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Abstract—The T-Matrix approach toward the computation of
total cross sections of spheroidal raindrops due to electromagnetic
scattering is considered numerically exact, and has therefore been
used in this paper for the analysis of the total cross section
(TCS) of the spheroidal raindrops. A more accurate computer
programme based on the T-Matrix method has been developed
in M ATHEMATICA

TM so as to evaluate the TCS’s of the spheroidal
raindrop scatterers. With the checked programme after compar-
ison, a large amount of TCS data has been obtained and plotted
in a three-dimensional (3-D) graphic in this paper. Utilizing
these exact data points, a 3-D (or two-step) nonlinear least
squares fitting procedure has been proposed and implemented
successfully. As a result, an efficient formula of the TCS as a
function of both raindrop mean radius and operating frequency
has been obtained. In the analysis, four cases (both parallel and
perpendicular polarizations, and outdoor temperatures of 10 and
20 �C) are considered. Covering a very large validity range for
practical useful problems, this formula is very compact, easy to
use, and very much faster (by about two orders of magnitude)
than the conventional algorithm.

Index Terms—Electromagnetic scattering, numerical analysis,
rainfall attenuation, and radio wave propagation.

I. INTRODUCTION

OVER the past many years, scattering of plane electro-
magnetic (EM) waves by various types of scatterers has

received much attention in the literature. An exact formulation
of scattering of EM waves by perfectly conducting obstacles
was given in 1949 by Maue [1], who obtained a pure integral
equation which sufficed for the determination of the unknown
surface currents on the obstacle. Based on the concept of ex-
tended boundary condition, which leads to an extended integral
equation where the unknown surface current appears in an
integral over the surface, Waterman [2]–[4] proposed a matrix
formulation method for the analysis of scattering of plane EM
waves by a perfectly conducting obstacle. The matrix formu-
lation method, commonly known as the T-Matrix approach, is
both numerically exact and applicable to scatterers of arbitrary
shapes and sizes. This matrix formulation method was then
further extended by Peterson and Strom [5] to the EM wave
scattering by multilayered structures and applied by Barberet
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Fig. 1. Geometry of the spheriodal raindrop illuminated byEi
x and Ei

y

polarized plane waves.

al. to analyze EM wave scatterings by various dielectric bodies
[6]–[10]. Based on the T-Matrix approach, Barber [6] came up
with some detailed and simplified theoretical equations easier
and more suitable for computer implementation for the case
of dielectric scatterers. A computer program written in Fortran
language was also developed by Barber [11] which made use
of approximations for Bessel and Hankel functions.

The EM scattering by raindrop scatterers has also received
much attention in the past many years [12], [13]. The knowl-
edge of microwave rainfall attenuation due to the raindrop
scattering is quite important for scientists and engineers in
many of their applications. Fig. 1 shows the geometry of
a spheroidal raindrop. Among the work published in the
literature, the original and most significant contributions with
wide recognition has been made first by Oguchi [14], [15]
using point-matching techniques and thereafter by Morrison
and Cross [16] using the least-squares fitting process of the
boundary conditions. The other contributions in this topic
are mainly from Erma [17]–[19], who applied sphere-based
Taylor expansion to the scattering, Pruppacher and Pitter [20],
[21] who developed the “hamburger-shaped” raindrop model
known as the P–P model, Asano and Yamamoto [22], who
applied spheroidal vector wave function expansion to the
scattering, Warner [23], [24], who considered the effects of
spheroidal raindrop shape and orientation, Holtet al. [25],
who applied an integral equation technique in the analysis,
and Li et al. [26]–[28], who formulated the total cross sec-
tion and specific attenuation of the “hamburger-shaped” P-P
model.
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Since the spheroid is widely adopted as the shape of
the raindrops, we will analyze the total cross sections of
spheroidal raindrops. The T-Matrix approach leads to an exact
analysis and has therefore been applied in the computation
of the TCS’s of the spheroidal raindrops. We have tried a
couple of computer programs written in Fortran based on an
approximated form of spherical Bessel and Hankel functions.
However, it is found that such programs do not work well (or
accurately) when the raindrop size or the operating frequency
becomes large (mainly due to the approximations of the Bessel
and Hankel functions after detailed check).

As the MathematicaTM package is an accurate commercial
software with very good symbolic and numerical functions
and has been used widely, we have rewritten the T-Matrix
program using exact Bessel and Hankel equations to cater
directly to the application of spheroidal raindrop scatterers
in the MathematicaTM programming language. As the method
applied is exactly the same as that introduced by [6] and [11],
no details will be provided in this paper. Instead, we would
present a large number of data points of the TCS’s of the
spheroidal raindrops for the scientists or engineers to use.
These data points are given in terms of a three-dimensional
(3-D) figure instead of being tabulated in a large number of
tables. The tabulated data are readily available in [29] and can
be supplied upon request.

However, for more efficient utilization of these readily
available data of the TCS of spheroidal raindrops, we have
developed a 3-D (or two-step) curve-fitting procedure with
MathematicaTM program. An efficient and compact formula as
a function of both raindrop mean radius (cm) and operating
frequency (GHz) has been successfully obtained for each
of the four cases, i.e., parallel and perpendicular incident
polarizations, and temperatures of 10 and 20C.

The theoretical fundamentals for the computer program
implementation can be found in [2], and hence will not be
given for the problem where the geometry of EM scattering by
a spheroidal raindrop is shown in Fig. 1 in Section I. Section II
briefly addresses the mathematical expression of the oblate
spheroidal raindrops, the comparison of the currently generated
exact data and those published results using other methods, and
the validation coverage of the developed formula using a 3-D
least-squares fitting process. In Section III, the curve-fitting
procedure is detailed and subsequently the resulting formula
together with its coefficients are tabulated in a table. Error
analysis of the fitting process is carried out in Section IV and
comparisons are also made between the exact results computed
using the T-Matrix Approach and the fitted results applying the
3-D nonlinear least-squares fitting procedure.

II. SPHEROIDAL RAINDROP SHAPE AND DATA GENERATION

The raindrops scattering analysis has been carried out using
the oblate spheroidal model shown in Fig. 1.

A. Oblate Shape Expression

The -direction is considered as the axis of revolution and
the incident EM illumination is characterized here by the

-field component normal to this axis. In other words, a

parallel polarized incident field is characterized by the field
component and a perpendicular polarized incident field by
the component see Fig. 1. In the coordinate system of this
figure, the equation describing the spheroidal raindrop shape
is given as follows:

(1)

where (in centimeters) stands for the input raindrop mean
radius introduced earlier by Laws and Parsons [30] and Oguchi
[12].

The relative dielectric constant of the raindrop is
dependent upon the operating frequency(GHz) and the
outdoor temperature C In this work, the corresponding
refractive index has been computed using the Ray’s program
[31] written in Fortran language.

B. Comparison of Results and Correctness of Programming

Using the computer program developed, various values for
the TCS’s of spheroidal raindrops illuminated by a EM plane
wave of unit amplitude have been generated and compared
to those values provided by Morrison and Cross [16] who
employed the least-squares fitting technique to the spheroidal
raindrops’ boundary conditions.

To ensure the correctness of the program, a two-step exam-
ination has been taken. First, the T-Matrix program has been
verified by comparing the results of the TCS’s for spherical
raindrops that were generated using the T-Matrix program
and the Mie scattering algorithm. The comparison shows that
the two sets of results were in very good agreement with
a deviation of less than 1.5%, as expected. Secondly, the
TCS values at the frequencies of 11, 18.1 and 30 GHz at
a temperature of 20C (i.e., the same conditions assumed
by Morrison and Cross [16]) have also been generated and
compared with those in [16]. The values generated by the two
methods also agree very well and deviate by a relative error
of less than 2%. Based on these comparisons with available
published data, the validity of the new program developed
here is confirmed.

C. Data Generation and Presentation

Once the computer program had been verified to work
perfectly, a large number of data points of TCS’s against
the oblate spheroidal raindrop mean radius (cm) and
the operating frequency (GHz) have been generated. As
indicated earlier, both parallel and perpendicular incident
polarizations and two outdoor temperatures (i.e., 10 and
20 C have been taken into account in the data generation
using the newly developed T-Matrix computer program. It
shows that the TCS increases as frequency is increased
for parallel polarization, but is decreased for perpendicular
polarization direction as mm.

III. CURVE FITTING AND FORMULA GENERATION

Based on the exact data generated using the T-Matrix
Method, a 3-D curve fitting procedure has been conducted over
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Fig. 2. Break points for the TCS versusa0 curve. The curve shown is that
for a EM wave of parallel incident polarization on spheroidal raindrops at
temperature of 20�C and frequency at 17 GHz.

different ranges of raindrop mean radius (cm), operating
frequency (GHz) and outdoor temperatures C How-
ever, as the one-step commercial nonlinear 3-D least squares
fitting package is not readily available, we used a two-step two-
dimensional (2-D) fitting procedure in the 3-D fitting. First,
the graphs of TCS against mean radius were fitted
with suitable curves which will be discussed in greater detail
later. Next the coefficients of these well-fitted curves were
again fitted against operating frequency. The same process is
applied at both temperatures of 10 and 20C and for both
parallel and perpendicular incident polarizations.

A. Fitting I: TCS Versus Mean Radius

It has been realized after many tests that a single function
cannot give a good fitting of the TCS (within the given
frequency range 10–80 GHz) against the mean radiusat
a given temperature. After observing the curves of TCS’s
against for all ranges of frequency and temperature, it was
decided to break the curves into three sections, each fitted with
a different equation and ensuring continuity at joining points.
After trying out various approaches for the three separate
fitting sections, we chose the break points 0.15 and 0.25 cm
as a good compromise between minimizing the number of
sections and obtaining a good fit. To gain insight into the
detailed variation, Fig. 2 shows the TCS against the
raindrop mean radius (cm) and the two proposed break
points.

The equations for the different mean radius sections were
selected as follows:

(2)

where is the total cross section at a mean radius
(cm) and to in (2) are the ten unknown coefficients that
need to be determined.

After trying out various other equations such as exponential
and second-degree polynomials which were not satisfactory,

(a)

(b)

Fig. 3. Graphs of coefficients,C1 andC3 as examples, versus the frequency
f (GHz). The coefficients shown have obtained for the case of spheroidal
raindrops at temperature of 20�C illuminated by a unit amplitude plane EM
wave of parallel incident polarization.

we found that the third-degree polynomials can lead to very
good fittings and they have therefore been chosen. The equa-
tions selected must be able to fit across all frequencies within
10–80 GHz and temperatures 10 and 20C to a good extent
of about 5% relative error. Using the selected equations, there
were ten unknown coefficients to be determined over the range
of up to 0.45 cm.

B. Fitting II: Coefficients Versus Frequency

To determine the ten coefficients in (2) for frequencies
ranging from 10 to 80 GHz (in steps of 1 GHz), the coef-
ficients, to for both parallel and perpendicular

incident polarizations and at a temperature of 20C
have been plotted against frequency in an attempt to perform
the second round of curve fitting or the 3-D fitting. Two
examples are shown in Fig. 3(a) and (b) for coefficients
and At a temperature of 10C similar graphs have been
obtained (except with different degree of fluctuation across
the higher frequency region) but will not be given here to
save space.
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TABLE I
FORMULA AND ITS COEFFICIENTS FORBOTH Ei

x AND Ei
y POLARIZATIONS AT BOTH 10 AND 20 �C

Again, it is seen from Fig. 3 that each of these coefficients
cannot be well-fitted by using a single function. For a better
fitting of these second-step curves, the ten coefficients versus
frequency have again been separated into three different fre-
quency sections, i.e., 10–25 GHz, 25–44 GHz, and 44–80 GHz.
And correspondingly, the following three types of equations
have actually been employed in the fitting process where the
subscript stands for a value between zero and nine for the
coefficients to :

(3)

where the subcoefficients shown in (3)— and
and and —denote the unknowns to be

determined from the second-round least-squares curve-fitting
procedure.

Again, the least-squares fitting procedure is applied to the
curves obtained from the second round after the completion
of the curve fitting in (2). The unknown subcoefficients in (3)
are thereafter obtained for different ranges of raindrop mean
radius (cm) and operating frequency (GHz). They are
tabulated in a very compact form in Table I at a temperature

and for a polarization from (10 C, 20 C),
It implies that four cases as shown in Table I have

been considered and therefore four sets of the formulas have
been obtained.

C. Validation Coverage of the Formula

The formula of TCS’s developed using incident field with
unit amplitude is applicable for oblate spheroidal raindrops
with mean (effective) drop radius ranging up to 0.45 cm and
frequency from 10 to 80 GHz because of its corresponding
range used for data generation. The validation coverage of
both the data readily available and the formula developed has
been summarized as follows:

Parameter Symbol Range

Mean drop radius 0.00–0.45 cm
Frequency 10–80 GHz
Temperature 10 and 20 C
Polarization Parallel Perpendicular

IV. ERROR ANALYSIS AND DATA COMPARISON

Although there are quite a number of coefficients to be
determined for any particular set of operating frequencies and
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raindrop sizes, the formulas obtained are rather compact. These
formulas involve exponential and cosine functions and can
be easily calculated. The maximum degree of polynomial is
restricted to four and it is mainly used for raindrops at low
frequencies and small raindrop mean radii. It should be noted
that the general formula for both temperatures of 10 and 20C
and both parallel and perpendicular polarizations is the same
as given in (2) and (3), and only the values of the coefficients
vary.

A lot of trials were carried out using different equations
and separating the curves at different positions in an effort
to come up with the most suitable formula. Due to the
wide range of parameters considered, it is very difficult to
find equations that fit uniformly across all the parameters. A
particular equation might fit values at one frequency perfectly
but at the same time causing significant error in the fitting at
another frequency.

The curve-fitting procedure in Section III was carried out
separately using a two-step approach. The errors introduced in
each fitting process therefore cause the overall results to suffer
higher errors (7%) at certain frequencies and size regions and
at the same time slight discontinuity across the regions (see
the relative errors namely “Err” in Table I). Large errors at
certain regions can occur and are found basically due to the
summation of errors over the two fitting processes, especially
at a highly nonlinear region of cm cm.
Particularly, large errors (7%) also occur near 10 GHz due
mainly to the fact that the fitting of coefficients in (3) starts
at this point, therefore resulting in insufficient information to
get a good fit.

The errors can be reduced by considering smaller frequency
and size regions. However, it also results in more different
formulas to be used. Therefore, the method employed in this
work is a compromise between the number of formulas and
degree of accuracy.

Although the errors arising from using the formula at certain
small regions over the whole 2-D regions are considerable, the
fitted formulas are able to provide a rather good estimation
of the TCS for oblate spheroidal raindrops. Fig. 4(a) and
(b) shows two 2-D plots, respectively, for the parallel and
perpendicular polarizations. From the comparison as shown
in Fig. 4, it is seen that the two results obtained by using
numerically exact T-Matrix Method and applying the least-
squares curve fitting formulas generated in this work are
in excellent agreement. The relative errors, as expected, are
basically acceptable for practical problems.

V. CONCLUSION

Based on the T-Matrix Approach developed by Waterman
[2] and Barber [6], a more accurate algorithm than that of
Baber and/or Hill [6], [11] in Fortran language has been
developed with MathematicaTM for evaluating the total cross
section of spheroidal raindrops illuminated by a unit amplitude
EM wave. By utilizing this more accurate algorithm, a huge
number of TCS data against both raindrop mean radius(cm)
and the operating frequency(GHz) have been generated and
plotted.

(a)

(b)

Fig. 4. Comparison between the results obtained using T-Matrix Method
and least-squares curve fitting for TCS’s of oblate spheroidal raindrops at a
temperature of 20�C: Both parallel and perpendicular incident polarizations
are considered in the analysis of the TCS’s at a frequency of 20, 50, and
80 GHz.

With these generated data, a very efficient formula for
TCS’s of oblate spheroidal raindrops has been obtained by
applying a 3-D (or two-step) curve-fitting procedure. It is
a rather compact formula, consisting of cosine, exponential
and polynomial functions. As compared with the T-Matrix
algorithm, the computational speed by using this formula is
increased by about two orders. This formula is very easy to
use because it does not 1) require special functions such as the
spherical Bessel functions and associate Legendre functions,
and 2) encounter convergence problem and therefore needs
no special considerations of the Bessel functions’ special
properties (when index number and argument are comparable).
It covers the practical usable range of raindrop radius (up
to 0.45 cm), operating frequency (10–80 GHz), and outdoor
temperature (10 and 20C), and includes both parallel and
perpendicular incident polarizations. Hence, it is a very useful
and efficient formula for users to evaluate the total cross
section of oblate spheroidal raindrops for microwave rainfall
attenuation calculation.
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