COORDINATION
CHEMISTRY

R R 1) Coordination Chemistry Reviews HE"IEWS
ELSEVIER 197 (2000) 169189 e —

www.elsevier.com/locate/ccr

On the full topology of the Laplacian of the
electron density

P.L.A. Popelier *

Department of Chemistry, U.M.I.S.T., 88 Sackville Street, Manchester M60 10D, UK
Received 26 March 1999; accepted 21 June 1999

Contents
ADSLract. . . . . . 169
1. Introduction. . . . . . . .. .. 170
2. The topology of the electron density . . . . ... ... ... ... ... ... ... . ... ... 172
3. The localization of electron pairs and the Laplacian of the electron density. . . . . ... ... 172
4. Applications of the Laplacian of the electron density. . . . . .. .. .. ............. 174
5. The full topology of L(r) for the water molecule . . . . . ... ... ... ... ......... 175
5.1 The topology of L(r) for free atoms . . . . . . . . . . .. ... ... 175
5.2 Computation of the critical points and the gradient vector field of L . . . . .. ... ... 179
5.3 The valence shell charge concentration graph . . . . . . ... ... ... ... ........ 180
5.4 The valence shell charge depletion graph. . . . . ... ... ... ... ... ... ...... 183
5.5 The core shell charge depletion graph . . . . .. ... ... ... ... ... .. .. .... 184
5.6 The gradient vector field of L(r) and domains . . . . .. ... ... ... ... ....... 186
6. Conclusion . . . . . . ... 188
References . . . . . . . . . . e 188
Abstract

In this work we briefly review the use of the function L(r), which is defined as minus the
Laplacian of the electron density, V?p, in the context of the theory of ‘atoms in molecules’.
The topology of L(r) can be almost faithfully mapped onto the electron pairs of the VSEPR
model. The computation of the gradient vector field L(r) opens new avenues for the further
quantification of this mapping. Although major questions are still outstanding this contribu-
tion explores for the first time the full topology of L(r) for a molecule. In water there are
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four regions: the Core Shell Charge Concentration (CSCC), the Core Shell Charge Depletion
(CSCD), the Valence Shell Charge Concentration (VSCC) and the Valence Shell Charge
Depletion (VSCD). Each region has a set of L(r) critical points coagulating in a graph,
except the CSCC. In analogy with the topology of the electron density we propose the term
basin interaction line for the pair of gradient paths linking two basins in L(r), and the term
interbasin surface for the surface separating two basins. We present a systematic study of the
water molecule, which possesses 43 critical points in L(r). The question is raised how a basin
in L(r) can be linked with the domain of the VSEPR model. © 2000 Elsevier Science S.A.
All rights reserved.

Keywords: Laplacian of the electron density; Topology of the electron density; Atoms in Molecules;
VSEPR

1. Introduction

The theory of ‘atoms in molecules’ (AIM) [1,2] can be regarded as part of a
research program which aims at extracting chemical insight from modern ab initio
wave functions. This theory was pioneered by Bader and co-workers in the early
1970s and has since grown into a mature theory, rooted in quantum mechanics
[3,4]. On a yearly basis it is used by more than 70 geochemistry laboratories
worldwide in areas such as surface science, organometallic chemistry, life science,
solid state physics, drug design, physical organic chemistry, crystallography, inter-
molecular potentials, reaction mechanisms, hydrogen bonding and so forth. In spite
of this wide range of application, AIM does not seem to be part of mainstream
theoretical chemistry, let alone of current chemical education. However, it is
perhaps the only theory which provides a simple, rigorous and elegant definition of
two cornerstones of chemistry (for the vast majority of ground state molecules): the
atom and the bond [5].

Of course many questions that AIM raises warrant further research, such as the
full topology of the Laplacian of the electron density, V2p, which is an integral part
of AIM. A more ambitious program is to find a convincing and consistent
reformulation within the context of AIM of typical chemical concepts such as
degree of covalency and ionicity, rotation barriers, the anomeric effect, conjugation
and others.

Gillespie was one of the early researchers to take advantage of the novel
paradigm of AIM [6] after the first application of the Laplacian to VSEPR was
made by Bader, McDougall and Lau in 1984 [17]. Indeed, in the 1980s [7] it was
shown that V?p provides a physical basis for the VSEPR model [8,9]. This model
is not dependent on the orbital model [10] and is thus compatible with the spirit of
AIM. The theory of AIM uses the electron density as its starting point, regardless
of how it was obtained. For example, the partitioning of a molecule into atoms,
which AIM proposes in terms of the gradient vector field of p, can be still be
applied to experimental electron densities. In a wider context AIM incorporates
quantities which do not trivially depend on p, such as the kinetic energy density
K(r) or the pair density p(r;, r,). In the absence of the perfect density functional
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these quantities can only be obtained from the wave function. The wave function is
expressed in terms of basis functions, which constitute a Hilbert space. It is
important to realize that AIM does not retrieve chemical insight from Hilbert
space; Hilbert space is merely a means to obtain the wave function, from which
scalar functions such as p and V?p can be obtained. In other words, AIM starts
from the topology of real 3D functions (or 6D for the pair density) to recover
chemical insight.

A more recent model introduced by Gillespie, called the ligand closed packing
model (LCP) [11], also benefits from AIM via the latter’s atomic populations. This
model is essentially equivalent to the VSEPR model but it explicitly recognizes the
importance of intramolecular interactions between adjacent nonbonded atoms.
Already in the 1960s Bartell realized the importance of nonbonding interactions [12]
but his claim — and that of others — was not widely accepted. One of the reasons
is that the interligand radii for ligands attached to carbon are too small for most
molecules because they were determined for ligands attached to carbon only.
Gillespie and Robinson resurrected Bartell’s model, subsequently extended and
refined it, encouraged by AIM analyses of the electron distribution. Indeed,
according to the AIM charges many molecules (such as BF;) which are commonly
thought of as being covalent are actually predominately ionic [13]. This crucial
observation eventually led to regarding complexes as closed packed structures with
anion-like ligands around a cation-like central atom. Moreover, the Bartell ligand
radii were replaced by specific radii, each depending on the central atom (Be, B, C,
Si, P and S) the ligands (N, O, F and Cl) that they are bonded to [11,14]. The LCP
model provides a more economic explanation (in terms of Occam’s razor) of the
geometry of molecules such as BF;, making Pauling’s back-bonding model com-
pletely unnecessary [15]. Furthermore, the controversial nature of the bonding in
OCF; and ONF; is resolved under the LCP model [16]. In summary, the two
successful models VSEPR and LCP, both based on a huge number of experimental
observations, find their physical basis in AIM, without ever relying on orbital
arguments. This fact justifies further research into AIM’s orbital-free quantities,
such as V?p.

In this paper we briefly review the Laplacian of the electron density and its use.
Next, we present the water molecule as a case study to investigate the full topology
of V?p. It will become clear that the Laplacian of this simple molecule already
shows a bewildering complexity, which has hitherto not been described. We will
show that the previously introduced atomic graph [17—19] is actually part of a more
complicated structure.

In the following section we reiterate the most relevant topological objects
appearing in the electron density, to prepare the ground for the topological objects
in V2p. In Section 3 we briefly discuss the issue of the localization of electron pairs.
In Section 4 we summarize the key applications of the Laplacian, and in the final
section we present the details of the full topology of the case study water. We end
with a conclusion and a few thoughts on future work. An attempt has been made
to make this paper self-contained.
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2. The topology of the electron density

The topology of p is fully understood [20] and leads to a partitioning scheme,
which defines atoms inside a molecule or a molecular aggregate via the gradient
vector field, Vp. This vector field is a collection of gradient paths, which are curves
in space that follow the direction of steepest ascent in p. Therefore a gradient path
has a sense; it always originates and terminates at points where Vp vanishes. These
points are called critical points (CP). The CPs in p are special and useful points in
the molecule.

How can these CPs be classified? It is easy to see that a function depending on
two variables shows three types of CPs: a maximum, a minimum or a saddle point.
In three dimensions there are two types of saddle points. Critical points occurring
in a 3D function, such as p, can best be characterized by the eigenvalues 4; (i =1,
2, 3) of the Hessian of p, evaluated at the CP. The Hessian is a 3 x 3 matrix,
denoted by VVp and containing all possible second derivatives of p with respect to
the cartesian position coordinates x, y and z. The rank (r) of a CP refers to the
number of non-zero eigenvalues and the signature (s) is the sum of the signs of the
eigenvalues. For example, one type of saddle point has two strictly negative (i.e.
non-zero) eigenvalues and one strictly positive one. Consequently, its rank is three,
and its signature is (— 1)+ (—1)+ 1 = — 1. We conveniently denote this point as
a (3, —1) CP, where the first index refers to the rank and the second to the
signature. This particular type of CP is called a bond critical point because it
indicates the existence of a bond between two nuclei of a molecule in an equilibrium
geometry. The bond critical points are linked to the nuclei via the so-called atomic
interaction line. This line consists of a pair of gradient paths, each of which
originates at the bond CP and terminates at a nucleus. The set of all atomic
interaction lines occurring in a molecule is called the molecular graph. Another
topologically important object is the interatomic surface, which separates two
bonded atoms. Again it is a collection of gradient paths, originating at infinity and
terminating at the bond CP. Finally, the set of gradient paths terminating at a
nucleus is called an atomic basin or simply atom. It will become clear in Section 5
that each of these topological objects appearing in p has a counterpart in V2p.

3. The localization of electron pairs and the Laplacian of the electron density

In 1916 Lewis introduced his concept of the electron pair, an idea that still
dominates chemical thinking today. He was so strongly convinced about the
existence of coupled pairs of electrons that he was inclined to denounce Coulomb’s
law for small inter-electronic separations, an extreme position he later abandoned.
Many decades later we face the question: Can we deduce the localization of
electrons in pairs from the wave function? More precisely, are there regions in real
space in which there is a high probability of finding two electrons of opposite spin?

The pair density p(r;, r,) is the actual function that indicates regions of space in
which there is a high probability of finding two electrons of opposite spin. It has
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been shown that the pair density does not, in general, define regions of space
beyond an atomic core in which pairs of electrons are localized [21]. Consequently
the ubiquitous Lewis model cannot be rigorously recovered from physics, because
the motions of valence electrons are so strongly inter-correlated that the localized
electron pair model ceases to afford a suitable description.

Nevertheless a remarkable mapping between local maxima in L(r) and assumed
electron pairs was observed many years ago [17]. Which property of L(r) suggests
that the validity of the Lewis model may be justified anyway? In general, the
Laplacian of a function measures to what extent this function is locally concen-
trated or depleted. Via finite difference formulae, one can easily prove [2] that when
V?p < 0 at a given point, the electron density is locally concentrated, i.e. p is locally
higher at the given point than at any of its neighbouring points. Conversely, when
V2p >0 at a given point p is locally depleted and the value of p will be higher at
any of the given point’s neighbours. It is convenient and more natural to introduce
the function L(r)= —V?p, because then a concentration of electron density
corresponds to a positive L value. The following discussion refers to the function
L(r) rather than the Laplacian itself. For example, a (3, — 3) CP is a maximum in
L(r); this CP would be called a (3, + 3) or minimum in V?p. In summary, the fact
that L(r) gauges the concentration of the electron density suggests that L(r) could
be used to detect electron pair localization. Indeed, the mapping between the
electron pairs of the Lewis model (and later the VSEPR model) has proven to be
faithful enough (albeit it not perfect) to generate useful applications and new
insights.

Localized pairs of electrons, bonding or non-bonding, are not evident in the
topology of p. They are evident however in another one-electron density function,
called the electron localization function (ELF) [22], constructed from kinetic energy
contributions. This function reveals the expected number of (electronic) shells in
free atoms with a nuclear charge higher than 40. It has been shown that the
topology of V?p is homeomorphic to ELF with few exceptions. This remarkable
correspondence between the topologies of ELF and L(r) corroborates the latter
function’s trustworthiness in locating electron pairs. However, the pattern of
maxima in L(r) is superior in recovering the classical Lewis model. In other words,
L(r) corresponds better to chemical intuition than ELF [23]. It is not clear whether
this is due to the arbitrary transformation carried out in ELF’s construction to
obtain values bounded between 0 and 1. Alternatively ELF could be closer to the
truth as a one-electron property density than L(r) in not recovering the Lewis
model. After all, the Lewis model cannot be convincingly recovered from the
two-electron pair density.

Compared to ELF the L(r) function is very simple and free from arbitrary
manipulations during its construction, such as considering only the leading term of
the Taylor expansion of the spherically averaged conditional pair probability [22].
In fact, besides its simplicity L(r) has a deeper meaning in terms of energy densities.
In view of the local virial theorem, 2G(r) + V(r) + h%/4mL(r) = 0, where G(r) is a
kinetic energy density and FV(r) is the potential energy density, L(r) can be
interpreted as the local balance between the kinetic and potential energy of a
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molecule. Moreover, since an energy density is in fact a pressure one can interpret
h2/4mL(r)as a local pressure arising in a quantum system.

4. Applications of the Laplacian of the electron density

In this section we discuss the relevance of L(r) to chemistry, as L(r) has been
observed to be useful in practice. We will briefly review how L(r) supports the
VSEPR model, how L(r) reinterprets Lewis acidity and basicity and why L(r) is
more general than the electrostatic potential map.

The key idea of the first application is to identify the critical points in L(r) with
the electron pairs in the VSEPR model. This model assumes that the geometrical
arrangement of the ligands about a central atom is that which maximizes the
separation between the electron pairs or domains. An electron pair domain or
simply domain is the region of space in the valence shell in which the electron pair
is most probably to be found [8]. The VSEPR model operates under three
postulates. Firstly the lone pair domains are larger than the bonding pair domains.
Secondly the change in size of the bonding pair domains is a function of the
electronegativity of the ligands and of the central atom. Thirdly the domains of
double and triple bonds are larger compared to those of single bonds.

How does AIM then provide a physical basis for VSEPR? The spherical surface
along which the lone pairs and ligands move can be identified with the valence shell
charge concentration (VSCC) that AIM defines. The VSCC will be precisely defined
below but it is basically a zone in the outer region of an atom where L(r) > 0. A
crude estimate of the size of the local maxima in L(r) has been proposed [24] in
terms of a simple area of a spherical cap around the atom. This simple measure
confirms the three postulates of the VSEPR model in terms of features of L(r), but
we are confident that this measure can be made more rigorous via L(r)’s full
topology.

The second application of L(r) is connected to the Lewis theory of acids and
bases. Lewis extended the Brensted—Lowry acid—base concept and defined an acid
as an electrophile and a base as a nucleophile. The adduct F;B-NH; can then be
looked upon as a result of the neutralization of the acid BF; with the base NH;.
This neutralization principle is paralleled in the topology of L(r): a maximum in
L(r) in the valence shell an atom in one molecule combines with a minimum in L(r)
in the valence shell of an atom in another molecule. The latter principle has been
called the Laplacian complementarity principle [19]. For example, the minima
appearing above and below the plane of the nuclei of a keto group form an angle
of 110° with respect to the C=0 axis, which is the angle predicted for the approach
of a nucleophile to a carbonyl carbon from crystallographic data [25]. Similar
predictions have been made for the Michael addition reaction [26] and successfully
compared with independent potential energy surface calculations. As a final exam-
ple the geometries of a large number of hydrogen-bonded complexes have been
predicted successfully by aligning the maximum in L(r) in one monomer with the
minimum in L(r) in the other monomer. With only a few exceptions, L(r) is able
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to correctly predict the geometry of a complex of HF with bases such as N,, CO,
CS, CO,, SCO, HCN, H,0, H,S, HF, O;, H,CO and many others [27]. However,
some more recent work has shown that the quality of the predictive power of L(r)
diminishes for elements beyond the second row [28-30].

The third application concerns the ability of L(r) to predict the preferred sites of
protonation of a molecule, which may be of great help in peptide mass spectrome-
try. This problem can actually be viewed as a special case of the previous point but
it is mentioned separately to contrast it with the classical use of the electrostatic
potential map [31]. Indeed, the electrostatic potential is actually a potential energy
surface of two interacting partners: a molecule and a bare proton. It was shown
before that the preferred orientation (cis or trans) of the proton with respect to the
substituent in a dozen carbonyl compounds (XCHO) is generally indicated by the
relative magnitude of maxima in the VSCC that are present at the positions of the
lone pairs of the oxygen atom [32]. It must be emphasized that whereas the
electrostatic potential maps are inherently limited to electrophilic attack, the
topology of L(r) can be used for both nucleophilic and electrophilic attack.

In summary, the Laplacian is a simple but information-rich function, which acts
as a bridge between the wave function and chemical interpretation. The success of
its applications warrants a detailed study of its full topology, as explained in the
next section.

5. The full topology of L(r) for the water molecule

The electron density of a single water molecule possesses five CPs: three maxima,
each one almost coincident with a nucleus, and two bond CPs, each one somewhere
in between the oxygen and a hydrogen nucleus. The function L(r) on the other
hand shows a much more complex topology for the same molecule; there are at
least 43 CPs. A good starting point to disentangle this plethora of CPs is to look
at L(r)s topology for a free oxygen atom and a free hydrogen atom.

All calculations were performed with the ab initio program Gaussian 94 [33]
using the density functional B3LYP [34] and the 6-311 + G(2d, p) [35] basis set. The
water molecule was also optimized at this level. The topological analysis was
performed using the program MORPHYO00 [36] and the 3D pictures were generated
using RasMol [37].

5.1. The topology of L(r) for free atoms

Fig. 1 shows the truncated profile of the function L(r) where r is the radial
distance from the nucleus for a free spherical oxygen atom in its triplet state. There
are four zones in this profile, alternately corresponding to a spherical shell of charge
concentration (CC) (L(r) >0) or charge depletion (CD) (L(r) <0). The pair of
inner shells constitutes the K-shell or core shell. The pair of outer shells constitutes
the L-shell, which is the valence shell. As a result we call the innermost shell the
core shell charge concentration (CSCC), the second zone the core shell charge
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depletion (CSCD), the third zone the valence shell charge concentration (VSCC)
and the fourth zone the valence shell charge depletion (VSCD). This nomenclature
is a logical extension of the name VSCC, which the current literature gives to the
third zone. The pattern of shells appearing in singlet oxygen is very different.
Table 1 shows seven important radii describing the profile of L(r). There are
three radii (ry,, 753, '34) for which L(r) vanishes. They mark the boundaries between
the successive shells of charge concentration and depletion. The four remaining
radii each describe the position of the extremum in L(r) occurring in each shell. For
example, the maximum L-value in the VSCC shell is 1.56 au and occurs a distance
of 0.71 au from the nucleus. The VSCD on the other hand shows one minimum

2.00

CS(

-2.00

0.00 2.00

Fig. 1. A truncated representation of L(r) (au) versus the radial distance (au) from the nucleus for a free
oxygen atom in its triplet state, showing four distinct regions. The two hatched regions are spherical
shells of (electronic) charge concentration (CSCC and VSCC), and the two dotted regions are spherical
shells of charge depletion (CSCD and VSCD). The marked radii (r,5, 53, 34) are the boundaries between
the four regions. At these radii L(r) vanishes.
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Table 1
Values for relevant radii in the L(r) profile of a free oxygen atom in the triplet state

Radius Value®
r'csce 0

P 0.13
resen? 0.18
23 0.62
rvsee 0.71
[ 0.91
rvseb 1.13

4 In atomic units.

® This is the radius at which the shell’s extremum value of L(r) occurs. For CSCC and VSCC this is
the maximum value, for CSCD and VSCD this is the minimum value.

¢ This radius is the boundary between zone one and two, i.e. L(r;,) =0. The same convention is
applied for the radii r,; and rs,.

(L= —0.64 au), rather than a maximum, at a distance of 1.13 au. The numerical
information contained in these radii is very important to classify the multitude of
CPs occurring in L(r) of water. Indeed, it will become clear that the position of
extrema and nodes (i.e. L(r)=0) is preserved to a large extent in going from the
free oxygen atom to oxygen in water.

How can we systematically describe the topology of L(r) for a (spherical) free
atom? The outermost part of the topology is a spherical surface of maximum charge
depletion containing an infinite number of (1, + 1) CPs, or minima. The radius of
this sphere is rygcp = 1.13 au (Table 1). The rank of these CPs is reduced to one
because the two eigenvalues corresponding to the plane tangent to the sphere are
zero. Indeed, L(r) does not change for a displacement on this tangent plane.
Consequently, an extremum or CP in L(r) can be simply described as a one-dimen-
sional minimum or maximum in the radial direction. There is a sphere of maximum
charge concentration within this outer sphere. It contains an infinite number of
(1, — 1) CPs and marks the maximum value of L(r) inside the VSCC. The radius
of this sphere is rygcc = 0.71 au (Table 1). The next sphere of (1, + 1) CPs is much
deeper embedded in the atom’s electronic structure. Its radius, denoted by rcgep
amounts to only 0.18 au (Table 1), while the next sphere is shrunk to a zero radius
(rcsce =0). Note that CC shells can only contain maxima and CD shells only
minima.

The topology of the hydrogen atom is much simpler as shown in Fig. 2. Since
hydrogen has no core we only recover a VSCC and a VSCD zone, which are
separated by a nodal sphere (i.e. the set of points where L(r) = 0) with a radius of
1.02 au. It is straightforward to prove that for exact electron densities of one-elec-
tron atoms in their ground state this nodal sphere should occur at r = 1/Z where Z
is the nuclear charge. So, the calculation with the current basis set introduces an
error of 0.02 au since we should have found r=1 au. The 1/Z rule is very nearly
true for many-electron atoms as well, which is why we expect the radius bounding
the CSCC in oxygen to be 1/8 =0.125 au instead of the observed value of 0.13 au
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(Table 1). In contradistinction to the oxygen, the radii corresponding to the node
and the VSCD minimum are both contracted by almost half in going from the free
hydrogen atom to hydrogen in water. In conclusion, the oxygen is much less
distorted in the formation of a water molecule than a hydrogen.

The question is now, how the atomic topologies survive when atoms combine to
form a molecule. Two atoms forming a diatomic molecule reduce the spherical
symmetry of their topologies to cylindrical symmetry. As a result the two spherical
surfaces of rank-one CPs become a torus of rank-two CPs. A rank-two CP has only
one zero eigenvalue which corresponds to the direction tangent to the torus.
Formally, we can write L(r) as L(p, ¢, z) where p, ¢ and z are the usual cylindrical
coordinates. Because of the cylindrical symmetry L(p, ¢, z) = L(p, z), which means

0.03
B O A R T EA
-}
-0.03
L) T L) L) T L T L} T
0.00 5.00

Fig. 2. A truncated representation of L(r) (au) versus the radial distance (au) from the nucleus for a free
hydrogen atom, showing two distinct regions. The hatched region is a spherical shell of (electronic)
charge concentration (VSCC), and the dotted region is a spherical shells of charge depletion (VSCD).
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that L does not depend on ¢. In other words, the curvature of L in the direction
of ¢ vanishes and thus the corresponding eigenvalue is zero. Equally, for a free
atom, we can write L(r, 0, @)= L(r), and the eigenvalues corresponding to a
displacement along the two angular coordinates ¢ and ¢ are zero. In a less
symmetrical molecule such as water, which does not have any angular symmetry,
the CPs are of rank three, i.e. there are no directions in which L has a zero
curvature.

5.2. Computation of the critical points and the gradient vector field of L

Here we briefly comment on technical issues that arose in this work. The gradient
of L(r) is computed from the tensor containing all third derivatives of p with
respect to the cartesian coordinates x, y, and z, as shown in Eq. (1).

VL =V(—V2p)
Pp O %p Pp Op
B _|:6x3+6x6y2+6x622 il 6y6x2+$+6y622 uy
o%p Pp
N A 1
|:626x2 Tazayr T " o)

where u,, u, and u, are unit vectors. In order to find the rank and signature of a CP
in L(r) one needs to compute the eigenvalues of the Hessian of L(r). In turn this
requires the tensor containing the fourth derivatives of p with respect to x, y, and
z.

Critical points can be located using the Newton—Raphson method but a more
robust method called the eigenvector following method [38] is recommended
because the topology of L(r) is more challenging. This method is able to find a CP
of a given signature starting from a region in space possessing a different signature.
The eigenvector following method is part of the program MORPHY98 [39]. In spite
of this more robust algorithm, it is very difficult to find critical points in the atomic
core region. It is very important to start a CP search within a given interval with
many intermediate starting radii. In other words, the success of the search is still
critically dependent on a good guess of the radius.

The gradient paths in L(r) are computed numerically using the fifth-order
Runge—Kutta—Cash—Karp method with adaptive step size control and tolerance
&= 1077 [40]. Topological objects, such as an attractor’s basin or a separatrix (e.g.
interatomic surface) is typically generated from a circle or ball of initial points. In
some cases a uniform distribution of initial points leads to a bundle of gradient
paths avoiding certain parts of space. This problem is well-known in the analytical
construction of interatomic surfaces and urged the development of a more sophisti-
cated algorithm for atomic integration [41]. The reason why gradient paths may
bundle up in strands (i.e. avoid parts of space) can be understood from the
analytical expression for a gradient path’s trajectory in the vicinity of a CP [42].
Essentially, the local expression [1] for a gradient path near a CP is:
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3
rs)= Y caue’ 2)

i=1
where r(s) is the position vector of a point on the gradient path, s is the
independent path parameter, ¢; are arbitrary constants, u, are the eigenvectors and
4; are the eigenvalues of the Hessian of L(r). Suppose we have at least two negative
eigenvalues, which differ substantially in magnitude (e.g. between a factor of 10 and
100). If we trace the gradient path backwards then s varies from zero (at the initial
point) to — oco. It is clear that exp(4,s) > exp(4,s) if 4, < 4, <0. Therefore, the
gradient path will evolve much more in the direction of the first eigenvector rather
than the second eigenvector. Put differently, the path will always move in the
direction of the hard (i.e. large) rather than the soft curvature. Where this
phenomenon poses a non-trivial problem for interatomic surfaces, it can be
remedied in the construction of an attractor’s basin by using an adapted grid of

well-sampled initial points.

5.3. The valence shell charge concentration graph

Fig. 3 shows the geometric positions of all the CPs in the VSCC of water. The
VSCC of the oxygen atom and of the hydrogen atom have merged into one
contiguous region encompassing all three nuclei. This contiguous VSCC contains 16
CPs in total, i.e. six (3, — 3) CPs, seven (3, — 1) CPs and three (3, + 1) CPs. The
VSCC can never contain a (3, + 3) CP because this would imply that the CP is a
minimum even in the radial direction. Since the free atomic shell structure is
essentially preserved inside a molecule this is impossible.

The set of (3, — 3) CPs falls apart in three subsets: the two nonbonding maxima
of oxygen, two bonding maxima between oxygen and hydrogen, and two nuclear
maxima, each almost coincident with the hydrogen nucleus (separation of only
0.007 au), and therefore not explicitly shown in Fig. 3. In line with the VSEPR
model each nonbonding maximum of oxygen can be identified with a lone pair, and
each bonding maximum with the Lewis electron pair in an O-H bond. The
existence of an extra maximum very near the hydrogen nucleus is usually ignored
and does not find an interpretation within the context of the VSEPR model.
Although these extra maxima cannot be regarded as extra electron pairs there are

Fig. 3. The VSCC graph for water. The oxygen nucleus is marked in red and the hydrogen nucleus in
white. The (3, —3) CPs (maxima) in L(r) are marked in green, the (3, — 1) CPs in purple and the
(3, + 1) CPs in yellow. The (3, —3) CP near each hydrogen nucleus is not shown because it almost
coincides with the nucleus. The domain interaction lines (white) link two (3, — 3) CPs via a (3, — 1) CP.
Fig. 5. The VSCD graph for water. The oxygen nucleus is marked in red and the hydrogen nucleus in
white. The (3, +3) CPs (minima) in L(r) are marked in brown, the (3, — 1) CPs in purple and the
(3, + 1) CPs in yellow. The (3, 4+ 1) CPs link the (3, + 3) CPs via a pair of gradient paths (white), each
of which is repelled by a (3, + 3) CP.
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Fig. 3

Fig. 5
Figs. 3 and 5.

181



182 P.L.A. Popelier / Coordination Chemistry Reviews 197 (2000) 169189

not much of a practical nuisance. They merely warn us that the correspondence be-
tween the topology of L(r) and the VSEPR model is only approximately faithful and
may break down. This actually happens in a more dramatic way in inorganic oxides
such as (H;Si),0 [43], fluorides such as PF; and transition metal complexes [44].

The (3, — 1) CPs have a function which is analogous to a bond critical point, i.e.
to link maxima, which typically (but not necessarily) almost coincide with nuclear
positions. Entirely parallel to the construction of an atomic interaction line in p, it
is possible to trace gradient paths in L(r) starting from the (3, — 1) CP. We propose
tocallthis pair of gradient pathsin L (r) which link two maxima in L(r) a basin interaction
line. Of course there are as many basin interaction lines as there are (3, — 1) CPs.

The (3, + 1) CPs act as minima in the VSCC and are formally equivalent to ring
critical points in p. Although not shown in Fig. 3 they are linked to (3, —3) and
(3, — 1)CPsviagradient paths. Thecollection of such gradient paths formsatopological
object which is analogous to the ring surface in the electron density.

The computation of gradients paths enables one to know how the CPs are linked
in a network that is usually called the atomic graph. Since the VSCD and the CSCD
also contain a graph, we propose the name valence shell charge concentration (VSCC)
graphforthesetof connected CPsshownin Fig. 3. Fig.4showsacompactand convenient
representation of the VSCC graph in the plane. The vertices correspond to the (3, — 3)
CPs, the edges to basin interaction lines (and their (3, — 1) CPs), and the faces to
the (3, + 1) CPs (and the concomitant ring surfaces in L(r)). If we assign the symbol
V to the number of vertices, £ to the number of edges and F to the number of faces
of a charge concentration graph then we find that:

V—E+F=2 3)

This formula is a special case of the Poincaré—Hopf relationship [45]. According
to Euler, a graph which obeys Eq. (3) is a planar graph [46]. This is a graph that
can be drawn in a plane such that none of its edges cross each other. The VSCC graph
of a trigonal and tetrahedral carbon also obey Eq. (3) [19]. It should be noted that
there is no basin interaction line between the two bonding (3, — 3) CPs, but each
lone pair (non-bonding) maximum is connected to the other non-bonding maximum
and both bonding maxima. Table 2 summarizes all the CPs occurring in the VSCC

nb

nb

Fig. 4. The planar graph representation of the VSCC graph of water (Fig. 3). This graph has six vertices
(squares), seven edges and three faces. A vertex corresponds to a maximum in L(r), an edge to a (3, — 1)
CP and a face to a (3, + 1) CP. The two non-bonding vertices (nb, top and bottom) are linked to each
other and to both bonding vertices of oxygen (b, left and right).
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Table 2
Quantitative information on all CPs of the VSCC graph of water®

Label type Comment Radius L(r)  Multiplicity
1,2 (3, -3 Non-bonding CP, near O 0.648 511 2
3,4 (3, —3) Bonding CP, between O and H 0.714 301 2
5,6 (3, —-3) Almost coincident with H 0.007 2623 2
7,8,9, 10 3, -1 Links two bonding CPs 0.698 279 4
11 3, -1 Links two non-bonding CPs 0.657 4.19 1
12, 13 3, -1 Links bonding CP with H (3, —3) 0.713 0.78 2
CP
14, 15 3,+1D In water plane, above and below O  0.702 1.56 2
16 3, +D On G, axis, right of O 0.715 1.31 1

# Critical points which can be obtained via a symmetry operation of the point group C,, have been
omitted. The radius is the distance to the closest nucleus. Comments may refer to Fig. 3.

graph, listing their signature, their radius (i.e. distance from the nearest nucleus)
and the value of L(r), and their multiplicity in connection with the symmetry
operations of water’s point group, C,,.

5.4. The valence shell charge depletion graph

This VSCD is also extending over the whole molecule and contains 20 CPs in total,
i.e. five (3, + 3) CPs, nine (3, + 1) CPs and six (3, — 1) CPs. The VSCD can never
contain a (3, — 3) CP because this would imply that the CP is a maximum even in
the radial direction. This set of connected CPs can be collectively called the valence
shell charge depletion (VSCD) graph. This graph is much more complex than the
VSCC graph and encompasses the whole water molecule, as shown in Fig. 5. It is
instructive to think of a VSCD graph as a mirror image of a VSCC graph by replacing
every positive sign in the eigenvalue spectrum of a CP by a negative sign and vice
versa. For example, a (3, — 3) CP in the VSCC graph becomes a (3, + 3) CP in the
VSCD because all three minus signs are replaced by plus signs. Equally, a (3, — 1)
CP in the VSCC corresponds to a (3, + 1) CP in the VSCD and vice versa. As a
result, it is now the (3, + 1) CP that links the (3, 4+ 3) CPs and the (3, — 1) CPs
represent the faces (or ring surfaces). Another difference is that the gradient paths
are repelled (by the (3, + 3) CPs) rather than attracted.

Table 3 summarizes all the CPs in the VSCD graph in the same way Table 2 does
for the VSCC graph. If we identify the vertices of the VSCD graph with the (3, + 3)
CPs, the edges with the (3, + 1) CPs and the faces with the (3, — 1) CPs, then Eq.
(3) is also valid for this graph, since 5—9 + 6 =2.

The VSCC graph and the VSCD have been presented as separate units but of course
they are linked by gradient paths as well. A very interesting extension of this work
would be to investigate how both graphs change upon a distortion of the nuclear
skeleton from the equilibrium geometry. Structural changes in the topology of p have
been investigated before [47], but is unknown terrain for L(r). It is likely that CPs
of the VSCC graph and the VSCD graph annihilate each other, a process that may
shed light on the absence of bonding maxima in fluorides such as PF;.
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Table 3
Quantitative information on all CPs of the VSCD graph of water®

Label Type Comment Radius  L(r) Multiplicity
1,2 3, +3) Near H 0.703 —0.175 2
3,4 3, +3) Near O, above and below, left 1.134 —-0.731 2
5 3, +3) Near O, on C, axis, right 1.137 —-0.742 1
6,7 3,+1) Near H, utmost top and bot-  0.712 —0.174 2
tom
8,9 3,4+ Near H, right 0.741 —0.153 2
10 3,+0D Near O, utmost left, in water  1.179 —0.600 1
plane
11, 12, 13, 14 G, +1 Near O, middle 1.180 —0.591 4
15, 16 3,-1 Near O, left 1.195 —0.666 2
17, 18, 19, 20 3,-D Near H, right 0.743 —0.152 4

4 Critical points which can be obtained via a symmetry operation of the point group C,, have been
omitted. The radius is the distance to the closest nucleus. Comments refer to Fig. 5.

5.5. The core shell charge depletion graph

The CSCD graph turns out to be rather simple as shown in Fig. 6. This graph is
wrapped around the oxygen nucleus rather than the whole molecule and contains
six CPs in total, i.e. two (3, +3) CPs, two (3, +1) CPs and two (3, — 1) CPs.
Again, the number of CPs obeys Eq. (3). Quantitative details of the CPs are listed
in Table 4. After many searches we had to conclude that the CSCC has a trivial
topology: just one (3, —3) CP in the bisector plane, shifted from the oxygen
nucleus towards the protons by only 1.1 x 10 =% au. This brings the total count of
CPs to 43. It is not possible to guarantee that all CPs have been located, but one
can test if the number and types of CPs found are compatible. The Poincaré—Hopf
relationship for L(r), obtained after modifying the one for p, becomes

ni3, —=3)—n@B3,—D)+n3, +1)—n@3, +3)= -1 4)

where n(3, m) is the number of (3, m) CPs (m= —3, —1, +1, + 3). Indeed, we
obtain that (1+6)—2+74+6)+2+3+9)—-2+5)=7—-15+14—-7= —1.

Fig. 6. The CSCD graph around the oxygen nucleus in water. The oxygen nucleus is marked in red and
the hydrogen nucleus in white. The (3, + 3) CPs (minima) in L(r) are marked in brown, the (3, — 1) CPs
in purple and the (3, + 1) CPs is yellow. The (3, + 1) CPs link the (3, + 3) CPs via a pair gradient paths
(white), each of which is repelled by the (3, + 3) CPs.

Fig. 8. A representation of the basin (blue) belonging to a non-bonding (3, — 3) CP in water. This CP
acts as an attractor for a multitude of gradient paths in L(r) (blue). The white bowl-shaped object below
is the interbasin surface of the (3, — 1) CP (purple). This surface separates the basin of one of oxygen’s
bonding (3, —3) CP (green) and the basin of hydrogen’s (3, —3) CP (not shown because almost
coincident with the hydrogen nucleus). The VSCC graph of Fig. 3 has been added for reference. Note
that the (3, + 1) CPs (yellow) are in the plane of water.
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Fig. 6

Fig. 8
Figs. 6 and 8.
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Table 4
Quantitative information on all CPs of the CSCD graph of water®

Labels Type Comment Radius L(r) Multiplicity
1,2 @3, +3) In water plane 0.173 — 1416 2
3 3, +1) On G, axis, left of O 0.173 —1414 1
4 3, +1 On G, axis, right of O 0.175 —1347 1
5,6 3, -1 Front and back 0.174 —1342 2

4 Critical points which can be obtained via a symmetry operation of the point group C,, have been
omitted. Comments refer to Fig. 6.

5.6. The gradient vector field of L(r) and domains

In Fig. 7 we show the gradient vector field of L(r) in the plane of the water
molecule superimposed on the contour map of L(r). The CSCC appears as an
almost perfectly spherical region centered at the oxygen nucleus, encapsulated by
the slightly distorted CSCD. The VSCC is one contiguous zone wrapped around all
three nuclei, and also encapsulated, now by the VSCD, which extends to infinity.

Clearly the gradient paths are everywhere perpendicular to the contour lines
(except for CPs). The 20 CPs of the valence shell (both VSCC and VSCD) that lie
in the plotting plane are also marked. It is clear that the CPs appear with nearly
constant radii around there nearest nucleus. The gradient vector field shows the
basin in L(r) dominated by the (3, — 3) CP practically coincident (and therefore
not shown) with the hydrogen nucleus. There is also a basin dominated by the
bonding (3, — 3) CP between O and H. For the sake of clarity we have not shown
too many gradient paths, otherwise the attractor pattern would appear more clearly
in the gradient vector field. Equally, the nonbonding (3, — 3) CP (not shown in Fig.
7) is an attractor for another basin in L(r).

An important question is the chemical meaning of the basin in L(r). With an eye
on the VSEPR model it would be tempting to call such a basin a domain but this
proposal yields two problems. Firstly, a basin contains regions where L(r) >0 as
well regions where L(r) <0. This means that an electron domain would contain
regions of charge depletion. The second problem is that the (large) basin centered
on each hydrogen nucleus cannot be explained in terms of VSEPR domains. Also,
at the current stage of research it is not clear what the chemical meaning is of the
region of space spanned by an infinite number of gradient paths repelled by a
(3, +3) CP. In view of the mirror image relationship between CC and CD zones,
these regions of space could be called anti-domains. Topologically these are exactly
the opposite of the domains of the VSEPR model, but to our knowledge anti-do-
mains have no equivalent in the VSEPR model. In summary, the occasional
mismatch between L(r)s topology and VSEPR is a challenge to both VSEPR and
AIM. Does VSEPR explains the right (experimental) data for the wrong reasons, or
should AIM provide another function, whose topology supports VSEPR better?
Perhaps one could focus on that part of the basins where L(r) >0, in order to
define, from AIM, a precise spatial region to be identified with a domain.
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Finally, in Fig. 8 we produce a 3D view of the basin in L(r) (blue) corresponding
to the non-bonding (lone pair) (3, — 3) CP. In future work the volume of such a region
will be computed as well as its charge by integrating the electron density over this
volume.

In Fig. 8 we also show the topological analogue of the interatomic surface. In L(r)
it is the boundary between two basins and can therefore be simply called an interbasin
surface. The white bowl-shaped object at the bottom of Fig. 8 is the interbasin surface
of the (3, — 1) CP between the basin of a hydrogen and a bonding basin of oxygen.

Fig. 7. A superposition of the gradient vector field of L(r) and its contour map in the plane of the water
molecule. The dashed contour lines correspond to negative L(r) values (electronic charge depletion). The
solid squares mark (3, — 3) CPs, the solid triangles (3, — 1) CPs, gray triangles (3, + 1) CPs and gray
squares (3, +3) CPs. Only the CPs belonging to the valence shell have been marked.
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The interbasin surface can be constructed by tracing gradient paths backward (i.e.
steepest descent) from a small circle of initial points around the (3, — 1) CP. In
general, good representations of other interbasin surfaces are hard to generate
because of the technical difficulties that largely differing Hessian eigenvalues
generate (see Section 5.2).

6. Conclusion

An exploratory investigation into the full topology of L(r) has been performed
for water. Even for such a simple molecule the complexity of the topology of L(r)
is bewildering compared to that of p. Nevertheless this set of critical points can be
understood from the topology of the free atoms participating in the molecule under
study. The consecutive regions of electronic charge concentrations and charge
depletion of both core and valence shell are largely preserved for oxygen, in going
from the free to the bonded atom. Each such region (except the CSCC) has a
connectivity scheme of critical points, linked by the so-called interbasin lines. This
scheme can be compactly represented by a planar graph, which is convenient for
classification purposes in a chemical database of quantum atoms. The function L(r)
has been proven to be of practical use in chemistry, not in the least because of the
almost faithful mapping its topology has with the VSEPR model.

Recently, however, the VSEPR model has been reformulated and it still is in a
continuous state of refinement and updating. To quote Gillespie (1996) ‘In its
original formulation, the model was based on the concept that valence shell electron
pairs behave as if they repel each other and thus keep as far apart as possible. But
in recent years more emphasis has been placed on the space occupied by a valence
shell electron pair, called the domain of the electron pair, and on the relative sizes
and shapes of these domains’ [8]. This shift in emphasis has been one of the
incentives to embark on the study of L(r)’s full topology. Clearly, future research
faces the continuing challenge of preserving the much desired link between VSEPR
and the physics governing a molecule. A recent study on electron localization
concluded that one may begin to understand how information regarding the pair
density is transmitted to L(r) in terms of the behavior of the so-called Lennard—
Jones function [48]. We have planned a systematic study of L(r)’s topology of more
involved compounds, such as CIF;, SF,, SF,O, CIF; and SF, and possibly a
transition metal complex in order to understand the correspondence between
VSEPR and AIM better.
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