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Treating Late-Time Instability of
Hybrid Finite-Element/Finite-Difference

Time-Domain Method
Chieh-Tsao Hwang and Ruey-Beei Wu

Abstract— The hybrid finite-element/finite-difference time-
domain (FETD/FDTD) method recently proposed to handle
arbitrarily shaped dielectric objects is employed to investigate
electromagnetic problems of highQQQ systems for which the
transient response over a very long duration is necessary. To
begin with, the paper demonstrates that this hybrid method may
suffer from late-time instability and spurious dc modes. Then an
approach which combines the temporal filtering and frequency
shifting techniques is presented to overcome sequentially and,
respectively, the two drawbacks. Its accuracy is validated
by the favorable comparison with several different methods
for the analysis of resonant frequencies andQQQ factors of the
various modes in an isolated dielectric resonator. Finally, the
present method is applied to calculate the scattering parameters
on the microstrip line due to the presence of the cylindrical
dielectric resonator.

Index Terms—FDTD methods, finite-element methods, insta-
bility.

I. INTRODUCTION

T HE finite-difference time-domain (FDTD) method has
been widely used in various electromagnetic problems

[1]. In its original form, the method works excellently for
structures, which can fit well into Cartesian coordinates [2].
The algorithm provides a lot of attractive advantages: direct
and explicit time marching, high accuracy with discretization
error of second order, obvious stability condition, easy pro-
gramming, and minimum computational complexity. One of
the major disadvantages of FDTD is the inefficiency to model
the structures with curved surfaces.

Exploiting conformity is one way to alleviate the staircasing
approximation [3]–[5]. Recently, a hybrid method has been
proposed to solve the electromagnetic scattering of two- (2-D)
or three-dimensional (3-D) arbitrarily shaped dielectric ob-
jects [6], [7]. It successfully employs the conventional FDTD
method for most of the regular region but introduces the tetra-
hedral edge-based finite-element time-domain (FETD) scheme
to model the region near the curved surfaces. Numerical results
of early-time simulation validate that the method has the
advantages of accuracy, flexibility, stability, and computational
efficiency.
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However, instability happens in late-time simulation for
FDTD methods with unstructured nonorthogonal grids or more
general conformal models. This instabilities were noticed
during the integral equation based time marching [8], [9]
and several attempts have also been suggested to overcome
it [10]–[12]. For the time marching based on the differential
equations, like FDTD or finite-element method (FEM), late-
time instability did not receive much attention until recently.
Yeeet al. noticed that the computational error grows up in the
additional local coordinate system near the curved surfaces and
suggested a spatial average scheme to resolve this instability
[5]. On the other hand, some researchers applied the concept of
time average to suppress the instability [13]–[15]. This paper
is focused on treating the late-time instability of the hybrid
FETD/FDTD method proposed in [6] and [7].

The late-time simulation is essential to investigate the
electromagnetic characteristics of high systems. A salient
example of common interest is the cylindrical dielectric res-
onator (DR). Several approaches have been presented to deal
with an isolated DR such as the method of lines [16], the
method of moments based on the surface integral equation
[17], the null-field method [18], and FDTD in cylindrical
coordinate [19]. However, to our knowledge, none of them
have been generalized to deal with practical problems where
the DR is coupled to the nearby guiding structures such as
microstrip lines.

Following this introductory section, the hybrid FETD/FDTD
method for arbitrarily shaped dielectric objects is briefly men-
tioned in Section II. The late-time instability is demonstrated
and temporal filtering technique is proposed to suppress the
instability. Then, an annoying phenomenon of linearly growing
curl-free fields is noticed and explained in Section III. A novel
frequency shifting technique which introduces an artificial
term into the governing wave equation is proposed to circum-
vent these spurious modes. In Section IV, the present method
is applied to investigate the electromagnetic characteristics of
an isolated DR and a DR loaded with a microstrip line. Finally,
brief conclusions are drawn in Section V.

II. TEMPORAL FILTERING TECHNIQUE

FOR LATE-TIME INSTABILITY

Even for the problems of dielectric objects with complicated
shape, most of the solution region is homogeneous and can be
handled by FDTD with rectangular grids. Only for the region
close to the curved boundary, the general tetrahedral mesh
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Fig. 1. The totalEz field versus the normalized time at the center of a
dielectric sphere, which is of dielectric constant�r = 9, radius three unit, and
illuminated by an incident̂z-polarized Gaussian plane wave of3� half-width
c � T = 104.

should be resorted to for an accurate modeling [6], [7]. In
this irregular region, the electric field satisfies the governing
equation

(1)

By employing the time-domain finite-element method (FEM),
this equation can be discretized into a matrix form of

(2)

where

is the discretization in time, denotes the coefficient
vector for unknown fields with superscript standing for the
time step, and is the Whitney one-form edge element [20].

The hybrid FETD/FDTD has been employed to deal with
the scattering of arbitrarily shaped dielectric cylinders [6] and
3-D objects [7]. It is worth mentioning that the hybrid method
invokes FDTD for the outer region. As a result, the unsplit
and modified perfectly matching layers (PML’s) [21], [22]
can be imposed to truncate the simulation region without any
difficulty. For the sake of simplicity, we consider the 3-D
scattering problem in [7], where a plane wave of Gaussian
waveform is incident on a dielectric sphere. Fig. 1 shows
the electric field versus the normalized time at the center of
the sphere. It demonstrates that the computational error may
accumulate to grow up when the simulation is performed up
to a very late time.

The late-time instability cannot be contributed to the FETD
scheme (2) since which has been theoretically shown to be

unconditionally stable [23]. To investigate the source of the
instability, A perfectly electrical conductor (PEC)-walled cubic
cavity under a line current source excitation is simulated by
applying the pure FDTD, pure FETD, and hybrid FETD/FDTD
methods, respectively. Although not displayed here, late-time
instability only occurred in the hybrid FETD/FDTD method. It
is believed that the late-time instability is due to the interface
between FEM and FDTD solutions. The strategy employed
here is to derive a low-pass filter which can suppress the
computational error which is of higher frequencies and in
the meantime keeps the low-frequency components nearly
unchanged. Here, the filter is defined by the relation [13]

(3)

where and denote the filtered and original fields, respec-
tively, and , , and are unknown constants to be specified.

To have a zero attenuation at dc frequency, the constants
should satisfy

(4)

In addition, we choose

(5)

to make (3) a symmetric form. From (4) and (5), the constant
can be related to by

(6)

The remaining constant can be chosen arbitrarily. The
parameter should be large enough to suppress the instability.
However, the larger the valueis, the stronger attenuation and
phase delay (3) will effect the time-domain response. We ran
a number of test cases to observe the effect on stability with
as a parameter. All cases were run over 20 000 time iterations
and it is found that the late-time instability did not occur as
the value of equals or exceeds 0.05.

To verify the performance of this filter, the relation (3)
with is applied to modify the electric fields at time
step in entire FEM region after obtaining the fields at time
step from the FEM solver. Fig. 2 shows the simulation
results modified by the temporal filtering technique for the 3-D
scattering problem considered in Fig. 1. In the early-time re-
sponse shown in Fig. 2(a), the desired signal is hardly affected
by the enforcement of this filter. In the late-time response
shown in Fig. 2(b), it is verified that the instability due to the
computational errors has been successfully suppressed.

III. FREQUENCY SHIFTING TECHNIQUE

FOR SPURIOUS CURL-FREE MODE

A magnified view of the filtered late-time response in
Fig. 2(b) reveals that there are spurious components which
grow linearly with time. The occurrence is replotted as the
solid curve in Fig. 3 where the vertical axis is in a different
scale from Fig. 2(b). This spurious mode can be attributed to
the insufficiency of (1) to model the Maxwell’s equations at
the dc limit. It is not difficult to show that (1) has a nontrivial
solution of the form

(7)
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(a)

(b)

Fig. 2. Comparisons between filtered and original fields shown in Fig. 1.
(a) Early-time response. (b) Late-time response.

for arbitrary scalar function . This field distribution is curl-
free in space but grows linearly with respect to time. It means
that any curl-free distribution once generated, no matter how
small, will grow up to be the most dominating in the very
late time. Actually, this phenomenon happens to some other
time marching schemes which relies solely on the electric field
wave equation (1), e.g., [12]. For the present method, it is the
FETD/FDTD boundary that excites this irrational field. For the
FDTD simulation, which takes curl operation for the electric
field in the previous time step to update the magnetic field in
the present time step, this spurious mode will be suppressed
and have no chance to grow up.

A good way to destroy the linear growth of the spurious
modes is to change the nontrivial solution (7) by slightly
modifying the governing equation (1) into

(8)

where is a small positive constant. Then, the nontrivial
solution (7) becomes

(9)

Fig. 3. Effects of the frequency shifting on the filtered response shown in
Fig. 2. The shift value� is chosen as zero (no shift),4� 10�7(��=42

t
) and

4 � 10�6(��=42
t
).

Fig. 4. Relative frequency shift(! � !0=!0) versus division number per
wavelength for the case� = 4 � 10�6(��=42

t
).

with an angular frequency of . It is worthy
mentioning that this field pattern remains a small variation,
rather than growing up linearly with respect to time. Also
note that the numerical solution for (8) is almost the same as
that for (1), except that the matrix in (2) is replaced by

. In addition to suppressing the spurious modes,
the constant in (8) also introduces frequency shifts for all
the signal components. Consider the plane wave component
of the form . The dispersion relation given by (8) is

(10)

where denotes the corresponding angular fre-
quency in the original equation (1).

The best choice of will be the smallest one which is
able to suppress the linear growth of the spurious modes.
Numerical experiments have been evoked to find this. Fig. 3
shows the simulation results with and

as a parameter. After extensive trial, it is
found that is enough to destroy the
linear growth of spurious modes. Fig. 4 shows the resultant
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Fig. 5. Geometry of a dielectric resonator.

TABLE I
(a) COMPARISON OF THECALCULATED RESONANT FREQUENCIES OFVARIOUS

RESONANT MODES IN DR, SHOWN IN FIG. 5 BY SEVERAL DIFFERENT METHODS.
(b) COMPARISON OF THECALCULATED Q FACTORS OFVARIOUS RESONANT

MODES IN DR, SHOWN IN FIG. 5 BY SEVERAL DIFFERENT METHODS

(a)

(b)

relative frequency shift versus division number
per wavelength. In the frequency range of common interest
that the wavelength is 10–100 times the division size, the
relative frequency shift varies from 2 10 to 2 10 .

IV. NUMERICAL RESULTS

A. Isolated Dielectric Resonator

The late-time simulation is essential for the analysis of the
structures in which high elements are involved. In this paper,
the hybrid FETD/FDTD together with the aforementioned
stabilizing approach is applied to deal with the dielectric
resonators (DR). The first example considers an isolated DR,
which has been tacked by various methods [16]–[19]. The DR
is made of the dielectric with and has the geometry

(a)

(b)

Fig. 6. A typical structure where a dielectric resonator is mounted with a
microstrip line. A modulated Gaussian pulse is incident to the microstrip line.

parameters of radius mm and height mm,
as shown in Fig. 5.

In the simulation, the FDTD cell is chosen to be
and the time step is such that the stability factor

. Among which, the outermost eight layers
are placed unsplit and modified PML [21], [22]. The excitation
source is chosen to have the modulated Gaussian waveform
with sinusoidal time variant function. The source is either a
uniform -directed electrical or magnetic line current source
spanning a length of 3.75 mm at the center of DR, i.e., point
A in Fig. 5. For the present case, 147 611 tetrahedral cells and
190 648 edges are used to model the region near the dielectric
resonator boundary.

The recorded signals can be represented by the summation
of several damped sinusoidal functions, each of which denotes
a mode. The number of significant modes and the modal
parameters, i.e., the resonant frequency and thefactors, can
be extracted from the recorded responses by the matrix pencil
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Fig. 7. Reflected and transmitted coefficients versus normalized wave num-
ber (k0a).

technique [24]. The results are listed in Table I and compared
with those by other methods, e.g., the method of line [16],
the method of moments [17], the null-field method [18], 2-D
FDTD in angularly symmetric structures [19], pure FDTD with
staircase approximation, as well as the measurement results
[25]. The good agreement validates the correctness of the
present method. In Table I, the FDTD simulations with a rough
division of are also included for comparison. It can
be verified that the present method with a rough division can
still yield accurate results, especially for factors, while the
staircasing FDTD can not.

B. Dielectric Resonator Mounted with Microstrip Line

In practical microwave circuits, DR’s are placed in the
nearby of microstrip lines to serve as frequency selecting
elements as shown in Fig. 6. In the simulation, the same
DR considered in Fig. 5 is mounted with a microstrip line of
substrate dielectric constant . The structure is enclosed
by the metallic walls except the input and output sides of
the microstrip lines, where the PML are placed to absorb the
scattered fields. An excitation source with modulated Gaussian
waveform is incident to one end of the microstrip line.

To achieve a high resolution in the frequency domain, the
waveforms should extend to an extraordinarily long period.
Fortunately, the late-time responses can be expressed almost
solely by the DR modes, which are extracted by applying the
matrix pencil technique from the waveform up to .
These contributions of the DR modes are then extrapolated
to give the responses over an extended duration of
in time.

Fig. 7 shows the resultant scattering parameters versus
frequency obtained from the responses of extended duration
by inverse FFT. Please notice the very sharp variations near
the resonant frequencies of the DR modes. Among the modes
recognized in Table I(a), the TE mode exhibits strongest
coupling with the microstrip line. The hybrid modes HEM
and HEM also appear noticeable effects. However, the
TM mode of DR seems to be orthogonal with the guided

microstrip line mode and, consequently, no reflected field is
observed at its resonant frequency.

V. CONCLUSIONS

In this paper, we have presented two techniques to elimi-
nate late-time instabilities and spurious modes arising in the
hybrid time marching scheme, which combines rectangular-
grid FDTD with tetrahedral-grid FEM. The procedure involves
applying a low-pass filter in time to stabilize high-frequency
computational noise and introducing slight frequency shift into
the governing wave equation to eliminate the linear growth of
spurious modes. The approach has been applied to deal with
the dielectric resonators problems. Its capability to deal with
the electromagnetic systems including highelements has
been demonstrated and verified.
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