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Forward-Scattering Analysis in
a Focused-Beam System

Reuven Shavit, Tom Wells, and Albert Cohen

Abstract—The forward scattering from an arbitrarily shaped
cylinder is characterized by its induced field ratio (IFR). This
paper describes how a focused beam system is used to determine
the scattering characteristics of an arbitrary-shaped cylinder. The
fields of the transmitting and receiving antennas, as well as the
scattered field from the cylinder, are described by equivalent
fundamental Gaussian beams. An analytical procedure based on
the computation of the coupling between the Gaussian beams
in the focused beam system is used to determine the IFR of the
cylinder. The results obtained by this method verify well with the
scattering characteristics computed analytically or numerically
by the method of moments or finite-elements method.

Index Terms— Electromagnetic scattering, focused beams,
Gaussian beams, radomes.

I. INTRODUCTION

L ARGE sandwich radomes are assembled from many
panels connected together forming seams. These seams

introduce scattering effects that degrade the overall electro-
magnetic performance of the antenna enclosed in the radome
in terms of the transmission loss and radiation pattern. The
knowledge of the scattering effect from an individual seam or
for the same purpose an equivalent arbitrary-shaped cylinder
is therefore the cornerstone of the entire scattering analysis.
The scattering characteristics of an arbitrary-shaped cylinder
is determined by its forward scattering value (IFR) and its
scattering pattern. The IFR is defined as the ratio of the
forward scattered field to the hypothetical field radiated in the
forward direction by the plane wave in the reference aperture
of width equal to the shadow of the geometrical cross section
of the cylinder on the incident wavefront [1]. Low IFR is an
indication of low scattering effect in the forward direction.

Analytical computations of the scattering characteristics
from cylinders can be performed for canonical cross sections
such as circular and ellipse, but for arbitrarily shaped cylinders
this is a quite laborious and time consuming task which often
requires intense numerical computations with techniques like
method of moments or finite elements. Consequently, in many
practical instances to speed up the developing process and
verify the numerical computation, an accurate measurement
technique of the IFR and the scattering pattern is required.
Rusch [1] developed the IFR concept and suggested an ex-
perimental procedure to measure its value in the far-field
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for an arbitrarily shaped cylinder. This procedure lacks the
capability to measure its scattering pattern. Shavit [2] proposed
an alternate technique to determine both the IFR and the
scattering patterns of an arbitrarily shaped cylinder based on
near-field probing.

The current paper describes a new combined experimental
and numerical procedure to determine the scattering charac-
teristics of arbitrarily shaped cylinders using a focused-beam
system. In the proposed system, the IFR is computed based
on measurement data and the scattering pattern is directly
measured in contrast to the method suggested in [2], which
requires postprocessing of the measured data. The unique
features of the focused-beam system avoid measurement errors
due to specular and diffuse reflections from adjacent objects, in
contrast to the existing errors in an open measurement system.

II. M ETHOD DESCRIPTION

The schematic configuration of the measurement system is
shown in Fig. 1. The system is comprised of two circular
identical dielectric lensesL1 and L2 with diameterD and
two feed hornsH1 andH2 with aperture dimensionsA � B
and linear polarization. Each lens is designed to have two focal
points located at distancesf1 andf2 from the opposite sides
of the lens surface. The actual distance of the feed horn phase
center from the lens surface isd1. In principle, it is desired
f1 = d1; however, due to the movement of the feed horn
phase center with frequency, this requirement is not perfectly
achieved. The energy radiated byH1 feed horn is captured by
L1 lens, focused to the common focal point of theL1 andL2
lenses, radiated into theL2 lens, and focused again into the
receivingH2 feed horn. In such a system, most of the energy is
transferred from one feed horn to the other feed horn without
significant losses and reflection interference from surrounding
objects. Thex and z coordinates of the lens contours can be
computed by geometrical optics and are described by [3]

x1;2

=
q
(n2 � 1)(z1; 2 + t1;2)2 + 2(n� 1)f1;2(x1;2 + t1;2)

(1)

in which the subscripts 1, 2 designate the two opposite side
contours of the lens,t1;2 denote the lens thickness computed
by

t1;2 =
1

n + 1

"s
f2
1;2 +

(n + 1)D2

4(n� 1)
� f1;2

#
(2)
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Fig. 1. Schematic configuration of the focused-beam system.

and n =
p
"r is the refraction index of the lens material.

In analogy to the analysis of thin dielectric lenses [4], we
define for each lens an equivalent focal lengthf given by
1=f = 1=f1 + 1=f2.

In this paper we made the assumption that the propagation
mechanism of the focused beam system and the scattered field
by the cylinder can be described by fundamental Gaussian
beams. Goldsmith [5] has shown that feed horn radiation char-
acteristics can be approximated by a fundamental Gaussian
beam with minimum waistsw0e and w0h representing the
radiation inE and H planes. The waistsw0e and w0h are
related to the feed horn 10-dB beamwidthsBWe andBWh

by the approximate formulaw0e; h = 0:68�=BWe;h. The
feed horn was designed such thatw0e andw0h are close in
value. Accordingly, we can define an equivalent quasi-circular
minimum waist of the feed horn byw0f =

p
w0ew0h. In

addition, we made the assumption [4] that the two lenses act
as phase transformers, each providing a phase advancement
approximately proportional to the square of the distancer of
a ray from the axis of propagation:

�� = �r2=�f: (3)

This phase advancement transforms the diverging Gaussian
beam ofH1 feed horn (see Fig. 1) to a converging Gaussian
beam with minimum waist ofw0l, located a distanced2 from
the lens surface. By symmetry, this converging Gaussian beam
is transformed into an outward Gaussian beam captured by the

second lens and transformed into an inward Gaussian beam
captured byH2 feed horn as shown in Fig. 1. Accordingly,
at half the distance between the lenses, we obtain a minimum
Gaussian beam waistw0l with constant phase distribution. The
system is initially calibrated before the cylinder movement,
then the cylinder is mounted on a positioner track and moved
along a line perpendicular to the focused beam axis. The
position of the cylinder along they axis and the relative
amplitude�� and phase�� of the received signalR(y) =
��ej�� are recorded. The recorded signal is referenced to the
value without the cylindrical scatterer.

A. System Analysis Without the Scatterer

The total loss is proportional to the coupling between the
Gaussian beams involved. Due to the symmetry of the system
around its center-line, we can simplify the computation by
considering only the left half of the system and square the
result (double in decibels). The coupling between the Gaussian
beams on the two opposite sides ofL1 lens will be computed
on the lens interface plane. The electric field distribution on
this plane can be described by [5]

E = E0 e
�(r2=w2) ej(�r

2=�R) (4)

where

w = w0

"
1 +

�
�z

�w2
0

�2
#1=2

(5)
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and

R = z

"
1 +

�
�w2

0

�z

�2
#

(6)

in whichw is the waist andR is the radius of curvature of the
Gaussian beam on the lens surface.w0 is the minimum waist
of the Gaussian beam andz is the distance from the minimum
waist location to the lens surface.E0 is a normalization fac-
tor. We denotewf ; Rf ; w0f ; d1; andE0f the corresponding
parameters of the left (feed hornH1) Gaussian beam and
wl; Rl; w0l; d2; andE0l the right Gaussian beam parameters.
The right Gaussian beam goes through a phase transformation
given by (3) on the lens aperture plane and without any change
beyond its extent. The coupling factor,Clf between the two
Gaussian beams is derived from a two-dimensional integral
over the electric field distribution of the two beams [5]

Clf =

Z
1

0

Z 2�

0

ElE
�

f r dr d�: (7)

If the integral is carried out in two parts, on the lens aperture
of diameterD and beyond it, we find

Clf =
2

wfwl

"
1� e��(D

2=4)

�
+

e��(D
2=4)

�

#
(8)

in which
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and
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: (10)

One can observe that forD ! 1; Rf = f1; Rl = f2;
andwl = wf the coupling factorClf = 1 as expected from
geometrical optics considerations. Thus, if the electric field
intensity transmitted byH1 feed horn isE0f the total electric
field received byH2 feed horn would beE0fC

2
lf .

B. System Analysis with the Scatterer

In this case the total electric field received byH2 feed
horn is the superposition of the electric field without the
scatterer and the electric field scattered from the arbitrarily
cross-section cylinder illuminated by a Gaussian beam with
circular cross-section and minimum waistw0l.

The forward-scattered field by the cylinderEsj can be
expressed in terms of the induced axial surface current density
Jsx on the cylinder periphery and the incident electric field
Einc [1]

Esj = �j
Z0

2�
Einc

I
s1

Jsx e
jk�0 sin �0

dl (11)

in which Z0 = 120� andS1 is the line contour defining the
cylinder’s periphery with local coordinates (�0; �0). We can
expressEinc in terms of the electric field intensity transmitted
by H1 feed horn,E0f the coupling coefficient,Clf on the
interface plane ofL1 lens given by (7), and�inc the ratio
of the amount of energy captured by the cylinder to the entire

energy passing through the cylinder’s incident plane, such that
Einc = E0fClf

p
�inc. We can compute�inc by

�inc =

Z
1

0

Z a=2

0
e�2[(x2+y2)=w2

0l] dx dyZ
1

0

Z
1

0

e�2[(x2+y2)=w2

0l
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=1� erff c

�
ap
2w0l

�
(12)

in which a is the cylinder’s projected width on the incident
field plane.

In the proposed model we make the assumption that the
scattered electric field can be approximated by an elliptical
cross-section Gaussian beam with minimum waistsw0jx =
w0l onx axis (infinite extent cylinder) andw0jy = w0j = �j �a
on y axis. �j is a proportionality coefficient between the
shadow width of the cylindera and the minimum waist of
the equivalent Gaussian beam of the scattered electric field
w0j. A. G. van Nie [6] has shown that the Gaussian mode
solution to the wave equation holds forw0 � �=2. This bound
may impose a restriction on the minimum cylinder’s width
to comply with the Gaussian beam model of the scatterer as
described later. Consequently, the electric field distribution of
the scattered field on the interface plane ofL2 lens can be
described by

Epj = Esj e
�(x2=w2

jx+y
2=w2

jy) ej(�=�)(x
2=Rjx+y

2=Rjy) (13)

in whichwjx; wjy are thex- andy-scattered field waists on the
interface plane computed by (5) withw0jx = w0l; w0jy = w0j

andRjx; Rjy are the correspondingx andy radii of curvature
computed by (6) withz = d2. Esj is given by (11). This field
distribution goes through a phase transformation given by (3)
and is coupled with the field distribution ofH2 feed horn
given by (4) withw = wf ; R = Rf ; w0 = w0f ; and z = d1.
Computation of the coupling coefficient by (7) with the double
integration performed on the lens aperture and beyond yields

Cjf =
2

�wf
p
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�
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Fig. 2. Typical near-field recorded signal (amplitude and phase) at the minimum waist location in the focal plane (d2 = 65 in, vertical polarization,
f = 12 GHz).

Consequently, the scattered electric field,Escat received by
H2 feed horn is

Escat = �
Z0

2�
E0fClfCjf

p
�inc

I
s1

Jsx e
jk�

0
sin �

0

dl: (19)

The induced field ratio (IFR) is defined as the ratio of the
forward-scattered field to the hypothetical field radiated in the
forward direction by a plane wave in the reference aperture of
width equal to the shadow of the geometrical cross section of
the cylinder on the incident plane wavefront [1]. Thus the IFR
for an incident electric field with intensity,E0, and parallel to
the cylinder axis is given by

IFR = �
Z0

2aE0

I
S1

Jsx e
jk�0

sin �0

dl: (20)

The IFR is defined for an incidentplane wave(constant
in phase and amplitude), while in a focused-beam system the
incident field is quasi-planar (constant in phase and Gaussian
in amplitude). The implication would be a different axial

component of the induced surface current density,Jsx in
the case of Gaussian beam illumination. The proportionality
coefficient �j bridges over the difference between the two
integrals such that we can substitute (20) into (19) to obtain

Escat =
a

�
E0fClfCjf

p
�inc IFR: (21)

Accordingly, the total electric field received byH2 feed horn
in the presence of the cylinder is

Etotal = E0fC
2

lf

�
1 +

a

�

Cjf

Clf

p
�inc IFR

�
: (22)

The recorded signalR(y) in the focused-beam system is
referenced to the signal received byH2 feed horn without
the cylinder presence,E0fC

2
lf . Therefore, if the change in

amplitude when the cylinder crosses the system axis is denoted
by �� (decibels) and the change in phase by��, we can
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Fig. 3. Typical recorded signal (amplitude and phase) byH2 feed horn throughout the plastic beam movement (a = 2:25 in, vertical polarization,
f = 12 GHz).

express the IFR by

IFR = (10��=20 ej�� � 1)
1

a

�

Cjf
Clf

p
�inc

: (23)

In addition, we can use the system shown in Fig. 1 to
measure the scattering pattern of the cylinder. We move the
lens L2 and the feed hornH2 on an arch with radiusd2
and record the angular (�) dependence of the received signals
(amplitude and phase) by theH2 feed horn with and without
the tested cylindrical scatterer. Subtraction of these two signals
is proportional to the scattering pattern of the cylinder. The
subtraction operation can be performed by a computer after
the measurement or in real time by inserting an automatic
null-balance branch, mainly consisting of a computer control
digital phase shifter and attenuator, to cancel the signal without
the scatterer. In the real-time option, the dynamic range of the
pattern will increase.

III. N UMERICAL RESULTS

A focused-beam system was designed and built. AEL an-
tenna horn model H-1498 operating in the frequency range
2–18 Ghz was chosen as feed. The horn has almost a con-
stant 10-dB beamwidth in bothE and H planes over the
entire frequency bandwidth. Based on the beamwidth data
the equivalent feed horn Gaussian beam minimum waists,
w0e andw0h were computed. The diameter of the lens was
chosen to be 22 in and it was manufactured from material
with dielectric constant 2.3. The lens focal distancesf1 and
f2 were chosen as 21 and 80 in, respectively. Due to the finite-
diameter of the lens and the variation of the feed horn phase
center location with frequency, we had to determined2 for
each test frequency. This task was accomplished by probing
the amplitude and phase of the electric field in front ofL1

lens. The distanced2 was chosen as the distance for which
the maximum phase flatness was obtained. Fig. 2 shows a
typical recorded near-field signal (amplitude and phase) at the
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Fig. 4. Dependence of the proportionality coefficient�j on a=w0l.

TABLE I
COMPARISON OF THEIFR MEASURED WITH THE FOCUSED-BEAM SYSTEM AND COMPUTED

VALUES BY MOM AND FEM, FOR THE VARIOUS TYPES OF CYLINDERS CONSIDERED

minimum waist location for 12 GHz as operating frequency
and vertical polarization. The abscissa represents the relative
distance along they axis in front ofL1 lens. One can observe
the Gaussian amplitude tapering and the phase flatness of the
probed electric field. In this case the distance,d1 from the feed
horn to the lens was found to be 19.375 in and the distanced2
from the probe to the lens was 65 in. The minimum waist size,
w0l was measured to be 2.75 in at the�8.7-dB point from the
value measured on the system axis. The losses between the two
feed horns were measured and found to be�10 dB. Computa-
tion of the losses based on (8) yields�9.6 dB. This experiment
validated the assumption that the internal fields between the
lenses can be approximated by fundamental Gaussian beams.

Three cylinders—a metallic circular rod 0.375-in diameter,
a rectangular metal beam 0.54� 2.033 in, and a plastic
beam 0.476� 2.25 in with "r = 5:0—were tested at three
frequencies 4, 8, and 12 GHz for both vertical (VP) and
horizontal (HP) incident field polarizations. The rectangular

beams were tested for incident fields on the narrow and on the
broadside. Fig. 3 shows a typical recorded signal (amplitude
and phase) throughout the plastic beam movement between
the two lenses for vertical polarization and 12-GHz operating
frequency. The plastic beam was illuminated on its broadside,
a = 2:25 in. The abscissa is proportional to the relative
position of the cylinder from the center axis of the system. The
maximum perturbation in amplitude and phase throughout the
beam movement occurs when the beam crosses the center axis.

The data from all measurements was processed and the IFR
was computed based on (23) and compared to the IFR values
computed analytically in the case of the metallic rod, by the
method of moments (MoM) for the metallic rectangular beam
and by finite elements (FEM) for the plastic beam. Based on
this comparison we have been able to establish a general curve
of the dependence of the proportionality coefficient�j on the
ratio of a=w0l. This dependence is shown in Fig. 4. Curve
fitting of the coefficient�j based on the measurement data
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(crossed points) results in the function�j = 2 e�5(a=w0l)
3=2

(solid line). One can observe that increase ina=w0l causes
a decrease in the coefficient�j . As expected, the increased
tapering of the incident wave along the cylinder’s cross
section, causes a net reduction effect on the effective size of
the equivalent Gaussian beam scattered field minimum waist,
w0jy. Moreover, a large ratio ofa=w0l (>1) may cause a
large error in the estimate of the coefficient�j, due to the
relatively small slope of the graph in this range. Practically,
for an acceptable error (less than 10%) in the IFR value, the
measurement can be performed for cylinders in the range of
0:2 < a=w0l < 1. In addition, the lower bound is determined
by the validity of the Gaussian beam model adopted in this
paper,a > �=2. Computation results of the IFR for the various
types of cylinders compared to the computed values by MoM
and FEM at 12 GHz are shown in Table I. One can observe
a nice agreement between the numerical computation and the
computed values in the focused beam system. The IFR values
of the circular metallic cylinder are slightly off from the values
computed by MoM/FEM. This deviation can be attributed to
the relatively narrow diameter of the cylinder (0:38�), which
does not meet the criterion of the Gaussian model.

IV. SUMMARY

A new procedure for the scattering analysis of arbitrarily
shaped cylinders have been presented. The method is based on
a focused-beam system. The analysis is based on the assump-
tion that the electric fields between the lenses and the scattered
field from the cylinder can be described by fundamental
Gaussian beams. A quasi-empirical proportionality coefficient
between the physical projected width of the cylinder and the
equivalent Gaussian beam scattered field minimum waist was
determined for the IFR computation, and a general graph was
generated. Computation of the coupling between the Gaussian
beams in the system and measurement of the change in ampli-
tude and phase of the received signal enabled computation of
the IFR values of different type of cylinders. The agreement
between the computed values by numerical techniques such as
MoM and FEM and the values computed from measurements
in the focused-beam system verify well. The new method
complements Rusch’s method, which determines only the IFR
value, based on far-field measurement in an open system.
Rusch’s procedure may encounter measurements errors from
reflections and multiple interactions between the scatterer
and the transmitting and receiving antennas. These errors are
eliminated in the focused beam system, due to the nature of
the system. The information obtained on the scattering pattern
helps to refine the calculations of the scattering analysis of
large-space frame radomes.
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