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Fast RCS Computation over a Frequency Band
Using Method of Moments in Conjunction with
Asymptotic Waveform Evaluation Technique

C. J. Reddy, M. D. Deshpande, C. R. Cockrell, and F. B. Beck

Abstract—The method of moments (MoM) in conjunction with to get an accurate representation of the frequency response.
the gsy_mprt]otic \(/jvaveform eval_uati?F? C(é\)/VEf) teChfgi_que_liS ar?pﬁeg This can be computationally intensive and for electrically
to obtain the radar cross section of an arbitrarily shape ; ; ; i ;
three-dimensional (3-D) perfect electric conductor (PEC) body !arge ObJSCtS It Car} 3\6 computtatlonalIyt_prohlfbltlve d?splteTthhe
over a frequency band. The electric field integral equation (EFIE) Increased power ot the presen generq lon o computers. 1here
is solved using MoM to obtain the equivalent surface current on Were some attempts to obtain the wide-band data from the
the PEC body. In the AWE technique, the equivalent surface method of moments by interpolating the impedance matrix
current is expanded in a Taylor's series around a frequency in [2]. This method trades reduced central processing unit (CPU)
the desired frequency band. The Taylor series coefficients are time for increased memory. In [3], the model-based parameter

then matched via the Pa@& approximation to a rational function. . . . . .
Using the rational function, the surface current is obtained at estimation (MBPE) is used to obtain the wide-band data from

any frequency within the frequency range, which is in turn frequency and frequency-derivative data. A similar technique
used to calculate the RCS of the 3-D PEC body. A rational called the asymptotic waveform evaluation (AWE) technique
function approximation is also obtained using the model-based has been proposed for the timing analysis of very large scale
parameter estimation (MBPE) method and compared with the integration (VLSI) circuits [4], [5]. The AWE technique is

Padé approximation. Numerical results for a square plate, a cube, finding i ina int tin the elect fi vsis of
and a sphere are presented over a frequency bandwidth. Good ''NdING INCr€asing Interest in the electromagnetic analysis o

agreement between the AWE and the exact solution over the microwave circuits [6], [7]. Recently, a detailed description of
bandwidth is observed. AWE applied to frequency-domain electromagnetic analysis

was presented in [8], [9]. AWE was also successfully applied
for efficient dispersion analysis of dielectric waveguides [10].
In this paper, the application of AWE for predicting the
. INTRODUCTION RCS over a band of frequencies using MoM is described. In
HE solution of the electric field integral equation (EFIEJhe AWE technique, the electric current is expanded in the
via the method of moments (MoM) has been a very useflipylor series around a frequency. The coefficients of the Taylor
tool for accurately predicting the radar cross section (RCSgries (called “moments”) are evaluated using the frequency
of arbitrarily shaped three-dimensional (3-D) perfect electriéerivatives of the EFIE. In most cases, Taylor series gives
conductor (PEC) objects in the frequency domain [1]. In MoMgirly good results. However, the accuracy of the Taylor series
EFIE is set up by subjecting the total tangential electric fielg limited by the radius of convergence and it will not converge
over the surface of the PEC body to zero. Dividing the PEgeyond the radius of convergence. In such cases, the rational
body surface into subdomains such as triangles, rectanglesfusiction approach is used to improve the accuracy of the
quadrilaterals and employing Galerkin’s technique, the integramerical solution. The coefficients of the Taylor series are
equation is reduced to a matrix equation. The matrix equatigten matched via the Padpproximation to a rational function.
is then solved using either by a direct method or by ddsing the rational function, the electric current distribution
iterative method for the equivalent surface currents. The R8N be obtained at any frequency within the bandwidth. Using
is computed from the knowledge of the surface currents. THus current distribution, the RCS is obtained. Alternatively,
generation of the matrix equation and its solution are the ti@y matching the frequency derivatives of the function to the
major computationally intensive operations in MoM. rational function, the MBPE method can be used to obtain
To obtain the RCS over a band of frequencies using MoM, rational function approximation in a rather straight forward
one has to repeat the calculations at each frequency over f@ghion, instead of going through the Taylor series [11]. In this
band of interest. If the RCS is highly frequency dependent of@per, both the P&dapproximation and MBPE are pursued to
needs to do the calculations at finer increments of frequen@yow that they are identical to each other.
_ _ _ The rest of the paper is organized as described below. In
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ments for the AWE formulation are given for each exampl€he matrix (2) is solved at any specific frequengty (with
and are compared with those required for the exact solutismvenumberk,) either by a direct method or an iterative
at each frequency. Numerical results are also compared witiethod. The solution of (2) gives the unknown current dis-
the MBPE method. Concluding remarks on the advantagefbution, which is used to obtain the scattered electric field.
and disadvantages of the current method are presentedThe radar cross section is given by

Section IV. 2
E sca
o= lim 47r7’2| S ()]

= 13
T 13)

Il. THEORY

Consider an arbitrarily shaped PEC body. For RCS calc- AWE/MBPE Implementation

lations, a plane wave is assumed to be incident at an anglerhe RCS given in (13) is calculated at one frequency. If one
(6, ¢:). At the surface of the PEC body, the total tangentialeeds the RCS over a frequency range, this calculation must be
electric field is zero. The total tangential field in terms of thgepeated for the different frequencies of interest. Instead, AWE
scattered and incident fields on the PEC body is, therefogg, MBPE can be applied for rapid calculation of RCS over
written as a frequency range. The AWE technique involves expanding
E.... + By, = 0. (1) the l_m_known c_:oefficient vector in a Taylor s_eries and then
obtaining a rational function representation via the &ag-

In a subdomain MoM approach, the PEC surface is dividggloximation. Alternatively, MBPE involves determination of
into triangles, rectangles, or quadrilaterals. In this paper, wee rational function by matching the frequency derivatives of
follow the triangular subdomain approach reported in [12jhe function at one or more frequency points. Mathematical
Writing E.c.. in terms of the equivalent electric currentsteps involved in this process are given below.
distribution J on the surface of the PEC object and apply- Taylor Series ExpansionThe solution of (2) at a particular
ing Galerkin’s method, a set of simultaneous equations d&requency f, gives the unknown current coefficient column
generated and are written in a matrix equation form as  vector I(k,) at a particular frequency,, wherek, is the

ZONI(k) = V(k) ) wayenumber af,. InsFead,_I(k) can be expanded in a Taylor
series around, and is written as

J/mo //T // Jexp(—jkR) JkR i ds I(’C)Iémn(k—ko)" (14)

7o ) exp(—jkR) with the moment column vectow,, given by [8]
— (V-1 (V- )y——=——=ds'ds "
arck R VI (k) o~ (1= 840) 2D (ko )mn_g
nt 2) q!
a=

and (15)

= / T - Ei,cds (4) whereZ(®(k,) is theqth derivative with respect té of Z (k)
given in (3) and evaluated &t. Similarly, V(™ (k,) is thenth
whereT is the vector testing functior; is the wavenumber at derivative with respect td of V' (k) given in (4) and evaluated
frequencyf, andn, is the intrinsic wave impedancé is the at &, - §,, is the Kronecker delta.
distance between the source point and the observation pointThe evaluation oZ(?)(k) in (15) is a lengthy process due
V' operates over the source coordinates and simildey to the presence df/k in the second term of (3). A complete
indicates the surface integration over the source coordinatesdéivation of Z(¥(k) and V(") (k) is given in [8]. Using the
(2), Z(k) is a complex and dense matriX(k) is the excitation moments in the Taylor series, the electric current distribution
column vector. Equation (4) is calculated using a harmonégan be obtained, which is used to compute the RCS over the
plane wave frequency range.
Padé Approximation: In many cases, the Taylor series ex-
Bine = Bi explj(haz + kyy + £22)] ®) pansion gives fairly good results. However, the accuracy of the
where Taylor series is limited by the radius of convergence. It will not
converge to the right answer beyond the radius of convergence
Ei =xEyi +yByi +2E.i ) and it sometimes requires a large number of terms to converge
and over a frequency range. In such cases, one may want to
replace the Taylor series expansion with a rational function

where

@ me=Z

Egi = cosf; cos i cos o — sin g sin o (7)  via the Paé approximation [13] to improve the accuracy of
E,; = cosf;sin¢; cos o + cos ¢; sin (8) the numerical solution.
E.; = —sinb; cos o 9 To_obtain j[he Pa«ﬂ'apprqximatiop, the Taylpr series expan-
kp = ksin 6; cos (10) Sionin (14) is matched with a rational function [13]
. . L+M+1
k'y = k‘SlIlei Sln(/)i (11) Z mn(k _k )n _ PL(]{} — k‘o) (16)

k. = kcosf; (12) —~ T Quk—k,)
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where 5 :

Pr(k — ko) = ao + as(k — ko) + as(k — k,)? 0
+otag(k - k)E

Qui(k = ko) = by + b1 (k — ko) + ba(k — ko)
+ o+ b (k= ko)™ -10

—~

whereb, is set to 1 as the rational function can be divided bya -15

\ £,=30GHz 7

_ . — . _ Taylor series

LI B IR RN BRI B SNAN RN NN BRI R

an arbitrary constant. Since there &fe+ M + 1) unknowns, °I'= (7th order)

(L + M) moments of the Taylor series should be matched. 2°F " [ | ----- s
Equating the coefficients for powerg: — k, )&+ - (k — 25  pat

ko)Lt the coefficients of),(k — k,) can be obtained by g‘LP:P;";\‘,}‘:;‘;“’“
solving the resulting matrix equation. The numerator coeffi- -30 . Exact Solution
cients can be found by equating the powgts- k,)° - - - (k — .

k,)E. Once the coefficients of the rational function are ob- 3% 554555556551 3e~5a%0

tained, (14) can be rewritten as Frequency(GHz)

NS a1 (k — ko) + az(k — ko)Q + - tar(k— ko)L Fig. 1. RCS frequency response of the square plate (Ixcth cm) from

= bo + by (k — ko) + bo(k — k)2 + -+ by (k — ko)™~ 20 10 40 GHz.
17

xpansion frequency gives the maximum bandwidth as AWE
4 equally valid on both sides of the expansion frequency. All
tie computations reported below were done on a B@igo

For a given amount of computational effort, one can easi
construct a rational function that has a smaller error than
polynomial approximation. Also for a fixed value &f+ A, 2 (with 250 MHz IP22 or

; . ocessor) computer.
the error is smallest wheh = M or L = M + 1 [10]. Using ( P ) P

. - . Square Plate: The first example is for a square plate (1 cm
(17), the electric current coefficients at frequencies arour)n(d1 cm) with anE-polarized(a — 90°) incident electric field

the expansion frequency are obtained. The electric currept o :
L . . ; = 90° ; = 0°. Th I

distribution hence obtained is used to compute the scatte(ﬁI triar?gulsrngfb dom(;ins reesjl?il;zreinpgct)g Ijnﬂfg\:vﬁlzceuo:_

electric field and, finally, the radar cross ;ection using (1?3)'rent coefficients. The AWE frequency response with 0.1-GHz
MBPE_Meth.od.A_Iternatlvely, the coefﬁuents of the .rat'o'increments is calculated using the Baapproximation with

nal function given in (17) can be obtained by matching thE —4andM = 3 at f, = 30 GHz. The RCS frequency

derivatives of/(k) at the expansion fr_equ_engy. Since there response is plotted frorr(; 20 GHz to.40 GHz in Fig. 1 along

are(L+M+1) u_nknowns(_LJrM) dgnvatwe_s off (k) should fwith the calculations using MBPE with = 4 and M = 3. For

be matched. This results in a matrix equation to be solved 86mparison, the frequency response obtained with the Taylor

the coefficients of the rational function. A detailed description_ . L :
of the MBPE method is given in [11]. series expansion is also plotted. AWE took 3296 s CPU time

. N to fill the matrices (including the derivative matrices) whereas
It can be easily shown that the Radpproximation and the exact solution took 429 s for matrix fill at each frequenc
MBPE are identical. The P&dapproximation is derived q Y

through a Taylor series, whereas MBPE is derived throué'e" 9009 s for 21 frequencies). The LU factorization took

. S . . s CPU time for AWE, whereas it took 18 s CPU time
matching the derivatives of the function. Once the ration . .

. . . . or the exact solution at each frequency calculation (378 s
function is obtained, the numerical results for the &a

approximation and MBPE are also identical or 2_1 fr_equencies). It can be observed that Taylor series
' solution is accurate between 26 GHz and 33 GHz, whereas
the Paé& approximation and MBPE give accurate solutions
1. NUMERICAL RESULTS over the entire frequency range from 20 to 40 GHz. It can
To validate the analysis presented in the previous sectionalao be noted that the Padipproximation and MBPE gave
few numerical examples are considered. RCS calculations oidgntical numerical results, hence the curves representing the
a frequency band are done for a square plate, a cube, andage approximation and MBPE are almost indistinguishable.
sphere. The numerical data obtained using AWE with the&ePad Cube: The RCS response of a PEC cube (1 gni cm x
approximation is compared with the results calculated at eathem) is calculated over a frequency band using AWE with
frequency using the triangular patch method of moments. \eleplane wave incident & = 0° and ¢ = 0°. The cube is
will refer to the latter method as the “exact solution.” The nudiscretized with 348 triangular subdomains resulting in 522
merical results are also compared with the data obtained usingrent unknown coefficients. AWE frequency response with
the MBPE method [3]. In the examples presented below, thel GHz increments is calculated using Baapproximation
same data are used for AWE and MBPE and the computatiomath L = 4 andM = 3 at f, = 12 GHz. The RCS frequency
cost in terms of CPU time and storage requirements is exaatgsponse is plotted from 2 to 22 GHz in Fig. 2 along with the
the same for both of methods. In the numerical examplealculations using MBPE witll. = 4 and M = 3. The AWE
presented below, the expansion frequency is chosen totbek 2867 s CPU time for filling up the matrices including the
the center frequency of the band of interest. This choice dérivative matrices and 8 s CPU time for LU factorization.
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10 - - - TABLE |
F b ! CPU TiMINGS FOR RCS QA\LCULATIONS OF THE PEC $HERE
5 - ‘\ : - g
s \
o R Frequency Band (GHz
oF v f0=12(}Hz/ . quency (GHz)
s \
C \ 10GHz-30GHz 31GHz-50GHz I
-5 R o
[ et Method (372 unknowns) (756 unknowns) Total Time
- \ (secs)
-10
- 8 // \ r Matrix Fill | LU Factor | Matrix Fill | LU Factor
= -15 : (secs) (secs) (secs) (secs)
ole  aof \/ . (T;gllgfr ;:geﬁ AWE_MoM 977 3 4,633 35 5,648
- _/ . _ _ _ _ MBPE with Padé
25F (L=4, M=3) approximation or
aoF ____ padé MBPE
' . fﬂ"ﬁ‘:;‘;“’" MoM 5,160 72 10,080 720 16,032
35 o \ L] Exact Solutioty (20 Fréquency
o : Points)
_40’u|||I||||I|||1I1|||l||||I||||I|1||I||||I||||I||||

2 4 6 8 10 12 14 16 18 20 22
Frequency(GHz)

Fig. 2. RCS frequency response of the cube (1xn cm x 1 cm) from  petween values obtained from the AWE approximation at 20
2 to 22 GHz. and 40 GHz, respectively. The CPU timings for matrix fill and

LU factorizations are given in Table I. It can be seen from
7 =40G1z Table | that the exact solution with a frequency increment of
1 GHz took aroud 4 h and 27 min of CPU time to calculate
the frequency response over the frequency bandwidth (10 to
50 GHz), the AWE calculation requires only 1 h and 34 min
of CPU time.

Comment on storageln all the above examples, when
solving a matrix equation, one needs to store a complex dense
matrix Z(k,) of size N x N for the exact solution at each
frequency. Fomth order AWE, one needs to storenumber

(dB)

S
22

- — — - MBPE

AR EAERE EEEEE ARERS RRRRS RERES RENE

(L=4, M=3) of complex dense matrixe€Z@(k,),q = 1,2,3,---n) of
10 —_— ‘i:dér maiod | SiZ€ NV x N along with the matrixZ(k,) of size N x N.
12 v For electrically large problems, this could impose a burden on
P . Exact Solutio computer resources. This problem can be overcome by storing
A4E : the derivative matrice(?(k,) out-of-core, as the derivative

SUTINENT IRNEREE I ENENE ISR NN ATEN S SUNENN NN AU R

1015 20 25 30 35 40 a5 50 Matrices are required only for matrix-vector multiplication.

Frequency(GHz)

Fig. 3. RCS frequency response of a sphere (ragius318 cm) from 10

to 50 GHz using two frequency points at 20 and 40 GHz. IV. CONCLUDING REMARKS

An implementation of AWE for frequency-domain MoM is

The exact solution took about 346 s CPU time to fill thgresented. The RCS for different PEC objects such as a square
matrix (7266 s for 21 frequencies) and 8 s CPU time fgjjate, cube, and sphere are computed and compared with the
LU factorization (168 s for 21 frequencies). The frequency¥xact solution over a band of frequencies. AWE results are
response calculated with the Taylor series expansion is aligo compared with those obtained with MBPE method. It
plotted in Fig. 2 for comparison purposes. is also found to be useful to use multifrequency expansion

Sphere: As a third example, a PEC sphere of radius 0.31§bints to get a wide-frequency bandwidth. From the numerical
cm is considered. To demonstrate the usefulness of AWE o¥gtamples presented in this paper, AWE is found to be superior
a wide bandwidth, two frequency points are considered jat terms of the CPU time to obtain a frequency response.
20 and 40 GHz to obtain the frequency response over themay also be noted that though calculations are done at
frequency range from 10 to 50 GHz. The sphere is discretizede incidence angle for all the examples presented, with a
into 248 triangular elements at 20 GHz and 504 triangulabminal cost, the frequency response at multiple incidence
elements at 40 GHz. The frequency response is plotted dngles can also be calculated. AWE is accurate at and around
Fig. 3 along with the exact solution calculated using a 1-GHhe frequency of expansion. Its accuracy deteriorates beyond
frequency increment over the 40-GHz bandwidth. The nu@- certain bandwidth. The accuracy of AWE over a desired
merical data is calculated using both AWE with the ®adrequency band and its relation to the order of AWE to be
approximation and MBPE withl = 4 and M = 3 with used are topics of interest for future research. With these
frequency increments of 0.1 GHz. It can be seen that battpics addressed, AWE will be of good use in computing the
the AWE and MBPE calculations agree well with the exadtequency response using a frequency-domain technique such
solution. The discontinuity seen at 30 GHz is due to the erras MoM.
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