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Radiation and Scattering from Infinite Periodic
Printed Antennas with Inhomogeneous Media

Wen-Jiunn Tsay and David M. Pozar,Fellow, IEEE

Abstract—The hybrid method of moments (MoM)/Green’s
function method [1] technique is applied to infinite periodic
printed antenna arrays containing dielectric inhomogeneities.
The solution uses an integral equation for an infinite periodic
printed array on or over a homogeneous dielectric substrate
[2], coupled with equivalent volume polarization currents for
dielectric inhomogeneities on top of the homogeneous substrate.
Volume pulse-basis functions were used to expand the volume
polarization currents. A hybrid MoM/Green’s function method
solution was then obtained through the matrix form of the
problem. The two-dimensional (2-D) solution of plane wave scat-
tering from a grounded dielectric slab was used to validate
the reaction impedance of the dielectric inhomogeneity. Several
infinite periodic printed dipole arrays with dielectric supports
and overlays were studied with this solution and good agreement
was observed between the hybrid MoM/Green’s function method
and waveguide simulator experiments.

Index Terms—Microstrip antennas, nonhomogeneous media.

I. INTRODUCTION

T HE objective of this work is to develop a hybrid
method of moments (MoM)/Green’s function solution

(abbreviated as the hybrid moment method) to analyze
three-dimensional (3-D) periodic antenna and scattering
problems involving a dielectric substrate with dielectric
inhomogeneities. There are four types of geometries in which
we are interested. Fig. 1(a) shows an infinite planar array
of printed antennas on a homogeneous grounded dielectric
substrate; Fig. 1(b) shows an infinite planar array of printed
antennas with dielectric barriers; Fig. 1(c) shows an infinite
planar array of printed antennas with dielectric supports; and
Fig. 1(d) shows an infinite planar array of printed antennas
with dielectric overlays. By analysis of these geometries,
we can study the effect of dielectric inhomogeneities on
the performance of an infinite periodic array antenna where
potentially improved bandwidth or scan range may be achieved
and novel antenna geometries may be investigated.

One application of such geometries is to obtain an additional
degree of freedom for an array beyond the substrate thickness
to optimize the impedance bandwidth and scanning range
of large printed arrays. Pozar and Schaubert [2] discovered
that surface wave coupling can lead to scan blindness where
no effective power is transmitted or received by the array.
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Fig. 1. Printed antenna arrays with (a) homogeneous substrate, (b) dielectric
barriers, (c) dielectric supports, and (d) dielectric overlays.

Through the interruption of surface waves or other propagating
modes that cause scan blindness, it may be possible to control
blindness by using inhomogeneous loading [3], [4] and still
maintain a reasonable impedance bandwidth.

Another application is to increase the bandwidth of an
array by using dielectric overlays. Generally speaking, any
improvement in bandwidth for printed antennas can only be
achieved by an increase in volume or a loss in efficiency [5].
Hall et al. [6] have experimentally shown that the bandwidth
of alumina patches can be increased by a factor of 16 by
overlaying pieces of substrate. Such a dielectric overlay can
be considered as a type of resonator antenna, as reported
by McAllister et al. [7]. Recently, Kishk et al. [8] have
studied the problem of a dielectric disk antenna above a
grounded dielectric substrate. By replacing the conducting
patch with a low-loss dielectric disk resonator, they were able
to achieve 30% bandwidth. These examples suggest that if
the configuration in Fig. 1(d) can be implemented, it may
be possible to significantly increase the bandwidth of a large
array.

All of the above configurations can be categorized as prob-
lems of radiation and scattering in periodic inhomogeneous
media. If a solution for these problems is available, we will be
able to solve a large variety of useful radiation and scattering
problems involving inhomogeneous media.

The finite-difference time-domain (FDTD) method is a
useful computational technique for a wide variety of problems
in radiation and scattering, especially when inhomogeneous
material are involved [9]–[11]. However, the FDTD method
to date has proved to be difficult to apply to problems of this
type [12]–[16]. While many problems have been treated via
the moment method and other full-wave solutions [2], [17],
these techniques are generally limited to geometries without
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transverse material inhomogeneities. Hybrid moment-method
solutions have been implemented to solve inhomogeneous
problems for a single antenna [1], [18]. This paper extends
this concept to an infinite planar array with dielectric in-
homogeneities. A disadvantage of this method is that the
derivation of the dyadic Green’s function and the integral
equation matrix elements are tedious and complicated. Also,
memory requirements and central processing unit (CPU) time
increase sharply as the electrical size of a unit cell in the array
becomes large.

Following the standard moment-method procedure for an
infinite periodic array antenna [2], the equivalent volume
polarization current that is induced inside a dielectric in-
homogeneity is used to create a second integral equation
according to the volume equivalence theorem. To indepen-
dently verify the reaction impedance elements generated by
the dielectric inhomogeneity, two-dimensional (2-D) scattering
from a grounded dielectric slab with parallel polarization plane
wave incidence was studied. Volume pulse-basis functions
were chosen to expand the equivalent polarization current.
Excellent agreement is observed for the reflection coefficient
when compared with a closed-form solution. When applying
the hybrid moment method procedures to a 3-D numerical test
case with volume pulse-basis functions, good prediction of the
scan blindness (-plane scanning) and reflection coefficient
is obtained. Finally, several waveguide simulator experiments
were performed to validate the 3-D hybrid moment-method
code. Very good agreement is observed between theory and
measurements for several different array geometries.

II. THEORY

Conventional moment-method and other full-wave solutions
that employ dielectric substrate Green’s functions are generally
limited to geometries without transverse material inhomo-
geneities [2]. When inhomogeneities are present, only multi-
layer dielectric substrates have closed-form Green’s functions
[19], [20]. Newman and Tulyathan [21] successfully employed
a moment method to solve the problem of an antenna in the
presence of dielectric inhomogeneity by using volume pulse-
basis functions to expand the polarization currents and good
results for input impedance were obtained.

This paper extends the hybrid moment-method technique to
solve the problem of an infinite periodic printed antenna array
on a grounded homogeneous dielectric substrate with dielectric
inhomogeneities, as shown in Fig. 2. This solution is general
enough to treat each of the geometries shown in Fig. 1, as the
conducting antenna element may be placed on the dielectric
substrate on top of the dielectric block or below the dielectric
block. Since we are implementing the hybrid moment method
for periodic problems, the major tasks include: 1) deriving the
necessary Green’s functions for the homogeneous dielectric
substrate; 2) choosing basis functions to expand the unknown
equivalent surface and polarization current densities; 3) em-
ploying Galerkin’s procedure; 4) solving the resulting matrix
equation to obtain the current amplitudes; and 5) computing
input impedance and reflection coefficient.

(a)

(b)

Fig. 2. (a) Infinite periodic printed dipole array on a homogeneous substrate
with inhomogeneities. (b) Its unit cell configuration.

A. Dyadic Green’s Function Formulations

Pozar and Schaubert [2] showed that the Poisson sum for-
mula can be used to obtain the Green’s function for an infinite
array. In this work, the antenna and dielectric inhomogeneity
are positioned on or above a grounded homogeneous dielectric
slab, thus, the infinitesimal source current element must be
positioned above the substrate (detailed derivation
is presented in [22]). In dyadic form, the Green’s function for
field and source points above the substrate can be expressed as

(1)

where , or

or or and or or
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The Green’s function components are simple extensions
to those given in [2] and [25] for

;
;
;

sin cos ;
sin sin ;

is the unit cell dimension in the direction, is the
unit cell dimension in the direction; and are
the scan angles, andand are integers representing
discrete Floquet modes.

B. Integral Equation Derivation

Once the Green’s functions are derived, the next task is
to set up integral equations subject to required boundary
conditions. Consider a unit cell of the infinite periodic printed
array antenna with dielectric inhomogeneity, as shown in
Fig. 2 (notice that the dipole is not necessarily on the substrate,
but can be moved to any desired position above the
substrate). Assume the surface current density induced on
the conductor is and that the volume polarization current
density induced in the dielectric inhomogeneity is. Let

be the incident field

be the field due to and

be the field due to

Then the tangential electric field must vanish on the conductor
and the relationship between the total electric field and the vol-
ume polarization current density (from the volume equivalence
theorem) can be used to create two integral equations. Since
the tangential electric field must vanish on the conductor, we
have

The above equation can be rewritten using the Green’s func-
tion as

(2)

From the volume equivalence theorem [23], the induced
volume polarization current density in the dielectric inhomo-
geneity is

Rearranging the above equation gives

This can be expressed using the Green’s function as

(3)

Equations (2) and (3) are the integral equations for the problem
of an infinite periodic printed array antenna with the presence
of a dielectric inhomogeneity.

C. Current Density Expansion and Reaction
Impedance Generation

To carry out the moment-method solution, we need to
choose basis functions to expand two unknown equivalent
current densities and . We use piecewise sinusoidal
(PWS) modes for the conductor current and pulse functions
to expand

and

where

and are the unknown expansion

coefficients and
sin

sin

for and

is a piecewise-sinusoidal expansion mode with terminals at

, a half-length , and (assuming a uniform
distribution representing the current variation across the width

of the dipole)

for
and

otherwise

is a pulse-mode basis function for the dielectric inhomogeneity
(the dielectric inhomogeneity is divided into small rectangular
volumes, as shown in Fig. 3). is the number of PWS
modes on the conductor and is the number of rectan-
gular volumes in the dielectric inhomogeneity. The ,

, and are the lowest corner coordinates of theth
parallelepiped as defined in Fig. 3.

The unknown current expansion coefficients, , ,
and can be determined through Galerkin’s procedure. First,
we test (2) with to obtain

(4)
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Fig. 3. Discretization of the dielectric inhomogeneity.

on the conductor , where

or or

Next, we test (3) with

(5)

in the dielectric inhomogeneity ,
where

or or

otherwise

and

is the spatial discretization step

(6)

in the dielectric inhomogeneity
, where

or or

(7)

in the dielectric inhomogeneity ,
where

or or

When the volume polarization current density is ex-
panded by the pulse-mode basis functions, (4)–(7) can be
written in more detail as

(8)
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on the conductor , where

otherwise

(9)

in the dielectric inhomogeneity

(10)

in the dielectric inhomogeneity

(11)

in the dielectric inhomogeneity .
Detail expression of those related functions can be found in
[22].

Fig. 4. Two-dimensional plane wave scattering from a grounded dielectric
slab.

Equations (4)–(7) form linear equations
with unknown current expansion coefficients, which can be
shown in matrix representation as

(12)

The expansion coefficients and can be obtained by
solving the matrix equation (12). The input impedance at a
center-fed dipole element in the array is defined as

where (13)

Then the active reflection coefficient [2] can be calculated as

(14)

This completes the hybrid moment-method formulation for
an infinite-periodic printed-array antenna with a dielectric
inhomogeneity. Since the reaction impedance formulation for
the dielectric inhomogeneity itself is quite complicated, it is
useful to validate this part separately. Two-dimensional plane
wave scattering from a grounded dielectric slab is sufficient
to serve this purpose, as will be explained in the following
section.

D. 2-D Plane Wave Scattering from a
Grounded Dielectric Slab

Consider a parallel polarized uniform plane wave incident
on a grounded dielectric slab, as shown in Fig. 4. The incident
and reflected plane waves can be expressed as

(15)
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(16)

where is the parallel polarization reflection coefficient at
, which is known in closed form [26], is the incidence

angle, and is the transmission angle.
In order to incorporate the reaction impedance formulation

for a dielectric inhomogeneity into the problem, we divide the
original grounded dielectric slab of thicknessinto a thinner
grounded homogeneous dielectric slab of thicknessand a
dielectric layer with thickness to be modeled
using volume polarization currents. Then we have two cases
for comparison. One is the canonical problem of the reflected
field of a grounded dielectric slab with thicknesswith no
polarization currents. The other is the reflected field of a
homogeneous grounded dielectric slab of thickness, plus
the scattered field due to the discretized volumetric modeling
of the remaining layer of thickness. Obviously, these two
cases should be equivalent.

The scattered field and current density inside the dielectric
layer of thickness in the presence of a grounded dielectric
slab of thickness can be written as e14

and

Rearranging the above equations gives an integral equation as

(17)

Now, we let

where

for and

otherwise

is a pulse-mode basis function for the dielectric layer.
Using the standard Galerkin’s procedure, we obtain the

following equations:

(18)

in the dielectric layer and

(19)

in the dielectric layer . Definition of all
the related functions can be found in [22].

Once the unknown current expansion coefficients are found
through the standard matrix formulation of the moment
method, the scattered field due to the dielectric layer can
be easily obtained. The reflection coefficient of a plane wave
incident on a grounded dielectric slab of thicknessis equal to
the reflected field of the grounded dielectric slab of thickness

, plus the scattered field of the discretized dielectric layer
of thickness divided by the incident field amplitude

(20)

where

cos

Since we use pulse-mode basis functions to model the
dielectric layer, fictitious surface charges will be introduced
on the interface of adjacent discretization cells, which may
cause the solution to converge slower. To see the effect of
these fictitious charges, we selected discretization steps of
0.1 , 0.05 , and 0.025 to verify the convergent speed.
Both magnitude and phase of the reflection coefficient were
compared with the closed-form solution. The magnitude al-
ways maintains at least six significant digit accuracy and the
phase error improves from 1 to 0.1%. These results seem
to suggest that as long as the discretization step is smaller
than 0.025 , those fictitious surface charges will not have a
significant effect on the moment-method solution as compared
with the closed-form solution.

The 2-D scattering formulation provides a good validation
for the 3-D scattering formulation, because all the key inte-
grations in the 3-D formulation are in thedirection, while
in the 2-D formulation, the same functions are used. The
differences between the 2-D and 3-D formulations are simply:
1) two summations of and are replaced with only one

summation and 2) drops to zero for all the Green’s
functions in the 2-D case. This simpler problem thus offers
a necessary but not completely sufficient analytical check on
the solution. Further validation of the 3-D results are provided
by comparison with measured data from waveguide simulator
experiments, as discussed in the following section.
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Fig. 5. Phase of the reflection coefficient of a 2-D grounded dielectric slab
with d1 = 0:1�0 and t1 = 0:1�0.

Fig. 6. Unit cell of an infinite array of printed dipoles on a dielectric
substrate, modeled using the hybrid MoM solution for comparison with
homogeneous substrate solution.

III. V ALIDATIONS AND RESULTS

To check the self- and mutual-reaction impedances for
the volume polarization currents, the example of 2-D plane
wave scattering from a grounded dielectric slab is used. Since
all the media are assumed lossless, the magnitude of the
reflection coefficient should be unity. Fig. 5 shows the phase
of the reflection coefficient where , ,

, and . An excellent agreement (the error
is within 0.3 degree) is observed when compared with the
closed-form solution for a spatial discretization smaller than
0.025 . The hybrid moment-method solution takes about 7
s per data point on a DEC3000 AXP workstation.

Next, a 3-D test case of an infinite printed dipole array
[2] was used to verify the hybrid MoM code, as shown in
Fig. 6. The bottom substrate layer of thicknessis handled
exactly through the Green’s function, while the top layer of
thickness is discretized using volume polarization current
basis functions. The array input impedance (or reflection
coefficient) of an element in the infinite periodic printed dipole
array with a homogeneous substrate of thicknessshould be
equal to the impedance (or reflection coefficient) of the array
shown in Fig. 6, which consists of a homogeneous dielectric
slab of thickness and a layer of thickness modeled
with volume polarization currents. The parameters for this test

Fig. 7. Comparison of the magnitude and phase of the reflection coefficient
from the MoM and the hybrid MoM solutions for an infinite array of printed
dipoles on a homogeneous substrate.

case were chosen as follows: , ,
, , , ,
, , , , and

. With -plane scanning and a spatial
discretization of , the magnitude and phase of
the reflection coefficient of the hybrid MoM solution show
good agreement with that of the MoM solution described in
[2], as shown in Fig. 7.

The first waveguide simulator was fabricated with a thick
substrate to produce a pronounced scan blindness. The wave-
guide was standard brass -band (4–6 GHz) guide, with
inner dimensions of 4.755 cm 2.215 cm. Two printed
monopoles (fed with a power divider) of length 1.85 cm
and width 0.19 cm were laid on a plexiglass substrate of
thickness cm, permittivity , and loss
tangent of 0.0057 [24]. The element spacings were
cm and cm. A de-embedding technique [22] was
used to remove the loss and phase shift effects of the two-
way power divider from the measured data. Fig. 8 shows
good agreement for the magnitude and phase of the reflection
coefficient from the hybrid MoM solution and the waveguide
simulator experimental result. Notice that the scan blindness
occurs at 4.99 GHz with a measured reflection coefficient
magnitude of 0.89. This nonunity value is the result of copper
and dielectric loss in the simulator.

One purpose of this work was to obtain extra degrees of
freedom for an infinite periodic array by introduction of a
dielectric inhomogeneity to allow improved bandwidth without
the usual concomitant scan blindness that occurs with a thick
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Fig. 8. Comparison of the magnitude and phase of the reflection coefficient
calculated from the hybrid MoM solution, and measured in a waveguide
simulator for an infinite dipole array on a uniform dielectric substrate
[Fig. 1(a)].

substrate. After some numerical testing, the geometry shown
in Fig. 1(b) did not achieve this objective due to the fact that
it failed to reduce the surface wave coupling between dipoles.
However, the geometries shown in Fig. 1(c) and (d) proved
to be better candidates for this purpose. It is well known
that a thick substrate for an infinite periodic printed dipole
array improves bandwidth, but at the expense of a smaller
available scan range due to the excitation of surface waves
and the resulting scan blindness. If the height from the ground
plane to the dipole is fixed at as shown in Fig. 1(a), we can
trim away part of the substrate to give the geometry shown
in Fig. 1(c). By doing so, the effective substrate thickness is
reduced away from the dipoles and the scan blindness effect
can be alleviated significantly.

In order to show a pronounced change in the occurrence of
scan blindness, the previous waveguide simulator was refabri-
cated to use the inhomogeneous substrate geometry shown in
Fig. 1(c). The same printed monopole of length 1.85 cm and
width 0.19 cm was laid on a plexiglass support post of length

cm, width cm, thickness cm,
permittivity , and loss tangent 0.0057. The substrate
was also plexiglass with thickness cm, permittivity

, and loss tangent 0.0057. The element spacings
were cm and cm. Fig. 9 shows a good
agreement for the magnitude and phase of the reflection coef-

Fig. 9. Comparison of the magnitude and phase of the reflection coefficient
calculated from the hybrid MoM solution and measured in a waveguide
simulator for an infinite dipole array on an inhomogeneous dielectric substrate
of the type shown in Fig. 1(c).

ficient between the hybrid MoM solution and the waveguide
simulator experimental result. Notice that the scan blindness
moves from the previous frequency of 4.99 up to 5.64 GHz.
Using the surface wave theory of scan blindness discussed in
[2], the blindness angle of 39.2at 4.99 GHz for the array of
Fig. 8 corresponds to an effective surface wave propagation
constant of sin . For the array of
Fig. 9, however, the blindness angle of 33.9at 5.64 GHz
implies an effective surface wave propagation constant of

. While both of these values are atypically
large for purposes of illustration, the significant reduction of
the surface wave propagation constant means that blindness
for plane scanning will occur further from broadside for the
array of Fig. 9 due to the inhomogeneous dielectric.

The dielectric overlay has been suggested to increase the
bandwidth of printed antennas [5], [6]. Also, with a small
modification of the feeding structure, we can model a dielectric
disk resonator antenna above the grounded dielectric substrate
[7]. For these two applications, the structure shown in Fig. 1(d)
is relevant. A third waveguide simulator was fabricated to
validate the hybrid MoM solution for this geometry. Two
printed monopoles of length 1.2 cm and width 0.2 cm were
laid on a plexiglass substrate of thickness cm,
permittivity , and loss tangent 0.0057. The dielectric
overlay was also plexiglass, with length cm,
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Fig. 10. Comparison of the magnitude and phase of the reflection coefficient
calculated from the hybrid MoM solution and measured in a waveguide
simulator for an infinite dipole array on an inhomogeneous dielectric substrate
of the type shown in Fig. 1(d).

width cm, thickness cm, permittivity
, and loss tangent 0.0057. The element spacings

were cm and cm. In general, Fig. 10
shows a good agreement for the magnitude and phase of
the reflection coefficient between the hybrid MoM solution
and the waveguide simulator experimental result. Some of
the difference between measured and calculated results is
probably due to measurement and fabrication tolerance. The
“rounding” of nulls and peaks in the calculated data is probably
due to discretization error. For broadside radiation, Fig. 11
shows a noticeable bandwidth increase with the dielectric
overlays, in contrast to the same array without the overlays.
A simple explanation for this bandwidth enhancement is that
the dielectric overlay is slightly larger than the dipole, so
two relatively close resonant frequencies contribute to this
bandwidth increase. Notice that the scan blindness occurs at
5.61 GHz, whereas the scan blindness occurs at 4.93 GHz
when the homogeneous substrate thicknessis equal to 1.86
cm. This is another example of the significant shift in the scan
blindness angle.

IV. CONCLUSION

The hybrid moment method has been developed and applied
to infinite periodic antennas and scatterers having dielectric
inhomogeneities and printed conductor radiating elements. The

Fig. 11. Comparison of the frequency bandwidth for an infinite periodic
printed dipole array with and without dielectric overlays.

conducting element was modeled using PWS mode electric
surface current basis functions and the dielectric inhomogene-
ity was modeled using pulse-mode equivalent volume current
basis functions. Two coupled integral equations were derived
and a Galerkin procedure was implemented.

Several numerical and experimental test cases were used to
validate the hybrid MoM computer code. A numerical result
for 2-D plane wave scattering from a grounded dielectric slab
was used to validate the self- and mutual-reaction impedances
of the dielectric inhomogeneity. Even though surface fictitious
charges are introduced in the process of expanding the po-
larized current density in the dielectric layer, good agreement
was observed when compared with the closed-form solution.

Waveguide simulators were built to validate the calculations
from the hybrid moment method. By using dielectric supports
or overlays, we are able to introduce a degree of freedom
to resolve the usual tradeoff between frequency bandwidth
and available scan range in printed phased arrays. Waveguide
simulators were used for validation of several geometries,
showing a significant shift in the scan blindness angle. A
typical hybrid MoM solution requires about 40-min CPU time
per data point when running on a DEC3000 AXP workstation.
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