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Asymptotic Green’s Function of a Surface Magnetic
Current Element on a Perfect Electric Conductor
Plane Covered by a Lossy Dielectric Substrate
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Abstract—Published analyses of radiation modeling for slot
structures on dielectric substrate are empirical or numerical.
This paper proposes exact analytical asymptotic expressions of
the far-field Green’s functions of a surface magnetic current
element on a perfect electric conductor plane covered by a lossy
dielectric substrate of finite thickness. From these expressions,
the radiation pattern of both the space wave and surface wave
far away from an arbitrary shaped-slot antenna structure can
be calculated, provided the source distribution across the slot
is known. The potentials used in the analysis are defined and
their boundary conditions are expressed. Helmholtz equation is
solved in Laplace domain and the solutions are transformed
into space domain using inverse Hankel transform and steepest
descent method. The influences of the substrate thickness and
dielectric constant are analyzed using the calculated expressions.
The model is validated by comparison with surface wave and
space wave measurements and with numerical results obtained
from a commercial electromagnetic simulator.

I. INTRODUCTION

PLANAR microwave hybrid circuits etched on a dielectric
substrate are usually based on one of the three main

topologies microstripline, slotline, and coplanar waveguide,
or on a combination as single-faced or double-faced struc-
tures. The open structures radiate space and surface waves.
Evaluating precisely the radiated fields becomes more and
more difficult when frequency increases. The radiation source
in microstrip structures is the surface electric current on the
metallic strip. The radiation source in slot structures is the
electric field across the slot, which can be modeled by a surface
magnetic current.

Attention has been paid to slotline antennas for millimeter
wave and terahertz applications [1], as well as for wide-band
applications [2] where microstrip patch antennas fail [3], [4].
Experimental investigations on slot antennas [5] and design
rules [6] have demonstrated the efficiency of such structures.
The calculation of the radiated far fields from a given source
distribution is well known in the case of a source placed at
the interface between two half-spaces [7], [8]. The influence
of the finite substrate height has been analyzed by several
authors in the case of a hertz dipole (electric current element)
[9]–[11]. The dual problem of a magnetic current element has
been analyzed for multilayer configurations by using numerical
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[12]–[16] and analytical [17] methods. Little detail, however,
is given in this last paper about the calculation. Furthermore,
the final expressions of Green’s functions are not given, the
sensitivity to substrate thickness and dielectric constant is
analyzed for very thick substrates only, the analytical results
are neither validated by measurements nor compared to results
from other methods, and the calculation does not take into
account substrate losses, which can be very important for
microwave integrated circuits on semiconductor substrates.

The aim of this paper is to derive analytically an asymptotic
expression of the Green’s functions for the space wave and the
surface wave generated by a surface magnetic current element
on a ground plane covered by a lossy dielectric substrate. The
method is similar to that described in [9] so that only the steps
particular to our case will be detailed. The calculation is based
on an appropriate definition of potentials and specific boundary
conditions to be applied. Helmholtz equation is solved for
these potentials in Laplace domain and the solutions are
transformed to Hankel domain to obtain Sommerfeld integrals.
Their principal value are evaluated far from source by the
steepest descent method and the contribution of the poles by
the residue method. The influences of substrate thickness and
dielectric constant on the radiation patterns are analyzed for
thin and thick substrates. The calculated radiation pattern of an
infinite coplanar waveguide is compared to that computed by
a commercial electromagnetic simulator. The analytical model
is validated by space and surface wave measurements.

II. POTENTIALS AND BOUNDARY CONDITIONS

The source of radiated fields is a surface current element
so that the easiest way to apply boundary conditions

is to solve Maxwell’s equations in terms of potentials. As the
current in this case is of the magnetic type, the magnetic scalar
potential and the electric vector potential proposed by
Harrington [18] are used

(1)

with

(2)

where is the electric field phasor and the magnetic field
phasor. Helmholtz equation is obtained in terms of the electric
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vector potential

(3)

where is the Laplacian operator andthe wave number.
Boundary conditions applicable to the potentialsand

are not in the literature. They can be obtained by choosing
realistic assumptions and integrating Maxwell’s equations over
infinitesimal surfaces and volumes [19]. We have shown [20]
that the continuity conditions for are the following: at
the interface between two dielectric media its component
normal to interface is continuous, the product of the tangential
component by the dielectric permittivity is continuous, and
the normal gradient difference of the tangential component is
compensated by the surface magnetic current.

III. RADIATED FAR-FIELDS CALCULATION

The calculation is particularized here to the conductor
backed dielectric slab (Fig. 1). The perfect electric conductor
and dielectric substrate are supposed to be infinite in the
and directions. Two opposite-directed surface magnetic
current elements are located on both sides of the conductor
plane. They are equivalent to a-directed electric field across
an infinitesimal slot cut in the metal.

A. Solutions of Helmholtz Equation in Laplace Domain

Helmholtz equation (3) is solved in Laplace domain for the
- plane and in the space domain for the direction

by defining

(4)

so that the current element expressed as a delta function in
the space domain can be expressed as a constant function in
Laplace domain and application of the boundary conditions
becomes easier. Solutions of (3) corresponding to Fig. 1 are
the following.

1) Region 1:

(5)

2) Region 2: [See (6) at the bottom of the page.]
3) Region 3:

(7)

Fig. 1. x-oriented surface magnetic current elements equivalent to elemen-
tary y-oriented electric field for slot radiation analysis: (1) air, (2) dielectric
slab, (3) air. Perfect electric conductor between (2) and (3).

with

(8)

(9)

The -oriented surface magnetic current element yields the
component of the potential, the interface between air and

dielectric yields the component, and there is nocomponent.
The zeros of denominators (8) and (9) correspond to TM
and TE surface waves, respectively.

B. Inverse Laplace Transform and Hankel Transform

Solutions (5) to (7) can be expressed in space domain by
calculating the inverse Laplace transform defined as

(10)

Changing variables by defining [21] and
yields and

, where and are standard polar
coordinates and and complex numbers. Integrals (10)
become

(11)

The integral representation of Hankel function given
by [22] can be easily transformed into

(12)

By choosing the same integration path for in the complex
plane in (11) as in (12) [23], putting

(13)

(6)
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and taking (12) into account, (11) is transformed into

(14)

Integral (14) is the inverse Hankel transform of [21]
and is known as Sommerfeld integral [9], [24].

C. Asymptotic Evaluation of Sommerfeld Integral

The evaluation of (14) is explained in [9] and will only be
outlined here. Integral (14) is of the following form:

(15)

The value of the integral is the sum of two terms: the principal
value and the pole contribution. It is supposed here that
only TM surface wave propagates so that only one pole
is exhibited by the function at , where is the
propagation exponent of the TMsurface wave mode. The
principal value is obtained by an integration method, which is
known as either steepest descent or saddle-point method [25].
It can be shown that the integrand in (15) has a saddle point. If
the integration path is modified so that the steepest descent
path is followed, then this path has that saddle point as a
maximum. The principal value of integral (15) is consequently
determined by the value of its integrand at the saddle point.
The contribution of the pole is obtained by the residue method.

By introducing the spherical coordinate system , for
elevation angles such that , the pole in
the integrand has no effect and (15) is given by its principal
value which results in a space wave. For small elevation angles

the contribution of the pole has to be added to the
principal value. The asymptotic expression of integral (15) is
then given by

(16)

where is the unit step function and is the residue of
at .

The pole is the solution of the transcendental equation
(8). The residue is very sensitive to the value of

the pole, which, hence, has to be determined very precisely. We
compute it using an original variational formulation [26], [27].
The electric vector potential (5)–(7) can then be expressed
in space domain by using (11), (13), (14), (16). The electro-
magnetic fields can be calculated by using (1), (2). They are
expressed using Green’s formulation in the three regions.

The space wave is given by the following.

1) Region 1

(17)

2) Region 3:

(18)

with

The surface wave is given by the following.

1) Region 1: [See (19) at the bottom of the next page.]
2) Region 2:

(20)
with
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(a) (b)

Fig. 2. Sensitivity of space wave Green’s function in Region 1 to dielectric permittivity inE plane (' = �=2) (a) and inH plane (' = 0) (b);
"r = 1 (+), 2 (.), 5 (- -), and 10 (-.); for thin substrate(k0d = 0:2).

Analytical expressions (17)–(20) are exact for far fields.
This is the original result of the present paper. Our analytical
method can be extended to multilayered configurations.

IV. SENSITIVITY OF THE GREEN’S FUNCTIONS TO

SUBSTRATE THICKNESS AND DIELECTRIC CONSTANT

Green’s function expressions (17)–(20) are rather compli-
cated and, in particular, the influence of the substrate physical
parameters is not obvious. It is, therefore, interesting to obtain
a qualitative idea of the sensitivity of those expressions to
substrate thickness and dielectric constant by some numerical
examples. Figs. 2 and 3 depict this influence in the

and planes for the space wave in Region 1, for
thin and thick substrates, respectively, and for , and

. The sensitivity to dielectric permittivity is more significant
in the plane than in the plane for a thin substrate (Fig. 2):
the relative power density at 80changes from 0 dB to 4 dB
in the plane for an changing from one to ten, while there
is no change in the plane. The sensitivity is as significant
in the plane as in the plane for a thick substrate (Fig. 3):
the direction of the radiation maximum changes from 0to
65 in both planes, the 3 dB aperture changes from 65to
90 in the plane and from 45to 82 in the plane. It is
observed that the influence of the dielectric permittivity is not
monotonic for a thick substrate (Fig. 3): the3 dB aperture
for is larger than those for and in the
plane. The same conclusion is found in [9] for the radiation
pattern of an electric current element.

V. COMPARISON AND VALIDATION

A. Validation with Surface Wave Measurements

Expressions (20) of the surface wave radiation pattern are
compared with measurements. Surface wave measurement is a

(19)
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(a) (b)

Fig. 3. Sensitivity of space wave Green’s function in Region 1 to dielectric permittivity inE plane (' = �=2) (a), and inH plane (' = 0) (b);
"r = 1 (+), 2 (.), 5 (- -), and 10 (-.); for thick substrate(k0d = 4).

delicate operation due to the high number of parasitic effects
to be cancelled: parasitic radiations, cross-polar radiation,
multiple reflections, probe perturbation, and low signal levels.

The purpose is to validate the radiation pattern of an in-
finitesimal surface magnetic current element (element factor).
Meanwhile the measured pattern is the product of this element
factor by the array factor of the source. Consequently, the
latter must have no zero. Moreover, the aperture constituting
the source must be fed without parasitic radiation. The chosen
solution is a small rectangular aperture fed by the TE
dominant mode of a rectangular waveguide. The transition
does not radiate and the aperture can be very small.

The TM surface wave consists of three field components:
, , and . A good way for detecting them is to make use

of a radial microstrip probe, because its dominant mode will
match perfectly with and . The measurement structure is
depicted in Fig. 4. The WR-42 rectangular waveguide soldered
to the conductor plane is fed by a coax-to-waveguide transition
connected with a network analyzer. There are five 50mi-
crostrip line probes, at azimuthal angles ,
and , respectively, matched with the coaxial cables of the
network analyzer. Hence, there are no radiating standing waves
on the lines. Triangle-shaped Ecosorb ferrite absorbers are
placed to avoid multiple reflections of surface waves at the slab
edges. They are 1.25-mm thick and the material is optimized
for a working frequency of 24 GHz. The dielectric substrate
has been chosen so that the first higher surface wave mode
cannot propagate at 24 GHz; relative permittivity is 11.4 and
thickness is 0.635 mm. The radiating source is a rectangular
slot ( mm, mm) fed by a -band rectangular
waveguide. The 50 microstrip width is mm
and the radial distance between the center of the aperture and
the nearest end of the microstrip lines is mm. This
circuit is etched on a large 100 mm 100 mm square wafer
to minimize the effect of multiple reflections.

Fig. 4. Surface wave measurement structure.

The electric field in the aperture is supposed to beoriented
and uniformly distributed. The array factor corresponding to
the aperture is plotted in Fig. 5. It has no zero so that it can
be inverted and the element factor can be obtained.

The transmission is measured with a Wiltron 360B vector
analyzer over the full waveguide bandwidth (18–26.5 GHz).
The standard coaxial method is used for calibration since
absolute transmission levels are not necessary; only relative
levels indeed between the five transmission measurements are
needed. The measured transmission coefficients are plotted in
Fig. 6 for the five directions 90, 68 , 45 , 23 , and 0 , as
well as the noise level measured without feeding the aperture.
It is observed that the measured levels are globally ordered
with a decreasing transmission level for a decreasing azimuthal
angle . This ordering is not exact for some frequency points
due to several reasons: the aperture has not been matched to
the waveguide, the coax- to-waveguide and coax-to-microstrip
line transitions have not the same transmission coefficient at
every frequency, and the multiple reflections are not totally
cancelled. The transmission at 0cannot be distinguished from
the noise at the lowest frequencies of the band.

The surface wave radiation pattern is obtained by nor-
malizing the measured transmission coefficients in the four
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Fig. 5. Simulated array factor of rectangular source aperture versus polar
angle'.

Fig. 6. Transmission coefficients measured between coaxial cables con-
nected to waveguide feeder and microstrip lines at' = 90

� (-), 68� (- -),
45

� (.), 23� (-.), 0� (*); noise measured without feeding the aperture (-).

directions ( , and ) with respect to the
measured transmission coefficient for . It is plotted
in Fig. 7. The reference at 90is indicated by the star (0 dB)
and the patterns for the other four directions are given by
the dots, each dot corresponding to one frequency point. The
simulated radiation pattern is plotted on the same graph for the
two frequency limits of the measurement bandwidth (18 GHz
and 26.5 GHz). In the directions and , the
measured dots are centered and more concentrated around the
two simulated lines which indicates a good agreement. In the
direction , the simulated curves vanish and the dots are
below 10 dB, so that the low transmission level is confirmed.
This nonzero transmission coefficient in the direction
can be caused by several mechanisms: reflections off the
other microstrip probes, absorbers, slab edges, or cross-polar
radiation due to a not predicted component of the electric

Fig. 7. Simulated surface wave radiation patterns at 18 GHz (-) and 26.5
GHz (- -); measured surface wave radiation pattern in K-band(.); noise level
(x).

Fig. 8. Space wave measurement structure.

field source in the aperture (the dominantcomponent has
only been taken into account). Moreover, a large part of the
dots at 0 are below the noise level represented by the crosses
in Fig. 7. The surface wave radiation pattern modeling is
consequently valid in spite of the measurement spread.

B. Validation with Space Wave Measurements

Equation (17) of the space wave radiation pattern are
compared to measurements. Space wave radiation pattern
measurements are not easy to perform due to the diffraction on
the edges of the structure, which is obviously not infinite. The
purpose is to validate the radiation pattern of an infinitesimal
surface magnetic current element. The constraints on the
source are the same as for surface wave measurements. The
radiating source is consequently the same.

The measurement structure is depicted in Fig. 8. The WR-42
rectangular waveguide soldered to the conductor plane is fed
by a Gunn diode cell at 24.125 GHz. The dielectric substrate is
characterized by its relative permittivity (11.4) and thickness
(0.635 mm). A -band rectangular waveguide is the feeder,
with as aperture dimensions mm, mm.
Surface waves have to be absorbed to avoid parasitic radiation
at the edges of the wafer and absorbers have been glued on
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(a) (b)

Fig. 9. Comparison between measured (-) and simulated (.) space wave radiation patterns in (a)E and (b)H planes.

Fig. 10. Space wave radiation patterns inE plane of coplanar waveguide; comparison between analytical model (-) and numerical simulation from IE-3D
software (- -) on conductor side and dielectric side.

the dielectric substrate for this purpose. The wafer is a 15 cm
15 cm square.
The radiation patterns in the and planes, and
, respectively, have been measured with a parabolic antenna

in an anechoic chamber. Simulated and measured patterns in
the and planes are compared in Fig. 9. The measured
pattern in the plane exhibits some ripple due to the residual
diffraction at the edges of the structure. The correspondence
between simulations and measurements in theand planes
is globally good, except for grazing angles where residual
diffraction and residual surface wave cause sidelobes rather
than zeros.

C. Comparison with Numerical Results from IE-3D Simulator

The measurements are perturbed at grazing angles by par-
asitic diffraction (Fig. 9). As the influence of the substrate is
visible and has to be validated for such angles (Figs. 2 and
3), a comparison has been performed between the results of

our model and these obtained from a commercial software, the
IE-3D electromagnetic simulator from Zealand Software.

The structure under test for this comparison is an infinite
coplanar waveguide. Its slot width is 1 mm and central
conductor width is 2 mm. It is etched on a dielectric substrate
0.635 mm thick with . The radiation is simulated at
24.125 GHz in the plane, perpendicular to the transmission
line on both conductor and dielectric sides. The comparison
is plotted in Fig. 10. The most important results are on the
dielectric side: the two simulated patterns agree very well.
The comparison between the effect of the dielectric substrate
obtained by the analytical model and by the numerical simula-
tion shows a very good agreement. The two simulated radiation
patterns on the conductor side agree very well too.

As the commercial software is known to compute accurate
radiation patterns, the comparison in Fig. 10 is convincing
enough to prove the accuracy of the analytical model.
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VI. CONCLUSION

Analytical asymptotic expressions of the Green’s functions
of a surface magnetic current element on a ground plane
covered by a lossy dielectric substrate have been derived by
defining appropriate electromagnetic potentials and associated
boundary conditions. The derivation uses Hankel transform,
steepest descent, and residue methods. These analytical ex-
pressions are original. The sensitivity of the calculated Green’s
functions to the substrate thickness and dielectric constant in
the and planes has been investigated for thin and thick
substrates. The -plane is more sensitive to the dielectric
permittivity for a thin substrate than the plane, while
both and planes are sensitive for a thick substrate. The
influence of the dielectric constant in the radiation pattern of
the magnetic current is not monotonic. The analytical model
has been validated by comparison with space wave and surface
wave measurements and by comparison with the computed
results obtained from a commercial electromagnetic simulator.
The method can be extended to multilayered configurations.
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