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Input Admittance of a Multilayer
Insulated Monopole Antenna

Zhongxiang ShenStudent Member, IEEEand Robert H. MacPhiesellow, IEEE

Abstract—An efficient numerical technique based on the modal- infinite ground plane by a coaxial line [12] and the sleeve
expansion method in conjunction with a recursive algorithm monopole antenna [13]. The modal-expansion analysis is fa-
is developed for a multilayer insulated monopole antenna fed jjitated by the introduction of a perfectly matched boundary

by a coaxial transmission line. The modal-expansion analysis is S Lo -
facilitated by introducing a perfectly matched boundary (PMB) at (PMB), which is the combination of an electrical wall and a

a variable height over the ground plane of the monopole. The cur- magnetic wall [13] above the monopole and parallel to the
rent distribution and input admittance are computed by finding ground plane [14]. The introduced PMB is expected to have
the expansion coefficients of the electromagnetic field expressions|ittle effect on the antenna’s current distribution and input
Numerical results for the input admittance of a dielectric-coated 5gmjttance since the main radiation of the insulated monopole
monopole antenna and an air-insulated monopole are compared - . . . . .
with experimental ones available in the literature. Good agree- occurs in the hquzontal d_lr_ectlor_1 [1]. The resulting _gwded—
ment is achieved. Calculated results for the effects of various Wave structure is then divided into several subregions; the
parameters on the input admittance of an air-insulated monopole electromagnetic fields in these subregions are expressed by
antenna are presented and discussed. the summation of their modal functions weighted by unknown
Index Terms—Monopole antennas. expansion coefficients. These coefficients, which ultimately
yield the current distribution and input admittance of the
antenna, are found by enforcing the boundary and continuity
conditions at conducting surfaces and regional interfaces.
NSULATED antennas have found wide applications iAn efficient recursive algorithm based on 2 2 matrix
subsurface communication, geophysical exploration, antlltiplications is presented to implement the analysis of an
biomedical telemetry [1], [2]. An insulated linear antennarbitrary multilayer insulated monopole antenna. The modal-
consists of a metal wire enclosed in a cylinder that is usuakxpansion method presented in the paper not only rigorously
composed of a low-loss dielectric material. Considerable thetakes the effect of the coaxial feed line into account, but is
retical and experimental investigations of the insulated anteramlao valid for the cases of a thick monopole antenna and
have been performed by Kingt al. [1]-[7]. Unfortunately, a monopole immersed in a multilayer dielectric cylinder of
much of their work is restricted to the case where the complexbitrary permittivities.
permittivity of the exterior medium is much greater than that Section Il begins with a description of the theoretical model
of the insulating layer. Lee [2], [7] extended the applicabl®r a multilayer insulated monopole. Then a general formula-
range of the transmission-line solution based on a complicatésh of the modal expansion analysis of Aitlayer insulated
formulation. Furthermore, most attention of the previous workonopole antenna will be introduced. As illustrative numerical
was focused on the current and charge distributions along #amples, a dielectric-coated monopole and an air-insulated
insulated antenna. monopole antenna in a medium such as water and/or sand
Another similar problem of a monopole/dipole antennare considered in Section Ill. The calculated input admittance
coated with a dielectric layer has also attracted some attentminthese antenna structures is in good agreement with the
[8]-[11]. An important experimental investigation was carriedxperimental one measured by Lamensdorf [8] and éfes.
out by Lamensdorf [8]. Several theoretical analysis techniqugg, [7]. Also in Section 11l the effect of the step discontinuity
such as the integral equation technique [9], the moment mettaidthe base of the monopole is examined.
[10], and the Wiener—Hopf technique [11] were reported in the
past decades. The present paper deals with the general case Il. FORMULATION
of a multilayer insulated monopole antenna including both
the dielectric-coated monopole and the air-insulated monop@le Description of the Model

antenna ?S Its s;;ft_aqal cases.l , A The theoretical model we employ to characterize\atayer
Recently, an efficient modal-expansion method was develyated monopole antenna fed by a coaxial transmission line

oped for the analysis of monopole antennas fed through @iupown in Fig. 1, where a perfectly matched boundary (PMB)
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Blectric Wall (EW.) or Magnetic Wall (M.W.) amplitude column vectors in the coaxial feed waveguide;
! [ Clor Brn = VE3el — (x12/b1)? with (z7,/b1) being the cutoff

wavenumber of thesth mode andy7, are, respectively, its
Lol | propagation constant and modal admittance. The expression

d
{ k RN /. for the normalized transverse modal electric field, is given
ET 213 N N+1 in []_5]‘
L Region II:
m N
t R e N LR
# — jwelld 2d J (’y,{fao)
N I7 ir
—(2 rA 2 Drz J
E/I)I _ Z ( 7?+[[)72r " cos ( n+ )7?7 1(771 p) (Zb)
, = jwelld 2d Ji (v ao)
Fig. 1. Theoretical model of a multilayer insulated monopole antenna fed No g pll on 4+ Dz Ji (v
by a coaxial line. il = " sin (@n + L 1(’Yn p) (2¢)

2d Ji (’y,{fao)

n=0

the radial direction and the radiation is null in thelirection. h 112 _ g2 1 2 qJ h
Therefore, the truncation of the dielectric layer after a certalfi eLe_ (gn ) ol fOET - [(2”f+ é)w/d] ’ - O’dan J1 are the |
distance (more than one free-space wavelength) does not hfér\fé ind Bessel functions of order zero and one, respectively.

much influence on the antenna’s performance, as seen from 'S the expansion coefficient to be determined. _
the numerical examples given in the next section. The expressions for the electromagnetic fields in Region 1

There is a step junction between the monopole and tha" be obtained by employing the resonator method [16].
coaxial feed line [6], as shown in Fig. 1. The inner and outer
radii of the coaxial feed line aré; and a;, respectively, L 1 . (2n+ Dmz
while the radius of the monopole antennadis (ao < b1). k.= jwer Z[Uln(p)Aln + Vin(p)Bin] sin 57,
The analysis of theV-layer insulated monopole requires the n=0

]\Tg

solution of the two problems: one with a parallel electric wall Ny sin(cnz)

and the other with a parallel magnetic wall over the monopole; - Z Cnelnz(p)inL (3a)
they are both solved by the modal expansion method. The n=1 o cos(an L)

reflection coefficient at the feed point, which is related to the N3 (2n + 1)

antenna’s input admittance, is then obtained by halving thB}) = U], (p) Arn + V{,,(p) B1n]

sum of these two results. Since the formulation for the case of  n—o 201 LYin

the electric wall is very similar to that of the magnetic wall, we (2n + 1)z Ny Crerno(p) cos(an)

will only briefly give the formulation for the magnetic wall in x cos ————2 = + Z nCinplP n- (3b)
the following. As illustrated in Fig. 1, the whole structure of 2L o Jwa cos(anl)
interest is divided intd NV + 3) subregions: I, 11,1, 2, ---, N Na g (2n + D)z
and N + 1. Since the structure and the incident dominant TEM{;, = Z ——[U1,.(p)A1n + V1,,(p) Bin] sin L
mode in the coaxial feed waveguide are axisymmetric ¢no n=o0 Tin

variation), only three field component&{, £,, and Hy) are N{ sin(cv,2)

nonzero. nz::l Creinp(p) o cos(on L) (3¢)

B. Field Component Expressions
vl\ihere e1n=(p) and e1,,,(p) are the longitudinal and trans-

verse electric field components [15] in a coaxial waveguide
whose inner and outer radii are, and aq, respectively;

The electromagnetic field components in Regions | and
are given [12], [13] as follows.
Region I:

an = Vkiek — (2!, /ao)? with (2] /ag) being the cutoff
, Ny . wavenumber of theith mode in that waveguide
Ep = Z(Afn eXp[jﬁTn(z - L)]
n=1 . o Kieni —[(2n+ D /2L)2, fori=1
+ Arn exp[—jBm(z — L)])erm, (1a) Yin T2, —[(2n 4 1)m/2D]?, fori=2,---, andN +1
N1
H) = Z(_AM explifn(z — L)] with D = d + h and
n=1
+ Agn exp[—38m(z — L))Ymerm, (1b) Uin(p) = Jo(Yinp)Yo(Yinai—1) — Yo(Yinp) Jo(Yinai—1)
where L = d+h+t, Ap = (A, A, -, A7, Jo(Yinai ) Yo(Vin@i—1) — Yo(Vin@i)Jo(YinGi—1)
and Ar, = (Any, Ara, -+, Arw,)" with T representing v, () = —J00in)X0(rin0) = Yo(rints) Jo(tine)
the transpose operation, are the incident and reflected modal- Jo(Vin@i)Yo(Vin@i—1) — Yo(Yina:i) Jo(Yinai—1)



SHEN AND MACPHIE: INPUT ADMITTANCE OF MULTILAYER INSULATED MONOPOLE ANTENNA

fori = 1,2,...,N. The electromagnetic fields in Regian

(1t =2,3,---,N) are as follows:

Ny

- _(2n + D)nz
z jwei nzz:o[ (p) + (p) ]Sln 5D
(4a)
Ny
. (271 + 1)7r , )
B, = = . Ui A +V; By,
2 1)mz
X COS % (4b)
Ny
: -1 . (2n+ )7z
Hy = Z T[Uz‘/n(P)Ain + V7 .(p)Bin] sin 5
n=0 'in
(4c)

Finally, the electromagnetic field components in Regho# 1
have the form of

N (2)
E?,+1 _ Z A(N-{—l)n sin (27’L + 1)7(2 Hj (’Y(N-l—l)np)

=0 JweN+1 2D H((JQ)(’Y(NH)naN)
(5a)
Ny
EN4L _ Z _(2”."‘ DrAntun oS (2n + Dz
L — j2weny1 D 2D
2
H:E )(’Y(N+1)np) (5b)
’Y(]\T—l—l)nH(gQ) (’Y(]\T—l—l)na]\‘r)
Ny
v . (2n4+ )7z
Hi\ = Z A(]\r+1)n sin %
n=0
HP (Y(v 41y
(Vv 1nP) (50)

YonannHS (Y 1yman)

where HéQ) and HI(Q) are the outgoing second kind Hankel

functions of order zero and one, respectively.

C. Application of Boundary Conditions

1681
Ul (@ Vi (a;
Uhfa) ,  Viled
Yin Yin
U (@) V()
i+1)n\7 i+ Dn\"e
== (2) (i+1)n — ( 2—) Biyyn (7h)
7(i+1)n (i+1)n
or
A, A
in :Ti (z+l)n:|
{Bm } ’ [B<i+1>n
0 Gi/6i+1
= "/7'277,U(,i+1)n("’i) "/7'27»,V(,i+1)n(ai) Ul (as)
Yirnyn Vin(0) Vi Vinla)  eipaVy (ai)
A }
x |Gaton (7)
{B@H)n

Equation (7) provides a recursive relation of the elec-
tromagnetic fields between two adjacent dielectric regions.
Repeatedly using (Y and taking (6) into account, we can
obtain

i
A2n = RTnBQn = T_tnBQn (8)
2n
where
Tt 6N/6N+1
|:T1tn =ToT3---Tn - YivivntenUny, (@n)/ent1
2n Vo (an)

Application of the boundary conditions that the tangential
electromagnetic field components must be continuous at the
interfacesp = ag, p = a1, andz = L leads to the following
matrix equations:

B, = WA = Wp(MysA; + MapB; + Mo Cy)  (9)
Al = WABQ (10&)

Y4By = M3sA1 +M3pB; + M3cC;  (10b)

C, = Wc(A[ + AR) (11a)
Yi(Ar—Ap)=MrsA; + M;pB; + M «C;  (11b)

where the elements of all the above matrices are elucidated

in the Appendix.

The boundary conditions that the tangential electromagneticAfter some manipulations one has no difficulty in arriving at

fields must be continuous at the interfage- an result in

EN+1
ANg1yn = . Ann
N

YintunAvtn = —Unp(an)Ann — Vi, (an)Byn  (6b)

or, in matrix form,

(6a)

Ann en/ent1
[BA, } = [_Y(N+1>n+€NU§m(aN)/€N+1 ANt1)n (6"
Nn Vi (an)
where
2
v _ Ve (1w 41)nN)
(N+1)n —

’V(N+1)nHé2)(’Y(N+1)naN)

Enforcement of the continuity conditions of tangential ele

tromagnetic fields at the interfage= a; (i = 2,3,---, N —1)
leads to
Ain _ Bliynn

€ Ci+1

Ar=[2(I-Y;'Y5) —TA; (12)

where

Yio=[(M;4aQMs3g +M;5)Yy
+ M7 QMsze + Mc]We

Y =[I- Wp(M24QM3p + Map)] !
X (M24QM3c + Mac)

with Q = (I - WY 'Ms4)"'W, Y ' From (12) we

can obtain the reflection coefficients for all of the modes in

the coaxial feed waveguide assuming the incident column
vector Ay is known (for example,(1,0,---,0)T). Other

expansion coefficients can be found from (9)—(11). Then

(ihe input admittance of the multilayer insulated monopole

antenna and the current distribution along the monopole can be
straightforwardly calculated by using the computed expansion

(7a) coefficients. For detailed formulation, the reader is referred to

[13].
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Fig. 2. Variation of the input admittance of a dielectric-coated monopole
antenna with respect to the distantom the assumed PMB to the monopole 30
end @o = 3.175 mm, a; = 3ao, ei =1.735,a2 = 11.43 mm, e = 3.2,
ell =1, h = 0.25X, f = 600 MHz).

Our results —
Experimental results [8] o

20 2,=25.4mm

a,=11.89mm

I1l. NUMERICAL EXAMPLES

usceptance (millimhos)

S

This section gives some sample numerical results computeg [+ )| EUURURRRTRTRN U SRS e 2 N
by our modal expansion method described in the preceding )
section. A check on the convergence behavior of the trun- -10r
cated numbersVy, Ni, Na, N3, N4 for the field expansion
expressions is performed initially. It is found that the choices ¢ 01 07 03 04 05 06
of Ny = 2, N{ = [(al — ao)/(al — bl)]Nl, Ny = 80, and
Ny = (D/d)Ng [13], [17] are essential to provide Convergenlfig. 3. Input admittance of a dielectric-coated monopole antenna (same
results for the numerical examples that follow. parameters as in Fig. 2).

A. Dielectric-Coated Monopole 8

The first example is a dielectric-coated monopole antenna G
whose geometry is shown in Fig. 2. The effect of the assumed s e T

PMB on the input admittance of a dielectric-coated monopolg | } EEILEE:H |
antenna is initially examined, as shown in Fig. 2. It is see# d ’i%"ﬂi‘l :
that the effect is negligible when the distant&om the PMB  § | -1 N ]
to the end of the monopole is greater than one free-spage b
wavelength [13]. The choice af = v/2), is adopted in the £  of i 1
later computations. k: el

A comparison between our results and experimental ones &n 2r ) l )
[8] is shown in Fig. 3 for the input admittance of a dielectric- al ] |
coated monopole antenna. The agreement is quite good for B
both the conductanc€é€ and the susceptande. It is obvious -6 . T R S S S—

y . . 02 04 06 08 1 12 1.4 1.6 1.8 2 22 24

that the monopole’s resonant conductance increases and its d/dg

reso.nan.t Iength dec_regses f"‘s the .dlameter_ of th_e dleleclyl’lc.:4. Variation of the input admittance of an air-insulated monopole with
coating increases. Similarly, increasing the dielectric constaggpect tal (ap = 3.175 mm,a; = 3ao, €] = 1.735, as = 4ag, €3 = 4.2,

of the coating cylinder decreases the antenna’s resonant length a2 = 0.1ao, €74 = 3.8, h = 0.25Xg, f = 380 MHz).

and bandwidth. Moreover, with a large permittivity of the

dielectric coating, our result§ for the mpgt conductatitef a the assumed PMB on the input admittance of an air-insulated
monopole agree very well with the experimental data measurl%inopole is examined in Fig. 4. The effect is negligible even
by Lamensdorf [8], while the agreement deteriorates for th

. . . w%en the distance from the PMB to the end of the monopole
antenna’s susceptanég A similar disagreement between the . ) . .
fairly small. Since more energy is stored in the external

moment-method solution [10] and the measured data in (:[,Il?"] di he eff 4 by th d PMB b
occurred for coating dielectrics with high permittivity or larg edium, the effect caused by the assume ecomes

diameter. weaker. The valuel = v/2)\ is also used for computing the
results hereafter.
B. Air-Insulated Monopole Figs. 5 and 6 illustrate the current distribution and input

Fig. 4 shows the geometry of an air-insulated monopo#mittance of an air-insulated monopole antenna in sand; also
antenna. As with the dielectric-coated monopole, the effect given are the theoretical and experimental data obtained by
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Our results—
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Fig. 5. Current distribution on an air-insulated monopole antenna in

(a0 = 3.175 mm, a1 T = 1.735, ay = 4ap, €3 = 4.82,

3ag, €

a3 —az = 0.1ag, €4 = 3.8, h = 0.765Aq, f = 380 MHz).

sapiy. 7. Variation of the input admittance of an air-insulated monopole with

respect toas fag(ao = 3.175 mm, a; = 2.301ao, €/

T

=1, e3 = 4.82,

a3 —az = 0.1ag, h = 0.25A, f = 380 MHz, €,4 = 4.82).

40 T T T T T T T
o e az/a 3.5 —
-
20 - ++ e sl a/ay=8 |
Koh=1.173 7 o,
B \ .
y < £
7 ¥ kyh=0.846 £
El 10 - Our results —— \ =
2 / . Measured data [22] -o - N B 2
= /’ g Calculated results [22] + + “H 1,287 3
= :f( : g
bl 2511 E]
0 \K E
N =%
S =
5k \\{;ﬁ L el
10 1 1 1 1 1
O 5 1 . s 20 25 30 .20 ! L 1 1 t 1 L ! |
G (Millimhos) 0 0 20 30 40 50 60 70 80 90 100
EM
Fig. 6. Input admittance of an air-insulated monopole antenna in sand
(a0 = 3.175 mm, a1 = 3ag, ¢ = 1.735, az = 4aop, ¢,3 = 4.82, Fig. 8. Variation of the input admittance of an air-insulated monopole with
€rqa = 3.8, ag — az = 0.1ag, f = 380 MHz). respect toe,4 (ag = 3.175 mm, a1 = 2.301aqg, E,I, =1, a3 —az = 0.1ag,

h = 0.25X0, f = 380 MHz, €,3 = 4.82).

Lee et al. [2], [7]. It is noted thatexp(jwt) is used as the ) ) _ )
time-harmonic factor in this paper, rather thamp(—iwt), 92/%0 IS somewhat like a fast-decaying standing wave, as
which was employed in the previous work; this explains thustrated in Fig. 7. Furthermore, since the admittance of an
reason why—Arg[I(z)] is used in Fig. 5. Agreement is very@nténna in an infinite homogeneous medium is proportional
good with those computed by Lest al. [3]. Both theoretical 0 /¢ [18], its magnitude variation will be bigger for higher
predictions agree reasonably well with the experimental resuf@rmittivity of the ambient medium, as seen in Fig. 7.
[7]. It should be pointed out that our modal-expansion method Fig. 8 gives the input admittance with respect to the relative
has no limitation on the monopole radius, relative permittivitydielectric constant of the external medium. When the relative
and number of dielectric layers of the insulated monopoRermittivity increases, the reflection coefficient at the interface
antenna. The model we employed can also take the effectbgtween the insulating layer and the external medium and
the junction at the monopole base into account, which will B8€ antenna’s admittance (absolute value) will also increase.
studied in the next subsection. Fig. 8 shows this except for small, for which the reflection
Fig. 7 shows the variation of the input admittance of an aigoefficient is not large enough to dominate the variation.
insulated monopole with respect to the radius of the insulatingFinally, we take an air-insulated monopole antenna with an
layer of zero thickness. Since for the insulated monopdiesulating glass layer of finite thickness as an example of a
antenna most of the power is radiated in the radial diregwltilayer insulated monopole. Fig. 9 shows the input admit-
tion, the effect of the permittivity discontinuity between théance of the insulated monopole for different layer thicknesses.
insulating air and its ambient medium is very similar tdhe thickness of the insulating layer has a significant effect
a step discontinuity in characteristic impedance of a lossy both the conductance and the susceptance. This is expected
transmission line. Meanwhile, the radial line is nonuniform; itsince a big difference exists in the relative permittivities of the
characteristic impedance decreases very rapidly as the radinsslating glass and lake water and this difference changes the
increases. Therefore, the curve of the input admittance vergamivalent radius of the insulating layer which has a noticeable
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ay-dp=0 —
s ay-gy =2ag 7
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Fig. 10. Equivalent circuit for characterizing the junction effect.
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W2o Fig. 11.

Effect of the step junction between the monopole and the feed
e on an air-insulated antenna’s input admittaneg (= 3.175 mm,

= 2.301ag, el = 1, f = 380 MHz, ay = 4ay, a3 — ay = 0.lag,

er3 = 4.82, €4 = 80).

. _ . . . in
Fig. 9. Effect of the finite thickness of the insulating layer on the monopolel(§1
input admittancedy = 3.175 mm, a; = 2.301ag, €. =1, f = 380 MHz,
as = 4ag, €,3 = 4.82, ¢4 = 80).

effect on the antenna’s admittance (see Fig. 7). The eff¥perek = koy/e,1 and Z; is the characteristic impedance
becomes negligible for an air-insulated monopole immers€fthe c_oaxial line whose inner and outer radii ateanda;,

in sand since the difference in the permittivities of glag@Spectively. o

(e, = 4.82) and sande, = 3.8) is relatively small. To appreciate the effect of the step junction at the monopole
base on the antenna’s input admittance and to examine the
accuracy of the circuit model, we give a comparison between

C. Junction Effect andY.. obtained b dal _ hod and
. . / andY;, obtaine our modal expansion method an
The effect of the step junction at the end of the monopol€?, ! y ou xpansi

L . ; " ~(13) and (14), as illustrated in Fig. 11. It is found that the step
is rigorously examined by using the ful-wave formulatio nction has a noticeable effect on the antenna’s admittance
presented in Section Il. In order to gain understanding '

this iuncti froct Iso introd ol val hile it depends on the size of the step junction and the
1IS junction efiect, we aiso introduce a simple equiva erI‘éngth t. The admittance calculated by (13) and (14) agrees
circuit model in this subsection. It is well known that a ste

di tinuity in the i quct f il _deery well with the full-wave solution obtained by our modal-
IScontinuity In the inner conductor of a coaxial waveguidg, ,,nsion method. Since the electrical dimensions of the feed
can be characterized by a parallel capacitance. For the 5

“unction in the feed th o . imat and the step discontinuity are relatively small, the low-
junction In-the feed fine, e capacitance 1S approxima e)’equency circuit model (13), (14) provides a good estimate
expressed as [19]

of the junction effect.
a® +1

1 4
+a—2(:1111 @

€ =2m|a I—a T-a?

In

IV. CONCLUSION

This paper has provided a formally exact modal-expansion
analysis of the current distribution and input admittance of
wherea = (a; — by)/(a1 — ao). The input admittancé, of & multilayer insulated monopole antenna driven through an
the insulated monopole looking from the coaxial feed line {gfinite conducting ground plane from a coaxial line. An
then calculated from the equivalent circuit shown in Fig. 1@ﬁ|C|ent recursive algorithm has been introduced to implement

whereY?, is the admittance of the monopole at= D, i.e. the analysis of an arbitrary multilayer insulated monopole
without Ztnhe junction effect antenna. As examples, a dielectric-coated monopole and an

. R air-insulated monopole antenna are considered. Our modal-
Yin = jwC + [ZpYy, + j tan(kit)]/ expansion results for the input admittance of these antennas are
[Zh + 3(Z0)*Y] tan(kit)] compared to the experimental data available in the literature.

+ 3.487 x 10713(1 — a)(a1 /ao — 1)} (13)

(14)
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Good agreement is achieved. Numerical results for the effect of

the thickness of the insulated layer are presented and discus
Finally, the junction effect of a step discontinuity between th

monopole radius and that of the inner conductor of the coaxidt]

feed line is considered.

APPENDIX

The elements of the matrices occurring in (9)—(11) can b[e5

worked out [20] as follows:

WArnn = Frnn (D)

der v Jo(v2 ao)
LdeL.J, (v} ay)

n

LD(:Q

WBrnn = Frnn(d)

a1
Wemn = j27rwcl / Clrnp(p)efnp(p)pdp

by
sin(c, L)
M mn — . nm
© Jwer o, cos(ap, L) ¢
Ul (a
MQArn,n = _anr(d)w
Tin
V! (a
MQBrnn = _anl(d)w
Wln
Ul (a
M3Arnn - Fnrn(D) 1n2( 1)
Yin
V! (a
M3Brnn — _Fnrn(D) lng 1)
Tin
MQCrnn = Clnp(ao)srnn(d)
2r(—1)* [
Mism =252 [ er o) 0 do
In 1

M3Crnn = elnp(al)srnn(D)

2n(—1)" [
MIBrnn = %/ efnlp(p)Wn(p)pdp
Wln by

DU, (a1)Rrn 4 Vi, (a1)]

Yj’—ln:_

293,
where
z 2 Drz 2 Dz
Fon(z) = / sin (2m + 1)rz sin (2n + Dmz
0 2L 2z
Srnn(-’lf) = /m _ SiIl(OénZ) SiIl (2m + 1)71'2
o Qncos(apL) 2z

(A.1)

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)

(A7)

(3]
(4]

(6]

(7]

(8]

El
[10]

(1]

[12]

[13]

[14]

[15]
[16]
[17]
(18]

[19]

[20]

7
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