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Accurate Solution of Square Scatterer
as Benchmark for Validation of
Electromagnetic Modeling of Plate Structures

Branko M. Kolundija, Member, IEEE

Abstract—An infinitesimally thin-square scatterer, of sizeAx A, of basis functions multiplied by unknown coefficients. Basis
excited normally by an incident plane wave, which is polarized functions are adopted in the special form, which automatically
along a scatterer edge, is analyzed. The accurate solution of its satisfies the continuity equation at plate edges and includes
current distribution is found in the form of double series of basis . . -
functions, which automatically satisfy the continuity equation at _the edge effef:t. The d_evelopment of basis fU”C“‘?”_S applied
plate edges and include the edge effect. The coefficients thatiS presented in the third section. Unknown coefficients are
multiply basis functions are determined starting from the electric determined by the Galerkin method. The solution adopted as a
field integral equation by using the Galerkin method. The solution  penchmark (coefficients determined and such obtained current
obtained for the order of approximation n» = 8 is adopted distribution) is given in the fourth section.

as a benchmark. The corresponding coefficients are tabulated Th uti dooted b h Ki df .
and graphs of such obtained current distribution are given. € solution adopted as a benchmark 1s used for comparing

The solution adopted as a benchmark is applied for comparison rOOft(_)p basis funCtiOﬂS and_ p0|yn0mia| entire-domain basis
of rooftop basis functions and polynomial entire-domain basis functions, as shown in the fifth section.
functions. The relative error of the mean absolute value of current

deviation is used as an error metric. Il. CHOICE OF PLATE-STRUCTURE

Index Terms—Electromagnetic scattering, moment methods. BENCHMARK AND ERROR METRIC

The main goal of electromagnetic modeling of plate struc-
|. INTRODUCTION tures based on the method of moments is to determine the
HEORETICALLY speaking, any plate structure (meta"iccurrent distr_it_)ution._ When the current o_Iistribution is known, all

: @er guantities of interest can be easily calculated. Therefore,

antenna, scatterer, or passive circuit) in vacuum can tric should be directl ted with th {
analyzed by the method of moments [1]. The efficiency of tﬁ gtr(ietr)[lotiror:e ric should be directly connected wi € curren

analysis depends very much on the complexity of the struct . .
on the one side and on the choice of the integral equation M(t).St ofteﬁl,bitructure.s gnal)llzecij) Cr?”“?"” ?d%ﬁs' qurf[:nt dfls'
basis functions and test procedure on the other side. DepencH |onSexh| k; Sh quast-singutar behavior :jn_ fh vicini Yt 0 f
on these choices, many different specific methods have p&SYES. Such behavior Is more pronounced In the vicinity o
ree plate edge than in the vicinity of an edge which is

developed in the last three decades [2]-[14].
mmon for two or more plates. Hence, the structure used

a

Most often, the accuracy of these methods is subjectiv(f . ¢ Vsi thods should tain f d
discussed by comparing the theoretical and the experime jcomparison ot analysis methods should contain Iree edges.
e simplest such structure is a square-plate scatterer. The

results. In order to treat the error quantitatively two things a - :
q y g tterer should be sufficiently large in order that accuracy

needed: 1) an accurate benchmark to which we may apS h vsi be i tiqated in the | f
the metric and 2) a metric to measure the error. To the bgst € analysis can be investigated in the large range o

knowledge of the author, such quantitative treatment of tﬁ%e ““”.‘bef O]t unkr|10v_vns. :':: n(cj:e,_the dstrttjc(tjur.e ltﬁedf for th?
error in electromagnetic modeling of plates was absent. comparison of analysis methods Is adopted In the torm o

In this paper, current distribution over an infinitesimallwﬁmtes'ma”y thin-square scatterer of si2ex A, excited by

thin-square scatterer of sizex X is chosen as a benchmark.normally incident plane wave. The effective value of plane

The scatterer is excited normally by an incident plane wav‘é’,ave elect_rlc field |nten§|ty i =1 V/m.
OfAt the first glance, it seems that the accuracy of the

which is polarized along a scatterer edge. The relative error tion f ¢ distributi f lat t
the mean absolute value of current deviation is chosen asse?rllu lon for currént distribution of square-plate scatterer can
estimated on the base of root mean square (rms) value

error metric. These choices are explained in the second sect% , . ) . :
The main problem in the paper is to find sufficientI)P the current deviation. The corresponding relative error is
accurate solution for current distribution over the scattereer\.""lluated as
Each current component is approximated by double series \/fS|JS — Js0]2dS
ERMS[%] =100

/ 2
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Note that p-current component is equal to zero at edges
/ p = +1 and s-current component is equal to zero at edges

/ 1 s = +1; that is

Jop(£1,5) =0, Jou(p,£1) =0. (4)

Having in mind the symmetry of the problem considered it is
easily concluded that-current component is an odd function
according to the locgb and s-coordinate axis; that is

Jsp(p7 3) = _Jsp(_p7 3)7 Jsp(p7 3) = _Jsp(p7 _3)- (5)

2 Similarly, it is concluded that-current component is an even
/ function according to the local and s-coordinate axis; that is
Jss(p,s) = JSS(—p,S), Jss(pas) = Jss(pa_s)- (6)

As mentioned in the previous section, there is no exact solu-
tion for current distribution over the scatterer. The approximate
surface. However, this error metric cannot be used. Name$glution is found by using the method of moments. According
it is known that the surface current component parallel to the this method each current component is approximated by a
free plate edge tends to infinity as a reciprocal value of tigiouble series of known basis functions multiplied by unknown
square root of the distance from the edge [15, p. 386]. apefficients which should be determined. Very often, these
means thatJ,o|? tends to infinity as a reciprocal value ofbasis functions are adopted in the form of subdomain basis
the distance from the edge. The integral of this function ovéiinctions (e.g., rooftop basis functions [7], triangle doublets
the surface, i.e., the denominator in the above expression[9k etc.). However, entire-domain basis functions enable more
infinitely large. In a similar way it is found that the numeratogfficient analysis than subdomain basis functions [11]-[14].
in the above expression is also infinitely large. The finite valddence, the starting current distribution is adopted in the form
of the numerator and the denominator can be obtained if mezgfndouble series of power functions

Fig. 1. Sketch of a square scatterer.

absolute value of current deviation is used instead of its rms Pap Popp P Tes
value. The corresponding relative error is evaluated as . (p,5) = Y3 apis'p,  Jus(p,8) 2D agip's?
i=0 j=0 1=0 j=0
[ |3s = 3.0 dS ‘
E[%] = 10022 —=2 """ 2 (7

wherea,;; anda,;; are unknown coefficients. Note that these
This expression can be applied either to the total current ord@pansions do not satisfy either continuity equations (4) or
the current components. symmetry equations (5) and (6). Symmetry equations are
The use of the above error metric requires a knowledge @4sily satisfied by omitting terms not satisfying the symmetry
the accurate solution. However, there is no exact solution fgguations from the above expansions. Continuity equations (4)
current distribution over the square-plate scatterer. Hence, ogh be implemented into above expansions by applying the
the approximate solution, which is estimated to be suﬁicient{}gchnique given in [11] and [13]. After simple manipulations
close to the accurate solution, can be used as an accuegigve, expansions are written in the form
solution. In this paper, such a solution is obtained by using so-

phisticated basis functions, as shown in the following section. nep | mop
Jsp(p7 3) = Z Z apij(p] - p) s' (8)
[1l. A CCURATE SOLUTION OF SQUARE SCATTERER 75)1 j(j)?’
Let us consider an infinitesimally thin-square-plate scatterer ( )
in a vacuum, as shown in Fig. 1. The scatterer is situated in a N re ) s ; ;
local ps coordinate system. Note that plate edges coincide with Jos(py5) = Z Z asij(s’ —1) op". ()
coordinate liney = &1 ands = &1. The scatterer is excited 2 J(jf

by a uniform plane wave incident normally on the scatterer

surface. The wave is polarized in the direction of thaxis, Symbol (2) below the summation signs means that sums

i.e., the electric field vectaE; is in the direction of thes axis should be taken with a step of two.

and the magnetic field vectdd; is in the direction of they Expansions (8) and (9) are very simple and flexible, but

axis. As a result, surface currents (and charges) are induée@y cannot approximate edge effect properly. As mentioned

over the scatterer. in the previous section, the surface current component parallel
Surface current density vectdg has two components, eachto the free plate edge tends to the infinity as a reciprocal value

of them depending on two surface coordinates; that is of the square root of the distance from the edge. In order that

such a behavior can be handled (8) is dividedyly— s2 and
J(p,s) = Jop(p, $)ip + Jss(p, 9)is. (3) (9) is divided by+/1 — p?. (Note that such edge condition
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Fig. 2. Benchmark solution for the-current component along theaxis of  Fig. 3. Benchmark solution for the-current component along theaxis of
the scatterer (real and imaginary parts) obtained for different orders of curremé scatterer (real and imaginary parts) obtained for different orders of current
approximation. approximation.

TABLE |

is successfully applied in the analysis of two-dimensional COEFFICIENTS OFp-CURRENT COMPONENT GIVEN BY (10) FOR 1 = §

problems, e.g., [16].) Final expansions are written in the for = — — —
Apij * J= J = J =
( 3 sz: 1 0.412 +j 2.259 —0.365 —] 2.666 0.372 +j 1.657
Nsp Npp i i=23 0.172 —j 1.931 —1.818 +j 4.995 0.911 —j 3.624
N S i=5 -2.804 +j 2.101 6.718 —j 6.730 —3.823 +j 4.860
Jap(py5) = Z Z apij (P = p) Wi (10) i=7 3.217 —j 0859 —5.085 1) 3.261 2.955 -} 2391

7=1 j=3
@ '@

Let us consider how the approximate solution changes

Nps Nas

j D with increasing the order of current approximatienFig. 2
Jss(p, ) = sij(s’ —1) p——. (11 . .
(p, 5) ; Z_:Qa i(s ) 1—p2? (1) shows the real and the imaginary parts of theurrent
@ | J(E) J component along-coordinate line. The current is normalized

- . . with magnetic field intensity of incident plane wave. The
Unknown coefficients in the above expansions are det?%sults are given for = 2, 3, 4, ands. Fig. 3 shows the same

mined by using the Galerkin method. Special care is OleVonlaesults, but along the-coordinate line. The fast convergence

to the evaluation of potential, field, and impedance integral§ S . LS
RO . . of the results with increasing the order of approximation
occurring in application of the Galerkin method.

can be observed from the figure. Further, it is seen that the
results obtained fon = 4 are very close to those obtained for
n = 8. The results obtained for = 5, 6, and 7 are between
the results obtained fot = 4 and8. The results obtained for

It is obvious that the approximate solution for current = 6, 7, and9 coincide almost with the results obtained for
distribution over square scatterer depends on the choicenof 8. Hence, the results obtained for= 5, 6, 7, and9 are
orders of current approximations along each coordimgfe not shown in the figure.
Nsp, Nps, @Ndn,,. Having in mind that the scatterer length The question is, “Which order of current approximation
along thep-coordinate line is equal to the scatterer lengtshould be chosen for the benchmark solution?” On the one
along thes-coordinate line, all these orders can be adoptéfhnd, the benchmark solution should be much more accurate
to be equal, i.e.ppp = nps = nss = ns = n. It can be  than the solutions obtained by standard methods. On the other
shown that similar results are obtained if transverse orders ghd, the number of coefficients used in expansions (10) and
adopted to be less by one than longitudinal orders, i.e.,  (11) should be as low as possible so that the benchmark solu-
(12) tion can be easily evaluated. According to these requests, order

of current approximatiomm = 8 is adopted for benchmark

Such a choice is used in this paper. In what followswill ~ solution. Tables | and Il provide corresponding coefficients of
be referred to as the order of the current approximatiop-current component [given by (10)] asecurrent component
Numerical results given in this and following section showgiven by (11)], all multiplied by 18.
that such choice enable good convergence of the results withrigs. 4 and 5 show distribution of the magnitude, real part,
increasing the order of current approximation and imaginary part gf ands-current components (normalized

IV. BENCHMARK SOLUTION:
COEFFICIENTS AND GRAPHS

Npp = Ngs =Ny Mps = Ngp =1 — 1.
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TABLE I TABLE I
COEFFICIENTS OFs-CURRENT COMPONENT GIVEN BY (11) FORn = 8 THE NUMBER OF UNKNOWNS /N CORRESPONDING TO THEORDER OF
T = =1 =% — PoLYNOMIAL APPROXIMATION 7. (THE SAME RELATION EXISTS BETWEEN

Qsij - = = = 1=

i=0 |-9.622+)10.649 1.149 j14.536 | 6.534 1) 15.652 | —5.763 —j 11.140 THE '\gMBER OF ROO'EOP BAS'Z FUNCT'ON‘;?ND THE NS“JMBER

=2 7.492 —30.105 | 0.021 +]5.201 | —6.415 — 9.338 | 5.686 +} 7.146 OF CORRESPONDINGPATCHES ALONG THE SCATTERER SIDE)
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Fig. 4. Benchmark solutior = 8) for the p-current component over the
scatterer. (a) Magnitude. (b) Real part. (c) Imaginary part.
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Fig. 5. Benchmark solutiofin = 8) for the s-current component over the
scatterer. (a) Magnitude. (b) Real part. (c) Imaginary part.
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Fig. 6. Rooftop solutior{r = 8) for magnitude of (ap-current component
and (b) s-current component over the scatterer.
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rooftop

:O)/Hi

Jss(p,s

Fig. 7. Rooftop and benchmark solutiops = 8) for s-current component

with magnetic field intensity of incident plane wave) over th@long thep-axis (real and imaginary parts).
scatterer. Since thecurrent component is infinite along edges

s = %1 this component is shown only for0.95 < s < 0.95.
Since thes-current component is infinite along edges £1,
this component is shown only for0.95 < p < 0.95.

V. COMPARISON OF ROOFTOP AND
PoLYNOMIAL BASIS FUNCTIONS

mial approximation: is equal to the number of rooftop basis
functions if the number of patches along one scatterer side is
alson. The relation betwee®v andn is given in Table IIl.

Fig. 6 shows magnitude gf and s-current component over
the scatterer, obtained with rooftop basis functionsifer 8
(N = 112). Fig. 7 shows magnitude afcomponent along-

The solution adopted as a benchmark is applied for the coapordinate axis obtained with rooftop basis functionsfer 8
parison of polynomial entire-domain basis functions (give@V = 112). When these graphs are compared with Figs. 2, 4,
by (8) and (9), but with symmetry not taken into accoungnd 5 it can be concluded that rooftop basis functions cannot
and rooftop basis functions. All results (except the benchmagksily follow fast changes of currents, which is particularly
solution) are obtained by the program WIPL at IBM AT-48@ronounced in the transversal direction (i.e., direction normal

on 33 MHz [14].

to the current flow). This can be explained by two facts.

In the case when rooftop basis functions are used, tRést, current changes in the transversal direction are much
scatterer is uniformly divided into patches. (The patches amore pronounced than current changes in the longitudinal
squares of equal size.) The number of patches along datieection. Second, piecewise constant approximation used in
scatterer side is designated hy It is easy to show that the the transversal direction is much poorer than piecewise linear
number of unknownsgV corresponding to the order of polyno-approximation used in longitudinal direction.
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Fig. 10. Relative error of approximation fprcurrent component versus the
Fig. 8. Polynomial and benchmark solutiohs = 8) for s-current compo- order of approximation. The relative error is evaluated for benchmark solutions
(n < 8), polynomial solution, and rooftop solutions.
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Fig. 11. CPU time used for polynomial and rooftop analysis versus the order

of approximation.

order of approximation. The relative error is evaluated for benchmark solutions
(rn < 8), polynomial solutions, and rooftop solutions.

error is evaluated for benchmark solutions (fio& 8), polyno-
Fig. 8 shows magnitude agfcomponent along-coordinate mial solutions, and rooftop solutions. Fig. 10 shows the same

axis, obtained with polynomial basis functions far = 8 as Fig. 9 but forp-current component. (Since thecurrent
(N = 112). Corresponding three-dimensional graphs faomponent is much greater than thecurrent component,
current distribution are omitted because they are very similalative error of approximation for the total current is almost
to the graphs shown in Figs. 4 and 5. Having this in minthe same as the relative error of approximation faxurrent
and comparing Fig. 8 with Fig. 2, it can be concluded tha@omponent.) It can be seen from these figures that for the
polynomial basis functions enable very accurate approximatisame accuracy required the rooftop solution needs few times
of the current, except very close to the scatterer edges. Besigesater order of approximation than the polynomial solution
that, it can be concluded that polynomial basis functions enalaled the polynomial solution needs few times greater order of
more efficient approximation than rooftop basis functions. lapproximation than the benchmark solution.
order to obtain quantitative measure of efficiency of theseFig. 11 shows central processing unit (CPU) time used
functions, let us apply error metric given by (2). for analysis versus the order of approximatien Only

Fig. 9 shows relative error of approximations fecurrent curves for polynomial and rooftop solutions are given. It
component versus the order of approximatianThe relative is seen that for the same order of approximation rooftop
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TABLE IV by polynomial entire-domain basis functions can be further
ORDER OF APPROXIMATION 12, NUMBER OF UNKNOWNS [V, AND significantly improved by inclusion the edge conditions.
CPU TiME USED IN THE ANALYSIS BASED ON POLYNOMIAL Finally. it should b d th I lidati i
AND ROOFTOP BASIS FUNCTIONS. REQUIRED RELATIVE ERROR FOR ma_ Y, It shou e noted that an _overa V_al ation o
5-CURRENT COMPONENT IS LESSTHAN E = 20% AND E = 10% numerical methods for electromagnetic modeling of plate
— 0% =T structures cannot be based on one benchmark solution. Hence,
! . . . . .
\ 7 N CPU n N CPU in the process of such validation, the benchmark solution given
rooftop 8 112 ; 9 | 17 564 954 H H H H
hr oTsmomal 3 7 B S S = in this paper s_hould be comblned with other benchmarks that
can be found in the open literature.
TABLE V REFERENCES
ORDER OF APPROXIMATION 72, NUMBER OF UNKNOWNS N AND
CPU TiMe USED IN THE ANALYSIS, BASED ON POLYNOMIAL [1] R.F. Harrington,Field Computation by Moment MethodsNew York:
AND RooFTOP BAsis FUNCTIONS. REQUIRED RELATIVE ERROR FOR McMillan, 1968.
p-CURRENT COMPONENT IS LESSTHAN E' = 50% AND E' = 30% [2] J.R. Mautz and R. F. Harrington, “Radiation and scattering from bodies
E=50% =307 of revolution,” J. Appl. Sci. Res:yol. 20, pp. 405-413, 1969. ]
N o0 —~ ~ T [3] D. L !(nepp and‘J. Goldhirsh, Numerlc_al analy5|s of eleptromagnetlc”
) T 250 o3 5 15 =50 radiation properties of smooth conducting bodies of arbitrary shape,
polynomial 4 1 = 05 3 60 12 IEEE Trans. Antennas Propagatiol. AP-20, pp. 383-388, May 1972.

[4] N. C. Albertsen, J. E. Hansen, and N. E. Jensen, “Computation of
radiation from wire antennas on conducting bodieEEEE Trans.
Antennas Propagatvol. AP-22, pp. 200—206, Mar. 1974.

solution needs much more CPU time than the polynomiab] N. N. Wang, J. H. Richmond, and M. C. Gilreath, “Sinusoidal reaction

solution. formulation for radiation and scattering from conducting surfade&£E

. . o . Trans. Antennas Propagatvol. AP-23, pp. 376-382, May 1975.
Starting from Figs. 9, 10, and 11 and Table Il it is possiblejs] . H. Newman and D. M. Pozar, “Electromagnetic modeling of com-

to determine the number of unknowns and CPU time of posite wire and surface geometrie$£EE Trans. Antennas Propagat.

; ; ; vol. AP-26, pp. 784-789, Nov. 1978.
analysis needed for accuracy required. Table IV gives Ordefj}] A. W. Glisson and D. R. Wilton, “Simple and efficient numerical

of approximationn, number of unknownsV, and CPU time methods for problems of electromagnetic radiation and scattering from
used in the analysis if required relative error fecurrent ;urfacizglcl)EEE Trans. Antennas Propagatol. AP-28, pp. 593-603,
ept. .

i — 0, — 0,
component _'S less tha = 20 /°_ and & = .10/0' (Only dat"." [8] J. F. Shaeffer and L. N. Medgyesi-Mitschang, “Radiation from wire
for polynomial and rooftop solutions are given.) Table V gives ~ antenna attached to bodies of revolution: The junction probl¢BEEE

the same data as Table 1V, but fecurrent component and the Trans. Antennas Propagatol. AP-29, pp. 479-487, May 1981.
ired relative error is less thal — 50% and E — 30% 9] S. M. Rao, D. R. Wilton, and A. W. Glisson, “Electromagnetic scattering
requirea refativ I = oU% = JU%. by surfaces of arbitrary shapelEEE Trans. Antennas Propagatol.

It is seen from the table that rooftop solution needs five to AP-30, pp. 409-418, May 1982.

ten more unknowns and 20-500 more CPU time than ﬂ[pé)] J. M. Bornholdt and L. N. Medgyesi-Mitschang, “Mixed-domain
Galerkin expansions in scattering problem$2EE Trans. Antennas

polynomial solution for the same accuracy required. Propagat, vol. 36, pp. 216-227, Feb. 1988.
[11] B. M. KolundZija, “Electromagnetic modeling of wire-to-plate struc-
tures,” D.Sc. dissertation, Univ. Belgrade, Yugoslavia, 1990 (in Serbian).
[12] , “General entire-domain Galerkin method for electromagnetic
VI. CONCLUSION modeling of composite wire and plate structures,”Hroc. 20th Eur.
. L . Microwave Conf. Budapest, Hungary, Sept. 1990, pp. 853-858.
The accurate solution of current distribution over squafe3] B. M. KolundZija and B. D. Popowi, “Entire-domain Galerkin method

scatterer |S found in the form Of a double Serles Of baSIS for analysis of generalized wire antennas and scatter&mgg. Inst.
Elect. Eng, vol. 139, pp. 17-24, Feb. 1992.

functions automat_ically _satisfying the continuity equation ai4) B. M. Kolundzija, J. S. Ognjano¥ T. K. Sarkar, and R. F. Harrington,
plate edges and including the edge effect. It is shown that WIPL: Electromagnetic Modeling of Composite Wire and Plate Struc-

such a solution converges very fast with increasing the order tluggg—SOﬁware and User's ManualNorwood, MA: Artech House,

of approximation. The solution obtained for the order ofis) 3. van BladelElectromagnetic Fields New York: McGraw-Hill, 1964.

approximationn = 8 is adopted as a benchmark. Namely{16] C. J. Railton, T. Rozzi, and J. Kot, “The efficient calculation of high"

this solution is enough accurate and consists of not too many i?]rdPerros.hI]?EIS?:CI‘El:?.lcl\r/l(?itg\a/ar:/]gdggn;gugﬁr?, 'Eeﬂf}g"’“st'g;t'_tylgg%?'gg‘_s'

basis functions. (The total number of basis functions used for 529533,

both current components is 28.)

The solution adopted as a benchmark is used for comparison

of rooftop basis functions and polynomial entire-domain basis Branko M. KolundZija (M'92) was born in Zenica,

functions. The numerical results show that in the case of squi Yugoslavia, in 1958. He received the B.Sc., M.Sc.,

scatterer the polynomial approximation is much more efficie and D.Sc. degrees from the University of Belgrade,
. . . . Belgrade, Yugoslavia, in 1981, 1986, and 1990,

than that by rooftop basis functions. Particularly, the followin respectively.

cases are considered: relative error fecurrent component In 1981, he joined the School of Electrical Engi-

should be less thay = 20% and £ = 10% and relative

neering, University of Belgrade, where he is cur-
error for p-current component should be less thian= 50% ;i’}}'ﬁn"’t‘gnﬁjzf’;i‘}epgggjﬁgg.'”Hee IECttLoem:Stﬂ%tr'C;
and £ = 30%. In these cases, the rooftop solution needs fi coauthor of nine journal articles, a monograph on
to ten more unknowns and 20-500 more CPU time than the analysis of metallic structures, and a software pack-

. . . age for electromagnetic modeling of combined wire-to-plate structures. His
polynomial solution. The numerical results also show that Pé?search interests include numerical problems in electromagnetics, especially
the case considered the efficiency of the analysis perforneese applied to antennas and microwave components.



