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The Multiple Sweep Method of Moments
(MSMM) Design of Wide-Band Antennas

D. Colak and E. H. Newmarkellow, IEEE

Abstract—This paper presents the use of the multiple sweep the CPU time for a parameter study to optimize the geometry
method of moments (MSMM) in the design of electrically large of that section.
wide-band antennas. The MSMM is anO(N*) recursive method Over the past several years many methods have been
for solving the large matrix equations which arise in the method . . .
of moments (MM) analysis of electrically large bodies. Although developed to 'mF_’rove the ComDUtat'onal eﬁ'c'ency of the M.M'
the MSMM is a frequency-domain solution, it has a time-domain and thus allow it to be applied to electrically larger bodies
interpretation. The main point of this paper is to show that this [10]. Recently, the authors described a technique termed the
time-domain interpretation can be used to identify the location myltiple sweep method of moments (MSMM) [7]-[9], which

and magnitude of points of current reflections, thus making ; ; ; 2 i
the MSMM a useful tool for analysis and design of wide-band can reduce the matrix solution time B(N*) (or less if

antennas. The method is applied to the three-dimensional (3-D) it IS combined with the fast multipole method [11]-{16]).
problems of a long dipole antenna with a reactive load in the The MSMM is an extension or modification of the spatial

center of each arm and a TEM horn antenna with a bend. decomposition technique (SDT) developed by Umashaakar
al. [17]. In both methods the electrically large body is split
into P sections containing approximatel)y /P unknowns
per section. The currents on th@ sections are found in
I N the design of electrically large wide-band antennas oRerecursive fashion until they (hopefully) converges to the
generally wants a structure which permits the current et result. When applied to antennas, the main difference
flow from the generator onto the antenna surfaces with ggnyveen the MSMM and the SDT is that the MSMM views
little reflection as possible. The frequency-domain method @e time harmonic voltage source as a step function which
moments (MM) has been one of the most reliable and widelyyns on at timet = 0. The MSMM procedure then attempts
used numerical methods for the analysis of antennas of simglesoliow the current as it flows out of the generator onto
or complex shape [1]{6]. In the MM the current on & bodyhe antenna arms. The first sweep accounts for first order
is expanded in terms ol expansion functions, and th¥  reflections of the current, while subsequent sweeps account
unknown coefficients in this expansion are obtained as th§ nhigher order reflections. Tapered resistance cards [18]-[23]
solution of an orderN' matrix equation. The standard MM gre ysed on the first sweep to isolate first order reflections of
has two main limitations. The first is associated with thge current and to remove unphysical reflections at the ends
fact that the number of unknown¥’ in the MM solution is ¢ the sections. Subsequent sweeps are performed in the order
proportional to the electrical size o?f the antenna and, thys, which currents change with time, so that the higher order
the MM is often limited by theO(N™) CPU time required gy eens correspond to higher order reflections of the current.
to solve the MM matrix equation by direct methods such g§hq,gh there is no proof or guarantee of convergence of the
LU decomposition. By contrast, the multiple sweep methquMM, previous results [7]-[9] indicate that for lo® wide-

. by )
of mome_nt_s (MSMM) [71-[9] require(N') CPU time. The band antennas, the MSMM converges to engineering accuracy
second limitation is a result of the fact that, although the MN, only a few sweeps.

can provide extremely accurate results for the antenna curreng . ction 1l of this paper presents the MSMM solution for
distribution, it provides no insight into the mechanisms wh|cg symmetric two-arm antenna, and in particular, it is shown

affect the a_nt_enna current. Thus, with the stand_ard_ MM 't ow the previously presented MSMM procedure [7]-[9] can
extremely difficult to relate a computed current distribution Be modified to include an interior point of reflection. A
the phyS|tcaI :]eatutrr(]ast ?I] th&;&t&nﬂa. The_ melunt_pom:j of tI]Jéflection coefficient for each MSMM section is defined which
paper 1S to show hat the ) as a simple ime-domal,, pe ysed to locate and assess the strength of points
Interpretation, .Wh'Ch can |dent|fy pqmt; of currgnt reflectlogf reflection. In Section lll, the procedure is applied to a
and thus provide valuable design |r_1_S|ght. It will further b ree-dimensional (3-D) TEM horn antenna, while Section IV
shov_vn that the MSMM has_the ability t.o analyze & SMay asents the MSMM design procedure. Finally, Section V
section of the antenna in an isolated fashion, thus minimizi scribes the major advantages of the MSMM, as compared to
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N = total MM unknowns/arm = 24 where theJ,, are the known basis functions and theare the
;\Ipfn:’n:’;‘cj(‘;t“ﬂth’r'ltﬂwjff/‘::g;{)il““N; . unknown current qogﬁicients. Employing the MM procedur_e,
] Discontinuity the unknown coeff|C|e_nts from (1) can be found as the solution
"C‘:\é‘f”‘ p=l  pm2 mde \/ —Dp— pP L of the order2N matrix equation
“;nl“‘l“‘l‘/’\‘l“‘l“‘l
T s pars ) Sweepk=1 (0dd) " i {[ZLI] [ZLQ]} [I} = {V} 2)
( Part C [ZQ’I] [ZQ’Q] I Vv
. Part A
Sweep k=2 (even) (__tan e ) where theZ?# are ordetV impedance matrices, which account
@ for mutual coupling between basis and weighting functions
on Arms¢, 5 = 1,2, V is the reaction between the antenna
Resistance Taper voltage generator and the basis functions on Arms 1 and 2,
NR= ]se“:"% and! = [iy,42,---,ix]7 is the current vector which holds the
@FHHHMN\% b |4’ unknown coefficients on Arms 1 and 2.
PRCSec. 1 Recard = free Space i For the purposes of the MSMM solution, each arm of the
® antenna is split inta” equal sections of approximately,, =
‘ N/P expansion functions per section and of approximate
/ width D, = L/P'. The sweepk = 1,2,---,00 current on
®+,+,E?‘,‘,++E:2‘,,|_HHHW S e P arm 1 sectiorp = 1,2,---, P is denoted
ik )y PECSec.p Rcard <  Free Space = x oN,
© TE= > ik, (3)
n=(p—1)Np+1
®| «plez |—o—pelf—| o L [ _‘P‘ | - .. . .
] PEC Sec. p-1 Jp )< lreeSpace - X and S|m|IarIyJ’“ denotes the current on arm 2 sectignThe
@ sweepk current vector is denoteff* = [i¥, 5, -, ik ]7.
@}4 F4 f-4- 4 1 B e e I -F-+- 3 -}- rp:rfr| e B. The First Sweep
LoopcSep Jpa e x Although the MSMM is not rigorously a time-domain
) solution, it is helpful to visualize it as computing the time-

Fig. 1. For the MSMM solution antenna Arm 1 of lengfhis split into d0Main antenna current due to a step function time-harmonic

P sections withN,, = N/P unknowns per section. (a) MSMM Sweepsvoltage sourcey,(t) = exp(jwt)u(t), which turns on at time

k =1 and2 on dipole Arm 1. (b) Computation of} = Sweep L1 current + — . The k = 1 or first sweep will track the current

on sectiorp = 1. (c) Computation off, = Sweep L current on section p. as it first propagates from the generator to the ends of the

(d) Computation of.]IL1 =Modified Sweep 1 current on section p-1. (e) t d will includ \v first ord flecti f th

Computation of.lg =Sweep 2 current on section p. antenna, an WI incilce O”Y ISt oraer re. ECLOoNS 0 N
current. The f|rst sweep begins by computing the current,
JE=l and J 1 on arm 1 sectiorp = 1 and arm 2 section

Il. THE MSMM SOLUTION FOR A TWO-ARM ANTENNA y =1 caused by the generator when it first turns on. At
_ this point, the remaining sectionsp’ > 2 have no current,
A. Geometry for the MM and MSMM Solution thus creating unphysical discontinuities and reflections of the

This section illustrates the application of the MSMM to @ntenna current at the ends of sectipns = 1. As illustrated
perfect electric conducting (PEC) symmetric two-arm antenrifl.Fig. 1(b), to minimize these unphysical reflections, the outer
Fig. 1(a) symbolically shows one arm of the symmetric cente@dges of sectiong =1 andp’ = 1 are terminated in tapered
fed antenna of total lengtBL. The excitation is by a unit £ cards. The resistance smoothly tapers from zero at the
amplitude time-harmonic voltage source. As indicated by tfigner edge to a very large resistance at the outer edge. For
heavy x, there may be a point of discontinuity or reflection irffonvenience, we always choose the width of fheards to be
each arm. Although the antenna in Fig. 1(a) is pictured as?8 integer numberVg, of sections. For simplicity in Fig. 1
straight-arm dipole, the reader should note that the arms co@fef in the discussion to follow, we will assume af = 1
be curved to form a spiral or helix antenna, or even expand®@ctionR card. Thus, sections = p’ = 1 are PEC, sections
in width to form a horn antenna. p = p' = 2 are taperedr cards, and the remaining sections are

For the purposes of the standard MM solution, each arm 6ge-space. Once the current on sectipns p’ = 1 has been
the antenna is split intdV segments of widthl = L/N and determined, the next step is to compute the current on sections

the symmetrick directed current is expanded as p = p' = 2 caused by the generator plus the previously
‘ computed currents on section 1. The process is continued until
. all of the sweep 1 currents have been computed.
= Zszn(a:) on Arm 1:z >0 P P

1Due to the use abverlappingpiecewise sinusoids, there is not a one to one
correspondence between the MM segments and the MM basis functions. This

. . small difference in numbering is ignored in this paper. In general, MSMM
+ Z L"J"(_x) on Arm 2:z < 0. (1) sections should be viewed as groups of basis functions and not as physical

sections of the body.
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Consider the computation of the first sweep curre?ijﬁl P = number of MSMM sections/arm = 11
and ,]]’j,zl, on arbitrary arm 1 sectiop and arm 2 sectiop’. N = total number of unknowns/arm = 110
As illustrated in Fig. 1(c), sections 1 to— 1 on arm 1 and Np = number of unknowns/section = N/P = 10
sections 1 top’ — 1 on arm 2 contain previously computed Load jX in Sec. p=6”*’-\w ,DP_:}: Lel1n
sweep 1 currents, sectiopsandy’ are PEC, the nextvg =1 ~ e e B I B R e B e
sections on each arm are tapef®cards, and the remaining ) PTI p=2 - — pTP=H
sections are free-space. Note that no tapdtexhrd is needed } ' - 150 ;2
at the inner edges of sectiopsand p’ since the previously i X=j100Q — — 1
computed currents on sectiops- 1 andp’ — 1 (approximately) £ olE _ |
enforce continuity of current at the junction and, thus, froman - kA
electromagnetic viewpoint there is no edge. The currents gn | jl0Q—1— i
PEC sectiong andp’ and R card sectiong + 1 andp’ +1 3 001 o |
are produced by the superposition of the voltage genera%r' i PSS B oY 1
plus the previously computed currents on sections # tol - il - 1 ]
and 1 top’ — 1 radiating in the presence of PEC sectigns 0.001 | ﬂ RS m ! m | m W \
andp’ and R card sectiong +1 andp’ + 1. Assumingthat ~ 0o 1 2 3 4 5 6 7 8 9 10 Il 12
the antenna has no points of reflection, then swkeg 1 Section p
continues until the current on all sectiopsp’ = 1,2,---,P  Fig. 2. The reflection coefficient for a reactive log® in sectionsp = 6

have been computed. Note that when computing the curreht dipole antenna.
on the last sectiongs = p’ = P, no R card is used since the
outer edge is a real termination of the antenna.

If there is a point of reflection on the antenna arms, theh= 11X and with/V = 110 MM expansion functions per arm.
it must first be detected, and then the MSMM procedure fr the MSMM solution each arm is segmented ifto= 11
modified so that sweep = 1 includes first order reflections sections of widthD,, = L/P = 1A and withV,, = N/P = 10
of the current. To detect reflections, each time we compute teknowns per section. A reactive logd( is placed at the
current on sectionp andy’, we recompute the current on thecenter of each arm of the dipole, i.e., at the center of MSMM
previous sectiong — 1 andp’ — 1. As illustrated in Fig. 1(d), sectionsp = p’ = 6. Fig. 2 shows the reflectioq coefficient,
the recomputed current on sectipn- 1, denotedJ!_,, is %, for sectionsp = 2,3,..-, =11, and for various values
the current induced on PEC sectipn- 1 by the source, the of the reactive loag X. Note that (except for the last section

previously computed sweeb = 1 currents on sections 1 toWhich has a near unity reflection coefficient) for the MSMM
»— 2 andp, plus the previously computed current on tHe sections that do not have the load, the reflection coefficient is

card sectionp + 1. We then define the reflection coeﬁicien§ma”! and on the order of 0.003. This sets a noise or threshold

for sectionp as value for the smallest reflection which can be detected. As
. illustrated in Fig. 2, a load of1 €2 corresponds to a reflection
R — [ h= = T @) coefficient of Rg ~ 0.004 and is just above the threshold.
v HJ}_IH ’ As j X increasesRg increases and the point of reflection in

. ) o sectionsp = p’ = 6 is easily detected.
If i\ &~ J,_, then R, is small and there is little or N0 The MSMM can identify the location of the points of
reflections in sectiorp. In this case the MSMM procedure gfiection to a resolution on the order of the MSMM section
continues to largep,p’ out the antenna arms. HoweverAf, gjze D, = L/P, which suggests the use of many small
exceeds some threshold value, then as indicated aktie \jSMM sections. By contrast, assuming A = 1 sectionR
Fig. 1(a), the MSMM procedure reverses direction and followsards, the main limitation on the noise or threshold value for
the reflected current back toward the generator, at which pojAk reflection coefficient is the ability of th& card section
it again reverses and proceeds out the antenna arms. WheRct as perfect absorbers. A%, = L/P increases, thek
it again reaches the discontinuity it does not reverse agaifirds become better absorbers and the noise or threshold level
since this would correspond to a second-order reflection fef the reflection coefficients decrease. Also, the convergence
the current and sweep 1 only includes first-order reflections. the MSMM typically improves ad), increases [7]-[9]. As

Sweep 1 proceeds out past the discontinuity until either dtcompromise between these factats, should typically be
reaches the end of the antenna or a second discontinuitytii®sen on the order of a wavelength.

reached. This out to the reflection point, back to the generatoiFor the dipole with a load of X = ;100 2, Figs. 3(a)—(c)
and out again to the end process is denoted parts A, ghow a comparison between the MSMM swéeg 1 and the
and C in Fig. 1(a). If a second discontinuity is detected, thexact MM current. Part A starts at the generator segtienl
MSMM procedure reverses inward toward the generator aafld shows no indication of a reflection (i.e., no ripple) until it
then proceeds back out the antenna arms. In doing thisgéts to the load section 6. Part B reverses inward toward the
does not reverse at the first discontinuity since doing so wowénerator and begins to approximate the ripple in the exact
correspond to a second-order reflection of the current. MM current. Finally, Part C goes from the generator to the
Fig. 2 illustrates the ability of the MSMM to detect a poinfast sectionp = P = 11. Sectionsp > 6 show no ripple until
of reflection. The insert shows a dipole antenna of arm lengtie currents gets to the last sectipr= P = 11.



1368 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 46, NO. 9, SEPTEMBER 1998

P=11 MSMM Sections e MSMM P=11 MSMM Sections
QN:I]() MM Unkn‘nwns | j‘l()() o MM N=110 MM Unknowns $100 % L=11%,
—————H————— Ottt R
p=1 p=2 pé}» =11 p=l ‘p=2 1 1 T ‘pé\6 1 1 1 I ‘p:ll I
ié'”m”[””””wI”H'm]”””mW”m'w”‘”””V'””ml”“””‘w”m”w””””W”m” 10 EHHYHIYVHIYIYH‘YHIHHWHH[IIIVIIIIHIHWIYIYIYHWHHHHWHHHHI‘IVIHHH‘IHHHH‘HIHVIVE
2 k=0dd
1 L
0 L
=4 g
— 2F VAN AN AN AN A AN AT 1(b) o r
L 1L g ParlB /\/\/V\/E g AT
I ¥ vre: Y EFEVETYTA FYTVYTVTYY FEYVIVTYTY YSTRVSVTN FYVTSTIVEY FVVROUTIY CYTIVTTORL FOYVIVPIS PTOURIOSY HOTVOVRY: «n
30 5 01
& 4 -
3 :
2 o
1 2
P T T e B e TR T o 0.01
0 10 20 30 40 50 60 70 80 90 100 110 %If
F s s L B S B s
37 . PutA 4 0.001 E
= 1? -
E 0 L Lol 4
,: T O s 0,000 ekl bbb,
< 3R . fan B 0 10 20 30 40 50 60 70 80 90 100 110
E % VAVAVAV Y aVAVAVAY AVAVAYI MM Basis Function n
o L
€0 Fig. 4. E* = the error for basis functiom on sweepk.
@ 4F
2| A .
P even numbered sweeps proceed inward from the ends as the
0 SRTPTEIVI UTYTSRTUTA TTNVINTUS [RTTUTETI TN TETUYy EIUTSTURTU IOTATYNIEI SRTTYRTVTAFISTSTVITAITONINS

0 20 30 40 50 60 70 80 90 100 110 MSMM solution attempts to model multiple reflections of the
MM Basis Function n current.
Fig. 3(d)—(f) show a comparison of the sweép = 2
SMM current and the exact MM current. Part A proceeds
from the last sectiop = 11 to the load sectiorp = 6. It
is considerably better than the swekp= 1 current since it
C. The Second and Subsequent Sweeps includes the effects of reflection at the ends of the dipole. Part

At the conclusion of the first sweep the antenna current Bs proceeds from the load section 6 back to the end section
known to first order in reflections, and the MSMM sectionst1 and is a noticeable improvement over Part A. Finally, Part
which contain points of reflection have been identified. THe Proceeds from the end section 11 to the generator section
second sweep improves the accuracy of the current by inclddand yields a current which is probably adequate for most
ing reflections to order 2. As illustrated in Fig. 1(a), the secorfigineering applications.
sweep is done in reverse order since this is the natural ordefhe error in computing the current coefficient for basis
in which the currents would change with time. As was th#inction n on sweepk is
case for sweep = 1, sweepk = 2 is done in the three Parts . [MMi, — MSMMi|
A, B and C. E, = :

Fig. 1(e) illustrates the computation of the swelep= 2 MM .|
current on arbitrary sectionsandy’, i.e.,J;=* andJ%= . In
computing the sweep 2 current on sectignandy’, sections
p andp’ are PEC, while all other sections are represented
thgir m.os'F recently computed curr_ents. Fo_cusing on arm 1’(§fmost) every current coefficient.
this point in the sweep 2 computation, sectirsl tO_P havg Now define the total root mean square (rms) error for sweep
already been updated to the sweep 2 currents, while sections 1o
to p—1 still have the sweep 1 currents. No resistance cards are

<

Fig. 3. A comparison of the exact MM and MSMM current for (a)—(c) sweeR/I
k =1 and (d)—(f) sweept = 2.

on sweepk. (5)

For the same dipole as Figs. 3, Fig. 4 shaifs versus MM
asis functionn, and for sweeps = 1,2,---,8. Note that
0 sweeps produce a monotonic decrease in the error for

needed since’zj}_1 and,]§+l_ approximately en_force cont_inuity \/ZN_1 IMM i, — MSMM |2
of current at the left and right edges of sectigrrespectively  RMS Error= E* = "= . (6)
(except for section” which has a real edge). The current on Eﬁ’zl MM ¢,,|2

sectiong andyp’ is the superposition of that due to the voltage

generator plus all previously computed currents. It has beEig. 5 shows the rms error for sweeps= 1 to 30. The

found that the accuracy and convergence of the MSMM caolid line is for the MSMM procedure shown in Fig. 1(a)

be improved by also allowing sectiops— 1 andp’ — 1 to consisting of Parts A, B and C, while the dashed line is for

be PEC [9]. the old MSMM procedure consisting of Part C only [7]-[9].
All sweepsk > 2 are identical to sweep 2, except that oddNote that the new MSMM procedure converges to essentially

numbered sweeps proceed outward from the generator, whilachine accuracy in about 13 sweeps, while the old MSMM
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Fig. 7. Convergence of the MSMM solution for a TEM horn antenna.
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procedure requires about 23 sweeps. More importantly, the
new MSMM procedure converges to engineering accuracy of
1% in just six sweeps. Further, previous results indicate that
the convergence of the MSMM improves as the electrical sif@- 8. MSMM sweep 1 design procedure.
of the body increases.

Fig. 7 shows the convergence of the MSMM solution for
horns of angle# = 0°, 40°, and 80°. For § = 80° the
) ) ) dashed line shows the old MSMM procedure which does not

Fig. 6 shows a TEM horn antenna [25] which we view agclude the out-back-out sweep of Fig. 1(a). Note that on the
a center-fed symmetric two-arm antenna. Each arm consigg:‘”y sweeps the new out-back-out MSMM sweep improves
of a nearly triangular plate whose width expands with anglge accuracy by almost an order of magnitude, however, the
a = 20° as one moves out the antenna arms. The total agRy and new methods eventually converge to the same values.
length is6A and a bend of anglé at distanced) from the Ajso in all cases the MSMM procedure converges to an

generator will produce a reflection of the current. Since ﬂ?ﬁ]gineering accuracy of 1% in three sweeps or less.
two arms are at an interior angle ¢f= 20°, the bent plate

is vertical whenf = 80°. For the purposes of the MSMM

solution each arm is split intd> = 6 MSMM sections, and IV. MSMM DESIGN PROCEDURE

the bend is at the end of section= 4 (andp’ = 4). To This section describes a procedure for designing a wide-
illustrate the ability of the MSMM to detect the discontinuitypand antenna with minimum CPU time using the MSMM.
Fig. 6 showsR, = the reflection coefficient for sectigh=4 With the MSMM the antenna is designed, i.e., its geometry is
versus the anglé. When# = 0, i.e., no discontinuity,R; determined, on thé& = 1 or first sweep since this is when
is about 0.01. However, asincreasesfi, increases, and thethe points of reflection are identified. As indicated by the
discontinuity can be detected. flow chart of Fig. 8, MSMM sweep 1 begins by computing

Ill. TEM HORN ANTENNA
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the current,JI}, and reflection coefficientiz,, for sections to assess whether a particular change in the geometry is good
p = 1,2,---, P moving from the generator out the antennar bad. The primary disadvantages of the MSMM are that it
arms. Each time a reflection coefficient is computed it is difficult to apply to an arbitrarily shaped body, and that

compared to some small threshold level denotgd

convergence of the method is not guaranteed. However, even

If R, < Ry, then the reflections in sectignare considered if the MSMM does not converge, sweep 1 can still be used to
negligible, and the MSMM procedure continues to larger identify and minimize points of reflection.

out the antenna arms.

If R, > Ry then the reflections in sectignare considered

to be too large, and some change to the geometry of section

p is required. The antenna engineer modifies the segtion [

geometry, and then recomputes om]y and K,,. Note that

it is not necessary to restart the procedure at segtienl, [2]

since the sweep: = 1 currents on sections 1 tp — 1

do not depend on the geometry of sectianThe newR, =l

is compared toRr, and the process is continued until a

modification to the sectiop geometry is found such that [4]

R, < Ryp. 5
Note that each time the geometry of sectjois changed the
MSMM requires the solution of a relatively small ord®}, =  [6]
N/P system of equations. Following the three part procedurt%
of Fig. 1(a), the MSMM should now reverse direction to Par
B inward toward the generator, and then proceed outward on
Part C. In practice this complexity is probably not warranted
since B, < Ry is small, and thus at this point sweep 1 isl®
simply continued outward until either another reflection greater
than the threshold is found or the end of the antenna arnig]
are reached.

[10]
V. CONCLUSION

This paper has described the applications of the MSMA#
to the design of wide-band antennas. As compared to the
standard MM, the MSMM has three important advantageg2]
First, by computing the reflection coefficienk,,, for each
section the MSMM can assess the strength and locate poiH’@
of reflection to a resolution of the MSMM section sizB,,. |14
By contrast, the MM provides no simple way to relate the
computed current to the geometry of the antenna. Second
the MSMM is extremely efficient in performing a parametePS]
study to modify the geometry of the antenna to improve its
performance. With the MSMM design procedure of Fig. 8, ongé]
modifies the geometry of sectign and then solves an order
N, = N/P system of equations for the current on sectio[m
p, J}. This requiresO(N/P)* solve time. By contrast, with
the standard MM any change in the geometry requires the
computation of the entire current vector by the solution cﬁs]
an orderN system of equations, requirin@(N?) solve time.
Thus, even for a modest size body with= 10, each iteration
in the design procedure can B¥ = 1000 times faster with the (19]
MSMM. The final advantage of the MSMM is that it provides
a definite method for determining whether or not a geomet(so]
change is helpful, since it allows the engineer to study the
discontinuities in an isolated fashion one at a time. A chan
to the geometry of sectiop only changesk,,, and thus ifR,
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