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Complex Image Model for
Ground-Penetrating Radar Antennas

Christopher J. Leat, Nicholas V. Shuley, and Glen F. Stickley

Abstract—A method of combining the complex image method the half-space model has a long ancestry in the analysis of
with the constant @ assumption is derived, which enables the proadcast antennas, which operate at low frequencies and, thus,
calculation of complex image parameters once for the whole are necessarily close to the ground.

frequency range in the general half-space case. The mixed po- o . . .
tential method of moments is then used to model horizontal wire Some applications outside GPR also involve the combi-

dipoles near a lossy half-space, using pulse-basis functions andnation of the half-space and constant complex permittivity.
point matching. The method is demonstrated by the modeling of Planar antennas on thick substrates [5] are a recent example.

two types of wire dipole. A conductive half-wave dipole shows The combination enables the efficient reuse of Green’s func-
excellent agreement with NEC-3. The current distribution of a tions across the frequency range and the reuse is particularly

3.4 m resistively loaded dipole across the frequency range 0-512 . . .
MHz is also calculated and transformed to the time domain, The convenient in the case of the complex image method [6].

result agrees with published measurements. The time required on ~ AS an application of the method, a practical GPR antenna
a work station was reduced to 4/ s per frequency point. is modeled with the emphasis on minimal computational

requirements. A resistive dipole of up to six wavelengths
in length, in close proximity to the half-space, is shown
to agree with published results although it is not obvious
. INTRODUCTION that complex images should function adequately alone at

HIS work draws upon two observations. First, for manghis range.
rock and soil materials, the complex permittivity is ap- The method of complex images was also adopted by Viteb-
proximately constant over the range of frequencies used Si§y et al. to model the similar problem of scattering from
ground penetrating radar (GPR). Second, the half-space mo#éfes [2] and bodies-of-revolution [3], however, we suggest
which assumes that the ground is homogeneous, is a uséfi@ use of a constant complex permittivity assumption to
model for GPR antennas that captures to first order tfigther improve the speed of calculation of the half-space
interaction of the antenna with the ground surface. Green’s functions at each frequency, and demonstrate the
The observation that conduction and displacement curreplication of the method to the GPR antenna.
bear an approximately constant ratio to each other over GPRThe numerical analysis of wire antennas near a dielectric
frequency bands has been used for attenuation calculationd@ff-space has been approached in various ways. Michalski
GPR pulses [1] where it has become known asctrestant Q [7] used a numerically integrated MPIE formulation to model
assumption Consideration of the same data, however, alg oblique half-wave dipole antenna as a function of angle.
suggests the use of the Stronger assumption mmex Lindell [8] used a continuous image source intensity for the
permittivity may be considered constant to good approximatiésreen’s function and the induced electromotive force (EMF)
in the modeling of antennas and scatterers. method to calculate the impedance of horizontal dipoles.
In support of the second observation, we note that althoufeurke et al, [9] precalculated the Sommerfeld integrals at
the ground is, in general, not homogeneous, the half-spadrid of p and » values and used interpolation to speed
model has been frequently used in the GPR context. Scée application of the method of moments to the modeling
terer [2], [3] and antenna [4] studies have both adopted tRé currents on thin wires; this approach was incorporated

simplification of a homogeneous ground material. In additiofto NEC which Turner [10] used to model half-wave dipole
input resistance as a function of height above a lossy half-
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Fig. 1. Cylindrical geometry used to describe source and field points.

of ¢
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K2+ kL, =k

R2=p2+(z—h)2
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A. Complex Image Approximations

Chow et al, [6] have provided an approximate analytical
method of integrating (1) that is accurate for the near and
intermediate field. Before applying the method to the scalar
potential reflection coefficient, it is necessary to remove the
guasistatic image

11— ¢, e*Ras
@ Rl—i—er Ry,

(7)
where
R, =p*+(z+ D) 8)

As outlined in Chowet al. [6], the complex image method
would make the approximations

ir
Roo(t) = Y AiePt (9)
1

ir
Ry(t) = Y AgicPet (10)
1
where, in general, thed;, B;, A, B, are dependent on
the media properties and time angular frequency arsl a
parameter describing the contour of fitting (23).
Ultimately, the complex image method allows us to write

kR 1r iR
G~a« R +;ai _Ri (11)
where now
R? =p? 4+ (2 + h +1ib;)*. (12)
BT,

, =4 — 1

a; exp <(1 — 'LT())> (13)
B, 1,

bj=————. 14
ki (1 — i) (1)

The termR;, is a plane wave reflection coefficient define®. Constant Q Green’s Functions

below and the reflecting surface lies in the= 0 plane. The

harmonic time dependenay **! is assumed.

For many rock and soil materials, it has been found [1] that
the total effective conductivity varies with frequency in such

For a horizontal wire antenna, as is the case in many

o way as to keep the quantity

GPR systems, only two potentials are required. By comparing

Michalski [7, eq. (1)] with [7, egs. (49) and (51)] it is apparent

that in the case of the scalar potenti@l,

1
2klz
=" 1
R12 67‘k1z + k?z (3)
and for the vector potentiatz:,
—_
“= 47 ()
klz - k?z
=— 5
2 klz + k?z ( )

where in the above

K+ ks, =k (6)

Qo we
=&~ — 15
tmag(k)A o (15)
approximately constant. Thus, if the complex relative permit-
tivity is written

/ .
€r =€, F 1€,

26;,<1 + é)

and the real permittivity is considered constant, then the
complex permittivity can also be considered to be independent
of frequency. In the case of water for example, the real relative
permittivity is nearly constant at 80 from 0 to 3 GHz, at 20
°C. The presence of water is a significant contributor to the
electromagnetic properties of many ground materials.

In the half-space case described by (3) and (5), it is possible
to change the variable of integration to the angle of incidence

(16)
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of the wave and eliminate the dependency on the frequentlye poles and residue4;, B; are, thus, also independent of
provided that the complex permittivity is not a function ofu, dependence is only introduced with the parameteref

frequency.
We can substitute
klz = k‘l COs 91 (17)
kQZ = \/akl COs 92 (18)
into (3) and (5) to obtain
m:COSH;L—\/c_TCOSHQ (19)
cos i + /€ cos b
2cos 6y 1 (20)

R, = —
17 ¢.cosb + NG

remembering that Snell's law gives as a function of,
hence

Ry = 312(91) 75 Rl?(w)-

On making the change of variable in the integral

e 7 /24100 p
G=a«a +L/€1/ df sinfJy <Sin9127r—>
0

AL
- exp <L COS 9127TZ;_ h)ng(Hl)}
1

(21)

kR

(22)

The Green’s function is now dependent on the electrical
distancesp/ A1, (2 + h)/A1, and the frequency dependence

is reduced to the proportionality inherent in the facfar.

Considerable computation may be saved by exploiting the
frequency independence thus established when calculating the

complex images.

C. Constant Q and Complex Images
Following the method of Chowvet al, the reflection coef-

(14). This step can easily be deferred until the calculation of a
particular frequency is required. Thus, only a single application
of the Prony method is required provided that the complex
permittivity is constant with frequency and the medium is not
layered. In the case of layered media, standing wave terms
of the form exgik,..d,) appear in the reflection coefficients
as a result of the varying electrical thickness of the layers.
Consequently, it is not possible to factor out the frequency
dependent wave numbgy. The reason for our laboring of the
point that the half-space model is adequate for GPR antennas
and scatterers is now apparent.

Most of the work in this section follows the notation and
methods first published by R. F. Harrington [13]. However,
the integral terms in [13, eq. 99] must be denoted separately,
because of the different complex images found for each of the
potentials introduced by the half space. Thus, let

M OMENT METHOD MODEL

W4(m, n)
1 | cikR Ir | et R
:A—x{/mcndx —i—;ai/mcndx 7 }
i (30)
Ua(m, nt)

1 SRR _ iR Rys
= — dz’ + ! / dz’
Az {/AgC R 1+e Jax, Ry

ipr c
+ Z ag; /A da } (31)
i=1 S

7

kR
Ry

ficient is fitted by exponentials over a parametrically definewhere

contour
Cllklzzk'l{it—‘r(l—t/To)}, 0<t<Ty. (23)
Thus
cosy =it + (1 —t/Tp) (24)
. sin 6
sin By = 11/16_: (25)
1— (it+1—t/Tp)?
cosfy = \/ @+ ZEDY . (26)
€

R? =(zp —2)” + (32)
R? = (z,, — ') + (2h + ib;)? (33)
Re, = (xm —2')? + (20)? (34)
RY, =(xm — ') + (2h + ibg;)? (35)

and similar expressions apply in the casenof, etc.

The impedance matrix terms can then be found by substi-
tuting for the potentials in [13, eq. 99], multiplying k=
and dividing by I(n).

It is now clear that considering the above equations for thetp, ;s

cosines in terms of the parameteand (19) and (20), that

(27)
(28)

Rq == Rq (t)

The Prony method or equivalent is used to fit the exponen-

tials to the reflection coefficient so that

ir
Ron(t) = ) AP, (29)
1

_ Cwwp

1
A'TQLIJA(Tnv 7’L) + twdie {\Ij‘b(niv m+)
—Us(nt, mt) — Us(n™, m™)

=+ \I/@(ﬂ-i—, m_)}

Z(m, n)

(36)

For the resistively loaded dipole, the diagonal impedance
matrix elements are increased by the lumped impedance load
at that element [14].
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Fig. 2. Comparison with Turner: input resistance as a function of height féig. 3. Input reactance as a function of height for a horizontal half-wave
a horizontal half-wave dipole at 300 MHz. dipole at 300 MHz.

B. Pulse-Excited Resistive Dipole
IV. RESULTS

In Section II-C, it was shown that if the complex permit-

The moment-method solution outlined in this paper Wag;iw, of 5 two-layer medium is frequency independent, it
programmed using a Matlab script file. A three-term complex oqqihje to reduce the computational effort in calculating
image fit is used for both the scalar and vector pOte”t'aEsponses at different frequencies by computing the image
because it was observed that although a larger number Qoo anq residued;, B; once and deferring the calculation
images produced more accurate Green's function for smgH o complex distance parametérs

p, there was a greater tendency for the function to blow s vegyit was exploited for the resistively loaded dipole
up at larger values op. Delta gap voltage excitation wasy, setting the complex permittivity at, = 11 + 0.1¢ and

used in preference to magnetic frill excitation because gf ting the current distribution of the 3.4-m dipole at 10

its simplicity. mm from the interface for a range of frequencies from 0 to 512
MHz. This was to enable comparison with Arcone [4], who

A. Comparison with NEC-3 probed current at points along a resistive dipole of length 3.4
In Turner [10], the input resistance of a 0.5-m-long dipoler above a half-space of real permittivity of 11 and unstated
at 300 MHz is plotted as a function of distance from the halfoss. Unfortunately, the exact height of the dipole was not
space with the properties: régl) = 9.0 ando = 0.005 Sm~'.  given, thus, the use of 10 mm in this model is arbitrary. From

NEC-3 was used for the calculation, assuming a radius for tie resistor values given by Arcone, the resistivity parameter

dipole of 1 mm. used was estimated to be = 13 in
The data plotted by Turner was digitized and compared 150
with the moment-method model of this work under identical p(x) = 72— Tal (37)

conditions in Fig. 2. NEC-3 uses whole-domain basis func-
tions and the Galerkin method rather than subsectional basi®©ur model used 61 pulse-basis functions and required 4 s
functions and point matching as used here. There is somer frequency point, running on a DEC 3000 400 Alpha work
disagreement ab = 4 mm. It needs to be noted that bothstation. Arcone used a proprietary 5 ns GPR current source
models are in doubt in this region. The slope of the cunia his measurement. An excitation voltage source of the same
here is of the order of-15Q/mm. The diameter of the wire is form (v(¢) = sin*(27/107¢): 0 < ¢t < 5 x 107%) was used
2 mm. A nonsymmetrical distribution of current could easiljn our model by transforming to the frequency domain and
displace the apparent height of the current filament by OnBultiplying by the response of the antenna at a point along
mm. This would cause an error in the calculation @?. its length, this result was then inverse transformed to the time
Burke et al. [15] also referred to the inability of a thin-wire domain. The results of the model are shown in Fig. 4.
model to correctly model behavior within a wire’'s radius of Some spreading of the pulses occurs, consequently the
the interface. measured delay of the pulses depends on the corresponding
The imaginary part of the input impedance was not shown points on the pulses chosen. If the peak is chosen, the delay
[10], but the data produced by our model is shown in Fig. 8f the 1.1-m point pulse is 5 ns. This indicates a pulse speed of
Ground conditions identical to those used in [11] were als2?2 cm/ns or 0.73/ c. Alternatively, the use of the leading edge
used with our model for the horizontal half-wave dipole andf the pulse gives a delay of 4.6 ns and an associated speed
the results agreed in both real and imaginary parts of thé 24 cm/ns. These speeds are slightly slower than Arcone’s
input impedance. measured speed of 27.7 cm/ns (for which the point used on
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X107 functions at large distances if necessary. It may be possible
20 ‘ ' ' ! ' ' ' ' to set such elements of the impedance matrix to zero with
— centre negligible loss of accuracy, resulting in a band matrix and

sl :’:”’fn";r:::;zi;:e | _cons_iqlerable computational sa\{ings. S_uch an approach yvould
‘ implicitly recognize the transmission line behavior of wires

near dense half-spaces shown by King and Smith [17].
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