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Bistatic Model of Ocean Scattering
Giovanni Picardi, Roberto Seu, Stefano G. Sorge, and Manuel Martin Neira

Abstract—An analytical closed-form model is derived for the
average power echo received by a bistatic altimeter from an
oceanic surface at a frequency high enough for the Kirchhoff
scattering mechanism to be dominant over the Bragg reso-
nance one. The asymmetric behavior of the sea waves is taken
into account, modeling the surface height as a non-Gaussian
distributed random process and an explicit expression of the so-
called “electromagnetic bias” is obtained as a function of the
skewness coefficient of the distribution. Results obtained applying
such model to a monostatic geometry are shown to be in good
agreement with those reported in literature as well as with those
obtained by numerical simulations. It is also shown that, letting
the “non-Gaussianity” term tend to zero, our model correctly
reduces to the well-known Brown model for Gaussian surfaces.
This work has been conceived in the frame of the feasibility study
of a bistatic remote sensing system, consisting of a constellation of
satellites flying at the same altitude with an operating geometry
such that the incidence and scattering angles are equal.

Index Terms—Sea surface electromagnetic scattering.

I. INTRODUCTION

M ONOSTATIC radar altimeter returns from ocean have
been well studied and models have been developed [1]

that describe the echo waveform characteristics. What has not
been so well investigated is the operation of a bistatic radar
altimeter measuring the ocean surface, which could have some
relevance in future earth remote sensing systems, in particular
for sensors operating in the -band [2].

A bistatic radar system presents some differences with
respect to a monostatic one [3]. The constant range loci
are ellipsoids whose foci are located at the transmitter and
receiver; these ellipsoids intersect the ground, forming ellipses
so that spatial resolution is achieved over elliptical areas.
Furthermore, these ellipses are, in general, tilted with respect to
the iso-Doppler lines as these depend on the relative direction
of motion of both transmitter and receiver. Finally, the iso-
power lines form the so-called ovals of Cassini, quite different
from the circles we find in the monostatic case.

As a consequence, the bistatic return waveform from the
ocean looks different as compared to the monostatic one.
This paper shows these differences by providing an extension
of the Brown model to a bistatic geometry and a non-
Gaussian surface. Such bistatic model will be useful to study
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the feasibility of a bistatic altimeter and to evaluate the
performance of such a system in the estimate of the distance
from a reference average surface, of the surface roughness
and of the surface backscattering coefficient. In particular,
the model is intended for the assessment of the performance
of a constellation of satellites flying at the same altitude
(say 800 km) and with an operating geometry such that
the incidence and scattering angles are equal. This kind of
geometry can be shown to be the most meaningful for a bistatic
system; in fact, it has been demonstrated in [2] that the point
of specular reflection is the center of symmetry of the isorange
lines and it is also the point on the surface with the minimum
bistatic radar path. The model has been worked out applying
the Kirchhoff approximation to a gently undulating (small rms
slope) rough surface and considering that the geometric optics
mechanism dominates the Bragg scattering mechanism [6].

II. SCATTERING FROM AN IRREGULAR FLAT

SURFACE ILLUMINATED BY A RADAR PULSE

It is well known that if the transmitting antenna of a
monochromatic continuous wave bistatic radar illuminates
an irregular flat surface, the scattered electric field at
the receiver antenna can be evaluated under the Kirchhoff
approximation1 as discussed in [4] (see also Fig. 1)

(1)

where is the incident spherical wave,is
the wavelength, is the antenna gain in the direction of a
generic point on the surface , is the Fresnel reflection
coefficient, and are, respectively, the distances from
transmitter to the point and from the point to the receiver,

is the unit vector corresponding to the path from the
transmitter (receiver) to the point, is the unit vector normal
to the surface in the point , and finally is the
wave number.

If, on the contrary, the radar transmits a pulse , thanks
to the superimposition principle for linear media, the scattered

1It should be noticed that (1) does not account for the effects of the
depolarized scattering component. This effect could be taken into account
by means of a matrix approach to include shadowing and multiple scattering
effects in the evaluation of the bistatic scattering coefficient as discussed in
[17]. Anyway, in our case such component is usually negligible due to the
relatively small surface root mean square (rms) slopes (<0.4) and incidence
angles (typically less than 45�).
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Fig. 1. Geometry for the evaluation of the bistatic scattering: Tx is the
transmitter location, Rx is the receiver location.

electric field becomes

(2)

where is the Fourier transform of the transmitted pulse.
Without affecting the generality of the results we can

assume a rectangular antenna pattern within the beam width
. Moreover, since Kirchhoff surfaces are such that

the local radius of curvature of the surface is larger than the
incidence wavelength, we can confuse the local normal to the
generic surface element with the vertical axis . Further
assuming that the local incidence angle slightly varies around
the specular reflection angle, we can write

. The above simplifications hold for a small root mean
square (rms) slope surface and a narrow antenna beam width
(see also [4]).

Finally, under the Fresnel hypothesis, an approximated
expression for the distances and can be used (see Fig. 1)

(3)

where the meaning of the symbols , , and is clear
from Fig. 1 and (the surface height) is, by definition, a zero
mean random variable. Summing up and , we have

(4)

where

The errors due to the above approximations will be checked
on the derived model by comparison with direct numerical
simulations of the integral in (1). Substituting (3) and (4) in
(2) the power associated to the scattered electric field can be

directly evaluated

(5)

where is the surface Fresnel reflectivity,
and

(6)

is the joint characteristic function of the random variables
and , say [8], [9], [11], computed at ,

with . Such characteristic
function can be expressed as a power series

(7)

being the coefficients the moments of the distribution
. The cumulants of the distribution are

defined as the coefficients of the analogous expansion of the
function

(8)

and can be computed by the following relation obtained
inverting the Mc-Laurin series

(9)

From the above equation, it is clear that the cumulantswill
be polynomial combination of the moments

(10)
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Fig. 2. Conceptual scheme for the evaluation of the non-Gaussian,
two-dimensional surface–height distribution.

It is easy to verify that apart from the first-order cumulants
and , the expression reported above correspond to the

central moments of the distribution
.

In order to solve the integral it is necessary to make some
assumptions about the surface roughness. It is now well known
that the ocean surface cannot be considered Gaussian, as
suggested by Brown [1], on the evaluation of the average
echo. As a matter of fact, due to the nonlinear interaction at
the interface between the water and the air, the wave crests are
more peaked than the wave troughs and this effect can be taken
into account by giving to the surface height probability density
function (pdf) a nonsymmetric behavior that is a nonzero
skewness coefficient [7], [10], [11].

This has been done in our analysis applying an exponential
nonlinearity to a bivariate Gaussian distribution
(see the scheme in Fig. 2) with mean value equal to zero,
standard deviation and Gaussian correlation function. In
addition, a proper final gain gives reason of the actual
roughness value: a bivariate lognormal model arises
with parameters (the median value), (the shape factor)
and cross-correlation function proportional to. In particular,
for small values of , that is a condition fully compatible
with our operating conditions, we can work out the following
relationships [12]:

(11)

(12)

(13)

(14)

where are the normalized moments of the bivariate lognor-
mal distribution and is the skewness coefficient. In
[10], it is assessed that the maximum value of surface skewness
obtained experimentally is about 0.3, that is the maximum
value of the parameter is about 0.1 and in this case the
error due to the approximations (11)–(14) is in the order of
10 in the worst case ( , [12]).

Introducing (11)–(14) in (6), we can write

(15)

We can now make the approximation of small fractional
bandwidth, that is

(16)

obtaining

(17)

Considering a Gaussian model for the wave height correla-
tion, and assuming a surface rough enough in order for the
geometric optics mechanism to be dominant, the correlation
function can be well represented by the only first-order term
of its series expansion [6] yielding

(18)

Introducing this expression in (17), we have

(19)

and the average power associated to the scattered electric field
given by (5) can be rewritten as follows:

(20)

where

(21)

The solution of the integral (21) is more easily achieved in
a polar coordinates domain where through several algebraic
manipulations (see Appendix A) we can finally find

(22)

where
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and

(23)

Introducing this result in (20), we have

(24)

and assuming a Gaussian spectrum for the (compressed) radar
pulse, we obtain

(25)

As a further step to find a solution to the above integral, we can
change the integration variables and into the variables

and

(26)

Afterwards, letting , we can write

(27)

and performing the integration over the variablewe obtain

(28)

Introducing (28) into (27), we have, after a few algebraic
manipulations

(29)

Performing the integration over the variable(see Appendix
B) we obtain

(30)

where

(31)

and the integral (29) becomes

(32)

Finally, working out the integration over the variable, we
obtain the following (see Appendix C):

(33)

An approximated solution of the integral (29) is derived
in Appendix D, resulting in the following more explicit
expression of the skewness contribution to the average power
echo time behavior:

(34)

It is easily seen that the mean power echo in the non-
Gaussian case is given by the sum of two contributions: the
first term [given by (34) for ] is the average power
echo generated from a Gaussian surface, while the second
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Fig. 3. Envelope of the skewness related term (�h = 5 m).

term takes into account for the presence of a skewness in the
surface height distribution. It is worth noting that if
and (that is we have a monostatic radar observing a
Gaussian surface), we find

(35)

that is fully consistent with the well known Brown model [1].
The envelope of the skewness related term is shown in

Fig. 3, while the overall power echo is plotted in Fig. 4 in the
case of a high skewness coefficient and high sea roughness
(the significant wave height is defined as SWH ). As
easily seen the main effect of the skewness of the distribution
is a small range delay, while the distortion is almost negligible.

The range delay induced by the skewness is given by2

(36)

In conclusion, it can be stated that the only relevant effect
of the height skewness is the range offset expressed by (36),
so that the mean power echo derived in (33) and (34) can be

2In order to evaluate the range delay induced by the skewness, we use the
following approximation:

Erf
tp
2�eq

=
2p

2��eq
e�(t =2� )

t=0

t+ � � � � 2tp
2��eq

:

Considering now (35), we observe that the skewness-related term causes a shift
of a quantity�A on the Gaussian echo, thus leading to a corresponding time
shift expressed by�t = (

p
2��eq=2)�A where we used the approximation

of constant slope neart = 0 due to the small values of the expected time
shift. The value of�A can be approximated by the skewness term evaluated
in t = 0; that is�A = (4=3)(a�h�3=�eq)(1=

p
2�). From the latter and

�t we immediately obtain (36).

Fig. 4. Example of mean power echo for the lognormal surface case (SWH
= 20 m, �3 = 0:3).

Fig. 5. Range delay versus SWH: (a)�3 = 0:3. (b) �3 = 0:1. (c)
�3 = 0:05.

approximated by the following expression:

(37)

where is given by (36), and is plotted versus SWH in Fig. 5
for different values of the incidence angle () and skewness
coefficient ( ).

The range offset quoted above is known as electromag-
netic (EM) bias, because it causes a constant error in the range
measurement. As clear from (36), such error shows a linear
dependence on the surface roughness and skewness coefficient
and is inversely proportional to the incidence angle through the
cosine dependence. Hence, the maximum delay is obtained in
the monostatic altimetry case, i.e., when . This behavior
could have been predicted based on the physical nature of
such error; in fact, usual estimators estimate the range delay
of the returned echo, fitting the received echoes to the echo
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Fig. 6. Experimental determination of EM bias with regard to analytical
model.

model obtained by considering only the Gaussian term in (33)
and (34), i.e., assuming [in the monostatic case this
echo model is the well known Brown model presented in
[1] and in (35)]. This turns into tracking the median surface,
which is certainly different from the mean surface in presence
of a nonzero skewness , thus introducing a bias in the
measurement. Moreover, it is straightforward to note that this
gap between the median and mean values is directly related to
the asymmetry factor (i.e., the skewness coefficient) and to the
sea state (i.e., the rms height). The inverse dependence on the
incidence angle can be explained with the fact that the radar
actually senses the rms height projected on the slant range
direction, which is actually given by .

Experimental determinations of EM bias have been under-
taken by using a nadir-looking radar altimeter carried on an
aircraft at 36 GHz [7] and at 10 GHz [8]; the results of these
determinations are also reported in [4] and can be summarized
as follows.

• It has been found that an EM bias of about1.1% of
SWH has a scatter between0.5 and 2.0% [7];

• It has been found that an EM bias of about3.5% of
SWH has a scatter between2.0 and 5.0% [8].

The behaviors of the corresponding biases against the SWH are
plotted in Fig. 6 along with the theoretical values computed
by means of (36).

III. SIMULATION

In order to check the effectiveness of the simplifications
used in the analytic evaluation of the electromagnetic bias
[(36) and Fig. 5] and to assess the feasibility of the achieved
model a numeric simulation of the mean power echo scattered
from an irregular surface has been performed. The scattered
electric field has been computed by directly solving the integral
(1) as a coherent sum of the contributions arising from a
very large number of facets that approximate the observed
surface according to the Kirchhoff theory. In order to ensure
a sufficient accuracy in the surface representation, the actual
surface has been sampled so that four samples at least are
taken per surface correlation length. The size and orientation

Fig. 7. Example of nonlinear fit between the simulated echo and the analyt-
ical model. The four numbers above the curves on the right are, respectively,
the parametersA, B, C, andx0 of the model. The numbers on the left are
the input parameters to the simulator.

of the single facet with respect to the radar line of sight have
been evaluated according to the height of two adjacent samples
along two orthogonal reference directions. Finally, each facet
has been considered like a small antenna reradiating according
to the specific geometry [15].

The simulation has been performed in a scaled scenario
(the altitude of the radar sensor is 2000 m and the size of
the observed region is 400 400 m ) in order to reduce the
computational burden due to the very large number of facets
needed to model the surface and in the monostatic case since
only in this case we have from the literature some experimental
results that can be used as a reference to test the simulation
program.

In order to extract the information on the electromagnetic
bias, the simulated echo waveform averaged over 150 inde-
pendent observations is processed by performing a best fitting
with the function and the resulting

is assumed as output value of the electromagnetic bias.
As an example the result of a simulation is shown in Fig. 7:
the averaged output waveform is plotted superimposed to the
above mentioned reference function with the, , , and
parameters computed according to a nonlinear fit algorithm.

Running several simulations values of has been obtained
for different values of the sea rms height and of the skewness
coefficient. These values are plotted in Fig. 8 as dots, along
with the theoretical behavior found in the previous section (36)
as a function of the surface parameter [which is roughly
one third of the skewness coefficient as from (14)] and for a
sea surface rms height of 1 or 2 m.

As it can be seen from the above mentioned figure, there is a
fairly good agreement between analytic and simulation results,
so that the developed model can be effectively used in the
performance assessment of a bistatic altimeter operating on a
skewed surface. This could have been predicted to some extent
since the various approximations introduced affect mainly the
angular behavior of the bistatic scattering coefficient, which
acts on the shape of the tail of the average echo waveform. On
the other hand, the measurement of the range delay and, thus,
the EM bias extent, strongly relies on the leading edge of such
waveform, which is primarily driven by the behavior of the
bistatic scattering coefficient at near specular reflection angles.



PICARDI et al.: BISTATIC MODEL OF OCEAN SCATTERING 1537

Fig. 8. Comparison between EM bias analytical model (solid line) and its
evaluation obtained by simulation.

IV. CONCLUSIONS

We have derived a model of the average received echo of a
bistatic altimeter for ocean observation. The model has been
evaluated applying the Kirchhoff approximation to write the
integral of the scattered electric field and solving this integral
under the hypothesis of non-Gaussian random rough surface
with Gaussian correlation.

The result is an average echo behaving roughly like an error
function, but incorporating also a time shift which depends on
the surface roughness and skewness (electromagnetic bias).
An explicit closed-form expression for such EM bias has been
presented and its effectiveness was demonstrated by numerical
simulations.

Moreover, the power of the scattered field shows a
behavior [see (37) and the geometry depicted in Fig. 1], which
is in full agreement with the result obtained by writing the
radar equation for a rough surface. In fact, in this case the
radar cross section is given by and it can be easily
demonstrated that the areadepends on ( [16] while
the backscattering coefficient as discussed in [3] and [6] can
be written as where is a constant depending
on the surface dielectric characteristics. This result has been
also checked by numerical simulations [5].

As demonstrated in this paper, applying the bistatic model
to the case of nadir-looking altimeter and Gaussian surface,
we obtain a result which is fully consistent with the Brown
model, whereas considering the case of nadir-looking altimeter

Fig. 9. Definition of the new variables for the solution of the integral (A.1).

and non-Gaussian surface, we have found electromagnetic bias
values very close to those reported by various authors in
literature. Hence, the model presented in the paper can be
considered useful to implement optimum (or suboptimum) es-
timators of the surface parameters, based, in general, on model
fitting techniques. In this regard, first preliminary evaluations
of the theoretical Rao–Cramer bounds for the estimation errors
have confirmed that (as well known) the electromagnetic bias
cannot be estimated and removed from the received echo with
classical maximum likelihood approach. Moreover, regarding
the height measurement accuracy, for SWH in the range 1–20
m and 1000 integrated pulses, a range delay accuracy below
about 5 cm, practically independent of the incidence angle,
can be accomplished.

APPENDIX A

In order to solve (21), it is convenient to rewrite it in the
following form (polar coordinates, see also Fig. 9):

(A.1)

where

(A.2)

This integral can be simplified by changing the integration
variables into and , according to the geometry
depicted in Fig. 9.

The following Jacobian must be evaluated to perform the
coordinates transformation

(A.3)

Considering that

(A.4)
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we can write

(A.5)

(A.6)

(A.7)

(A.8)

Then

(A.9)

Then (23) becomes

(A.10)

In order to obtain an approximated expression of the inte-
gral (A.10), we can analyze the two exponential terms in
the last double integral

and observe that the exponential term
is the one that dominates the behavior of the

integral. As a matter of fact if we evaluate, in a typical
operating geometry, the two terms of the first exponential,
we can find

first term

second term

where we have evaluated
m approximating

and giving to the rms surface slope a typical
lower value (0.04), in order to make reference to a worst case.
For the same reason we have let equal to the radius of
the antenna beam footprint, by considering a typical antenna
diameter of 1 m.

In this worst case we have

(A.11)

and then we can conclude that this approximation can be rea-
sonably considered valid in conventional operating conditions.
As a consequence the integral (A.8) can be simplified and
rewritten in the form of (22).
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APPENDIX B

We need to solve the following integral in [see (29)]

(B.1)

This expression can be rewritten in a more compact form

making the following assumptions:

(B.2)

Letting (A.2) becomes

(B.3)

which can be thought of as the inverse Fourier transform of

the product of the following two functions:

(B.4)

Applying the convolution theorem to (B.3) we can write

(B.5)

being and the inverse Fourier transforms of

and . Taking the inverse Fourier transforms of (B.4) we

obtain

(B.6)

and introducing (B.6) in (B.5) yields

(B.7)

where the Error function is defined by

(B.8)

Substituting the parameters defined in (B.2) into (B.7) we
obtain

(B.9)

where

that is (30).

APPENDIX C

Recalling (32) we have to perform the following integration
in the variable

(C.1)

Integrating by parts yields

(C.2)

where

(C.3)
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Now we change the variable into
, thus having from (C.2)

(C.4)

Substituting the parameter and recalling the definition of
given in (31), we finally obtain

(C.5)

Substituting (C.5) in (32) leads to the final expression of the
mean power echo, given by (33).

APPENDIX D

Recalling again (29) we want to find a solution of the
following integral in

(D.1)

different from the one described in Appendix B.
As a matter of fact, the integral (D.1) can also be interpreted

as the output signal from a single-pole low pass filter when
the input signal has a Gaussian behavior. Such a filter can
be expressed also in terms of the corresponding single pole
high-pass filter. Thus the integral (D.1) can be rewritten as

(D.2)

The cutoff frequency of the high-pass filter is

(D.3)

while the bandwidth of the input signal can be assumed to be

(D.4)

For typical values of , we have that and we
can approximate the transfer function of the high pass filter
with a straight line, meaning that the output signal is a scaled
version of the time derivative of the input signal. Under this
assumption we can rewrite (D.2) in the following form:

(D.5)

Resolving first , we have

(D.6)

Resolving for we have

(D.7)

Substituting (D.6) and (D.7) in (D.5) we obtain

(D.8)

To compute the average power echo given by (29), we need
then to solve the following integral in :

(D.9)

Considering only the first contribution, we have

(D.10)
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Integrating the second contribution, we have

(D.11)

Introducing (D.10) and (D.11) in (D.9), we obtain

(D.12)

that is (34).
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