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Rigorous Analysis of Probe-Fed
Printed Annular Ring Antennas

David M. Kokotoff, James T. Aberle, and Rod B. Waterhouse,Member, IEEE

Abstract—This paper presents calculated and measured results
for the input impedance and radiation performance of probe-
fed printed annular ring antennas. Geometries featuring stacked
rings as well as shorting posts are considered. A numerical model
is presented that is based on a full-wave spectral-domain moment-
method solution. In this solution, a specialized attachment mode-
expansion function is used to model the connection between the
probe feed and the printed ring. Measured results are presented
and compare well with the theory. Annular rings are found to
have certain advantages over circular and rectangular microstrip
antennas.

Index Terms—Microstrip antennas.

I. INTRODUCTION

M ICROSTRIP patch antennas are used in a variety of
applications due to their many salient features [1].

Like many forms of microstrip patches, the annular ring
has received considerable attention. When operated in its
fundamental mode, TM, this printed antenna is smaller
than its rectangular or circular counterparts. The annular ring
may also be somewhat broadband in nature when operated
near the TM resonance [2]. For these reasons, there have
been several theoretical and experimental investigations into
the performance of printed annular rings [2]–[4]. Feeding a
printed antenna via a coaxial probe has long been established
as the most robust means of coupling power to and from
a microstrip patch. This coupling technique also provides
excellent isolation between the components of the feeding
network (e.g., phase shifters and amplifiers) and the radiating
elements, reducing the likelihood of spurious coupling as well
as unwanted back radiation. Such requirements are critical
when developing arrays positioned back to back as in typical
mobile communication base station environments.

To accurately model a microstrip patch antenna fed by a
coaxial probe, special consideration of the current disconti-
nuity associated with the probe and patch conductors must
be made [5]. Approximate models, such as the cavity model,
although they give good insight into some of the general trends
of the antenna, fail to give an accurate representation of the
performance, especially when an electrically thick (say, greater
than ) substrate is used. Such conditions are encoun-
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tered when attempting to enhance the bandwidth of a printed
antenna to meet commercial system performance requirements.
For these situations, a rigorous full-wave analysis must be
used.

In this paper, we present a rigorous full-wave spectral
domain analysis that can accurately model the performance
of a probe-fed annular ring. Central to this analysis is a
specially derived attachment mode that accurately models the
current on the probe feed and also the discontinuity between
the feed and ring conductors. An overview of the derivation
of the attachment mode is given. Furthermore, some design
examples using the derived analysis, namely, stacked and
shorted annular rings are given. Some pertinent advantages
of utilizing printed annular rings for these patch antenna
configurations are also discussed.

II. THEORY

Consider a stacked annular probe-fed microstrip patch an-
tenna on an infinite grounded dielectric slab with dimensions
shown in Fig. 1. The printed element, the probe feeds, and
the ground plane are all assumed to be perfect conductors.
The feed region is modeled as a delta-gap voltage generator
between the base of the probe and ground plane.

The formulation is a full-wave spectral-domain moment-
method approach [5] and, for the sake of brevity, will not
be discussed. As in [5], the unknown electric current density
on the patches are approximated by a set of vector expan-
sion functions with unknown coefficients. These expansion
functions are based on the eigenmodes of the magnetic wall
cavity model of an annular ring geometry [6]. Additionally,
each probe has a special entire domain expansion function,

, associated with it. This expansion function is commonly
referred to as an attachment mode.

The annular ring attachment mode implemented here is an
application of the concept originally proposed by Aberle [5],
[7], [8] for a circular-patch geometry. In this approach, an
attachment mode appropriate to the geometry under considera-
tion is derived from the corresponding cavity model, assuming
a uniform filamentary source. This expansion function properly
models the underlying physics of the problem and, hence,
greatly enhances the accuracy and efficiency of the solution.

For an annular ring patch, the patch part of the attachment
mode in the spatial domain can be written

(1)

(2)
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Fig. 1. Geometry of a stacked probe-fed printed annular ring with appro-
priate symbols.

where and are given by a series of ordinary Bessel
functions,

(3)

(4)

is the wavenumber in the material, and are the probe
position in cylindrical coordinates, is Neumann number
[5], and the coefficients and are given by

(5)

(6)

(a)

(b)

Fig. 2. (a) Vector and (b) linear plot (� < � < 4� and � = 0o)
of the patch part of the attachment mode-expansion function
(k = 0:38

�
; a1 = �; b1 = 4�; �p = 3:25�;�p = 1o).

Fig. 2 plots the patch part of the attachment mode in both
vector and linear form. As seen in the linear plot, in the vicinity
of the probe location, the attachment mode becomes singular.
However, the mode is well behaved over the remainder of the
structure as shown in the vector plot. The negative current
in Fig. 2(b) represents a change in the vector direction of
the current. For this case, the current resembles the dominant
TM mode of the patch. Hence, the attachment mode is a
good approximation to the original problem.

In the spectral-domain technique, the Fourier transform
of the basis set is necessary. By the use of some relatively
straightforward, albeit tedious, manipulations, the Fourier
transform, denoted by the superscript “” of the patch portion
of the attachment mode can be evaluated in polar spectral
form. The final form of the attachment mode transform is

(7)

(8)
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with and given by

(9)

(10)

and

(11)

(12)

(13)

The polar spectral coordinates and are related to the
Cartesian spectral coordinates and , as given in [5]. It
is interesting to note that the form of the Fourier transform is
quite similar to that of the circular patch attachment mode [5],
with only and differing.

The expansion set can now be substituted into the operator
equation (see [5] for details) and can be tested to reduce the
problem to a matrix equation. Due to the inherent-symmetry
of the structure, the two-dimensional spectral integration as-
sociated with each matrix element can be reduced to a single
semi-infinite integration with respect to. This yields a large
computational savings as compared to the rectangular probe-
fed patch. The derivation and evaluation of the individual
matrix elements follows [8].

Note, that for the purposes of testing the operator equation,
the part of the testing functions which exist on the probe feed
is not assumed to be filamentary, but includes the radius of the
probe [5], [7], [8]. This adds to the accuracy of the method,
since the radius of the probe is considered; however, it removes
the symmetry of the attachment mode portion of the system
matrix.

Once the matrix equation is solved for the unknown
coefficients, the input impedance, radiated field and other
electrical signatures can be evaluated using an analogous
procedure to [8].

III. RESULTS

A. Stacked Annular Ring

The impedance variation of a single-layer printed annular
ring has been thoroughly examined in the literature both
experimentally and theoretically [2], [3]. For this reason and
for the sake of brevity, an investigation is not included here.
There are, however, several features of a probe-fed printed
annular ring which are pertinent to the more complicated
design examples presented here. In particular, when operating
in the fundamental mode (TM) the probe-fed printed ring
has a high-input impedance at resonance [2]. Thus, there is
a strong coupling between the feed and the patch; that is,
the radiator is overcoupled. This is why proximity coupling a
microstrip line to a printed ring is the preferred option. Hence,

Fig. 3. Predicted and measured input impedance of the stacked probe-fed
stacked annular ring (�r1 = 2:2, tan �1 = 0:001, d1 = 6:096 mm,
a1 = 10:0 mm, b1 = 29:0 mm, �p = 21:0 mm,�p = 0o, ro = 0:325 mm,
�r2 = 1:07, tan �2 = 0:001, d2 = 8:0 mm, a2 = 14:0 mm, b2 = 31:0
mm).

by moving the feedline away from the patch, the coupling
to the radiator and the input impedance can be reduced
[9]. However, the strong coupling between a probe feed
and a printed annular ring is extremely advantageous when
considering stacked configurations. Typically for any stacked
patch configuration, the lower resonator is deliberately over-
coupled and the top patch is used to effectively impedance
match the entire configuration. Thus, the high impedance
encountered for a probe-fed single layered ring is well suited
to a stacked version. Importantly too, the high impedance
level is relatively independent of substrate thickness. Thus,
thick dielectric layers below the lower resonator can be used
without the penalty of poorly behaved input impedance due to
the inductive nature of the feed. This is in direct contrast to
probe-fed circular and rectangular stacked patch configurations
where the lower substrate cannot be made too thick. Another
advantage of the annular ring over the circular patch version
is the extra degree of freedom in design, namely the inner
radius. This may be varied independently of the outer radius to
provide fine tuning of the impedance variation of the antenna.
The effect of this extra degree of freedom is similar to varying
the width of a rectangular patch.

Fig. 3 shows the predicted and measured input impedance
plot of a probe-fed stacked annular ring antenna (refer to
the caption for the relevant dimensions). As can be seen
from Fig. 3, very good agreement between theory and exper-
iment is achieved. The predicted and measured 10-dB return
loss bandwidth is 21% and 22%, respectively. The variation
between the experimental and theoretical impedance loci is
due to the positional error in the alignment of the top patch
and the thin layer of dielectric material required to etch this
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Fig. 4. Measured and calculatedE- andH-plane co-polar radiation patterns
for the stacked annular ring (refer to Fig. 3’s caption for parameters).

conductor. This layer (thickness mm, ) is
not included in the analysis. The central processing unit (CPU)
time per frequency point using 15 entire domain expansion
functions on each patch and the attachment mode is 18 s
using a 200 MHz AMD K6 running LINUX. The - and -
plane co-polar and cross-polar far-field radiation patterns were
measured and are very similar to a conventional patch radiation
characteristics. Comparisons of these measured values and the
predicted results for the -plane and -plane co-polar patterns
are shown in Fig. 4. Both the measured and predicted cross-
polarization levels are greater than 20 dB below the peak
values in both planes. The gain of the stacked configuration
is measured as 8.2 dBi, compared to a theoretical value of
8.5 dBi.

B. Shorted Annular Ring

Patches incorporating a single shorting post strongly cou-
pled to the feeding mechanism have been shown to be sig-
nificantly smaller than conventional and even quarter-wave
patches [10]–[13]. These small printed antennas have been pro-
posed for applications such as mobile communication handset
terminals. The single shorting post design strategy can also be
applied to a printed annular ring to further reduce its surface
area. Importantly, as shown in [10] and [11], to accurately
analyze such a printed antenna, attachment modes are required
to account for the current discontinuities between the pins
and the patch conductor as well as the coupling between the
shorting post and the feed.

Fig. 5 shows a schematic of a shorted annular ring and the
input impedance variation of such an antenna using 10-mm
51 HF Rohacell foam as the substrate. The dimensions of the
structure are given in the figure caption. As seen from the
measured and predicted impedance loci, very good agreement
is evident. The predicted and measured 10-dB return loss

Fig. 5. Measured and calculated input impedance behavior (and schematic)
of a shorted probe-fed printed annular ring (�r = 1:07, tan � = 0:001,
d = 10:0 mm, a = 6:0 mm, b = 10:3 mm, �p = 7:0 mm, �p = 0o,
ro = 0:325 mm, �ps = 9:3 mm, �ps = 0o, ros = 0:6 mm).

bandwidths of the antenna are 5.8% and 5.9%, respectively.
The slight shift in resonant frequency apparent in Fig. 5 can
be attributed to the thin layer of dielectric material required to
etch the patch conductor. Again, this layer is not included in
the analysis. For the theoretical results displayed in Fig. 5, two
attachment modes and 25 entire-domain basis functions were
used. The impedance bandwidth achieved here is suitable for
most digital cordless systems [14]. The radiation patterns of
the shorted ring were measured and are very similar to those
presented in [11] for a shorted circular patch. For the sake
of brevity these patterns will not be given here. The gain of
the antenna is measured as 3.5 dBi compared to a theoretical
value of 3.6 dBi.

It is interesting to compare the properties of the shorted
annular ring with previously presented shorted patches [11].
Using the same dielectric materials, the outer radius of the
shorted ring is slightly smaller than the radius of a circular
shorted patch, by approximately 5%. The bandwidth and the
gain of the shorted ring are once again slightly less than
the circular patch version by 0.5% and 0.2 dBi, respectively.
These results can be attributed to the smaller area of the new
antenna. Despite these relative shortcomings in the electrical
performance of the shorted annular ring, there is a distinct
advantage. The gap between the shorting and feed pins is 14%
greater. This allows for easier manufacturing of the antenna
and makes it less susceptible to errors in the positioning of
these pins [13]. As is shown in [11], the coupling between
the feed, the shorting post and the closest radiating edge plays
a significant role in the impedance behavior and, hence, the
size of the patch. Like the stacked patch case considered
earlier, the annular ring has another degree of freedom that
contributes to the impedance behavior, namely, the inner
radius of the conductor. Thus the strong capacitive coupling
required for a shorted patch to operate can be distributed
amongst all these variables. It is shown in [11] that for
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minimum area the shorting pin must be located closest to one
of the radiating edges of the patch. However, it is also shown
that for maximum spacing between the feed and shorting pins,
the feed should be located nearest to this edge. Hence, for a
circular or rectangular patch configuration, a compromise must
be made. However, by using an annular ring both criterion
may be achieved. Here, the feed pin is located nearest the
inner edge and the shorting pin located near the outer edge of
the ring. This creates a shorted patch of minimal area as well
as acceptable spacing between the pins.

IV. CONCLUSION

The input impedance and radiation performance of probe-
fed annular microstrip antennas has been investigated. A
rigorous numerical model based on a full-wave spectral-
domain moment-method solution has been used. To properly
account for the connection between the probe feed and the
patch, a special attachment mode has been derived and used.
Besides ensuring the continuity of current at attachment point,
this expansion mode also accounts for the singular nature of
the current about this point. Due to the inherentsymme-
try of the structure, the two-dimensional spectral integration
can be reduced to a single integration. This yields a large
computational savings as compared to the spectral-domain
moment-method solution of rectangular probe-fed patch.

Measured results for both the stacked and shorting post
cases are presented and compare well with this theory. In
particular, the high-impedance nature of the probe-fed annular
ring and the constant impedance versus substrate thickness
for the dominant TM mode is used advantageously in the
stacked configurations. Impedance bandwidths in excess of
20% and a gain of over 8 dBi are achieved both theoretically
and experimentally. Also, the shorting post version of the
annular ring has the advantage of a larger spacing (14%)
between the probe and shorting pin with virtually identical
electrical performance over 5% impedance bandwidth with
a gain of over 3.5 dBi, as compared to its circular patch
counterpart. This suggests that the tolerances on the feed
probe/shorting post position is loosened in the annular ring
case. In either case, the additional degree of freedom of the
inner radius of the conductor is similar to the width of a
rectangular patch and assists in the design process.
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