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Radiation and Scattering from
Isorefractive Bodies of Revolution

Piergiorgio L. E. UslenghiFellow, IEEE and Riccardo Enrico Zich

Abstract—The radiation from an electric or magnetic dipole lo-  located on the axis of symmetry of an isorefractive body
cated on the symmetry axis of an isorefractive body of revolution of revolution (BOR) and axially oriented for three different
(BOR) and axially oriented is considered. The boundary-value types of BOR's: a prolate spheroid (Section II), an oblate

problem is solved exactly for three BOR's: the isorefractive - . . .
prolate and oblate spheroids and the isorefractive paraboloid. spheroid (Section IIf), and a paraboloid (Section V). For the

Furthermore, for the isorefractive circular cone, the radiation ~isorefractive circular cone, we solve exactly the problems
from an arbitrarily located and radially oriented dipole, and the  of radiation from an arbitrarily located and radially oriented

scattering from an obliquely incident plane wave are determined electric or magnetic dipole and of scattering by an obliquely
exactly. incident plane wave (Section V). The analysis is conducted in

Index Terms—Electromagnetic radiation, electromagnetic scat- the frequency domain witlkxp(jwt) as the time-dependent
tering. factor.

|. INTRODUCTION [I. THE ISOREFRACTIVE PROLATE SPHEROID

N isorefractive body is made of a linear, homoge- The prolate spheroidal coordinaté$ n,¢) are related to
Aneous, and isotropic material whose refractive index {g€ rectangular coordinatés;, y, z) by

equal to the refractive index of the medium surrounding the v=4 /(= D(1 =) cos e,

body, glthough the intrinsic impedances of the two media — (€2 —1)(1 - n?)sing, )
have different values. If the surface that separates the body
from the surrounding medium is a coordinate surface in a
system of orthogonal curvilinear coordinates for which thwherel < & < oo, =1 <7 < 1,0 < ¢ < 27 and 2
wave equation is separable, then the boundary conditidisthe axis of symmetry. The surfacgs= constant,; =

at the interface between the two media can be satisfig@nstant, and> = constant are, respectively, confocal prolate
by mode matching and an exact canonical solution to t§eheroids of interfocal distana& major axis¢{d, and minor
boundary-value problem is obtained. This is possible beca@ds v/¢* — 1d, confocal semi-hyperboloids of revolution with
the eigenfunction expansions of the electromagnetic field 8Herfocal distancel, and semi-planes originating in theaxis.
either side of the interface contain the wavenumber as alhe prolate spheroid with surfac¢ = & is made of
parameter (and this has the same value in both media), Bufnaterial with permittivitye, and permeability;.; and is
not the intrinsic impedance. If the body’s material has electd@mersed in a medium with constitutive parameteysand
permittivity e» and magnetic permeability,, and the body is #1; the two media are isorefractive, i.e., condition (1) applies.

oy
3

zZ =

[ SIS N[0

immersed in a medium of permittivit; and permeability;;, ~ FOr an electric dipole located gt= ¢ > &, 7 = 1 on the
then the isorefractive condition is positive » axis and corresponding to a primary electric Hertz
0 vector
E1H1 = €22- 1 .
x' = Zexp(—jkR)/(ER) 3)

Condition (1) has been used to obtain exact solutions for
scattering from elliptic and parabolic cylinders in [1] and fronvhere R is the distance between the dipole and the observa-
a paraboloid of revolution in [2]. The scattering from a wedgions point and
has been solved in [3] via a transform technique. The fact that E=w
lateral waves on either side of a planar isorefractive boundary ‘
propagate with the same phase velocity has been utilizedisrthe wavenumber, the primary magnetic fieldds = ¢H_,
obtaining an exact solution to plane wave scattering fromveth

€11 = wy/eapi2 (4)

class of wedge structures [4]. ; 2 2 . _3 _ikR
X H' = —k=cY; - V(E2 - 1)1 —n2)e™
In this paper, we solve exactly the boundary-value problems” B e[(kE) J(RR) IV )& —n?)e
for primary sources that are either electric or magnetic dipoles 2K°Y7 = J7t 1 4
brimary INACARTES = = > o REN (e 6QRT) (0. 6)S1a(e,m)
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(larger) betweerd and&,. The scattered magnetic field in thewhere the modal constants,,, and ¢, are determined by

regioné > £ and the total magnetic field inside the spheroitnposing the boundary conditions &t=
(1 < ¢ < &) are alsop polarized, and are given, respectively,

by

oo

-y

n=0 plann

ngf( LORM (e So)Sm( ;1)

2k%Y, &
2 Zpl N cenR(l)( 3,

Ve

x R (¢, &,)S1n(c,n)

(6)
Hy, =

(7)

wherea.,, andc.,, are modal coefficients determined by the

boundary conditions, i.e., by imposing the continuity B
and E, across the interfac§ = &;. The quantitiesY;

Z7t = \fer/p1 andYy = Z;t = /ey /u» are the intrinsic

admittances of the surrounding medium and of the spheroid.

The component,, is given by

—J 3 3
B = L2/ @@ =) g + 2y ) oo
(=12 (8
whereH,, = H', + H? and Ey,, = E}, + E3. Hence

Cen = 1+ aenAn
(Y2 = YDRE) (c 51)

(9)

Aen = @ (10)
YlRln (C, 51) - YéAann (C, 51)
where
R:(Li) (c,&1) + 5251 1R(4)(ca &1)
(11)

52&_1 R&)(Cv 51)

- RY(c,e)+

and the prime means the derivative with respecgtoNote
thata., = 0 andc., = 1if Y1 = Y3, as expected.

For a magnetic dipole located at= ¢, > &, n =1 on
the positive» axis and axially oriented, corresponding to

primary magnetic Hertz vector given by (3), the electric field
is everywhere oriented in thg direction. The primary electric

field E; the scattered electric fiel’, in the region{ > &

outside the spheroid, and the total electric fiélg, inside the
spheroid(1 < £ < &) are given by

SRR 1)~ e

=227 = gt
J@lepf N, Ry (e, )R (6, 65) (e, m)
12

E. = K cZi[(kR)™ —

s —2I€2Z1 Z J -1
99 vV 52 plann
x R%‘;)(c 5>R§i>< 50>sln<c )

—2]{; Z2 J (1
Z Nln Chann)

\/ 52 pln

X Rgi)(ca So)Sln(cv 77)

Ahn

(13)

Eo, =

(14)

&1, yielding
Chn = 1+ ahnAn
(Z2 - Zl)Rln( :&1)
ZR) (¢,60) = ZoAnRE) (¢, 61)

whereA,, is given by (11). As expected;m =0andcp, =1
if Z, = Z,. Note thatay,, is obtained froma.,, by duality,
i.e., by replacingY; with Z,, (¢ = 1,2).

Results for an arbitrarily located and oriented dipole are
unavailable, even for the simpler case of a metallic spheroid.

(15)

(16)

Aln =

lll. THE ISOREFRACTIVE OBLATE SPHEROID

The oblate spheroidal coordinat@gs, ¢) are related to the
rectangular coordinate(s«c,y, z) by

{ €+ 11—

e+ -

where0 < £ < o0, -1 < 7 < 1,0 £ ¢ < 27, and
z is the symmetry axis. The surfacés= constant,, =
constant, and» = constant are, respectively, confocal oblate
spheroids of interfocal distanc& minor axiséd and major
axis /&2 + 1d; confocal semi-hyperboloids of revolution with
interfocal distancel; and semi-planes originating in theaxis.

The oblate spheroid with surfacé = ¢; is made of
a material with permittivitye; and permeability;.o and is
immersed in a medium with constitutive parameteysand
i1. The isorefractive condition (1) applies.

For an electric dipole located & = &, > &, n =1
on the positivez axis and axially oriented, corresponding to
the primary electric Hertz vector (3), the magnetic field is
everywhere oriented in thg direction. The primary magnetic
field H; the scattered magnetic field’, in the region§ > &;
outside the spheroid, and the total magnetic fidlg, inside
the spheroid0 < ¢ < &;) are given by

oH, = —k“’ch[(kR)‘2 ~ (kR )@+ D1 — e R
/—QYJL y . (1) J§<)
52 n=0 plann
x R, —y£>>sln<jc )
2k2Y1 i 1)
HS = —— ——dien RUY (je, —jE)
v Sg + nz:o pl’an'n !
x R, —y@)sln(jc )
262Ys
- éen B (e, —jE)

TV

n=0 plann
X Rgi)(va _jgo)sln(jcv 77)

wherec = kd/2, the notation for the oblate spheroidal wave
functions is that adopted in [5] and [6] ard-(£-.) is the
smaller (larger) betweefiandé,. The modal coefficients.,,
and é.,, are found by imposing the boundary conditions at

§=4
Een =1+ &en,An

wl&wl&wl

oy
3

1?) cos ¢,
7?) sin @,

w8

17)

w
|

(18)

(19)

H,

(20)

(21)
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. (Yo — H)Rﬁ?(jc, —j&) 29 volume0 < 5 < 7, is filled with a linear, homogeneous, and
Gen = R( )(JC &) — YQA,,,R&) (e, —j€r) (22) @sotropic medium gf permittivit}eg and permeapilitwg. The.
isorefractive condition (1) applies. The source is an electric or
where magnetic dipole located &, = 0, 1, > 7. on the negative
R( Y . L R(4) _ z axis and aX|§1IIy _orlente_d. _ _
(e, —j&) + +1 (ge, —i&) (23) For an electric dipole with a primary Hertz vector given by
Rgn) (je,—j&1) + 52+1R§?( ¢, —j&1) (3), the magnetic field is everywhere directed alahgThe

incident magnetic field is
and the prime means the derivative with respecgtoNote

P =i _ . —Y; —v+joo
thaté., = 1 anq Gen = 0if Y1 = Y5. H = 1 dr— W__ 4 (j2ke)
For a magnetic dipole located &= &, > £, n = 1 on the 210,VEN J——joo sin7T 2
positivez axis and axially oriented, corresponding to a primary X M_ 1 (j2kn )W, 1 (52kns) (30)
12 )

Hertz vector given by (3), the electric field is everywhere

oriented in theg direction. The primary electric fieldz?, where|y| < 1 andn<(n-) is the smaller (larger) between
the scattered electric field?, in the regioné > ¢; outside the 7 andn,. The functionsM and W are Whittaker functions;
spheroid, and the total electric fiell,,, inside the spheroid their relations to other eigenfunctions introduced by Pinney,
(0 < & < &) are given by Buchholz, and Fock may be found in [6, ch. 16]. The scattered
magnetic fieIdH; in 71 < n < oo on the convex side of the
paraboloidal interface = r; and the total magnetic fielf,

in 0 < 5 < 7, on the concave side of the interface are given by

B} = KeZi[(kR) 7 = j(hR) IV + DI — P)e 7~

—2K2Z; g
= > = —= R(l (de, —ié<) ,
50 + 1 n=0 plann _Y'l —v+joo i b ( kg)
o . HY = —e W (52
X REL:L) (J c, _j£>)sln (]C, 77) (24) v 2770 V 577 —y—joo SlIl T 2
s —2/€2Z1 ad L 4), . . X W l(j2k770)W (J2IW7) (31)
E(p - Z - =~ ahann (7 c, _75) +ijoo
53—1—1,,_0 plann gard
GO » ; Hap = 2n0/EN \/ / T sinmr el 3 -3 (J2kE)
X Rln('c _jgo)sln(jcv 77) (25) "o Y—joo
2, x W 1 (j2kne) M 1 (§2kn) (32)
Bap= 23 (e, i)
2p — =~ chn c,—]
Y S W Oplann where b2 and b,, are functions ofr to be determined by
imposing the boundary conditions at the interf . The
x R (je, —j€0)S1nlic, n). (26) 'MPOSINg y Ace

above expressions are a generalization of the results obtained
The modal coefficients;,,, andé;,, are found by imposing by Buchholz in 1948 for the perfectly conducting paraboloid,

the boundary conditions dt = &; as reported in [6].
The total tangential electric field at the interfage= 1, is

e = 1+ apn A, (27)
. . 4 -4 1 a
T — ZORW (e _, i, s _ 14 m_ (1 0
fn = Z R(4)((~ : 13 1)) 1Z"(26’Rd)§(1? 1) (28) (E£+Ef),7=m+ k E+m \2m * dm
140, \JC, —JGQ1) — L2Andrg, (JC, — Q1 7 s
. (H+H), (33)
whereA,, is given by (23). As expected;,,, = 1 anday,, =0 —Zs m 1 9
when Z; = Z,. Observe that;,, is obtained froma,,, by (B¢ )n=m—= 2 \/ £+ <ﬂ+a—m>(H2¢)n=m~
duality, i.e., by replacind’; with Z;, (£ = 1,2). (34)
IV. THE ISOREFRACTIVE PARABOLOID Continuity of £, and H, across the interfacg = #; yields
The parabolic coordinate&, n, ¢) are related to the rect- W', (j2km)
angular coordinateéz, y, ) by the transformation bor =1+ b:m (35)
J2km
x = 2v/Encosy Vv
y =2/Ensing (29) b= (36)
J W_ 1 (2km) ’_%(J m)
1 M 4 (52kn) 2 M7 (G2km)

where0 < £ < 00, 0 < 1 < o0, and0 < ¢ < 27. The z
axis is the axis of symmetry. The surfacgs- constant and where the prime means derivative with respecitoObserve

n = constant are paraboloids of revolution with foci at théhatb> = 0 and b, = 1 for Y71 = Y5, as expected.

origin x = y = z = 0 and the surfaces = constant are  For a magnetic dipole with a primary Hertz vector given
semi-planes originating in the axis. by (3), the electric field is everywhere directed alopgThe

The paraboloid; = 7; separates two regions of space; thencident and scattered electric fielﬂ% andEZ, in oo >n >

volumen; < 7 < oo is filled with a linear, homogeneous, andy;, and the total electric fields,, in 0 < n <7, are obtained
isotropic medium of permittivitye; and permeability:;; the from Hi H? and H,, of (30)—(32), respectively, by replacing
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Y1, with —Z4 5, b2 with d2, andb,, with ds,. The boundary and §.(6-) is the smaller (larger) betweer) and §,. The

conditions atp = 7, yield integration contourC encloses the positivRe v axis in the
W' | (52kn) clockwise direction and, and h,(?) are the spherical Bessel
dor =1+ diﬁ (37) function and the spherical Hankel function of the second kind,
(72kny) respectively:
Z2 -7
42 = — . (38) P
™ W_ 1 (j2km) W’ | (72km) Gu(&) = [ =T, 1(6), BP(¢ H(Q) . (45)
Z1 M’_;(mm) — 22 M;:(mm) © 2¢ i V
For Z, = Z,, we have that> = 0 andd,, = 1. Also, d2 is The above solution is akin to the solution obtained by Felsen
obtained fromb; by replacingY; » with Z; . in 1957 for the perfectly conducting cone (see chapter 18 in

The exact scattering of an axially incident plane wave by dfl). It is useful to remember that fdke g > 0, the solutions
isorefractive paraboloid has been obtained previously [2]; tieé the associated Legendre equation behave as follows (see,
remarkable fact about this exact solution is that it coincid@sg., [7, p. 315]):P¢(cos #) is bounded a# = 0, but not at

with geometrical optics. 6 = 7; P, 4(—cos6) is bounded at = =, but not até = 0.
The modal coefficients..,,, andc.,, are found by imposing
V. THE ISOREFRACTIVE CIRCULAR CONE the boundary conditions & = 6,
With reference to spherical polar coordinates?, ¢), con- P™(cos 6;)
sider the conical surfacé = 6, which separates the portion Cem = 1+ Gem—2 (46)

. i ; L P (—cost
of space0 < # < 6, filled with a medium of constitutive (—costy)

parameterg, 1; from the region of spacé; < 6 < = filled
with a medium of constitutive parametess, pio. The semi-  Gem
aperture anglé; of the cone may take any value in the range (Y — Yl)iP*m(—cosel)
£ < #; <« and the isorefractive condition (1) applies. = 5 e " (cos61) O :
2 — o m 1) O my_
A radially oriented electric dipole located at, = Yigg P (cos ) — Y?P T cony) D81 v (—CO801)

(Fo,00,00), 0 < 6, < 6, with moment #,4ne; /k (47)
corresponding to an incident electric Hertz vector
o Observe that ifY; = Y5, thenae,, = 0 andc.,,, = 1, as
T =T ( JkR)/(kR) (39) expected_
leads to a total (incidenk’ plus scattered=®) electric field ~ The particular cas#; = = /2, when the cone becomes a
ino <6 <6 planar interface separating two isorefractive materials of semi-

infinite extent, deserves special attention. From the formulas

E\(r)=E'(r) + E°(r) (see, e.g., [8, p. 1009])

_ 7@8_2+/€2 _|_é o + 4 o2 1/2
1 \a2 9706 " rsin6 0rdyp P (o) = 2~/ 49)
v v+m —v+m—+1
2 (e + I (=35
. <8 2 +k )7’7’0u1€ (40)
and to a total electric field,(r) in 6, < 6 < # that is a 2P (4cosf))
given by (40) withu;. replaced byus.. The corresponding 90, b1 =7/2
magnetic fields are ol=m gip (v=m \[(2=m 4 |
é 9 9 92 - s S;Ii/(Q]__‘Q( ”7'277-1-(1)2 ) (49)
H.(r) = kY, o 2 e 2
H(r) = ik ‘<sme By %9) <a7>g )7 e
it follows that
£=1,2. (41)
i | (@em)ormmfa = 322 (comdomnsa = sopb> (50)
The functionsu,. are given by Gem)or=r/2 =y 1y, \Cem)bi=r/2 =y
Upe = Z % cosm(p — ©,) which are the reflection and transmission coefficients for the
m=0 electric field at the interface, respectively.
" v+l +m+1) A radially oriented magnetic dipole located af =
o v(v+ D0 (v —m 4+ 1)sin(v — m)r (19,00, 90), 0 < 6, < 61, with moment’, 47 /k corresponding
Xj,,(k7‘<)hf,2)(kr>)fz€ (42) tp t_he incident magnetic Hertz_ve_ctor_ (39), yields a total
(incident plus scattered) magnetic fieldir< 6 < 6,
wheresqg = 1, ¢, = 2 for all positive m, ‘
fie = P, ™ (cos 9<)[ ™(—cos0s) + aem P, " (cos 9>)] 4,(0) = H'(r) + £(z) (51)

(43)  whichis given by the right-hand side of (40) with. replaced
f2e = cemP,, " (cos 6,) P (—cosh) (44) by uyp, and yields a total magnetic fiel,(r)in 6; <6 <=
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that is given by the right-hand side of (40) with. replaced
by u2;,. The corresponding electric fields are, respectively

6 o 9 92
B (r)= —jkZ| — — — 3— .
_[(7_) Jk é(sinH aga ¢89> <a > + k >7ouéha

(=1,2. (52)

The functionsu;, are obtained from,. of (42) by replacing
fee with fu,, where, in turn, f,, is obtained fromf,. of
(43) and (44) by replacing.,, with a;,,, andc.,, with c,,.

Imposition of the boundary conditions yields

P™(cosby)
Chm =1+ Ahm 5 m, o~
Py ™ (—cosbh)
Ahm

(Z2 — ZQ%P""(—COS&)

Zl a7 v " (cosb1) — ZQP,((ALPJ"’(—COSQQ.
(54)

cosfy) 901

(53)

The Debye potentials, andv,(¢ = 1,2) are given by

Z / (2v + 1)F(1/+m+ edzv
u, Enl .
T (v+ DI'(v —m + 1) sin(y — m)w

m=0

X Jy(kr) - {m sinm(y — @, ) cos /Js_flz

iné,
. L0f1e
+COS m(<p - SOO) 89 :| (60)
Z / 1/+1)F(1/+m+1) IV
k&~ em (v+DI'(v —m 4+ 1)sin(v — m)7
X Ju(kr) - {Cosm(w o) Cosﬁ f%
fQZ
— msinm(p — @,)sin 3 (61)
sin 6,

where f1; is given by f;. of (43) with a.,, replaced by a new
modal coefficienta,,, f21 is given by fi. of (43) with a.,,

replaced by, fi2 is given by fs. of (44) with c.,,, replaced
by ¢, and fs5 is given by f,. of (44) with c.,, replaced by

For Zi = Zs, apm = 0 and ¢, = 1, as expected. The m- The solution (57)—(60) is similar to that given by Felsen

particular case of a planar interfat® = = /2) yield

in 1957-1958 for a metallic cone, as reported in [6].
By imposing the boundary conditions, it is found that the

(hm)oy=nf2 = D=2y (Chim ), =z = 24 (55) modal coefficientssy,, by, ., andd,,, are given by
N aasdl T A7 P7m(cos 6;)
1
which are the reflection and transmission coefficients for the =ldampgim————= (62)
P (—cosby)

magnetic field at the interface, respectively.
Let us now consider an incident plane wave

{E%::@ﬁmﬁ+¢w%ﬁﬁq*ﬂ%pm
ﬂ%

whereki = -7, = ¢, x 6,, 0< 86, <6, and

éo =z cosf,cosp, +ycosb,sine, — Zsind,

Po = —Zsing, + jcos ,. (57)

The total electricE; and magneticH; fields in the region

0<6< 6, are

E, =E+F°
6 o d
= —gkZ | — = — p—
J 1<$n98¢ ¢89>”1

+ 82-+k +—€ al + 0o (ru1)
or? rOrdl  rsinh Ordp i

(58)

H, =H+H*

% )\ 6 8 ¢ 9
! <T tk ) + r Orde + rsind Orde (ren)

Y1(6, cos B — @, sin B) exp(—jkk’ -1)  (56)

6‘31 P ™(cosby)

" %Py ™(—cosb,)

dp,=1+b (63)
an, is equal toa.,, of (47) [consequentlye,, equalsc.,, oOf
(46)] andb,, is equal toay,, of (54).

It should be noted that the case of metallic cdtlg = 0)
cannot be expected to follow as a particular case of the above
result for the isorefractive cone because of condition (1).
Nevertheless, in the limiZ, — 0, the above isorefractive
solution yields the correct result for the metallic cone.

The contour integrals in (42), (60), and (61) may be evalu-
ated as a series of pole contributions, using Cauchy’s residue
theorem. The results would be akin to those obtained by
Bailin and Silver [9] for the metallic cone. This procedure
was followed in [3] for the isorefractive wedge.

VI. CONCLUSION

In this paper, we have solved several new canonical prob-
lems involving radiation or scattering by penetrable bodies of
revolution that are isorefractive to the surrounding medium.
These new, exact solutions are important not only because
they enrich the catalog of exact solutions for penetrable bodies,
but also for two additional reasons. First, they provide limiting
cases to test the correctness of analytical solutions that may be
developed in the future for bodies with the same shapes treated
here, but made of more general materials. Second, they provide

(59) test cases for the validation of humerical codes developed for
penetrable bodies whose boundary surfaces have varying radii
whereas in the regiofy, < 6 < x, the total fieldst, and H, of curvature and/or singularities.
are obtained fromE; and H,, respectively, by replacing To our knowledge, and with the exception of the result
with Zs, u; with uo, andwv; with v,. reported in [2], the results given herein are the only existing
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exact solutions for three-dimensional penetrable bodies who$® 1. S. Gradshteyn and I. M. RyzhikTables of Integrals, Series, and

i Products New York: Academic, 1980.
boundary surface is not a sphere. [9] L. L. Bailin and S. Silver, “Exterior electromagnetic boundary value
problems for spheres and cone$RE Trans, vol. 4, pp. 5-16, 1956.
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