so that the standard diagona-
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lization algorithms cannot be used. Special numerical preocedures
bave been developed to find the eigenvalues and eigenvectors of the
B°Y matrix stored in an external storage {magnetic tape or disc]).

At present, algorithms are often used which enable imple-
mentation of configurat%on interact%on direct from the set of
molecular integrals <i[h|j» and <ij|g|kl>. This method is referred
to as the CIMI {Configuration Interaction from Molecular Integ-
rals}] {18). Another version of the CI - the vector methed -~ also
does not reguire the construction, manipulation and diagonalizatiomn

of the high-dimensional BT matrix (19).

4.3 VALENCE BOND METHOD

The Valence Bond (VB) method appeared as an extension of the
Heitler-London approach applied to the hydrogen molecule. The
development of the method was based on idea that the chemical bond
is formed as a consegquence of spin pairing; the corresponding
electrons singly occupy valence orbitals of the respective atoms in
the molecule.

The VB method vtilizes the atomic orbitals basis set {2}
which, in general, is non-orthegonal. In this basis set the

configuration functions are constructed
ﬁu(xl,xz,...,xn] = A{gu{rl,rz,...,rn] au(sl,sz,...,sn)} [251

with different spin components au{sl,sz,...,sn} coupled into the
total spin S of the system and with the orbital component

Qu(rlrrzr--oa'rn] = ¢1(21} @2(32} e ‘tt’n{rn) [26}

Then the electronic wave function of the molecule ias written
in the form of the VB expansion
¢vB = E a, %, [27]
which is formally analogous to the variational CI. In the VB
method, however, neither a reference configurational function nor
the corresponding Hartree-Fock energy accur and thus the
correlation energy is not defined. The effects of the electron
correlation are implicitly included into the VB method.

The coefficients of the linear combination are obtained via
the variational method by solving the characteristic eguation

(8¥® _ sV®){a} = 0 28]
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where the matrix elements of the electronic Hamiltonien are H:E =
<§uiHel|§v> and the non-orthogonality integrals are SE: = <§u|§v>.

when the orbital component 8, of the configuration function B,
contains only different singly occupied atomic orbitals, we speak
of a covalent structure instead of the ionic structure in which
doubly occupied atomic orbitals also cccur.

The principal problem of the VB method rests in evaluation of
the matrix elements HXE and 533 in the non-orthogonal atomic orbi-
tal basis set. Within the constraint of basis set orthogonality
the calculations become much simpler but the problem of the
contruction of the high-dimensional B'C matrix atill remains open.

It is umeful to exploit the relationship between the VB method
and the theory of the symmetric group (20). The spin functions
form a basis set of 2"-dimensional representation of the sym-
metry group of permutations where the number n of aingly occupied
orbitals is used to construct the configuration functions. The
spin function basie set may be pelected in guch a way so that
the reduciblie representation of the group aplits into irredu-
cible componente of lower dimension. ©Cne can then rewrite the
characteristic equation into a block-diagonal form so that the
problem is reduced to characteristic equations of lower dimension.

The full €I in the molecular orbital basis set {(in LCAO form]
is completely eguivalent to the VB method in the same atomic
orbital basis set. Then the configuration functions of the MO

method EMO and the VB method éva are interrelated by a unitary
transformation

VB MO
{277t =v {27} [29]

and the CI coefficients by the relationship

a"B = v7! &% [30]
g0 that the wave function is
MG, T MO VB, T -1 VB VB, T vB
¢v={a} {a }={2} U U{a}=4{2"} {27} f31)
As an example of the VB calculation the Li# molecule is
selected. The calculation consists of these steps:

1. Basis set selection. The minimum basis set is represented by
four {(m = 4) atomic orbitals: dl[Li,ls}, 9,(Li, 28]}, 63(Li,2pz} and
54(3' 15}0

2. Integral evaluation. In the above basis set m{m + 1)/2 = 10
one-electron integrals <ar|h[as>, 10 overlap itegrals < _|¢_> and
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55 two-electron integrals <§rﬂs|;]ﬁt§u> should be calculated.

3. Construction of spin-adapted configquration functions. Accord-
ing to the Weyls formula [1¢] there are W = 20 possible configura-
tion functions for the basis set size m = &, number of electrons n
= 4 and the total spin S = 0. For example, the £irst spin-adapted
function @; corresponding to the electron configuration (dliz(ﬂzll
[94}1 is P A{ala, Boay ¥q8s 134,3} + A{dla, Ggar 018, 02,3}.

4. Construction of matrix elements of HVB and SVB. In the spin-
adapted basis set the respective matrix elements are construc-
ted. They may be expressed in terms of integrals calculated in
the atomic orbital basis set by means of formula [204] of Chapter 1
in non-orthogonal space.

5. Solution of characteristic equation. For a selected length of
the VB expansion the characteristic equation [28] is solved. Some
selected data dependent on the length of the expansion are compared
in Table 4.

TABLE 4
Comparison of the VB method with MO + CI approach for LiB molecule.

VB methed MO method

wWave function Bnergy E/Eh Wave function Energy E/Eh
N -7.9434 20 -7.9667

Ye -7.98409

Y10 -7.9820

Yog -7.9820 MO*CT ~7.9820

Certain limitations of the one-determinantal ({Hartree-Fock)
approximation are overcome by the Generalized Valence Bond ({GVB)
method. One-determinantal functions cannot be used to describe bond
dissociation; this is improved by the procedure described below.
In the hydrogen molecule the equilibrium geometry and its vici-
nity can be described by the wave function

o @go = A{pa, 08} = jp . 07) [32]

Such a function, however, is not capable of describing the separa-
ted atoms since it contains the only orbital occupied by an elec-
tron pair. In the dissociation limit a couple of separated atoms
is described by an RHF wave function for the singlet atate



359

¥ o~ ppm B{g,9,(af - e} {321
The reguired orthogonality <¢1|¢2> = 0 prohibits ues £from wusing
wave function above to describe the chemical bond.

A continuous transition between these limiting cases is

covered by the GVB wave function

0B = A{ojeplap - pa)} = Alpjey + 93¢i)as} [3¢]

where Sy = <¢i|¢ﬁ> #= 0. An additional functional freedom asso-
ciated with such a wave function enables one to balance the optimum
ionic and covalent character of the chemical bond. Por this reason
the binding (dissociation) energy has a larger value than that
derived using the one-determinantal functions since the correlation
energy is partly included.

The usual treatment of the GVB method is the substitution of a
traditional singlet electron pair for the GVB pair, centaining a
pair of non-orthogonal molecular orbitals coupled into the singlet

$29298 = P1at2alaB = Ba) = (81,00, + ¢9,01,)08 {35]
The general form of the GVB wave function is (21}
VB = i{[core][pair][open]} =

= 3{[¢1¢1aﬁo--¢p_1¢p_1aﬁll¢lp¢2p(aﬁ - pa)esrpiptanlad - Ball

[opgra---tq2l} [361]
Usually the additional condition of strong orthogoneality is
imposed, reguiring the orthogonality of all wmolecular orbitals

except those describing the GVB pair. The electronic energy may be
written in the form

el _ n n

E 2§ £.hyy +.z.(aijJij + bijxij) £371
S i,]

where

Jij = {ii|j3) = <ps | Ty le;> = c¢j|Ji!¢j> [38]

Kig ™ {13143} = <py[R;[e> = <¢jlxi|¢j> [39]

despite the fact that GVB pair contains non-orthogonal orbitals.
The last possibility follows from the fact that each GVB pair can
be rewritten into the natural orbital form

91:953(ap = pal = (813015015 - 833925055008 [40]
where

<¢li|¢2i> = 0 [41]
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The coefficients f, a and b now become functions of the pair
coefficients 814 and 8ot The requirement for the stationary energy

leads to a general variational conditien

E <sp; |Fi|p;> = 0 [42]
where
F, = f£:h+ % (aiij + bijxj) [43]

is the generalized Fock operator. Variation of the orbital ¢, at

the unchanged remaining n-1 orbitals yields the condition
<9 |F l¢ > =0 [44]

or the pseudocharacteristic equation

Flo,> = ¢ lo,> [45]

The permitted intermixing of occupied melecular orbitals provides

the necessary and sufficient conditions for the stationary energy

<p|(F - F > =0 46
oI, - F )0, [46]

for all occupied orbitals ¢p and ¢,

4.4 MULTICONFIGURATICON SCF METBOD

This method is based on the expressing of the multielectron
wave function ¢ through the linear combination of several
determinantal functions &,

¢ =T a e f47]
u
It differs from the CI method in the fact that optimization

iz performed not only for coefficienta of configuration inter-

u

action &, but alsc for the LCA0 coefficients Ci . Hence the
name - Multiconfiguration Self-Consistent Field: MC SCF. 1t dif-
fers from the open-shell RAF method in the fact that the number of
terms of the CI expansion [47] 1is not 1limited to the minimum
securing proper symmetry of the electronic wave function. While the
coefficients of the linear combination of determinantal func-
tions in the RBF method are known beforehand {from symmetry ana-
lysis), they must be calculated in the MC SCF method. In practice,
in the gseries [47] only those configurations which influeace
the guality of the resulting wave function to the maximum extent
are included. Usually 5 to 10 confiqurations are concerned and, as
a rule, no more than 1¢0 configuraticns.
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The variational condition for calculation of the CI coef-
ficients {au} leads to the characteristic eguation

(8°T - es*T){a} = 0 (48]

where Eﬁi = c@u[HEl|Qv> are the matrix elements of the electronic

Hamiltonian in the determinantal function basis set and SE& =
<¢u|§v> are the non-orthogonality integrals. The matrix elements

HCI

v 2Te calculated according to rules described in Section 4.2.

For calculation of LCAO coefficients the electronic energy
will be expressed through the spin-free density functions P,y
and P, [189) - [190] of Chapter 1
el - T (p))yi<ilhld> + (1/2) T (py) is (29
E - =7 (Py).:<i|h|j> + {2/2]) ¥ P ya<ijjg|kl> 49
173 17331 i,9vk,1 2'kl,13
After expressing the LCRO expansion of molecular orbitals {¢} =
C{s} for energy variation we shall obtain

SEEI = Tr{éC(hC+P1 + 21} + {complex conjugate term) [50)
where the electron interaction matrix has the following matrix
elementa
To1 cl <eals (2,) [
. = L I C._ <pg|glrs> ¢, _C P - 51]
ip 5.K,1 g.%,8 ja kr “is 27kl,ij

Variation of the orthonormality condition for molecular orbitals
+ .
C8C = I yields

p[ 6CIP qu qu + {complex conjugate term) = 0 [52]
g

Then variation of the energy under the orthonormality condition
leads to the MC SCF egquations in the form

hc+91 + 2z =s8chL 53]

where L is the hermitian matrix of Lagrangian multipliers. The
equations above can be solved using special numerical proce-
dures (20,22). One eliminates the non-hermitian part of the
matrix L through Jacobi-type rotations. Another possibility is
to apply gradient methods for the direct minimization of the total
energy, the application of generalized Brillouin thecrem, etc. The
most frequently used procedures exploit the so called geuadratically
convergent algorithms. In some specific cases the MC SCF eguations
can be transformed into a pseudocharacteristic form (23).

Within the framework of the MC SCF methods two fundamentally
importance approaches can be distinguished. Cne - the pair sxcited



362

MC SCP theory is based on the principle of generating the deter-
minantal functions 2y (v = ©) by excitation of the electron
pair from the occupied orbital $; {in the ground-state function
@o} to the virtwal orbitals ¢ {in the excited-state function
@nj. The advantage of this approach restis on the fact that the
energy functional aasumes multishell form {eq. [73] of Chapter 3}
so that procedures of the effective Bamiltonian construction (eg.
[B5] of Chapter 3) can be applied for the calculation of staticnary
energy vaues., Another procedure is based on the original Ldwdin
{13) natural orbital concept which transforms the charge density
into a diagonal form. The above concept was later generalized into
geminal MC SCF theoxry.

4.5 MANY-BODY PERTURBATION THEORY {MBPT)

When solving the many~-body problem, the mathematical formalism
of second guantization can be used effectively enabling compact
manipulations with relationships among one~particle functions
and many~body wave functions. The present formalism is
based on introduction of creation and annihilation operators.

The annihilation operator ij initiates omitting a particle
from the j-th level of the many-body system

z . n-k n-1
L T R o L WL S [54]
P*1

while the creation operateor XI causes completion of the many-body

system by adding one more particle at the i-th level
~y - n
X, le,(1seeeyn)> = An+1{¢i g ¢p} {55]

Here A is the antisymmetrization operator of the ¢type [197] of
Chapter 1, k being the order of the annihilated particle in an
ordered n-electron configuration ® o The creation and annihilation
cperator, in general, act upon the state vectors ¢ in the abstract
#ilbert space.

An arbitrary n-electron conrfiguration can be expressed in
terms of creation operators acting on the vacuum-state vector |[0>
containing no particle

n o
|§u> =0 ¥ o> i{56)
i
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The operator [i: ii} is a diagonal idempotent operator meaning
the number of particles at the i-th 1level. Both, the fermion
{electron) creation and annihilation operators satisfy the anti-
commutation relationships

(% ] - x3 * XX =0 [57]
[ii'xj]"?' = 0 58]
(X, X31, = 554 [59)

Using the above propertieas the electronic Hamiltonian may be
written in the form (24,25)
8! = 7 <i|n|3> x X, + (1/2) L _<ij|g|kl> X} x+ xk [60]
iv3 j . k,1 !
l' Foer

where the matrix elements <i|h]j> and <ij|;ikl> are expressed in
the orthonormal one-electron function (spinorbital} basis set.

In the hole-particle formalism for the ‘new vacoum' [the
reference state vector) the ground-state electron configuration is

taken
OCCA+
Jeg> = 7 X; |0> {61}
i
(ccc denotes the occupied spinorbitals}. Then excitation of a
particle corresponds with the creation of a hole in the new wvacuum.
In this formalism the electronic Hamiltonian [60] can be tran-
soribed into the so-called normal form

~ m - ~ -
I |HEl|§0> + T <i|F|3> N[X} X5) +

1,73

by -
+ {1/4) T <ij||kl> N[x xt Xy xkl [62]
i,9,%,1 3

suitable for application in perturbation theory. Here the following
notation is introduced: matrix elements
[ = +}

<1|F|]) - <1ih[]> + Z <ik] | jk> [63]
represent the one-electron effective Fock operator in the spin-
orbital basis set, €; = <£|F|i> are one:electron orb%tal energies
(for canonical MOs), <ij||kl> = <ijjg|kl> -~ <ij|gllk> is the
antisymmetrized two-electron integral. 'The scalar part of the

Hamiltonian
E® = <z, |E® |2,> = (1/2) T (<i|h|i> + ;) [64)
4] 0 ¥ i

means the ground-state reference electronic energy. Normal product
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N[...] arranges all the creation operators 1left from the anni-
hilation ones having the sign (—1}P with p being the parity of
the respective permutation.

In the many-body perturbation theory (MBPT) the electronic
Hamiltonia? is split into the unperturbed part 80 and the per-
turbation H'

gl = 5% + & [65]

Under the so-called Moller-Plesset partitioning {(26) it is

o0 ~el m o
" = 4@015 |¢e> + E 64 N[xi xi] {66]

-

ID -~ - -
P _ . . +
B Q1 5ij}<1|F§3> N[xi xj] +

i 3
m B S -
+ §1/4) L <ijf|kl> N[X; X X, X 1 [67]
i,3/k,1 1

where the first part of the perturbation é’ vanishes for canconical
molecular orbitals diagonalizing the Fock operator, <i|§]j> =
Siéij' The rest of the perturbation represents the pure effect of
electron correlation. With the use of the Rayleigh~Schridinger

perturbation theory (Section 1.2.1) we obtain

o 1 -P - 0 1
fw>=[{—b——xﬁtﬂ'+E—E)}|¢> [68]
n=0 E” - H 0
and for the correlation energy
D ﬁ'
Ecorr =F - E" = (éOIH | w> {69}

For computation of the correlation energy (without the need of
explicit knowledge of the perturbed wave function |[¢>} simple al-
gebraic relationships can be derived {27). For this purpose the
diagrammatic representation of individual terms in the BHamiltonian
is wused. BAmong variocus technigues the diagrammatic Goldstone
technique {28} and Hugenholtz technique {29) are freguently used;
they are derived from the Feynman diagrammatic field theory tech-
nigque {30).

The following rales are applied below. Oriented lines (speci-
fied by arrows] are aassociated with creation and annihilation ope-
ratora: a left-pointed arrow will designate an electron, and a
right pointed will then denote a hole. A dot (vertex) will be
used to designate an interaction; spinor lines emerging from the
dot will then correspond to electron creation operators, and spinor
lines converging upon the dot will represent electron annihilation
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operators. Hence

(1 - 51j)<i|1='1j> N[x; xj] ——o—
and
(1/4)<i3| |k1> NiX] i; X, X, ) \\‘s.,//?

~7 N

Then we use Wick theorem ({31) which states that nonvanishing
contributions to the enerqgy come only from fully contracted terms.
A contraction between two operators in diagrammatic language meane
that two lines corresponding to operators being contracted must be
tied together. Thus diagrammatic representation of Wick theorem
states that in order to have a nonvanighing contribution to the
energy all the lines in the diagram must be connected into loops
and no diagram with an open line survives.

In evaluating 'linked antisymmetrized diagrams* of the
Bagenholtz type the following rules are useful:

1. Label each diagram with general hole {i, j, k, 1} and particle
{a, b, ¢, d} indices.

2, The numerator N of the diagram is obtaimed by the product of
one-electron inteqrals ?ij = {1 - 6ij}<il§|j> {if any) and of anti-
symmetrized two-electron integrals <ijjlkl>.

3. The denominator D of the diagram is given by a product of
termg D = § Din ™ ¥ (ei - ea).where p is a number of pairs of hole

{i) and particle {(a) lines between each two vercices.
4. Sum the ratio N/D over &ll hole and particle indices.

h+1 where h is

5, The sign of the diagram is given by 5 = (-1}
number of hole lineg and 1 is the number of continuous lines
forming the closed loops.

6. Multiply the diagram by a weight factor (1/2} for each pair of
egquivalent lines. An eguivalent pair of lines is defined to be two
lines beginning at one vertex and ending at another and going in
the same direction.

Final expression for the electronic energy can be written in
the form of a series

el = E g{n) [70)}
n=(

where the contribution up to the third order of the MPBT, using the
diagrame of Fig. 3, are

g% = <0 |8|2,> = £° (71
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Fig. 3. Hugenholtz diagrams in the third-order MBPT.
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(1) = <yar(ag> = 0 {72)
(2) . S 1 e, e .
oocc wir 2
- <isj b>“/D, . 73
) it 1)

(3} - "' 1 ] i ' - =
E P oo Bo_ 20 Tjl%0” T Lar * Dyt I

- H B
ace vir ecc wir
= ¥ T (<ij||ab>/D;_ .. ) [ ¥ T <cbllkj><ka]|ei>/D, ., +
i}y atb iajb & c ¥ I keijb
vilr oCce
+ (1/8) T <ab||cd><cd||ij>/D, ., + (1/8) T <ab!|k1><kl||ij>/Dkalb]
c,d 3 X, 1
i74]
In the expressions above the denominators consist of orbital
energies
Diajb " €1~ at 5~ % (751

The indices i,j,k,l run over the occupied [occc} spinorbitals - hole
states, and a,b,c,d over the unocccupied {virtual: vir)
spinorbitals - particle states with respect to the reference
ground-state confiquration |§0>. The above formnlae can be further
gimplified, if transferring from the spinorbital basis set to the
orbital basis set (by integrating over sepin wvariables), These
formulae are applicable for canonical molecular orbitals of a
closed-shell system and for oper shell orbitals in the UEF methed.
In the RHF method for the open-shell system the off-diagonal
Lagrangiannmultipliers 4i|§|j> are non-zero and thus the per-
turbation H* [67] alsc contains a non-zero first term. The result-
ing MBPT formulas are then more complex containing also in-
integrals of the type <iiF|j> arisgging from diagrams L; = Bype
A similar approach applies in the case of localized orbitals.

It is noticeable also that the complete fourth- and £fifth-
order formulae have been so far derived ([32).

A critical aspect of perturbation theory is due to the
convergence of the perturbation series [70). Here satisfaction
requires that the correction for all successive PFT orders ke

less than any preceding order correctiomn

je(erl)y o gind| o gin-1) [76]
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The convergence can be either monotonous {all the corrections
showing negative signas) or oscillating {with alternating signs of
the corrections). The lowest perturbation theory order in which
convergence can be judged is the third order. If the energy
terms E(O), Eiz) and E‘sj are taken for terms of a convergent geo-

metric series, then the expression

Elzrll - E{ol + E(2)I(1 - E(3)/E(2}) [’77!

stands for its sum {(estimate of the convergence limit). This is a

[n,m] of the order

special case of the so-called Padé approximants B
(n + m} enabling one to estimate energy to higher orders of the
perturbation theory {33}. While the second-order MBPT 1is acces-
eible in a reasonable computational +time, the third-order cal-
culations can be as equally tedious as the restricted CI.

For the computation of correlation energy £formal pertur-
bation theory can alsc be used. The electronic Hamiltonian in the
configurational function basis =zet can be represented as the
matrix of the configuration interaction B°L. If the diagonal part
of the above matrix is taken as the unperturbed Bamiltconian ﬁ and
off-diagonal one for perturbation ﬁ', then for electronic energy

terms, according to the Rayleigh-Schr8dinger perturbation theory,

it is
gf2) . )j Hy, B /{z - H,.} (78]
3 =5 § By, B, By /I(E® - H (=% - A )] {79]

uzld vzu=0

The many-body perturbation theory also can be successfully ap-
plied for the direct computation of the ionization energies I s
alectron affinities A and excitation energies aEl a’
The ionized state |¢k(n—1}> can be described as annihilation

of the particle

|@k(n—1)> - X |¢0(n}> [80}
assuming validity of the perturbation thecry relationships

H o> =E |u> {81}
=0 D

H g, > = By 2> ig2)

so that for the perturbed energy we cbtain

1 - Pk

B, = EQ + L “I’klﬁ’{‘—r—w(f" vel- Ek” e [83]
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Then, for the jonization energy (34)

I, = B (e-1} - Ey{n) = [EQ(n-1) - ED(n)] +

k
[ o l_f’k(A )m...l
+ ¥ |<s,]% H'{ H' + E_ - } B> -
ato 1%00 %k R x " EBJp %k 1%
- 1-2 . 0 n

- <&y H'{ g (B* + Ej - EO}} |@0>] fs4]
EY - B
k

Finally, using the diagrammatic technique the explicit arithmetic
formulse for the ionization energy are obtained. For example,
in the second-order MBPT (Fig. 4) in the molecular orbital basis
set it is

ocec vir ,oce . 2 vir . 2
I, = —ep + (1/2) 5 [ L <id||kb>?/Dy - T <k |ab> ’Dkajb]

j b i a

[85]

This formula is applicable to closed-shell systems and in the UHF
method for open-shell pystems. It represents a correction of
Koopmansg approximation by both the relaxation and correlation
terms. This approcach has the advantage that the jonization
energy is not calculated as a difference between large num-
bers (total energy of the systems with n-1 and n electrons).
Moreover, calculation can be confined only to the SCF procedure for
un~icnized systems. A similar procedure can be used to compute
electron affinities and excitation energies.

a) b}

Fig. 4. Second-order diagrams for ionization energies: a - relaxa-
tion term, b ~ correlation term; k = 1 = 4,
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The mean valvue of an arbitrary one-electron operator A
- n . - m . ~y -
A = g Ap = <a,|A|2y> +i)jj<1|n|3> 18,94 xj] [86]
’

can be determined on the basis of the so-called double perturbation
theory. In the case of the perturbation

(o) =8B + oA [87]

we arrive at the mean value of A in the form

- m -

<@g |A|vy> ’_E_‘i|ﬁ|j>?ji = Tr{aAP} [88]
|

with the one-electron spin-free density matrix given in the form of

a series

[+

vgo Pi;) [89]

?ij =
where » is the pertuorbation theory order. From the diagrammatic
representation of the Rayleigh-Schré&dinger MBPT, individual con-
tributions to the density matrix (in the basis set of canonical

molecular spinorbitals) can be derived

Piﬁl = 65 for i,k e occ [90]
?;g] = Pig) = Pig) = (0 for i € occ, and a,c € vir [21]
(1} _ pf1) _ pf3) _ (1) .
Pix' = Pai’ = Pia’ = Pae 0 [92]
(2) _ -
Pix Iy =
gege wlr
= ={1/2) Z Eb {<ijlEab)jDiajbifﬂij'ab>/Dkajb} {93]
1 a,
(2) _ -
Pac’ " L12 =
occ vir
= (1/2)i§j g {<lj||ab>/Diajb)(<lj|]cb>/Dicjb) {94}

pf2) - p;i} =L,, + L

ia 13 14 =

[ )=

¥ir vir
- (1/20, ) § L [ ) <aj] jeb>{<ij| |ob>/Dy o) -

[+ i

- ¥ <ib]|kj=»{<ab| fkj>/D
k

kaij}] [95]

Here the contributing diagrams are labelled according to Fig. 3.
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Conservation of the number of electrons is given by the relation-

ghips
rr{p{®} = n [96]
re{p{*)} = 0 for . > 0. (97

so that the higher-order density matrices are traceless.

The density matrix in the molecular orbital basis set ?MO can
be transformed to that in the atomic orbital basis set (known as
the charge-density bond-order matrix) pA0 using the LCAO matrix C

PAO - cT pHO c (98]

Then the usual population analysis can be applied to yield orbital
and atomic population, atomic charges, etc. according to standard
methods (Section 3.7.3).

Note that the zero-order P“O

matrix is a diagonal matrix M of
occupation numbers of individval molecular spin-orbitals, so that

PP x T ue {99}

4.6 COUPLED CLUSTER APPROACH

The present method represents an alternative implementation of
the Rayleigh-Schridinger MBPT. Instead of explicit arithmetic
expressions for contribotion of individual PT orders to the cor-
relation energy E(n), in the Coupled Cluster Approach (CCA) a
system of coupled non-linear equations is solved. This approach
enables one tc compute the correlation energy to high orders
of perturbation theory. At the same time the CCA is directly
related to the variational CI through formal perturbation theory.
Derivation of the CCA, however, is based on neither the varia-
tional principle nor perturbation theory (35}.

CCA is based on expressing the pertgrbed state vector through
the exponential of the cluster cperator T

T

|g> = e iao> [100]

This operator é =Ty + Ty + T3 + ... can be decompeosed 1-fold

excitation terms, which are

- - T -
T, = (1/11) ¥ <PieesPy||Byaho> N[H . ...X X ...X
1 hy...hyes 1 lll 1 1 P, P, h1 h:
1 1770
pl...pleéo

f101)
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Hole indicesa hys«..,h; range over all the occupied spinorbitals and
particle indices PirecsPy through unoccupied spinorbitals in the

reference configuration wave function [¢0>. Matrix elements

cPl...pl||h1...hl> = (1/Dh1pa"'hlpl} x
~p - e - 1 - nI
x{ T <e,|% X_ ...X X H'[ ~5——F B']} B> [102]
{n=0 0 h! P, hl B, E" - H 0" LC

are determined by the diagrammatic technigue ([36,37) where only the
so-called linked and connected diagrams contribute. Expansion of
the wave function |¢> then assumes the form

~ Bo~oD

(TI} (T2) e -
jer = ¥ o = {ag + Tyleg +

3 T 1 nll n21 saa

“ o3
1Ty + [1/3!)T1]|¢0> + ... [103]
This expansion is directly connected with C1 through the

+ [T, + (1/20)T2] > + [T5 + T

relationahip
> = (1 + 5 C1)|eg> [104]

where Cl formally form the fixed linear combination of all the
l-excited configuration functions. Then

& =7y [105]
¢, =T, + (1/21)72 [106]
Cy = Ty + T,T, + (1/31)7) [107]
and

T, =, [108]
T, = C, - (1/2)c? [109]
T, = Cy - €;C, ~ (1/3)C3 [110]

etc., represent interrelations between CI and CCA.
Since the perturbation H' contains at maximum two-electron
terms, then the CCA correlation energy can be derived as

‘l g‘ — Al - . ﬂz
Ecorr = {‘Qoiﬂ € !@0>}C - {{@OIH [Tl M I (1/2)T1}f®0)}c =
= (1/2) 1 (<hjh,ig|p p,> - <hih,[g|pypy>) {<pyb,||hyhy> +
PI:PE
h_,h
1 2
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+ <py | |hy><p,| |hy>) + Eh‘hiF|p"Pi|h’ [111}
=2

where the higher order cluster operators contribute to Eoorr
through their coupling with T, and T,. The necessary matrix

elements of the cluster operator can be calculated as

- ~
<&, |T, 25> = (1/D, J{<e |B’ e”|24>}, [112]

hlp:...hlp!

The computation is performed in iterative an way. According to
the use of the cluster operator, different approximate versions of
the CCA can be distinguished {(LCCA, CPMET, ECPMET] {36).

Many-body computational methods for correlation effects are
expected to satisfy the weparability condition. If the system
consists of a definite number of non-interacting subsystems, then
jte total energy should be additive with a multiplicative wave
functicon. The condition of size-consistency is eguivalent +to this
regquirement. For example, when studying the number of N non-
interacting B, molecules the requirement placed upon the total
energy is E[(HZ)N] = N E[Hzl. Both the CCA and MBPT fulfill this
requirement and differ therefore from restricted CI. For example,
fo the restricted CI with monoexcited and biexcited configurations
the energy for ¥ - = changes according to the value of ¥N.

4.7 PAIR CORRELATION METEODS

These approximate methods for solving the electron correlation
problem were especially developed because the variational CI shows
weak convergence with increasing number of expansion terms in the
CI saseries. The motivation for the pair correlation theories
regts on the possibility of obtaining a better wvalue for the
correlation energy in the biexcited configuration function basis
set than allowed by the restricted CI. At the same time there
exists a physically accepted reasoning for the pair correlation
theories based on the following properties:

1. The electronic Hamiltonian only contains one-particle and
two-particle operators.

2. The Pauli exclusion principle prevents the simultaneovs occur-
rence three electrons at the same point in space (Fermi corre-
lation). Then the predominating part of +the correlation energy
{Coulomb correlation} will be determined by short-range inter-
actions which can be at most two-electron.

The CI expansion of the wave function |u> can be written as
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a _a ab _ab
y> = T a d =Cod, + L €T & + ¥ T €75 a%s [113]
|  gu 8470 ija ivi i<j a<b i3 i3
and the characteristic equation in the form
el _
E <e |E"|e > a, = E a, [114]
Then the first row of the characteristic equation (for g2, = @G)
yields
el ~el a ~el, ab _.ab
<@, |H T |8,>Ch + T <3, |H |2i> + T L <&5|H [&.»C . = EC
0 1 M ita ¢ i i<4 a<b 0 i§7vig 0
[115)

Then the total energy may be written in the form

E=8+gpw +L w. [116]

i i<y *J

where

4] el

E° = <§D|H |¢G> {1171

el _a a
w, o= (1/(:0] g <@, |BT|&]> CT [118]
_ ~el, ab ab
Wiy = (llco)agb <azq|H Iéij’ cij [119}

Since, due to the Brillouin thecrem, the W, terms vanish, then
it is sufficient to know the coefficient Ce and C; to determine
the energy. Similar egquations can be obtained for further rows

of the characteristic equation. By explicitly expanding the row
abe

for e, = @i we discover that the coefficients ng and Cijk must be

known to determine the coefficients Cz. Similarly for the row for
& = @?? the valuez of C?bc and C?§Cd should be known to determine
u 173 ijk ijkl

C??, eta., Into these relationships certain reasonable approxima-

tions are then introduced, based on the cluster expansion of the

wave function. Mostly, the decomposition of the nggg coefficients
include pair excitation coefficients of the type C??, i.e. de-

i
scription of the tetra-excitation through two parallel bi-exci-

tations.
According to the Nesbet hierarchy (38), the variation of the

wave function

a _a
. = CGQO + g Ci 5 [120]
determines the orbital correlation energies w,
_ o0
E, = B 4w [121]

and the wvariation of the wave function
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b b ah ab
iy = + . + +
255 = Co2q z c @ z cy =5 nz i3 %13 [122]
defines the pair correlation energies w.j
= w0
Eij E° + w, + wj + wij [123]
In a similar manner, the three-particle corrections wijk are

determined by variation of the wave function oy ik’ etc.

The pair correlation methods are derived from the approximate
eguation (39)
<¢§§|He1[¢°> + L c§d<¢§g|ﬁ |@ ﬁg =¥, D;g [124]
where ng = C;?/CO. This equation represents the approximation of
non-linear terms of the cluster expansicn of the wave function for
tetra-excitation with neglect of tri-excitations. According to
further specification the following pair correlation mathods can
be distinguished:

1. IEPA (Independent Electron-Pair Approximation) c¢onsiders the

equation
el gl .od, pod ab
<§..]H l2g> + z c@l]|ﬂ |¢13 I:JJ_J - Eij D 5 [125]
corresponding to the correlation function
ab ab
§, . = C T, + c, 126
ij 4] agb ij 1] ! ]

In this vexrsion, moreover, the pair coupling terms are neg-
lected. The method yields 80 - 120 ¥ of correlation energy. Let
us note that the second-order Rayleigh-Schrédinger MBPPT (with the
Moller-Plesset Hamiltonian partitioning) can be used as the £irst
approximation to the IEPA method.

2. CEPA (Coupled Electron-Pair Approximation) considers the
electron coupling terms in eq. [124}]. When choosing

_ .0
Wiy = E 4wy [127]
we arrive at the Mayer version of CEPA-2 {40). With another choice
0
wij =E +w 3 + (1/2) [ (wsp wkj’ [128]
we arrive at the Mayer CEPA-1 version {40}. With a different
selection
]

Hij =E + wij + E wkj + { Wiq [129]
we arrive at the Kelly version of CEPA (41). The above CEPA
methods, as a rele, yield better results than the variational CI

method; this provides a sound reason for their use when solving the
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electron correlation problem. The third-order Rayleigh-Schridinger
MBPT corresponds to the first approximation of the CEPA methcod.

3. From eqg. [124] when choosing
W, =80+ 5w, [130]

ij K ik

we obtain the Mehler IPPA (Independent-Pair Potential Approxi-
mation} method (42).

4. If

wij = B [131]

(E being the variational CI energy restricted to biexcitationa) we
arrive at the PNO-CI (Pair-Natural Orbitals or Pgevcdo-Natural
Orbitals) methed (23).

4.8 GREEN FUNCTICN TECENIQUE

When solving the many-body problem using the perturbation
method, the Green function [GF) technique can be successfully
applied. For computation of the ionization energies and elec-
tron affinity values arising from many-body effects {relaxation
and correlation enerqgy) we can use the with one-particle GF
defined as an average of the time ordered product of the annihi-
lation and creation operators ik and i; of the n-electron system
in the ground state (24,25}

Gy (.t} = —icey(n) [T{X (t) X}(t*})}|g4(m)> [132}

In this expreasion é stands for the Wick time ordering operator
with the sign [—1}p where p is the parity of the ordering permuta-
tion of the creation and annihilation operators. Time evolution
is characterized by the relationships

X} (€'} = exp(iBt'/n) X} exp(-iHt'/n) [133]
X, (t) = exp(iBt/n) X_ exp{-ilt/h) [134]
where

8! = 8% + B [135]

is the electronic Hamiltonian of the syetem. If Hel is not time-

dependent, then G, , only depends on (t = t*})

Gep{t,t'} = Gy (E-t1,0) = G (t-t') {136)
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The Fourier transform of GF in the time-less spectroscopic
representation is given by {25,44)

letw) = ? le{t-t') eiw(t-t') dit-t') =

<ag(n) X} | (n-1)><g_(n-1) [ X, |vy(n}> .

= lim, { T

n-+0 8 @ + Is - iy

<uq(n) 1%, ¥, (n+1)><w, (n+1) | X} [og(n)> |

[137}
r o+ A+ ip J
where n is a small positive number and
I, = Es{n-l) - Bo[n) f138]
is the icnization energy of the s-th level,
A= Eo(n} - Erin+1] {139]

is the electron affinity of the r-th level.

From the form of the Green function it follows that the
ionizatior energies and electron affinities may be evaluated from
the singular pointe (poles) of GF, when G(c.)}-1 = (, so that

Is = —p + ig [140]
AL = -0 - in [141]

Green functions also determine the mean value of the one-
electron operator A

- - ny
A = I <k|a|1> X] X, [142]
r
throagh the relationship
<wglAfey> = {1/2ni) kzl <l|Alk> § Gy ,{0) do [143]
r

Similarly we introduce the Green function Ggl for the
unperturbed Bamiltonian 8% with the eigenfunctiona |z;(n)>
, gy o+
Ggllm} = —i<a,(n) |P{X, (t) X;(0)}|24(n)> [1441]

In the case of non-interacting particies the following explicit
expression can be written

6 E- 3
Ggl(”} - lim, _ kl— S for a { +1 for k € occ
50" Y7 %k n = -1 for k e vir [145]

or in the matrix form

sota)"l =4I = B [146]



378

where I is a unit matrix and BE is a diagonal matrix of orbital
energies €
The Green function Fourier transform can be calculated by

iterative sclution of the Dyson eguation
0 ¢
le{m} = le(w} -‘I-iszkl(m} Hij((o} Gji(m} [147}
L
Then in the matrix form
G{w)-l = GO(Q}'I - M) fl48]

Using [146} we obtain a relationship which in a very simple
manner links the Green function with the effective Bamilto-

nian Mio}
6la)™t = oI - [E + M{o)) [149)

The singalarity condition of the Green function G{a]'l = § now
vields the pseudocharacteristic equation for determination of the o
(and thus, alsoc of the ionization energy and electron affinity

values)
wI = [E + M{w)] = 0 [150]

Since the off-diagonal matrix elementa of the effective
Hamiltonian are much smaller than the diagonal ones, they deo not
cause any substantial modification of results (ionization ener-
gies are shifted at maximum by 0.05 eV) if they are neglected. 1In
this approximation the equation

m£V+1) = e * Mg le)) o () [151]

“k
can be iteratively solved, where v = 1, 2, ... is the number of the
iteration. In graphic representation (Fig. 5} the poles of the
Green function are given by the energy values at the intersection
points of the line y = o - 2N with the function Mkk(w}. Bands of
the photoeslectron spectrum ({vertical ijonization energies} are
related to the point of intersection in ascending energy inter-
vals {i.e. M_y, M_,, etc.} which is the first sum in the expres-
sion for GF. The electron affinity wvalues are related to the
descending energy intervals {M+1, LY etc.}, i.e. to the seccnd
sum in GF. At the same time GF also determines the intensity of a
spectroscopic line. For example, the steeper the inclination Mkk(a)
at the point of intersection with y = o - Cpt the smaller the
intensity of the line in the photoelectron spectrum.

Evaluation of the matrix elements of the effective Hamiltonian

is based on the quasi-degenerate many-body perturbatien theory (45).



379

|
!
I
I
|
|
!
I
I
!
|
I
I
{
]

- ———— e —— e = — e ————

Mt" M*Z M’3

Fig. 5. Dependence of the matrix elements of the effective
Hamiltonian M, upon the spectroscopic parameter o.

In the simplest second-order perturbation theory {in the molecular
spinorbital baais set) the following formula can be derived from

diagrams in Fig. 4

occ wir,occ <ij|]kb)<bll|ji> vir <1j||ab)<bﬂl|jk>
Mkl(”} = -(1/2) L L [ L €: = @ + €2 - €3 o — e, * es — ]
i b ‘i ¢ 3 b a a i~ ‘b

[152]
The above form:le may be written in several equivalent ways. It is
applicable for the closed-shell systems and for the open-shell
systems within UHF approach. In the =zero-order approximation
{(k =0, v =0, wp= € } we arrive at the expression [85] derived
from the non-degenerate MBPT.

The Fermi golden rule of guantum mechanice, defining the
probability of a hy transition in a +time unit, can be used to
calculate intensity of photoelectron processes

4“2e2 - n_|2
P(v) = _;7;_ ; <wK|§ R;.p; ¥y §(hy - E) 5(By - By - hvy)
€ [153]
E, and E; are the energies of final (ionized) and original state
respectively, Ty and ¥n their wave functions, Ee kinetic energy of

the releasged electrons, by enerqy of the ionizing radiation, A
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the released electrons, hy energy of the iocnizing radiation, A,
vector of the i-th electron affecting electromagaetic fial?, and
fipally Py the electronAlinear momentum. Applying creation x; and
annihilation operators X, acting upon the one-electron states |o>,
we can modify [153] to

4n282

o o+, n. |2
P({v) = —;7;— §|<mx|kzlwk1 X, xl|m0>| s(hv - E_) 6{Eg - By — hvy)
e r

—n—“ez : ( 1} o )
= - T . T Im{iG d=hy, = in } s({hev - B
mleln k,lZm,j mj "kl lkmj 9 e

€ [154]
introducing also matrix elements
Tkl = <¢ktk'p|$l> {155]

where lemj(v} represents the Fourier transform of the particle-
hole component of the two-particle Green function, and n a small
positive number. Now if we take suitable basis set of one-electron
function, e.g. of Hartree-Fock orbitals, calculate the matrix

elements Tk1 and two-particle Green functions we can use

v x4
expression [154] to completely describe the photiﬁ?gctron spectrum.

The Green function incorporates all internal molecular proper-
ties relevant to the photoelectron spectrum, namely electronie,
vibration and rotation interactions, the spin-orbii interactions
among othera. High precision calculations of Greean function however
are a complex and time-consuming undertaking. Therefore the transi-
tion probability P{,) is calculated from a simplified eguation,
giving exact values of ionization energies and sufficiently
adequate description of the shape of the spectrum.

In equation [154] the final ionized state (> can be thought
of in terms of an antisymmetrized product of the electronic state
|w2’1> and that of the released electron l2_>. The contribution of
the latter term to ground state wave function is practically zero,
sc that for sufficiently large values of Eg the operator ik has teo
annihilate the electron l2,> in final state Py > in order that the

prcbability P(v») be non-zero. An approximate expression can be

written
4nez "
P(u} - = Z le Tel Im{Glj(hV - hvo - iﬂ)} 6(hv - Ee] [156]
meh e,3,1
where
m, o+, m=1 m-1, - n
_— ) = cwollews g |x1|w0> Ls3
159 ~ n L n-1 n ; [ ]
8 et + Es - EG - in
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is the Fourier transform of the corresponding ohe-particle Green
function, «" = hv is a spectral parameter.

In order that we could pass from a two-particle Green function
in [154] to 2 one-particle Green function in [156], we have assumed
that |g > = A {|w 3Iwm 1>}, that is to say the liberated electron
dces not correlate Wlth the electrons of the ion. However |§e> need
not necessarily describe a free electron, since generally speaking
2> is not a plane wave. The equation [152] enables the coastruc-
tion of optimum one-electron states LR in which +the liberated
electron feels the remaining electrons; his own effect on the ion
is thereby neglected. If energies hog >> I, the liberated electron
can be considered unbound and le,> can be characterized by a plane
wave. If however hvo < Iy Coulomb~-type waves, describing the
interaction of a liberated electron with charge dietribution of the
ion, must be rsed for the description of I§e>.

The probability of transition P{v) ie best expressed by eigen-
values Dy {v] and e1genvectors U, J{ v) of the matrix of Green func-
tion G{v ), ¢ = vt DU. This enables another form of [154]

2
P(v) = E;E- Im[ L Tr{B(hy - hry - in)} s(he - =) ] [158)
hence weehave introduced transformed terms
B5(v) = 175 (+)1% Dy (o) 555 [159]
and
Ty (v} = g Tej Uij{v) [160]

In addition we can resort to

. -1
Im{D (hv - in)} = = E P (s) s{hv + E. " - Ej) {161)
where Pk{s) represents a physical property called pole strangth
0 =pis) =1 {162]
Since kinetic energy of liberated electrons ls
Ee = hvo - I, [163]

whereby ionization energy I - En -1

- Ej, the value of T_ ,&(hv-E)
would depend on the s evel hence the term must be rewritten as

£ ké{hu—Ee}, and for the transition probability we obtain
a9

2 2
dr
P{v) = _2_ g iT k(h"o - I )| k(s) Slhy + I, - hvo) {164]
e
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If we disregard the electron correlation, we can substitute the
one-alectron Green function for the so called frae Green function

Go, the latter represented by & diagonal matrix. In thie approxima-
ticn
o = 2 s ) i
P (v} = t IT | 8(hw - e - hv i65]
mih ken/2 °* L

where € stande for orbital energy of the k-th MO (for simplicity
only closed-shell molecules are considered}. This leads to a
thecretical prediction of n/2 bands in +the ionization spectrum.
More bands are actually observed experimentally, due to simulta-
necus excitation or ionization of the second electron (shake-up or
shake-off process). A more adequate description of the ionization
process has to take inte account also electron correlation, as
expressed by [164].

Green function technique ie capable of reprodacing the ioniza-
ticn energies with high accuracy. Bn illustrative example is given
in Table 5.

TABLE 5
Vertical ionization energies of the N, molecule calculated by Green
function technique.

Level Perturbation theory order °
(0) (2) {2} (3) {x)

k Ik I I, i I Exptl.
3ag 17.28 14.87 14.87 15.8% 15.45 15.60

In, 16.74 17.01 17.02 16.68 16.76 16.98

2q,, 21.17 17.96 18.01 19.66 18.91 18.78

a! Iio} ~ Koopmans approximation, Ii(zl - diagonal approximation of

the effective Hamiltonian, I;m} - final value.

4.9 PCILC AND PCILO/3 METBODS

The present method (Perturbative Configuration Interaction
using Localized Orbitals: PCILO)} links the classical chemical ideas
of localized twc-electron bonds with efficient numerical procedures
for the computation of electron correlation by perturbative
configuration interaction. In the present method the molecule is
viewed as being built of localized two-electron fragments (covalent
bonds, lone pairs, inner-shell electrons} in mutual interaction.
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This interaction is treated by the perturbation theory (46}).
In the PCILC method the following procedure is applied:

1. In accordance with chemical intuition the electronic
structural formnla is postulated for a molecule; in this formula
the valence electrons are divided into two-electron covalent bonds
and lone electron pairs. Such a bhonding wmodel can be described
mathematically using bonding topology.

2, Using a unitary +transformation, the atomic orbital basis
set is transformed into hybrid atomic orbitals {BAO) which
poesess directional properties. Thereby it is required that a pair
of HAOs be oriented in the direction of a covalent bond., In other
words, the requirement is that the vector nucleus - centre of
gravity of HAQ electron density has minimum deviation from the line
connecting the nuclei {for the os-bonding HBAOs) in-parallel with
orthogonality of HAOs at the same centre. Bybridization can be of
the canonical type (sp, spz, sp3 2, d23p3}
computational procedures, such as the del Re method, EMOA method,

, dsp or determined by
etc. (see Section 3.7.2).

3. Over the BHAO basis set the strictly localized molecular
orbitals (SLMO) are constructed using an external localization
criterion. The pair of bonding, 1 and antibonding, ¢:, SLMOs
ip gsearched for each bond in the form of a linear combina-
tion of the BAQ pairs (hg, hil

3
- A B _ A B
¢, cvihi + cvjhj Nv{hi + dvhj) [166]
* _ x A * B L il B
¢, cuihi + cvjhj Nv(hi duhj) (167]

The lone electron pairs occupy the hybrid atomic orbitals ¢, = hi.
Computation can be performed:
a) by direct minimization of energy

Eg = f{...dv...} [168]
b} using local validity of the Brillcuin theorem
-
<¢V!F]¢V> = [169]
c] from modified Roocthaan equations of the type
Fc' =8¢’ [170}
v L

The wave function cbtained

- ace
ﬁgLno =a {1 e} {171]
v
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represents the reference configuration function yielding the energy
Eq x By f172]

somewhat higher than the SCF energy; this localization defect is
an artifact of the external localization method. Under certain
agsumptione, the SLMO computation can be omitted and +the bond
polarity values dv can be taken as transferable from one molecule
to another for chemically similar konds.

4. The perturbative configuration interaction is performed over

the strictly localized MO basis set. The perturbatjon H'
contains integrals of the type F.. = <i|F|j> for j = i*, so  that
the energy formulae [73] - [74] contain additional terms. In the

diagrammatic Rayleigh-Schrédinger MBPT (with Moller-Plesset Hamil-
tonian partitioning} the following additicnal energy corrections
are cbtained {47}

{2) - (L A 2
Em-m Z v {Fia) /Dia [1731
1 a
E(3) =5 VH(F /D )VHF F _./D OHF F_, /D 174}
M- E E ia’“ia g ac ci’Vic T % ki“ak’ “ka [
{3) _ oce wlr ..
Em—b = 'E. ¥ (¢13||ab>/Diajb} FiaFij(Bleb + 1/Dia) -
i,j a,b
[ =i
- E [<ij||kb>Fka/Dka + {1/2}<kj]|ab>Fik/Dkajb} +
¥ir
+ T [ccji]abﬂicfnic + {1/2}<ij||cb>Fac/Dicjb}} [175]
c

The first two terms represent interaction withirn the framework
of the one-electron Fock operator meaning the delocalization
energy described by the perturbation theory. The last term repre-
sents a coupling of delocalization and correlation effects.

In the original PCILC method (48,49) the Epstein-Nesbet
Hamiltonian partitioning was used. The formulae of the per-
turbative CI have a modified form in which the denominators
= Eg - Eg = Diajb + Aiajb also contain Coulomb and exchange
integrals.

5. The one-electron operator ; mean value can be determined
from the one-electron spin-less density metrix P. Additiomnal
contributions to the relaticonships [92] through [95] resulting from
the non-zerc matrix elements Fij are
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3 (1
Pia) = pai) = Fialnia [176)
p{2) o "y (p. /b, )(F. /D, ) [177]
ik a ia’ Tia ak’ “ka
p{2} v (e /p, (B, /D) {178]
agc i ai ia ic 1Cc

[ X -] vir

Pgi) = pii) = % % (<ab]|i3>/Dy, ) (Fyp /Do) +

aC<

¥ir
* (1/Dia’{ g FaclFei/Pie) - E Fix{Fra/Dral +

ectc vir
*5 I [<a3][ib>(Fp/Dgp) + (<ab{iij>/Diajb]Fjb]} [178]

These elements directly visualize the electron delocalization and
its coupling with electron correlaticn.

Delocalization treated by perturbation theory, however, is a
pure artifact of the localized bonding model used since estrict
localization is not a physical reality.

The above PCILO method algorithm contains several substantial
advantages, from which we list the following.

1. The reference configuration function of the ground electronic
state @gLMO ig obtained by a simple and fast procedure since no
diagonalization of the m x m dimensional Fock operator matrix
(normally an m time-demanding process) occurs.

2. Transformation of the integrals from the HAO basis set into
the SIMO basis set is reduced at most to 16 terms

- 2222 -
<ij|lglkl>» =Y ¥ ¥ ¥ ip ®jg %kr Cls <pg|glrs> f180]
pgcrs
which if compared to the case of canonical (delocalized] MOs
{which is an o time-consuming process)] represents a substantial
aimplification.

3. Correlation energy contributions derived from chemically
equivalent bonds show additive satructure. The parturbative CI
algorithm can be modified in such a way that only equivalent
increments

acC
e{n) - L i} (181}
i
are added. Por example, in the CBr, molecule we have 4 equivalent o
C-Br bonds and 12 equivalent lone pairs so that instead of 16

inerements it is sufficient to calculate only two
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EP) m gl g, * 12(0n )y, [182]

4. The energy terms Eio} and E{n)

sical chemical language. It is also useful to specify the inter-

can be interpreted in clas-

bond correlation energy and the intrabord disperion energy.

The perturbation theory relationships introduces so far are
applicable over the basis set of orthogonal spinorbitals, only.
However, the SIMOs do not form an orthogonal set, which is the main
reason why the PCILO version dces not work well on the ab initio
level. In fact, if the SLMC basis set is orthogonalized, then the
advantages descibed above for the PCILC algorithm diminish. The way
out of this situation is the introduction of the zero-differential
overlap approximation wvia CNDO, INDO or HDDO methods. In this
approximation the non-~orthogonality of the SIMOs is not taken dinto
account. Moreover, the CNDO parametrization in the wvalence s-p
basis set enables substantial reduction of the perturbative (I
algorithm. The following items can be included among the major ad-
vantages for using the CNDC Hamiltonian approximation:

1. the two-electron integrals in the valence s-p basis set are
independent of hybridization

Papi9ITo8p> = vae 6pr 6qB f183})

2. The energy terms 5(2) and 3{3] contain a smaller number of
summationa. For example, the expression for Eta) contains
summations over three indices only. As a consequence of these
simplifications, the ground-state energy can be calculated using
PCILO procedure with 20 to i00 times less computer time than with
the canonical MOs.

The original version of the PCILO method has undergone several
medificationse and generalizationa, with the most significant
ligted in Table 6., Substantial generalization to include semi-
localized bonds is effected by the extended PCILO method (PCILO/3
method} {52). Its fundamental principle is represented by the
restricted expansion of localized MOs into the HAO basis set as

A A A
= c . 8 .y b iB4
Y E E ui “glu}), £(a,1) Ti (184]
In this notation, appears the discrete topological function £({A,i}
= b, which is a priori defined over indices of atoms (A) and
their hybrid orbitals {i), with b equal to the ordering humber
of the chemical bond. Lone electron pairs can be taken for
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TABLE 6
Various versions of the PCILO method.

Characteristics Version

Originat Improved Modified Extended
melecular two-center two-center two-center many-
orbitals center
levels closed-shell closed-shell cpen-shell cpen-shell
Hamiltonian CNDO IRDO CRDO, INDO CNDG, INDD
approximation
valence basis 8-p 8-p d-s-p d-s-p
set
applications H-F H-F H-Br B-~I
to atoms
hybridization del Re del Re EMOA EMOA
algoxrithm
LCAD variation of bond modified Roothaan
coefficients polaTity eguaticns
Hamiltonian Epstein~-Nesbet Moller-Plegset
partitioning
perturbation classical diagrammatic (MBPT)
theory 3rd-oxrder 3rd-order
references {48,49) {50} {51} (52}
conputer PCILO{220) PCILINDD PCILO2{390) PCILO3(462)
programs ° GSPCILO(272) (371)

PCIRAD(327)

a}

There ie a catalogue number of QCPE {Quantum Chemistry Progranm
Exchange) in parenthesges.

one-centre bonds (unclosed bonds with the bonding partner at
infinity). The consequence of such a bonding topology is that the
expaneion coefficients matrix C can be arranged into a block-
diagonal form. The bond-order matrix is

acc(s)
i = > ()5
for the spin index 8 = ¢ or g; this again can be arranged into the

(p (c®} [185}

8 &
83 f(hri}:f(Baj)

block-diagonal form. The matrjces P® modified like this define the
matrix elements of the Fock operator (Fa)gﬁ so that in the 2ZDO
approximation (S?? = éij} we obtain the modified Roothaan eguations
in the form

T g ,\T
5y (cp)’ = (€%,) B [186)
Since the dimension o of individval blocks is much -~ smaller than
the total basis set size m = my + m, + ..., then the use of
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independent diagonalization of each F; block results in a sig-
nificant reduction of the computational time. Fnlarging the number
of components in each LMO (i.e. reducing the number of 'bonds*} one
can approach the SCF level of energy for the given type of Hamilto-
nian sc that the concept of the extended PCILO method represents
the intermediate situation between two limiting cases - that of
cancnical MOs and SLMOs.

The advantage of the extended PCILO method is represented by
its ability to describe the many-centre and delocalized bonds
(diborane, benzene and other aromatic molecules). The method
can also be used with success for the study of hydrogen bonds
and weak intermolecular interactions due to dispersion energy.
When applied to chemical reactivity problems, the reaction centre
{area of aplitting of old bonds and formation of new bonds)
can be described by semilocalized (semidelocalized} MOs, while
bonds not exposed to the changes can be described by strictly
logcalized MOs. Also in coordination compounds the many-centre
MCs can be used to describe the chromophore {central atom surrouded
donor atoms of ligands) while the ligand residues can be described
through SLMOs.

The leocalization procedure quality can be characterized by
two criteria:

1. by the relative localization defect

SCPF LMC SCF SCF
lo 0 - )IET = bloc!ET

{the T index means the total molecular energy in +the Born-Oppen-

¥loe ™ (B {187}

heimer approximation) which for 1o €2 % vields a geood reason

oC
to use the given bonding model;

2. by the compensation index

= g{2)
Xcom = Bpem’210c f188]
which for Xom 60% defends the use of perturbation theory ({com-

pensation of the localization defect by delccalization energy}.

$.10 CIPSI METHOD

Since full configuration interaction is not achievable for
molecules invelving many electrone or large basis sets, approximate
schemes were developed. Among them truneations to a certain level
of excitation {single + double CI), freezing of some MOs, cluster
expansions, etc. are known. An alternative solution consists in
perturbing a multiconfigurational wave function resulting from a
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preliminary variational treatment of the CI matrix reduced to the
most important determinants. This CIPSI algorithm (53,54) is based
on an iterative selection of a first class determinants {S}, the
weight of which in the exact wave function Lo is larger than a
X belongs to {S} if |¢wmlix>| > 5. This first
claps of determinants is treated variationally

certain treshold n: &

5 WD 0 o 4]

pg A Pg Ju0> = 8L 10> [189]

with

P, = T |eg><a] {190]
S gog | K K

The resulting multiconfigqurational wave function

0
“’m'%cmn‘:’x

is then perturbed to the second order by the other determinants

[191]

which do not belong to {S} yielding the energy
L+ I 2
<w |Bleg>
[ R : B
IE?S} Em - EI

In practice the definition of subspace {8} is iterative: starting

2(2) _

m [192]

from an initial guess of {S} one selecta the most important
determinants of the first-order correction to the wave function. At

the k-th iteration, if the first-order coefficient of & _ is larger

I
than nk
0.~
<y {B|a. >
m I k
— | > 7 {193]
E_ - E
m I
the determinantal function 24 is added to {S} and the process may
be repeated by decreasing the threshold qk to qk+1 < qk. In such a

case there is no a priori selection of the multireference space
{s}, the gquality of which is progressively increased.

The improved CIPSI algorithm {55) defines three classes of
determinants for each state:

1. the largest ones S (strong) are generators and define a multi-
configurational zeroth-order wave fuonction, which will be perturbed
by ailowing all single and dcuble substitutions,

2. the mean ones M [middlie), of the order 103, are perturbed to
all orders, and the normalization defect is corrected through the
Davidson-Siegbahn formulae,

3. the most numercus ones s (smallest}, of the order 106, are
only included through their second-order correction.

Two threshold parameters n and t define the borders of these
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classes, and are progressively decreased for a raticnal selection

of the classes and for a study of the stability of the results.
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APPENDICES

APPENDIX 1. ATOMIC UNI®S AND PHYSICAL CONSTANTS

The values of fundamental physical comstants (e, mes h, €
etc.] are determined to a certaip precision. The valid figures of
these constants determine the threshold of arithmetic expressions
such as h2/2me or ezl4neo. For this reason the use of the SI system
of vnits brings difficulties in exact quantum-mechanical calcula-
tions, For practical zeasons the system of atomic wonits is
frequently used in ab initic caleculations. This system of units has
been introduced and used for the reason that different programs
would yield exactly the same results so that the compability of
programs and transferability od data between them would be
retained. It should be noted that the ab initic methods operate

3 to 106) of two-electron integrals the

with an enormous number (10
precision of which is 8 or more digits. Therefore the basic
phyaical constants should be determined to the precision of at
least 9 digits. The above problem may be avoided by introducing
such a system of units which does not reguire the copversion
factors. The atomic vwnit {(a.u.} system fulfils this requirement.
The basic units in the a.u. system are represented by bohr (a0 -
unit of length), hartree (Eh - unit of energy), electron rest mass
(me - unit of mass) and elementary charge {e - wunit of electric
charge). As a consequence many physical guantities become very
gimple {e.g., h =1, g = 1/2, etc.}.

Values of fundamental physical constants are collected in
Table 1. They are given either in SI units or a.u.

APPENDIX 2. COORDINATE SYSTEMS

in guantum-chemical calculations of various molecular
properties we meet with problem of evaluating a number of certain
integrals which should be calculetd in a definite ccordinate
system. The right-handed cartesian coordinate system {(0; X, Y, 2}
usually serves for the referential coordinate system. Localization
of the origin (0} is arbitrary. For several purpcses the origin is
put into the centre of mass of the molecule and the cartesian axes
are identified with maan axes of the inertia moment, In the above
procedure the atomic weigths come into effect.
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TABLE 1
Valuea of physical constants and related guantities.

Quantity Symbol  Value
SI unite a.u.
a) Physical constants
Planck constant h 6.626176 x 10°°* Ja 2n
Elementary charge e 1.6021892 x 107 '7 ¢ 1 (millikan}
Speed of light in vacuuom ¢ 2.99792458 x 10° ms™! 137.03604
Rest mass of electron m  9.109534 x 107°! kyg 1 (thomscn]
Rest mass of proton m  1.6726485 x 107°7 kg 1836.15152
Rest mams of neutron m 1.6749543 x 107 % kg 1838.68
Avogadro number N 6.022045 x 1077 goi! -
Boltzmann constant k 1.389662 x 16722 gx™!? -
8.61735 x 107° ev X'
Permittivity of vacuum ¢  8.854187818 x 1072 -
c*N " 'm?
Permeability of vacoum 4 45 x 1877 NA"Z -
Electronic g-factor
- Zeeman g 2.00231929
- spin~orbital g' 2.00463858
Reduced Planck constant &  1.0545887 x 10™°* Js i (planck)
{h = h/2xn}
Fine structure constant o 7,29735 x 1077 i/c
fe = e2/4ncohc]
Bohr magneton g 9.274078 x 10°°* gpt 1/2
(g = eh/2me)
Hoclear magneton g. 5.050824 x 10" %7 go~* 2.723087 x
(ﬁN =g, = eh/2mp) x 107 ¢
b) Atomic units
Length (Bohr radius) a_ 5.2917706 x 10 '' m 1 (bohr}

{a = 4ne0h2fezme}
Bnergy
2
{Eh = g fﬂncoaoi
Dipole moment
{do = eao)
Quadrupole moment
2
(QO - eaO)
Electric field gradient
2
(¢° - Eh/eaoj

4.359814 = 10°'% 3
27.21161 eV
8.478418 x 10°°° ¢m
4.4866 x 107 *'° cm?

9.7174 x 103! ym?

1 {bartree)




394

For coordination compounds [MLn] of high symmetry it is useful
to put the central atom into the origin. In the c¢rystal field
theory, angular overlap method {AOM} and in generating symmetric
orbitale for methods of effecive Hamiltonian there is a convention
of how to number ligands and their local coordinates axes. These
conventions are exemplified in Fig. 1. The corresponding symmetry
orbitals in this coordinate system are presented in Table 2.

Fig. 1, A coordinate system of octabedral {MLG] and tetrahedral
[Mm4] complexes.

A frequent reguirement is represented by transformation of
cartesian coordinates (x, y, 2z) into polar coordinates and vice
versa. The corresponding transformatione are (Fig. 2}

X = r cosg sing
Y = r sine sing

zZ = r cogsyd

z4

Fig. 2. Cordinates of ligands L with
reapect to the central atom M.
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Symmetric orbitals of octahedral and tetrahedral complex.

Central
atom

Represen-
tation

Group crbitals of ligands

&

A} Octahedral complex

alg g
eg dxz_ya
dza
tlu Py
pY
P,
tZg dxz
de
xy
tlg
t2u

B} Tetrahedral complex

2y -

e dzz
dxz_yz

ty Pyr dyz
Py Ay,
Py Ay

(01 + oyt oyt o+ oog# 06)/46
(01 - g + oy - 04)/2

(205 + 206 - o0y = 0y = 03 = 54)/(2V3)

(01 - a3)/42

(PYZ + sz - Px4 = pys)lz
(02 - 04]/J2

(Pye1 Pys = Py3 ~ px5)/2
[05 - 06}//2

(Pyi + sz - px3 - py4)/2
‘Py1 + Pys ¥ Py3 * pYGJ/Z
(sz + Pys + pY‘ + pXG,/2
(b + Pyg + Py3 + Pegl/2
(pyl =~ Pyg * Py3 - pys)fz
{pyqy - Pys * Pyg = Pegl/2
(pxl = pyz + Py3 = pxa,fz
(Pyz = Py5 = Py t py6)/2
{Pyy = Pys = Pya * Pygl/2
(pyl = Pyz T Py3 * py4l/2

(51 + 8y + 8y ¥ 84}/2
{pzl + Pz2 + P23 + 924312
(pxl ~ Pxz "~ Py3 ¥ py4)/2

(pyl = Pyz - P},3 + py4)/2
(51 -8, + 8y - 54)/2
(Pyy - Pz =~ Pp3 - 924}/2

+
+ pyy)1/4

[Pyy ¥ Pxp = Pya = Py
+ f3(—py1 = Pyy * Py3
(31 + 8, - 85 - a4]/2
(Pyy + D3 = Pyz = Pyyl/2
[Pey = Pya ¥ Py3 = Pyq *
+ V3( Pyy - Pyy + Py
(s1 -8y - 8,y + 84)/2
(le = Ppy " Pp3 t 924,,2
-(pxl * Pyt Py3 t px4}/2

- Pyg) /4
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TABLE 2 {Continued)

Represen— Central Group orbitals of ligands °
tation atom
% [V3{Pyy * Py = Py3 - pxé} *

+

* Pyy ¥ Pyp ~ Py3 ~ Pyal/é
[V3(pyy = Py + Py3 ~ Pyg) *+
= Pyl * Pyz ~ Pyz * Pyyl/d

—(pyl * Pyy * Pyy ¥ py4}/2

® For the coordinate system see Fig. 1.

The two-centre, three-centre and four-centre integrals are
calculated first at the local coordinate system and then they are
transformed, using Euler rotations, to the molecular coordinate
system.

APPENDIX 3. A GUIDE THROUGH JUNGLE OF QUANTUM-CHEMICAL METHODS

We compiled rich data on various gquantum-chemical methods
applicable tc coordination compounds; they are strongly bound to
recent progress in computer software and hardware. The existing
methods form really a jungle the orientation through which is
rather problematic. The question, which method is the hest one,
cannot be answered and one must pass through experience which
methed is most economical, productive and sufficient enough to
study his particular problem. Although the guantum chemistry of
organic compounds becomes a routine, this is not the case of the
quantum chemistry of coordination compunds. This is not caused only
by the increasing number of electrons in metal complexes but alsc
by new phenomena not critical {or rather rare} for organic
compounds. Among them the existence of low-1lying excited states,
relativistic effects and the configurational lability of the Jahn-
Teller effect type may be substantial.

In treating molecules we are interested mainly in their
equilibrium geometry, possible geometric rearrangements, ground-
state characteristics, spectroscopic transitions and ability to
undergo certain chemical reactions.

If we speak of a molecule, it is understood that its chemical
formula and a rough structural skeleton are known. Thus we can
consider atoms in a molecule and, in a modern approach, to use
molecular visualization on personal computers {(AT-286, as a rule,
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is encugh for this purpose). It is impossible to enumerate all the
existing wvisualization programs but at least ALCHEMY, CHEMCAD and
MOLDRAW might be mentioned. They allow one to build up a molecular
structure from default structural data - standard bond lengths,
bond and dihedral angles, or molecular fragments. Some of these
programs have a crystal coordinate input assuming the X-ray data at
the disposal.

The molecular visvalization programe are often combined with
the option for the molecular mechanics. The latter gives a better
estimate of the eguilibrium gecmetry, as a result of the total
molecular energy minimization. This approach, however, is
conditioned by an appropriate parametrization of empirical
potentials for molecunlar mechanics, egquivalent to the assumption of
a transferability of force constants {barmonic, cubic, bi-
guadratic) and standard bonding coordinates {bond lengths, bond and
torsion angles) from one molecule to another. Such an assumption is
often fulfilled for organic compounds but it may heavily fail for
incrganic systems. Moresover, the programs mentioned operate like a
'black~box*' system, allowing only to modify the input data but not
the basic formulae and parameters. On the other hand, the molecular
mechanics may be used as a ‘'pre-optimizer' of the molecular
structure before using a more elaborate guantum-chemical method.

Having a £first estimate of the molecular geometry, the
molecular-orbital calculations may be performed. The problem which
must be clarified first is the selection of a proper method capable
of solution the problem under study. Although an ab initio appreach
is superior to any semi-empirical method, we must take into account
the time consumption, or cost, of the calculation.

Following the ab initio pathway, the basis set sgselection
problem appears. Only the bamis sets of good guality (and of the
proper balance)} are recommended to ab initic calculations, but this
reguirement may lead to enormous difficulties. Note that the number
of two-electron integrals to bs calculated is proportional to n4, n
being the basis set size. Thus for 100 basie wset functions we

8 integrals and their

demand evaluation and storage of 10
manipulatjion during the SCF procedure, The coordination compounds,
of course, contain heavy transition metal atoms and a lower portion
of light hydrogen atoms, so that the basis set dimension is really
mach higher than for organic compounds of the comparable size. Do
not forget  that diffuse and polarization functions contribute

substantially to the energy calculation and they are definitely
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necessary for anions. For reasons above the ab initic calculatiocns
for metal complexes are far from the routine. As some metal
complexes have more electronic states close one to another, the SCF
procedure may be insufficient even to localize the ground state;
the multiconfiruration SCF or limited CI are necessary for these
cases and consequently the time and space requirementsz increase.
Therefore the ab initio approach, followed by a version of
configuration interaction, is presently applied with success to
only small {diatomic or triatomic¢| molecules, or small clusters.
Information comparable to presicion of a spectroscopic determi-
nation is feasible for these systems.

The paeudopotential method seems to be a good compromisse
hetween the rigorous ab initic and non-empirical approximate
approach; this permita the MO~-LCAQO-SCF calculations for coordi-
nation compounds of medivm size in a real time. On the contrary,
definition of a suitable paeudepotential is a 'state of art® and
evaluation of psendopotential integrals is also difficult.

The density functional theories and especially the X¢ method
are also ugeful to study coordination compounds. Although they
yield good results for energy guantities (total molecular energy,
ionization and excitation energies), these method suffer for
improper definition of the wave function and consequently the
calculation of the correlation energy is impossible.

The methods discussed below (Fenske-Hall, CNDO, INDO, NDDO,
EBT) exhibit a drawback resting in the fact that the basis sets
used for transition metal atoms are not properly balanced. For
example, the atomic valence orbitals for the Ni atom consist of 1d,
4s and 4p functions; only 3d and 4s are determined by atomic
ground-state calcnlations for the 3da452 electron configuration.
The remaining 4p functions need determination from excited-state
1491 electron configuration. Thus the
orbital exponents for 4p orbitals derived from the later

calculations for the 3d845

calculations are clearly overestimated; if one bhandle them in MC
caleculations, the weight of the 3d84sl4p1 configuration is
implicitly overestimated. This failure can be overcome using
the multiconfiguration SCF, but an efficient algorithm for
this purpose absents.

The use of node-less orbitals and single-zeta basis agets in
all-valence calculations represent another drastic simplification.
At least double-zeta orbitals are required for proper radial

dependence of d-orbitals in the valence region.
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The Fenske-Hall method is popular among the non-empirical
methods for coordination compounds. It may be adapted to run on
personal computers (AT-386 or AT-486}.

Among methods utilizing the zero-differential cverlap approxi-
mation, the MNDO, AM1 and MNDOC versions belong to the most popular
for organic compounda. They were parametrized only for a few sp
type elements and thus they are not applicable to coordination
compounds 80 far. Some versions of the INDO method are recommended
for inorganic eystems: namely the INDO/S or Zerner INDO/]1 versions
serve as an example. Note that CNDO, INDO and NDDO based methods
abstract from the two-centre exchange interaction so that they fail
in predicting magnetic properties and a proper separation between
the low-spin and high-spin states for binuclear complexes and
clusters. This drawback disappears for INDO and NDDO type methods
when applied to mononuclear complexes as they both account for all
che-centre two-electron integrals.

The EBT medel is the most simple all-valence method of the MO
type. Despite iits rough features it is etill applicable to large
inorganic systems and frequently used to generate Walsh-type
diagrams.

When heavy atoms are concerned, the relativistic contraction
of s- and p-orbitals side-by-gide with the relativistic expansion
of d- and f-orbitals must be considered. Therefore the use of
spectroscopic parameters in combination with non-relativistic basis
sets losea its reasoning. A quasi-relativistic approach represented
by the REX, quasi-relativistic CNDO/1 and INDO/1 methods represents
an appropriate approximation. The above three versions are the only
methods parametrized universally for all elements (2 = 1 - 120}.

If desired, the spin-orbit splitting may be included using
perturbation theory. When the SOI is too strong {for heavy atoms),
variational treatment is necessary and we must pass from the
single-compohent wave function to a four-component molecular
spinor.

The orbital energies, LCAO coefficient matrix and the total
molecular energy represent a net result ¢f the SCF procedure. These
quantities may be further used for a more detailed elaboration.

The LCAQ coefficients determine the symmetry of each molecular
orbital which spans an irreducible representation of the molecular
point group. The symmetry assignment and energies of MOs are used
for the first estimate of icnization energies within the Koopmans
approximation. Those for the ROMO-LUMO pair may be utilized to
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discuse possible chemical processes. The BOMO-LUMO separation
itself is insufficient in estimating the excitation energies and
it must be corrected by the corresponding Coulemb and exchange
integrals in the molecular orbital basis set,

It is useful to evaluate contribution of each atomic orbital
type {in per-cent) to individual MOz. For example, if the d-orbital
component predominates in a given MO, this may be classified as a
d-level and, as a rule, it follows the orbital splitting diagrams
predicted by the simple crystal field theory. Such a naturally
localized metal orbital may exhibit high relaxation under electron
icnization and excitation. COwing to high relaxation for a lower in
energy level, the HOMC does not nrecessarily correspond to the first
ionization energy {paradoxical vioclation of the Roopmans theorem).
Note that within the UBF approach the energies of ¢- and g-
melecular orbitals may have different values. Therefore the i-th
a-40 of a given symmetry may have the Jj-th g-MO (j = i) as a
correaponding counterpart. Sometimes the open o-MO {not having the
corresponding p-MO within the occupied orbitais]) may be buried
below a set of doubly occupied [as a rule ligand} MOs.

The d-orbital populations may be summed up to yield the total
atomic d-population, d*. Thie wvalue may be a posteriori compared
with the reference dxsypz configuration used a priori to define the
basis set functions and semiempirical parameters. For example, for
the Cu atom koth 3d9432

relevant. If one deals with Cu{II) complexes, the former selection

and 3d10431 reference configurations are

is natural, but the resulting d* value should not be too far from
the d9 value. If, on the contrary, calculated a* value approaches
dlo, the later selection is preferred. In an intermediate situvation
9.3 ¢ x < 9.7) the MC SCF approach is demanded.

The LCAD coefficients themselve are subject to population
analysis from which orbital, atomic and eventually overlap
populations result, The effective atomic charges indicate
nucleophile and/or electrophile centres in the system. However, the
definition of atomic charges is rather problematic and may be
effected by a diffuse character of valence atomic orbitals. Methods
of the CKDO, INDO and KD type often show a charge alternation
throughout +the molecular skeleton « an artifact of the Z2ZDO
approximation.

The charge-density {bond-order} matrix P is calculated from
the LCAO coefficient matrix C and this may be useful to evaluate
Wiberg {bond-strength) indices. These may correlate with
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wavenumbers of vibrational spectra.

The total molecular energy can be decomposed to one-centre and
two—-centre terms. The latter again is an indicatrix of the bond
strength,

The density matrix determines the mean value of an arbitrary
one-electron operator, for example the dipole and guadrupole
moment. The corresponding operator matrix elements in the atomic
orbital basis set, however, should be eavalnated beforehand. Other
important guantities are represented by the molecular electrostatic
potential and the difference density function p. These Jdiffer in
different spatial points and thus are presented in the form of
contour isovalue diagrams.

The spin density matrix may be calculated for open-ghell
aystems and it may be reduced to orbital and atomic epin densities
comparable to data substacted from ESR spectra.

The above semiempirical or non-empirical {except the ETH])
methods may be followed by the configuration interaction in order
to account for correlation effects.

Metheds like PCILO and PCILO/3 are less universal as they need
additional information about the bonding topology necessary for
selection of hybrid atomic orbitals and two-centre localized or
polycentre semi-localized MOs. On the other hand, their algorithm
is much faaster than a tedious N3-diagonalization applied to any
canconical MO calculation.

Single energy value at the given molecular geometry represents
one point of the adiabatic potential surface. Several methods were
developed toc generate apalytical and/or numerical gradients used
for the next search of the molecular geometry, in order to localize
stationary points of the adiabatic potential surface. Note that the
configuration interaction makes the adiabatic potential more flat,
thus decreasing the (harmonic) force conetantas. Having the force
constant matrix at the disposal, the complete PFG-analysis [in
harmonic approximation) may be performed to yield the wvibrational
frequencies. Then the partition function Qv may be evaluated and in
combination with other partition functions the thermodynamic
potentiale (H, G, etc. ) are admissible.

In studying the elementary chemical reactions the reaction
coordinate may be followed and kinetic characteristics are
evaluable.

In more complex streochemical situwation a detailed map of the
adiabatic potential surface around the stationary points is useful.
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The numerical values for the adiabatic potentiel may be used to fit
analytical formulae derived from the (pseudc) Jahn-Teller effect
theories and finally the set of vibronic coupling constants may be
evaluated. Their determination ie necessary if one tries pass over
the Born-Oppenheimer approximation to study molecular dynamics,
stereochemical non-rigidity, fluxicnality, etc.

At the end of our presentation we would like to point out that
the quantum chemistry of coordination compounds is a well developed
discipline with important connections to many orther areas.
Unfortunately, we had no space here to introduce and discuss:

a) the linkage of guantum chemistry to molecular spectroscopy,
including fotoelectron, electron, vibration, rotation and resonance
{(ESR, NMR, NOR| spectra;

b) magnetism, electric and optical properties;

¢} weak intermclecular interactions and environmental effects

covered by the solvent and solid-state effects.
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==, irreducible 23

Racah parameter 59 ==, reducible 21

rate constant 127
reaction, catalytically allowed topological approach 185

183 transition state 241
-, concerted 173, 178
-, coordinate 123, 174 variation method 15
-, nonconcerted, 173 -, linear 15
~, symmetry allowed 176 -, non-linear 17
--, forbidden 176, 181 variational principle 7
relativistic, corrections 164 vibration function 106, 115, 131
-, effects 290 vibronie, constant 140, 156
relaxation energy 319 -, coupling 131
resolvent 133 virial theorem 7, 164
Roothaan egquations 196, 245, 247
-, modified 384, 388 Watson sphere 240

wave function 1

Schrodinger equation -, electronic 106, 131
-, electronic 110 Wiberg index 330
-, molecular 131 Wick theorem 365
~, stationary 3 Wigner-Eckart theorem 31, 36,
~, time dependent 3 139
self-conasistent field 196, 218 Wigner formula 39, 140
separation theorem 136 Woodward-Hoffmann rules 173
Slater-Condon parameter 59,

245, 272, 274 Zeeman effect 93
Slater, determinant 44, 228 zero differential overlap 246

-, Tules 354 zero=-point vibration 111, 124



