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Biconical Antennas with Unequal Cone Angles

Surendra N. Samaddarife Senior Member, IEEEand Eric L. Mokole,Member, IEEE

Abstract—The problem of radiation and reception of electro- z
magnetic waves associated with a spherically capped biconical 4
antenna having unequal cone angleg: and ¢. is investigated.
Both cones that comprise a bicone are excited symmetrically at
the apices by a voltage source so that the only higher order modes e ~
are TM. A variational expression for the terminal admittance is - ~
derived. Under the wide-angle approximation, expressions for the , \
radiated field, the effective height, and the terminal admittance J/ N
are obtained. In addition, limiting values of these quantities / v \
are derived for electrically small and electrically large wide- !
angle bicones. The results for arbitrary cone angles are new
and subsume results that appear in the existing literature as
special cases such as wherg¢; = ¢, or ¥, = w/2. Moreover,
the approximations of this paper are more accurate than many V2
in the literature. It is argued that the radiation pattern of an \ /
electrically small cone is proportional to sin ¢, which is similar \ /
to that of a short dipole; whereas the pattern behaves like N /
1/ sin 6 for electrically large cones. The parameterd is the angle /S S —
from the bicone’s axis of symmetry to the observation direction.
Consequently, the direction of maximum radiation changes with
exciting frequency for a bicone of fixed length. Although most of
the analyses are presented in the frequency-domain, time-domain
responses of bicones are discussed for some special cases that
are similar to situations considered by Harrison and Williams.

In particular, the time-domain radiated field and the received Fig 1. Cross-sectional view of spherically capped biconical antenna with
voltage are shown to depend on the input’s passband and on the equal slant heights denoted byand with unequal cone anglels and -
match between the source and the bicone. in rectangulai(z, y, z) and spherica{r, #, #) coordinates. The axis points
out of the paper and the angle about thez axis is measured from the
axis toward they axis. The dotted curve represents a sphere of radiasd
[. INTRODUCTION the lengthsk; and ko are the altitudes of the top cone and bottom cone,
Ei?pectively.

* P(r,8,0)

N this paper, the biconical antenna analyses provided
Schelkunoff [1], Smith [2], Tai [3]-[5], Papas and King [6],
[7], and Sandler and King [8] are generalized by considerifignction Ii(r,0) [1]-[5], which is equivalent to the radial
axially symmetric bicones having unequal cone angles. TR@mponent of the vector potential and is azimuthally invariant.
geometry of the antenna configuration is shown in Fig. 1, afi@'mal expressions for the field components are presented
(r,0,4) are spherical coordinates. The common axis of tHist in each of the region§ < r < a andr > a, where
two cones is oriented along the axis and the cone anglese is the length of each cone and corresponds to the radius
Yy and v, satisfy 0 < o4 < 7/2 and 0 < oy < T — Uy of the sphere in Fig. 1. On using these field components, a
Relative to#, the lateral surfaces of the upper and lowefariational expression for the terminal admittance is derived
cones correspond t6 = , andf = 7 — 5, respectively. in Sections II-A and II-B. When), = v, this variational
By a proper choice of; and 1, the exit aperture of the expression agrees with Tai’s result [5].
antenna can be adjusted so that the radiated power will beAlso of interest are the wide-band and ultrawide-band
directed in a desired direction, which is one of the motivatiofehaviors of biconical antennas, which have application in
behind this investigation. Furthermore, knowledge of biconicatrveillance and communications. Papas and King [6] demon-
antenna characteristics is helpful in understanding why TE8trated that both the input resistance and reactance of wide-
horns, V-antennas, triangular plates, and bow-tie antennas a@ingle bicones having cone angles exceeding 4@ very
very wide band. slowly varying functions of frequency for very wide frequency
The cones are excited symmetrically at the apices sanges. Furthermore, they showed that the higher-order TM
that only TEM and TM modes are generated. The fielhodes in the antenna regigfi < » < a) can be neglected
components can then be expressed in terms of a scdfarwide-angle bicones. Under this wide-angle approximation,
Manuscript received October 10, 1996; revised September 25, 1997. ngne_ral resuIFs fora blcone’s_effecn_ve length, mpUt |mped_ance,
work was supported by the Naval Research Laboratory and the Office of Nat@rminal admittance, and radiated field are derived (Section II-

Research. _ _ C). These results are further analyzed for the limiting cases
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USA. of electrically small and large wide-angle cones. Radiation
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inches are discussed to contrast the behavior of equal cdiyesolving the transcendental equation, (7 — ) = 0 for
angles versus that of unequal cone angleg:1¥ v, = 53.1° eachp = 1,2, - .. Moreover, taking the limit ag approaches
and 2), = 53.1° andt, = 70°. In Section Ill, the transient a in (1b) yields

responses of wide-angle biconical antennas for some special .

cases, similar to the situations considered by Harrison and  I(¢1,v¢2) = 7/ Ey(a,0)do.  (3)
Williams [9], are studied. 22 (W1, )

Outside the antenna regidn > a)

II. ANALYSIS

In this section, formal expressions of the electric- andjwe,r?F, Z b a( kr cos f) (4a)
magnetic-field components for the antenna redibs r < a) 2m Iy (k
and its complementr > «) are expanded in terms of series by Ri(kr) @
involving Bessel(J,), Legendre(P,), and HankeI(H,F,z)) rBy = —iZy Z S+ 1) R;(/ca) g 11 (cost) (ab)
functions. The unknown coefficients of these expansions and
the terminal admittance; of the bicone atr = « are B b Ri(kr) 0
determined. The expression f&f is recast in a variational Z 27l(l+ 1) Ry(ka) %P’(COS f) (4c)

form which is evaluated to obtain a series representation of

. At this point, the expressions for the fields, the inpYphere 7! is the derivative ofR; with respect to its argument,
|mpedanceZm, the effective height.., andY; are simplified {b;} are unknown constants, and

by using a wide-angle approximation for the cones. These

results are reduced further by applying approximations for two Ri(kr) = Verz(i)l(kr)' (4d)
special cases: electrically sméHla < 1) and electrically large o ’
(ka > 1) wide-angle cones. A. Determination ofi,,, b;, and Y}
Within the antenna regiof0 < r < a andi; < 6 < Representations for the unknown coefficients and b,
T —1»), the components of the electric and magnetic fieldgd the terminal admittancé of (1) and (4) are determined
are given by by applying the continuity conditions at = ¢ and the
. ) a,. S, orthogonality relations foff;,, and . In particular, since,
wegr” by = 27: S, P 1,,(0) (1a) andr#, are continuous at = a for 1; < 6 < 7 — s
Vs — IOZO [(1+ch)e‘“‘““‘”’> Zb,P, (cos) => a,,T,,(0), ¢ <O<m—1s (5)
27 sin 0 vy
+(1 - Zch) ethtr=e] UL RN )
iz Z vy sy (kr) 9 95 sin 0 - vp(v, +1)00° "7
0 omy (1/ +1)5, (ka) 06~ " o ) 5
1
= — — P g).
(b) ; i+ 1yae s ©
_ —ik(r—a -
riy = 271' <in 0 [(1+ Z.Yi)e ) The manipulations in the remainder of this section simplify the
(- Zﬂ}/f)ezk(r—a, ] coupling among the unknowns and completely uncouples them

under the wide-angle cone assumption, so that each unknown
a, Sy, (kr) 8 ) . .
_ Z d d —T, () (lc) is expressed in terms of known quantities.
271y (v + 1) Sy, (ka) 0 Integrating both sides of (6) with respect dofrom ©; to
T — 15 and applying the boundary conditions yield

where 5, = denotes differentiation of5,, with respect to
its argument and{a,,P} and I, are constants that must be

2 o 7
determined. Furthermore, by [, = /0 /cn = 1207 Y, = <QfOZ ) Z l(lliil— 1)gl(p1,p2) (7a)
/ ‘ =1
Z T—12 1
Zo(th, by = 2_0/ 5 d0
T Sy S where piy = cosy, pa = cos s
A
= ﬁ In [cot(s)1 /2) cot(ehs /2)] (2a) by = byw
T,,(0) = P, (cos0)P, (— cos i ) and ol
— Py (= cos )P, (cos ), (2b) g1, p2) = Pr(cosgn) — (=1)' P(cosvn).  (7b)
Sy, (kr) = v k”up+§(k7°)~ (2¢)  when Y1 = Yy = 1, (7a) reduces to
Equation (2b) satisfies the boundary condition tRatvan- Zo \? 2b;
ishes on the surface of the bicone fok r < a:T},, (1) = 0 =\ %z > TPI(COS ) (7¢)
and 7, (m —¢,) = 0. In general, the index, runs over a O ELAS

countable number of noninteger values, which are determinetlich is (14) of [3].
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Setting (1b) and (4b) equal at= « leads to z SPHERICAL
ZZ() b]M] (9
 2ma Z (I+1) 00 Pifcos?)
_ {EG(G), ’l/)] <6<7T—’l/)2 (83)
0 0<0< and 7 —1y <0< o
, <0<y T—ty <O<T P(r, 8, )
where .
E,(0) = Ey(a, 0) \
IhZy  i% a,,N,, O ‘
- _AONT Tetve Y i
masinf  2wa Z v, (v, + 1) 00 v (0) (8D) . |
vr VZ 1 \N
(ke S (ka "
M, = Ri(ka) and N,, = . ). (8¢) v \
Ry (ka) Sy, (ka) INFINITE CONDUCTING

PLANE
Multiplying (8a) bysin 6.2 P, (cos §) for positive integer,
integrating fromé = 0 to 9 = m, and noting thatry, vanishes

on the spherical caps of the metallic bicone yield

ay,r(r+ 1
(/’“J/’LQ = _ZZOZ ( IVPJ‘ 4 A

27”/7’ vp + 1) Fig. 2. Cross-sectional view of spherically capped conical antenna in rectan-
gular(z, ¥, z) and spherica{r, 8, ¢) coordinates above an infinite conducting
ZZO br M, 9 ground plane#£y-plane). The cone angle i8;, the altitude ish;, anda is
+ 7T(2r + 1)9(1/)2) ( ) both the cone’s slant height and the hemisphere’s radius. The hemsiphere is

indicated by the dotted curve.
wherey = cos § (see (10a) at the bottom of the page) and

L, s # w2 which involves only the unknown#b, }. Finally, replacement
Q =14by, == 10b ) . ' ; :
(¥2) + 023 {2, hy = /2. (100) of ¢.(¢1,v-) in (7a) by the right side of (12) provides an

The functionf2(+,) is introduced to account for the situation expression for the terminal admittantg
when the cone with angke, is replaced with an infinite perfect 7 o0 020
r r

. . 14
conductor at the plane = 0 (Fig. 2) that occurs in [6]-[9]. Y: = 3 Z
After applying the orthogonality 6f,, (6) on vy < 0 < 7—» Al 27 | Q¢e)r(r + 1)(2r + 1)

to (5), one obtains oy wN, Lo
oo 1 vp,rivp,l
1, — -
= Zbl AVP’I . (11a) ;;; 2”” Yp + 1 IVP’”P
P
= v, (13)
The quantityl,, ., is given by in terms of{#;} only. Hence, (11a), (12), and (13) represent
7 NG T (o) d the coupling among,, andb; more simply than (5) and (6).
e ), oI ak As mentioned in the introduction, when TM waves or
1 P 9 complementary waves in the antenna region are negligible
=5 T [(1 - /l12) aTTuP(M)a—TuP(M) a,, can be neglected, which is accurate for wide-angle cones
r r # according to [2] and [6]. Letting:, = 0 in (9) implies the
oy 0 0 . . N
- (1- ”2>37TVP(_F‘2)@TVP(_H2) . following approximate value ob,:
P
- (2 1
(110) oo =D e ()
2 04y
Next, substituting (7b) fob, and (11a) for,_in (9) results in ) . . .
9( .) (11a) fom, in (9) Subject to the wide-angle cone conditiom,, ~ 0), which
0o (pin s o) = ib, M, may be called the zero-order approximation, the expression
Y Qo) o (2r + 1) for the terminal admittance becomes
ir(r+1) o= N0l 1,0 iZ, L (20 + 1D)Q(ty)
_ il e Ve Vel (12) = 0 222 (g, o). (15
21, ZP:,; vy + V1, 0 0= T4 22 (1) ; r(r+ DM, 7 (ks p2)- (15)
n 1—u})Po(p) 2T, —(=1Y (1= pi3) P (o) 2T, (—
L, _/ T, (1) Po() dpt = ( M) (M)a,,, L) = (=1) ( #z) (M)a,,, (—H2) (10a)
- rir+ 1) =y, +1)

jh2
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Equation (15) can also be obtained from (13) by neglecting Expand £, in the form
the term consisting of the triple sum and then replading

with (7b) and (14). E(0) = - 4+ ¥ Ayma%T,,m(G) (19)

sin 6
Vm

B. Evaluation ofY;

The representation of; is first recast in terms of the Which is implied by (8b), where(4,  } are unknown con-
unknown aperture fieldZ,, which is then expanded in aStants. Sincef,(d) appears in both the numerator and the
series involving the sequendd},}. Finally, Y; is derived denominator of the right side of (18), normaliZg to unity.

by requiring thatZ, give a stationary value of;. After carrying out the integrals in (18) using (19}, becomes
With the aid of (8a) and (8b), expregsanda,, as follows . - )
in terms of the aperture field,(¢) at r = a: Y, = iZo | ZQ(%) 95 (pa, p2)
maQ() [*-0 5 L 2nZ? — s(s+ DM, I
2ma 9 . s= ’
b, = m /w1 E.(#) smH%PT (cos ) df (16a) N Z Vi (U + 1)Ivm,va12/m
27a T2 0 Vi N,
ayy = — / Fu(6)sin 055, 0) 0 (16b) - L A
04Vy 4y, v 1 i 20 gs\H1, f2 )Ly, s Ay,
o 2 D B S TA
Ir,r :/ [PT(COS 6)] sind dé = m (160) s=1 Vm
0 - 5(5 + 1)Illm7SIVn7SAl/mAl/n
Substituting (3), (16a), and (16b) fds, b, anda,,, respec- B Z;,Z;Q(%) M, ’
tively, into (6) leads to S (20)
}/t 7T—1,/)2 , , I3 WTVP (6) . . .
e /1/)1 Eo(0)df — - ; vo(vp + )N, 1, Tosimplify (20), introduces, , a,,,, andy,, ,,, as follows:
T 9 iZ, I
AP / / / 0 Vm,Vm
X /1/)1 Ea(e )Slng WTVP(Q )da Bl/m = ﬁl/m(l/m + :l)TmJ (21&)
= Q(g/}z)(,f—@Pr(cos 8) iZ0 — I, .
=—— == Q s (s udl 21b
7 2 o+ DL Yo = gy 2 M) g (210
x /H/&E (@)sin 0 2P, (cos 0') deY an T
a W r _ ZZ() L/n,sL/m,s
1 e w7
the integral equation for the unknown aperture fi&lgl(6).
Next, multiply both sides of (17) by, (¢) sin¢ and integrate  \yjith (16) and (21)Y; can be cast in the form
with respect tod from 8 = vy to # = 7 — 15 to get
— 2
o T—g -2 }/T —}/t() +Zﬁl/nAyn +22al/nAl/n
}/t == Z_ / E,,(G) dﬁ Vn Vn
0 /s 3D v Avn A, (22a)
. 4 Um Vn
x Z(VP(VP+1)NVPIVP7VP) . . . . o
v Since Y; is stationary with respect to the variation &f,,
. 5 2 one determines the unknown coefficients,, by setting
T—12 5 _ . .
X {/ E,(6) sin 0557, ,(0) da} 7, Y+ = 0, which gives
e B Av, o, + > v, A, =0. (22b)
= > Q) (r(r + M, L) zm:
r=1
Ty 9 2 Multiply (22b) by A, , sum overv,, and substitute the
X {/ E,(#)sin Ha—HPT(cos 9) d&} resulting expression into (22a) to obtain
1
(18) Vi=Yi+ Y o, Ay, (23)

It can be shown that the functiong] of (18) is in variational

form with respect td7, (6); that is, £, makesY; stationary. In If the first term on the right side of (23) is called tkzero-
other words, the first variation &f; is zero for all admissable order solution then the second expression may be called the
variations of £,. correction term
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C. Wide-Angle Approximation clearly I(0) is not necessarily equdl,. Moreover, the input
As stated earlier, in the wide-angle approximation, tHE'PedanceZ, is given by
complementary waves (TM modes) in the antenna region are V(0) o1 — 09

negligible (a,, ~ 0). This approximation corresponds tg Jin = 1(0) =2 o1+ oo (29)

and1), that exceed 40 Consequently, fob < r < « the field

components can be expressed as After settinga,, = 0 in (9) and using (27a), one determines

that

= Z,O 7 [016_”” — 026“”] B = _i 2n+1 (Ule_“m - Uzeika)gn(ﬂlaﬂz)9(¢2)
rsin n 2 n 2 :
and 2an{n+1) hgl—)1(ka) - mhgl )(ka)
(24) (30)
_ 1 —ikr ikr The substitution of3,, into (26) gives the field components
Hy = — [01 e + ose ] . . . . .
rsind in the exterior region(r > a). For observation points such
where that k+ > 1, an asymptotic approximation at is
—ikr
1 . a1 €
7 = 222V + D WD (kr) ~ " (31)
oy = ;—;(cht — Lyeihe (25) Hence, the radiated field .
Z —1RT
o _ 21 i Bpi(r0,w) = T2 ——IO)kR(0,0)]  (323)
P A LI o
71 o is represented in terms of the antenna’s effective height
The ratioo, /o is the reflection coefficient. where
In the exterior region(r > a) e—ika _ 23 ika o0 5
k’he(a,(.U) — a1 ? (27'L+ 1)
(2) ) ka(l + 2—2) — 2n(n+1)
Ey=iZyy B, |h D (k % S
§ = 1y Z [ - ( 7“)] (COS ) Pr}(cos H)gn (/J1 ,/JQ)Q(l/)z) (32b)
and W2 (ka) = £ (ka)
(26) Additional information is now used to derive an alternate
(2) representation for the coefficient preceding the summand in
Hy = Z Byl (kr) F, (cos 0) (32b) and to obtairY; under the wide-angle approximation. To
these ends, equate the expressions in (24) and (263at and
where use (2) and (30). After manipulation, one obtains the relation
1+ 0_267?ka S,
/™ b = 4 )
hgf) x) = 7 (2 B, = - o i2ka =—iS (33a)
) 2 n+ +(7) 2ran(n + 1)h£12)(ka) 1 — Z2eizho Am(Z. [ Z0)
(278) where S = $20/(47%,)
=N 2n+1
d —
P} (cos) = 7 P, (cosf) =sin0P; (cosb) Z n(n +1) (g 1) (1 12)n (k)
n (2)
= — he (ke
= [Pn_1(cost) —cosOP,(cosh)]. (27h) Co(ka) = (ka) (33b)

h? | (ka) — 2hS (ka)
The prime in P, denotes differentiation with respect to its
argument, and the functio®' is the associated LegendreS0IVing (332) fore, /o leads to

function. One can show that the input curreid) (which Oy et +1 34
is not Iy) and the input voltagé’(0) are given by o € iS—1° (34a)
1(0) = hH(l) (277 sina, Hy(r, )] = 27(0y + 02) On comparing (25) and (34a), one arrives at
r— . 1_|_ o2 i2ka
T VL I S T (34b)
V(0)= rEq(r,0)df = 27Z.(0y — 02). (28a) Z.,  Z.1— Z2eitka
1 1

) for the terminal admittance.
Since Equations (32) and (34) provide expressions for the field, the
j- —ika ika effective height, and the terminal admittance under the wide-
0= 7T(0'1 € — 09€ ) . . .
angle approximation. In the next two sections, these results
— 1(0) _ (28b) are simplified for electrically smallka < 1) and electrically
2[Z.Y; cos(ka) 4 isin(ka)] large (ka > 1) wide-angle bicones.
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1) Small-Cone Approximatiofke < 1): In this case, con-
sider ¢, of (33b) first. Through (27a), expregs in terms of
the Bessel functions of the fir§f, ) and secondY), ) kinds and
substitute the standard asymptotic approximations df«) — (ka)?
andY, (ka) for the small argumenka [10]. In the resulting
asymptotic approximation of,,, one eliminates terms with In+1
(ka)” for n > 2 and expands the remaining expression in a X ngi (“1’“2)]+0((k“)3)'
series involving powers dfta) with the binomial expansion. =t

ZoQs) i 2n + 1
4720(1/)1)1/)2) nel n2(n + 1)
1 ZOQ(¢2)

6 + SWZC(¢1J1/}2)

D(b,w)= |1+

gn uz)]

Finally, retaining only terms of the expansion througte)? 37¢)
inclusive leads to the approximation By taking only the first term of each series and excluding
ka (kay’ terms of ordefka)? and higher, the approximations f6rand
~_Z kh, can be simplified further to
Cn(ka) ~ " [1 + (2 — 1)]. (35a) p
Next, substitute (35a) into (33b) to get S o #%(COS 1 + costn)” ka (38a)
6o Zoka 20 m+1 ) 9 o (ka)% kh, ~ 67TZC(1/)1, 1/}2)9(1/)2)((305 1/)1 + cos 1/)2) sin ¢
T 4z, — n?(n+ 1)g" (s p2)SHY2) + ( 2n3 ) 87 Zu (1, o) + 3Z0Qtha)(cos ¥y + cos o)’
" (35h) (38b)
Now an approximation okh, is obtained. One can argue 5 ! .
that where g2 (/u., m)_ = cos ¥y 4 cose, and P/ (cos 9) = sin 6.
The approximations in (38) are accurate providedis not
h(2)1(/ca) _ ih(z)(lca) nearw/2 andvyy — 2 is not near zero; otherwise, more than
ne ka " one term in the series fof of (35b) is needed to obtain
2n (?2;1)?11'(“)“2 reasonable accuracy. For example, the sedend= 2) and
~ A(n+1)!(n—1)! - (36a@) third (n = 3) terms are not negligible compared to the first

- (;2_1) + 2 (ka)?r+! term (n = 1) for ¢, = i
n(2n n+1)!(2n)! = 1 = ¥=. According to (37) and (38b), the
Hgdiation pattern of an electrically small wide-angle bicone
IS approximately proportional tein # and, consequently, is
similar to the pattern of a short dipole, which agrees with an
e—iha _ o2 ika observation made in [8].
7 Another parameter of interest is the bicone’s driving

ka(l + 22) impedance Z. of (29), which, by (34a) and (35b), is

Moreover, substituting (35b) into (34a) and expanding t
trigonometric functions in Maclaurin series yield

N i ) Z0Q(s) = 2m+1 approximately (39a), shown at the bottom of the page, where
= (ka)? t A7 7, (U, ¥n) Z nQ(n—I—l)gn(M’NQ) the arguments ofZ., Q, and g, are suppressed. Under
’ n=l the caveat on accuracy pertaining to (38a) and under the
1 ZoQts) = 2n41 assumption tha{ka)” is negligible forn > 2, a simpler
2 0 2 2 [l ]
(ka5 + AR ; n2(n+ 1) (p ’”2)1 approximation ofZ, is
-1
Zin (¢1 9 1/)2)
+O((ka)? . 36b
(ka) )) (360) ~ 8772 (v, 0)
T ika[87 7, (¢, 1e) + 3752y ) (cos by + costhy)?]’
Substituting (36) into (32b) implies that (B2 (r, ¥2) 32082y cos 2)(?}%)
N(6,w) . . .
kh.(0,w) ~ 0 (37a) As expected, the input impedance of an electrically small
(0, ) bicone behaves like a capacitive impedanggwCi, ), where
- S (2nt+ D(n—1)! the equivalent capacitanag;, is computed by making the
N(0,w) = —ka mrgn=i | q p n puted by making
(6,w) “ (1/)2)7; ! n(n + 1)(2n)! obvious identification in either of (39).
B e An identity between two evaluations¥m(vq,14) and
P! 8)g, k ! o ! .
X (kz)(fos ).gé(ﬁ(tjl;ﬁti()r(l_?zl — Yi0(%1, w/2)—of the zero-order approximation of the terminal
| = ooy 27 iy (k) + admittance is now established. When either = 7/2 or
(37b) o = 44, the boundary conditions impose the constraint that
Z 1= (ko) [§+ 252 Y0, 2 7) + O((ka)?)

(39a)

Lin & —— ) m 7 ) m
Zka [1 + 47;1'07(11 Zn:l n;(n_:—lwg;l] - [% + 8771'07(12C Zn:l ns(n-:-lwggl] (ka)2 + 0((1{'@)4)
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the indexr of the summation in (15) runs over the odd naturgé42c), one obtains

numbers only. Since’, (0) = 0 for odd r - -
20+ 1 20 + 1
Z (g, o) Z PP ()
=1

Yio (¥, 1) 22 (¥, ¥1) = 2ao(thr, 7/2) 22 (¥, 7/2). (40a) i {1+ l< +1)
) Pr(p ) Pr (o) + P (12)]
However,Z.(yn , 41 ) =2Z. (¢, 7/2) =(Zo /7) In[cot(11 /2)] "
by (2a), which implies that — 9l [c0t<7) ( )]
Yio(thr, 1) = 1Ym(w ,T/2). (40b) = Z—OZc(wl,zbz) (43)

Note that (40) and relations based on it do not depend on 8 —1 < —p1 < p» < 1. Since0 < ¢; < 7/2 and
small-cone approximation. —cosq < cos %_for a_ny_z/;1 and ., the co_nd|t|o_n—1 <
In summary, observe that the radiated field and the mputf‘1 < p2 < 1 is satisfied. Hence, (43) is valid for the

onical geometr
impedance for the electrically small wide-angle bicone depené:Before gddressﬁr/lgz/al an asymptotic approximation for
explicitly on the cone angleg), and ¥,. Moreover, upon G ’

is developed. By (31), one may argue f@¢fka) < 1 that
setting ¢y = fy, ¢¥» = 7/2, and @ = =/2, kh, in (38b) P y 3D, y argue fftka)

and Z;, in (39b) reduce to A2 (L
Gi(ka) ~ 5 ( la)@)
bh ~ 6rkaZ, cosfy b2 (ka) — w=hy ™ (ka)
© T 4AxnZ, + 37, cos? b, — N\ |
and ~ z; (E) ~it O (E) (44a)
(41)
An 2 Thus, for fixed!
Zin ~ - <
ika(4rZ, + 32 cos® by) klliﬂm G (ka) = 1. (44Db)

which are [9, Eq. (10)] and [11, Eq. (22)], respectively.

2) Large-Cone Approximatiofke >>> 1): In  the high-
frequency region, expressions fgr, and ¢»/c; must be
established to derive results fé#, and Z;,,. The analysis
of this section extends the approach of [9, Appendixes
and C] to obtain the desired results for the more general

From (33b), (34a), and (44a), note thay/ o, has two infinite

sums where the indekruns from one toco. Consequently,

one may not simply substitute the asymptotic resuliCfanto

34a) to getr» /o becausd is not fixed. However, by taking
vantage of the convergence of the two series

(o)

situation of arbitrary), and«-. In particular, an expression for <~ 2 + 1 G i d 20+1
o2 /01 is obtained by using identities involving the Legendr 1 1+1 (g1, p2)Gi (k) @n Z 1+ 1) gi (1 o)
polynomials. (45a)
According to [12] and by using (44b), one may argue with mathematical rigor
that

— 20+1

Y ey Pl ) Prpen) = 2+ 1

(I + 1) Jim Z T g7 (1, o)1 (k)

=2In2—1—In[(1 — g1 )(1 4 p2)] (42a) N
o= A+, ( )
=1 ,
for —1 < m < po < 1 sincep; # +1 and Q(h) = 1. 2 e
Replacingy, with —p in (42a) and noting thaP,(—¢ ) = 4
(—=1)"Py(p1) imply Ze(1,42) (45D)
and

= 20+1

Z (= 1) Pr(pr ) Pr(paa ) .

— l—i— 1 . 1S =+ 1 . 09

= lim - =0= lim —. (45c)

=2In2—1—1n[(1+ p )1+ po)] (42Db) ka—oo 15 — 1 ka—oco 07

for =1 < —p» < gy <1. Setp, = —p in (42b) to get To determine the behavior of the effective length of the

- wide-angle bicone foka >> 1, one must evaluate two more
Z l"‘l Pz (1) =2mn2—1 —ln(l _ /ﬁ) (42¢) summations invol_ving the Legendre_ polynomials. First, let
Il u2 = p = cosf in (42a); second, interchange and po

in (42a) and lefu; = p; third, let 1y = p in (42b); and fourth,
for —1 < puy < 1. Consequently, by (2a), (7b), (42b), andnterchange:; andp. in (42b), replaces; with —u; and let

=1
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#1 = p. Performing these manipulations leads to TABLE |

o CORRESPONDENCEAMONG UPPERLIMIT M OF APPROXIMATE RADIATION

21 +1 P (H)P (H ) DISTRIBUTION FUNCTION Ry, ka, AND FREQUENCY f IN FIG. 3.

1 AV

=1 l(l + 1) Figure f ka Range of ka | M Used | M Needed

3a 1 MHz 0.0106 ka <1 29 3

2In2 —1—In[(1—p)(1+m)], —1<p<m 3b | 100 MHz | 1.0640 | Transitional 29 3

2In2—1—-In[(1 —p)(1+p)], m<p<l 3c_ | 500 MHz | 5.3198 | Transitional 29 3

(46a) 3d 1 Ghz 10.6395 | Transitional 29 6

de 10 GHz | 106.3950 ka > 1 60 60

3f 10 GHz | 106.3950 ka1 29 60

S gy e
7 l—|—1 W)\ Ha

This limit implies that the behavior of the fielflF,| for
= {21112 —l=In[(l—p)(A=p)l, —I<p<—p 4 g < 7y, approachesl/sin§ as the frequency
2In2—1—In[(1+p)(1 +p2)], —pz <p<l. increases without bound and that the directions of maximum
(46b)  radiation approachy, and 7 — v,. Consequently, maximum

After differentiating (46) with respect tp, one obtains radiation of the electrically large wide-angle bicone does not
o occur at broadsid¢d = 7/2).
2041 P () Pilpr) Furthermore, with (29) and (45c), one can easily show that
Al +1) ] ‘ the bicone’s input impedance has the limit
T4p —1 < lim Zin = Zc 1,W%2). 51
_ \/ 1—111’ <HS (4761) B oo (¢ (G ) ( )
v/ 1;,’:’; pr < p <l Thus, for high frequencies the input impedance is essentially

constant. Hence, the electrically large wide-angle bicone is a

= 24+1 o broadband and possibly an ultrawide-band antenna.
Z I+ 1)(_1) B (1) Pi(pz) 3) Examples: Two special cases are considered dor 20
1= in: 1) ¢y = 53.1° = ¢, and 2)¢¥y = 53.1° and ., = 70°.
e —l<p<—po The relative field pattern associated with tHeplane radiation
= - (47b)  pattern [7]
T1—p
T+ _/'LQSI'L<1

EPd(r,0,w)
The last ingredient necessary for calculating the limit of R(0,w) = Trad o 7o N
; : Epd(r,m/2,w)
kh. is the asymptotic result

/ y i Eoo in— 1((27,4_)1) (P) A (cos H)gn(u(l )/12)

(2) _ ™ b —ika|g_ & _ 2n=1 IR0 50 Gy &6 D) (ha)

hl—l(k'a) k’ahl (k'a) kae [1 ka] (48) — Zm i1 (2n+1) Pl(o)!]n(/’l,/lz) (52)
n=1 2n(n+1) hff_)l(ka)—%h,f)(ka)

as ka — oo. Equation (48) implies
is plotted for various values dfa in both cases.

Z 241 A e B ()gilpn po) In case 1), as mentioned previously, only the odd terms of
ka—»oo I(1+1) h(2) | (ka) — #hf)(ka)] the series are present because= v». Hence, on re-indexing
“ 2041 each sum in (52) by setting = 2m + 1 and by allowingm
= E:ll_+1 ! ()91 (pa o) (49) to run from zero toco, (52) becomes [8, Eq. (6)]. Truncate

each series of the re-indexed version of (52Vat+ 1 terms
Substituting (45d) and (49) into (32b) and using (47) yield and denote the resulting fraction d&,. The approximate
lim kh, (6, ) pattern| Ry, | is plotted in Fig. 3 for five frequencies ranging
ka—oo V) from ka < 1 to ka > 1. The correspondence betweén
-2 ei2ka Q) and frequencyf for each plot is shown in Table I. One high
frequency and one low frequency are chosen to represent
situations whenka > 1 and ke < 1, respectively; while

= im 1+”2 9

i 21—1-1 il em B (w)gi (o) the other three frequencies are selected for comparison to
I(1+1) (2>  (ka) — Lh§2)(ka)] [8, Fig. 5(c)], as well as for providing nominal values in the

o o1 ke transition betweerta < 1 andka > 1. The patterfRys| has

Q1) Z I +1 [pl(ﬂ1 ) — (—1)1PI(H2)] azimuthal symmetry and symmetry abéui_: /2. The former
(1+ means that the pattern may be graphed in two dimensions and

the latter means that one may restricto [0, 7/2] to gain a

= __9(1/)2) complete understanding of the behavior|&.

—l<p<—pyorp<p<l _As_ one can observe [Fig. 3(a)],_ the pattern at low frequen-
1+,, T—n cies is similar to that of the short dipole as [8] notes. In fact, on

1_,, T¥pn° Pa < p < ph e . . . .

utilizing the low-frequency approximation in (38b), one finds
19(1/)2){ 0:in (0,¢n] or [x — ¢, ) (50) thatR ~ sind, which is the short-dipole pattern. The graph of
I/sind, 6in (¢, 7 — ). R ~ sin@ is coincident with that of Fig. 3(a) when they are
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z(6=0°) z(6=0°)

0.8 t 08

06 1 ka =0.0106 06 ka =1.0640

04 1 04 +

0.2 + 02 ¢}

: + t . } — y (6=90°) } } - - { — v (6=90°)
02 04 06 08 1.0 1.2 02 04 06 08 10 12
(@) (b)

z(6=0°) z(8=0°)

0.8 1 0.8

06 1 0.6 |

ka =5.3198 ka =10.6395

: ! ; ! ‘ —+—y (6=90°) ( =90°
; ! ; ‘ ! — y (6=90°)
02 04 06 08 10 12 02 04 06 08 10 12
(© (d)
7 (6=0°) 7 (6=0°)
08 - 08 |
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04 |
02 |
‘ ; ‘ ‘ , — y (6=90°) ‘ ‘ ‘ ‘ ‘ _a0°
; : ; ' — y (0=90°)
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(e) ®

Fig. 3. Approximate magnitudgR ;| of the normalized radiation distribution &, (£-plane radiation pattern) for a spherically capped biconical antenna
with equal cone angles in free space. The cone anglesnd«/, are equal to 532, and the slant height (height) is 20 in (12 in). f&) = 0.0106. (b) 1.0640.
(c) 5.3198. (d) 10.6395. (e) 106.3950. (f) |[Ras| is graphed less accurately fbr = 106.3950 by using only 30 term$M = 29) of each series in (52).

overlayed. Even the pattern for the transitional valugoft= ka = 1.0640,5.3198,10.6395 whenM = 3, 3,6, respectively.
1.0640 is only slightly distinguishible from the short dipole’sAs Table | indicates, Fig. 3(a)—(d) is generated for 30 terms of
pattern. Therefore, the approximation for < 1 is excellent each seriesM = 29). This value ofM is picked because each
for ka < 0.2 and is good fof.2 < ka < 1.06. As ka increases pattern is accurate foka < 10.6395 and because Harrison
from 1 to 10.640 through the transitional region betweeamsed this value for calculating tables in [11].

electrically small and electrically large bicones [Fig. 3(b)—(d)], In contrast, to obtain a reasonably accurate pattern for
the peak radiation remains at broadside; however, the radiation = 106.3950, at least 61 term$M = 60) must be used
decreases foil8° < # < 90°, and for eachd between 0 [Fig. 3(e)]. Fig. 3(f) plotska = 106.3950 for 30 terms and is
and 18 the radiation level exceeds that of the short dipolerovided as a comparison to Fig. 3(e). Clearly, the detail is
with a local maximum appearing at some intermediate anghaissing in Fig. 3(f). The pattern in Fig. 3(e) is considerably
Fig. 3(b)—(d) agrees well with [8, Fig. 5(c)]. Sandler and Kin¢gss smooth than the patterns for small and transitional values
don't indicate how many terms of the series they use to genef-ka. In particular, many smaller amplitude lobes appear for
ate their figures; however in tiathematicacalculations used 0° < ¢ < 30°. The effect is less pronounced betweer? 30
to generate Fig. 3, one obtains good graphical depictions ford 90, where the pattern has a somewhat wavy nature as
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7 (8=0°) 2 (6=0°)
08 T 1.0
ka = + o ka = 106.3950
06 | 53.19° o
0.4 1 0.5 \’ 2
02 1 53.1
l' — v (6=90°)

02 04 06 08 10 12

Fig. 4. E-plane radiation pattern in the high-frequency lirfita — +c0)

for a spherically capped biconical antenna with equal cone angles in free T~
space. The cone angles and» are equal to 532 and the slant height

(height) is 20 in (12 in).

evidenced by the five local maxima and four local minima.
The lobe structure for smafl is not unexpected because the
number of oscillations and the magnitude néar 0 of the

Associated Legendre FunctioR,,,  ,(cosf) increase asn Fig. 5. Approximate pattern wittka = 106.3950 and N' = 120 (solid

increases. Consequently, fasg increasesM must increase to curve) aqd h!gh-frequency I_imit pattern (dashed cur_ves) for a spherically
ed biconical antenna with unequal cone angles in free space. The cone

. .. . p
get accurate results. One major feature that distinguishes iﬁé)eszpl andy; are 53.2 and 70, respectively, and the slant height (height)
pattern of a wide-angle bicone for high frequencies from the 20 in (12 in).
patterns at other frequencies is the migration of the direction
of peak radiation away from broadside. In F.'g' 3(e), the pe%léttern about theg axis of case 2) and b) the peak radiation
occurs well off broadside & = 63.5°. As ka increases, one : .
) occurs near the cone with the smaller cone angle in case 2).
expects the peak to approach the cone’s surfagg at 53.1° . P
; . These examples provide analytical justification of Sandler
since by (50) and (52)R(¢,w) — 1/siné aska — oo for S . . .
0 < =/2. The limiti lue in Fia. 4 is the tri | and King's numerically based observations [8] that the wide-
V1 N m/2. The limiting value In F1g. = 1S the trlanguiar angle bicone behaves like a short dipole at low frequencies
region bounded byR = 1/siné (the vertical line segment : N : L .
X . (38b) and has its direction of maximum radiation moving
y = 1), the linez = 0, and the linez = ycot(53.1°).

Consequently, ada — oo, the pattern calculated with (52) ar\évga/e:gir:s b(?(%dsggnéggjé?‘tg] ethbéc?:;tsassléﬁiijetié?]r izlg[g
will approach the pattern of Fig. 4. Fig. 3(e) is consistent wit : ' ’

Fig. 4 in that most of the energy is radiated5iof < ¢ < 90° ppendixes B and C] that the peak radiation occurs at

: . . . /2 for electrically large bicones is not justified. Since an
and the five local maxima are very close to the vertical I|neI . . ; . .
y = 1 Ultrawide-band input signhal’s passband [13] may contain both

. . low- and high-frequency spectral components relative to the
In case 2), the summations in (52) are truncatedNat 9 g y SP P

. ) . bicone’s passband, the explicit analytical characterizations
terms and the resulting fraction is denotétl. Although P b y

not shown, the pattern looks like that of the short dipol(é]c the frequency-dependent behavior contained herein are

: . . ssential in analyzing radiation of ultrawide-band signals.
for ka < 1. As ka increases from unity through transitional” yzing 9
values, the effect of distinct bicone angles is manifested in
asymmetrical patterns relative to theaxis. Specifically, in
the limit as ka — oo, |Ry| — 1/sind. Moreover, the [ll. TIME HISTORY OF RADIATED AND RECEIVED FIELDS

pattern approaches the triangular region bounded by the lines ASSOCIATED WITH ELECTRICALLY SMALL AND
R = 1/sinf, = = —ycot(70°), and z = ycot(53.1°) ELECTRICALLY LARGE WIDE-ANGLE BICONES

1.0+

which are indicated by the dashed line segments in Fig. 5.Thus far, the discussion of electrically small and large
To illustrate the behavior for larges, Fig. 5 also displays the wide-angle conical antennas has concentrated on the impact
pattern forka = 106.3950 and N = 120 (solid curve). This to quantities in the frequency domain. Of interest, especially
pattern has many small amplitude lobes dr< # < 50° and when the input is wide-band or ultrawide-band, is the temporal
110° < 8 < 180°. For angles between 6(and 108, several behavior of the radiated field and received voltage. This section
relative maxima and minima occur near the lipe= 1, with expresses the time-domain radiated field of wide-angle conical
the two largest maxima & = 63.8° and99.7°. As ka and antennas in terms of the input voltage and expresses the
N increase, the number of these local extrema increases #éintk-dependent load voltage of a receiving conical antenna
the associatefi? | approaches the ling = 1 with the largest in terms of the incident field. In particular, four special cases
and second largest values |gtx | approaching the edges ofare considered: 1) transmission fba < 1; 2) transmission

the upper and lower cones, respectively. The two obviofs ka 3> 1; 3) reception forke < 1; and 4) reception for
differences from case 1) are: a) the loss of symmetry in the > 1.
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Let V,(¢) be the input source voltage of the transmitting WhenV,(w) and Eir<(r, 6,w) are known,e?d(r, 4,¢) and
antenna, and leY, (w) be the Fourier transform of,(¢). If V..(t) can be expressed in closed form either for < 1 or
Zin(w) and Z,(w) are the input impedance of the antennor ka > 1 under suitable matching conditions. Harrison and
and the generator (source) impedance, respectively, the injdlliams [9] considered transient radiation from and reception
current1(0) (or I(0,w)) andV, (w) are related by by wide-angle conical antennas above an infinite conducting
plane for various special cases when the observation ahgle
is w/2. Instead of presenting all the cases enumerated in [9],
a few cases are presented for illustrative purposes.

o _ ) Case 1: Consider radiation from a wide-angle electrically
Substituting (53) into (32a) yields small bicone which is matched to the sourcé. = 7,).
Substituting (39b) forz;, and (38b) fork/. in (54) and (56)

Vy(w)

0=z o 5@

(53)

YA ’ —ikr .
EPYr00) = 2o V)iw)z G| k@) yields
B S B (54) s (0,1 = SH2) 200 (c08 ¥y + cos )
[4 IS -
Consequently, the transfer functi@f{r, ¢,w) of the transmit- S;ch?chWlﬂ/’z)
ting antenna is defined b : r
g yd X sin eﬁ‘/‘q (t — E) (59)
T(r,0,w) = M where |-8i%x7Z,| > ka[Sﬂ'Zc + 3Z,Q(cosypy + cos 1/)2)2] is
Vy(w) satisfied forka < 1. Equation (59) shows that for a wide-
iwZy he(0,w)e=wr/e angle small cone the radiated electric field is proportional
= T Zin(w) + Z,(w) (55) o the second time derivative of the retarded input voltage,
provided the matching conditio®, = 7, is also satisfied.
The time-dependent radiated field>!(r,6,¢), the inverse This result is similar to that of a short dipole, which has a
Fourier transform off224(r, 6, w), is given formally by spatially invariant current.
o Case 2: As a second example, assume the matching con-
e (r,0,1) = i/ EPd(r,0,w)e™! duw dition of Case 1, but let the antenna be electrically large.
21 J_ oo Equations (50), (51), and (56) lead to
1 o . A
=— | Vy@)T(r,6,w)e“ do. (56) (1 0, 1) = 0 -
2 J_oy ! e (n0,1) dmrZ, (Y, 1/)2)sinﬁv‘q( c)' (60)

When the antenna is receiving, define the open-circdihus, for a large wide-angle conical radiator, the field is a
receiving voltageV,.(w) by retarded replica of the input voltage and is maximized along
the conic surface corresponding to the smaller of the two
. , cone angles where thén 6 is a minimum. Consequently, this
Voe(w) = =By (r,0,0)h. (0, w). (57a) antenna is ideal for ultrawide-band signals with spectra that
obey the constrainta > 1.

) _ ) o o ) Case 3: In this case, the voltage received by a small bicone

In this expression¢ gives the direction of the incident fieldi,ot is matched to its loadZ;, = Z.) is obtained. After

relative to the axis of the receiving bicone. If the receivmgubstituting (39a) foZ,, and (38b) forkh. in (58), one gets
antenna is connected to a load with impedadgéw), then '

the received voltagd’;, across this load is Vi (t) = _%Q(%)(COS Uy + cos )
’ 4e
N Ein(‘, 7“,9,“ he GJWZ W . 1 0 . . .
Vi (w) = =2 (Zin (w)) —|—(Zr, (2}) L) (57b) X sm@[ﬂ /_Oo iw B (r, 0, w)e'" dw
2
where 7, is the input impedance of the antenna and is the = _3LQ(¢2)(cos 1 + cos %)sinéiegnc(r,ﬁ,t).
same impedance when the antenna is used for transmitting. e dt 61
One can also define the reception transfer functioh «) by (61)
. Hence, the received voltage for a small wide-angle bicone
S(0,w) = .VL(W) — _ he(0,w)Z1(w) . (57¢) under ideal matching conditions behaves like the temporal
’ Eye(r,0,w) Zin (W) + Zr(w) derivative of the incident field.

Case 4: Finally, reception by an electrically large wide-

Therefore, the time-dependent load voltage is given for- angle bicone with a matched lodé; = Z.) is considered.

mally by Equations (50), (51), and (58) imply
_ 1 o2 IA/O(‘,(("J)ZL(("-})eiwt _ ¢ L/OO i inc iwt
VL (t) = ﬂ ‘/_'Oo m d(.d VL (t) — 2 Sin 9_ 27{ . ZWE (7“, 6, Cd)e d(.d
_ 1 « inc swit _ c ! inc
=5 /_Oo Eye(r,0,w)S(0,w)e™" dw.  (58) =57 /_Oo ey’ (r,0,7)dr. (62)
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ated field and the received voltage vary likie@ 6 for small
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Sandler and King's observations regarding the behavi
of electrically small (low frequencies) and electrically largt
(high frequencies) wide-angle bicones are explained by t
analytical work of this paper. Furthermore, since the results
Sandler and King (as well as the authors’ results) show tt / & Telegraph Department, Calcutta. From 1953 to
maximum radiation does not take place at broadgide 7/2) £ 1957 he was employed by M/S Ericsson Telephone

for high frequencies, consideration only of the broadside casgmpany. Calcutta, as an Engineer. From 1957 to 1959 he worked at the
Microwave Research Institute of the Polytechnic Institute, Brooklyn, NY,

by Har_rison and Williams [9] forka > 1 is inade_qqate- as a Senior Research Fellow while pursuing graduate studies in electrical
In particular, the authors show that maximum radiation oengineering. He joined the Raytheon Company, Wayland and Sudbury,

curs along the cone with smaller cone angle. The resuMé. in 1962 as a Senior Scientist and was responsible for conducting

tained h . iall i tt It ide-b theoretical research in radiation from antennas, in propagation through
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