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The Multiple Sweep Method of Moments
(MSMM) Design of Wide-Band Antennas

D. Çolak and E. H. Newman,Fellow, IEEE

Abstract—This paper presents the use of the multiple sweep
method of moments (MSMM) in the design of electrically large
wide-band antennas. The MSMM is anO(N2) recursive method
for solving the large matrix equations which arise in the method
of moments (MM) analysis of electrically large bodies. Although
the MSMM is a frequency-domain solution, it has a time-domain
interpretation. The main point of this paper is to show that this
time-domain interpretation can be used to identify the location
and magnitude of points of current reflections, thus making
the MSMM a useful tool for analysis and design of wide-band
antennas. The method is applied to the three-dimensional (3-D)
problems of a long dipole antenna with a reactive load in the
center of each arm and a TEM horn antenna with a bend.

I. INTRODUCTION

I N the design of electrically large wide-band antennas one
generally wants a structure which permits the current to

flow from the generator onto the antenna surfaces with as
little reflection as possible. The frequency-domain method of
moments (MM) has been one of the most reliable and widely
used numerical methods for the analysis of antennas of simple
or complex shape [1]–[6]. In the MM the current on a body
is expanded in terms of expansion functions, and the
unknown coefficients in this expansion are obtained as the
solution of an order matrix equation. The standard MM
has two main limitations. The first is associated with the
fact that the number of unknowns in the MM solution is
proportional to the electrical size of the antenna and, thus,
the MM is often limited by the CPU time required
to solve the MM matrix equation by direct methods such as
LU decomposition. By contrast, the multiple sweep method
of moments (MSMM) [7]–[9] requires CPU time. The
second limitation is a result of the fact that, although the MM
can provide extremely accurate results for the antenna current
distribution, it provides no insight into the mechanisms which
affect the antenna current. Thus, with the standard MM it is
extremely difficult to relate a computed current distribution to
the physical features of the antenna. The main point of this
paper is to show that the MSMM has a simple time-domain
interpretation, which can identify points of current reflection
and thus provide valuable design insight. It will further be
shown that the MSMM has the ability to analyze a small
section of the antenna in an isolated fashion, thus minimizing
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the CPU time for a parameter study to optimize the geometry
of that section.

Over the past several years many methods have been
developed to improve the computational efficiency of the MM,
and thus allow it to be applied to electrically larger bodies
[10]. Recently, the authors described a technique termed the
multiple sweep method of moments (MSMM) [7]–[9], which
can reduce the matrix solution time to (or less if
it is combined with the fast multipole method [11]–[16]).
The MSMM is an extension or modification of the spatial
decomposition technique (SDT) developed by Umashankaret
al. [17]. In both methods the electrically large body is split
into sections containing approximately unknowns
per section. The currents on the sections are found in
a recursive fashion until they (hopefully) converges to the
exact result. When applied to antennas, the main difference
between the MSMM and the SDT is that the MSMM views
the time harmonic voltage source as a step function which
turns on at time . The MSMM procedure then attempts
to follow the current as it flows out of the generator onto
the antenna arms. The first sweep accounts for first order
reflections of the current, while subsequent sweeps account
for higher order reflections. Tapered resistance cards [18]–[23]
are used on the first sweep to isolate first order reflections of
the current and to remove unphysical reflections at the ends
of the sections. Subsequent sweeps are performed in the order
in which currents change with time, so that the higher order
sweeps correspond to higher order reflections of the current.
Although there is no proof or guarantee of convergence of the
MSMM, previous results [7]–[9] indicate that for low wide-
band antennas, the MSMM converges to engineering accuracy
in only a few sweeps.

Section II of this paper presents the MSMM solution for
a symmetric two-arm antenna, and in particular, it is shown
how the previously presented MSMM procedure [7]–[9] can
be modified to include an interior point of reflection. A
reflection coefficient for each MSMM section is defined which
can be used to locate and assess the strength of points
of reflection. In Section III, the procedure is applied to a
three-dimensional (3-D) TEM horn antenna, while Section IV
presents the MSMM design procedure. Finally, Section V
describes the major advantages of the MSMM, as compared to
the standard MM, in the design of electrically large wide-band
antennas. All of the MM computations in this paper were made
with the Electromagnetic Surface Patch Codewhich employs
a piecewise sinusoidal solution of the electric field integral
equation [24].
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Fig. 1. For the MSMM solution antenna Arm 1 of lengthL is split into
P sections withNp = N=P unknowns per section. (a) MSMM Sweeps
k = 1 and2 on dipole Arm 1. (b) Computation ofJ1

1
= Sweep 1 current

on sectionp = 1. (c) Computation ofJ1
p
= Sweep 1 current on section p.

(d) Computation of ~J1
p�1

=Modified Sweep 1 current on section p-1. (e)
Computation ofJ2

p
=Sweep 2 current on section p.

II. THE MSMM SOLUTION FOR A TWO-ARM ANTENNA

A. Geometry for the MM and MSMM Solution

This section illustrates the application of the MSMM to a
perfect electric conducting (PEC) symmetric two-arm antenna.
Fig. 1(a) symbolically shows one arm of the symmetric center-
fed antenna of total length . The excitation is by a unit
amplitude time-harmonic voltage source. As indicated by the
heavy , there may be a point of discontinuity or reflection in
each arm. Although the antenna in Fig. 1(a) is pictured as a
straight-arm dipole, the reader should note that the arms could
be curved to form a spiral or helix antenna, or even expanded
in width to form a horn antenna.

For the purposes of the standard MM solution, each arm of
the antenna is split into segments of width and
the symmetric directed current is expanded as

on Arm 1:

on Arm 2: (1)

where the are the known basis functions and theare the
unknown current coefficients. Employing the MM procedure,
the unknown coefficients from (1) can be found as the solution
of the order matrix equation

(2)

where the are order impedance matrices, which account
for mutual coupling between basis and weighting functions
on Arms is the reaction between the antenna
voltage generator and the basis functions on Arms 1 and 2,
and is the current vector which holds the
unknown coefficients on Arms 1 and 2.

For the purposes of the MSMM solution, each arm of the
antenna is split into equal sections of approximately

expansion functions per section and of approximate
width 1. The sweep current on
arm 1 section is denoted

(3)

and similarly denotes the current on arm 2 section. The
sweep current vector is denoted .

B. The First Sweep

Although the MSMM is not rigorously a time-domain
solution, it is helpful to visualize it as computing the time-
domain antenna current due to a step function time-harmonic
voltage source, , which turns on at time

. The or first sweep will track the current
as it first propagates from the generator to the ends of the
antenna, and will include only first order reflections of the
current. The first sweep begins by computing the current,

and on arm 1 section and arm 2 section
caused by the generator when it first turns on. At

this point, the remaining sections have no current,
thus creating unphysical discontinuities and reflections of the
antenna current at the ends of sections . As illustrated
in Fig. 1(b), to minimize these unphysical reflections, the outer
edges of sections and are terminated in tapered

cards. The resistance smoothly tapers from zero at the
inner edge to a very large resistance at the outer edge. For
convenience, we always choose the width of thecards to be
an integer number, , of sections. For simplicity in Fig. 1
and in the discussion to follow, we will assume an
section card. Thus, sections are PEC, sections

are tapered cards, and the remaining sections are
free-space. Once the current on sections has been
determined, the next step is to compute the current on sections

caused by the generator plus the previously
computed currents on section 1. The process is continued until
all of the sweep 1 currents have been computed.

1Due to the use ofoverlappingpiecewise sinusoids, there is not a one to one
correspondence between the MM segments and the MM basis functions. This
small difference in numbering is ignored in this paper. In general, MSMM
sections should be viewed as groups of basis functions and not as physical
sections of the body.
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Consider the computation of the first sweep current,
and , on arbitrary arm 1 section and arm 2 section .
As illustrated in Fig. 1(c), sections 1 to on arm 1 and
sections 1 to on arm 2 contain previously computed
sweep 1 currents, sectionsand are PEC, the next
sections on each arm are taperedcards, and the remaining
sections are free-space. Note that no taperedcard is needed
at the inner edges of sectionsand since the previously
computed currents on sections and (approximately)
enforce continuity of current at the junction and, thus, from an
electromagnetic viewpoint there is no edge. The currents on
PEC sections and and card sections and
are produced by the superposition of the voltage generator
plus the previously computed currents on sections 1 to
and 1 to radiating in the presence of PEC sections
and and card sections and . Assuming that
the antenna has no points of reflection, then sweep
continues until the current on all sections
have been computed. Note that when computing the current
on the last sections , no card is used since the
outer edge is a real termination of the antenna.

If there is a point of reflection on the antenna arms, then
it must first be detected, and then the MSMM procedure is
modified so that sweep includes first order reflections
of the current. To detect reflections, each time we compute the
current on sections and , we recompute the current on the
previous sections and . As illustrated in Fig. 1(d),
the recomputed current on section , denoted , is
the current induced on PEC section by the source, the
previously computed sweep currents on sections 1 to

and , plus the previously computed current on the-
card section . We then define the reflection coefficient
for section as

(4)

If then is small and there is little or no
reflections in section . In this case the MSMM procedure
continues to larger out the antenna arms. However, if
exceeds some threshold value, then as indicated at thein
Fig. 1(a), the MSMM procedure reverses direction and follows
the reflected current back toward the generator, at which point
it again reverses and proceeds out the antenna arms. When
it again reaches the discontinuity it does not reverse again
since this would correspond to a second-order reflection of
the current and sweep 1 only includes first-order reflections.
Sweep 1 proceeds out past the discontinuity until either it
reaches the end of the antenna or a second discontinuity is
reached. This out to the reflection point, back to the generator
and out again to the end process is denoted parts A, B,
and C in Fig. 1(a). If a second discontinuity is detected, the
MSMM procedure reverses inward toward the generator and
then proceeds back out the antenna arms. In doing this, it
does not reverse at the first discontinuity since doing so would
correspond to a second-order reflection of the current.

Fig. 2 illustrates the ability of the MSMM to detect a point
of reflection. The insert shows a dipole antenna of arm length

Fig. 2. The reflection coefficient for a reactive loadjX in sectionsp = 6

of a dipole antenna.

and with MM expansion functions per arm.
For the MSMM solution each arm is segmented into
sections of width and with
unknowns per section. A reactive load is placed at the
center of each arm of the dipole, i.e., at the center of MSMM
sections . Fig. 2 shows the reflection coefficient,

, for sections , and for various values
of the reactive load . Note that (except for the last section
which has a near unity reflection coefficient) for the MSMM
sections that do not have the load, the reflection coefficient is
small, and on the order of 0.003. This sets a noise or threshold
value for the smallest reflection which can be detected. As
illustrated in Fig. 2, a load of corresponds to a reflection
coefficient of and is just above the threshold.
As increases, increases and the point of reflection in
sections is easily detected.

The MSMM can identify the location of the points of
reflection to a resolution on the order of the MSMM section
size , which suggests the use of many small
MSMM sections. By contrast, assuming an section
cards, the main limitation on the noise or threshold value for
the reflection coefficient is the ability of the card section
to act as perfect absorbers. As increases, the
cards become better absorbers and the noise or threshold level
for the reflection coefficients decrease. Also, the convergence
of the MSMM typically improves as increases [7]–[9]. As
a compromise between these factors, should typically be
chosen on the order of a wavelength.

For the dipole with a load of , Figs. 3(a)–(c)
show a comparison between the MSMM sweep and the
exact MM current. Part A starts at the generator section
and shows no indication of a reflection (i.e., no ripple) until it
gets to the load section 6. Part B reverses inward toward the
generator and begins to approximate the ripple in the exact
MM current. Finally, Part C goes from the generator to the
last section . Sections show no ripple until
the currents gets to the last section .
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Fig. 3. A comparison of the exact MM and MSMM current for (a)–(c) sweep
k = 1 and (d)–(f) sweepk = 2.

C. The Second and Subsequent Sweeps

At the conclusion of the first sweep the antenna current is
known to first order in reflections, and the MSMM sections,
which contain points of reflection have been identified. The
second sweep improves the accuracy of the current by includ-
ing reflections to order 2. As illustrated in Fig. 1(a), the second
sweep is done in reverse order since this is the natural order
in which the currents would change with time. As was the
case for sweep , sweep is done in the three Parts
A, B and C.

Fig. 1(e) illustrates the computation of the sweep
current on arbitrary sectionsand , i.e., and . In
computing the sweep 2 current on sectionsand , sections

and are PEC, while all other sections are represented by
their most recently computed currents. Focusing on arm 1, at
this point in the sweep 2 computation, sections to have
already been updated to the sweep 2 currents, while sections 1
to still have the sweep 1 currents. No resistance cards are
needed since and approximately enforce continuity
of current at the left and right edges of section, respectively
(except for section which has a real edge). The current on
sections and is the superposition of that due to the voltage
generator plus all previously computed currents. It has been
found that the accuracy and convergence of the MSMM can
be improved by also allowing sections and to
be PEC [9].

All sweeps are identical to sweep 2, except that odd
numbered sweeps proceed outward from the generator, while

Fig. 4. E
k
n = the error for basis functionn on sweepk.

even numbered sweeps proceed inward from the ends as the
MSMM solution attempts to model multiple reflections of the
current.

Fig. 3(d)–(f) show a comparison of the sweep
MSMM current and the exact MM current. Part A proceeds
from the last section to the load section . It
is considerably better than the sweep current since it
includes the effects of reflection at the ends of the dipole. Part
B proceeds from the load section 6 back to the end section
11 and is a noticeable improvement over Part A. Finally, Part
C proceeds from the end section 11 to the generator section
1 and yields a current which is probably adequate for most
engineering applications.

The error in computing the current coefficient for basis
function on sweep is

on sweep (5)

For the same dipole as Figs. 3, Fig. 4 shows versus MM
basis function , and for sweeps . Note that
two sweeps produce a monotonic decrease in the error for
(almost) every current coefficient.

Now define the total root mean square (rms) error for sweep
as

Error (6)

Fig. 5 shows the rms error for sweeps to . The
solid line is for the MSMM procedure shown in Fig. 1(a)
consisting of Parts A, B and C, while the dashed line is for
the old MSMM procedure consisting of Part C only [7]–[9].
Note that the new MSMM procedure converges to essentially
machine accuracy in about 13 sweeps, while the old MSMM
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Fig. 5. E
k
= the RMS error for sweepk.

Fig. 6. Reflection coefficient at the discontinuity of a TEM horn antenna.

procedure requires about 23 sweeps. More importantly, the
new MSMM procedure converges to engineering accuracy of
1% in just six sweeps. Further, previous results indicate that
the convergence of the MSMM improves as the electrical size
of the body increases.

III. TEM H ORN ANTENNA

Fig. 6 shows a TEM horn antenna [25] which we view as
a center-fed symmetric two-arm antenna. Each arm consists
of a nearly triangular plate whose width expands with angle

as one moves out the antenna arms. The total arm
length is and a bend of angle at distance from the
generator will produce a reflection of the current. Since the
two arms are at an interior angle of , the bent plate
is vertical when . For the purposes of the MSMM
solution each arm is split into MSMM sections, and
the bend is at the end of section (and ). To
illustrate the ability of the MSMM to detect the discontinuity,
Fig. 6 shows = the reflection coefficient for section
versus the angle. When , i.e., no discontinuity,
is about 0.01. However, asincreases, increases, and the
discontinuity can be detected.

Fig. 7. Convergence of the MSMM solution for a TEM horn antenna.

Fig. 8. MSMM sweep 1 design procedure.

Fig. 7 shows the convergence of the MSMM solution for
horns of angle , , and . For the
dashed line shows the old MSMM procedure which does not
include the out-back-out sweep of Fig. 1(a). Note that on the
early sweeps the new out-back-out MSMM sweep improves
the accuracy by almost an order of magnitude, however, the
old and new methods eventually converge to the same values.
Also, in all cases the MSMM procedure converges to an
engineering accuracy of 1% in three sweeps or less.

IV. MSMM D ESIGN PROCEDURE

This section describes a procedure for designing a wide-
band antenna with minimum CPU time using the MSMM.
With the MSMM the antenna is designed, i.e., its geometry is
determined, on the or first sweep since this is when
the points of reflection are identified. As indicated by the
flow chart of Fig. 8, MSMM sweep 1 begins by computing
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the current, , and reflection coefficient, , for sections
moving from the generator out the antenna

arms. Each time a reflection coefficient is computed it is
compared to some small threshold level denoted.

If , then the reflections in sectionare considered
negligible, and the MSMM procedure continues to larger
out the antenna arms.
If then the reflections in sectionare considered
to be too large, and some change to the geometry of section

is required. The antenna engineer modifies the section
geometry, and then recomputes only and . Note that
it is not necessary to restart the procedure at section ,
since the sweep currents on sections 1 to
do not depend on the geometry of section. The new
is compared to , and the process is continued until a
modification to the section geometry is found such that

.

Note that each time the geometry of sectionis changed the
MSMM requires the solution of a relatively small order

system of equations. Following the three part procedure
of Fig. 1(a), the MSMM should now reverse direction to Part
B inward toward the generator, and then proceed outward on
Part C. In practice this complexity is probably not warranted
since is small, and thus at this point sweep 1 is
simply continued outward until either another reflection greater
than the threshold is found or the end of the antenna arms
are reached.

V. CONCLUSION

This paper has described the applications of the MSMM
to the design of wide-band antennas. As compared to the
standard MM, the MSMM has three important advantages.
First, by computing the reflection coefficient, , for each
section the MSMM can assess the strength and locate points
of reflection to a resolution of the MSMM section size, .
By contrast, the MM provides no simple way to relate the
computed current to the geometry of the antenna. Second,
the MSMM is extremely efficient in performing a parameter
study to modify the geometry of the antenna to improve its
performance. With the MSMM design procedure of Fig. 8, one
modifies the geometry of section, and then solves an order

system of equations for the current on section
. This requires solve time. By contrast, with

the standard MM any change in the geometry requires the
computation of the entire current vector by the solution of
an order system of equations, requiring solve time.
Thus, even for a modest size body with , each iteration
in the design procedure can be times faster with the
MSMM. The final advantage of the MSMM is that it provides
a definite method for determining whether or not a geometry
change is helpful, since it allows the engineer to study the
discontinuities in an isolated fashion one at a time. A change
to the geometry of section only changes , and thus if
decreases the change is deemed good. By contrast, with the
standard MM one must analyze the global geometry which
may contain several discontinuities which interact with each
other in a complicated manner. This makes it very difficult

to assess whether a particular change in the geometry is good
or bad. The primary disadvantages of the MSMM are that it
is difficult to apply to an arbitrarily shaped body, and that
convergence of the method is not guaranteed. However, even
if the MSMM does not converge, sweep 1 can still be used to
identify and minimize points of reflection.
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