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Scattering Matrix Integral Equation Analysis
for the Design of a Waveguide Rotman Lens

Andrew F. Peterson,Senior Member, IEEE, and Ekkehart O. Rausch

Abstract—An integral-equation-based procedure is developed
for determining the scattering parameters of a multiport Rotman
lens device. The device is intended for use at millimeter-wave
frequencies and incorporates rectangular waveguide feeds. The
integral equation model takes higher order modes in the feed
apertures into account and incorporates mutual coupling between
neighboring ports. A prototype lens was designed using the
integral equation model and fabricated. The lensS-parameters
were measured and modified with an ideal���40 dB (n = 3) Taylor
weighting function. The resulting beam sidelobe level is better
than ���30 dB.

Index Terms—Rotman lens.

I. INTRODUCTION

ELECTRONICALLY steered millimeter-wave antennas
have numerous applications including radar, communica-

tion systems, synthetic vision schemes for weapon detection,
and collision avoidance systems for automobiles. Traditional
phased-array antennas are high in cost due to phase shifters.
A less expensive antenna, based on a Rotman lens, offers a
rugged, reliable, and compact alternative to current millimeter-
wave electronically scanned antenna technologies. Traditional
Rotman lens designs can be carried out following [1]–[3].
These lenses incorporate TEM propagation and exhibit
relatively wide bandwidths (typically 3 : 1 or better). At
millimeter-wave frequencies, dielectric losses and small
physical dimensions complicate a TEM lens realization.
One possibility is to adopt a non-TEM parallel-plate mode
of propagation which limits the bandwidth but makes it
convenient to incorporate rectangular waveguide feeds around
the lens periphery. Such a lens was recently fabricated and
tested at 37 GHz [4]. The Rotman design equations do not
specify the shape of the sidewall that joins the lens focal
ports to the lens array ports, and while they specify the port
locations they do not specify the port widths. These parameters
can substantially affect the lens performance, especially the
sidelobe level and insertion loss. In order to evaluate various
lens designs, and to determine the effect of mutual coupling
on the lens performance, a numerical model was developed to
predict the -port scattering matrix. The following describes
the analysis procedure used to characterize the device.
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Fig. 1. Cross section of a waveguide Rotman lens geometry.

A cross-sectional view of the Rotman lens geometry under
consideration is shown in Fig. 1. Rectangular waveguide feed
lines are used to route the signals between the input and
output ports and the lens cavity. To lower the sidelobe level
within the scan angle, an aperture-to-aperture separation of less
than half a wavelength in the air-filled lens cavity is desired.
Therefore, the waveguides are oriented with their broad wall
vertical, so that the electric field of the dominant rectangular
waveguide mode is parallel to the conducting planes of the lens
cavity. Consequently, the electric field within the lens cavity
is polarized horizontally, in contrast to a traditional TEM lens
design. The waveguides are tapered along their transverse
dimension near the lens cavity to provide a gradual transition
and an improved impedance match at the apertures, which are
located along the lens cavity boundary. In the particular design
under consideration, a folded magic tee was incorporated in
each feed line to provide a 3-dB power divider, which split
the feeds into two smaller in-phase apertures. Along the sides
of the lens (Fig. 1), dummy ports may be introduced to fill
out the contour, or absorber material may be placed in the
lens ears to reduce reflections. A convenient description of
the -port device can be obtained in terms of a scattering
matrix ( -matrix), which relates the complex-valued input and
output signals at a single frequency [5]. Essentially, every
aspect of the lens performance can be evaluated from the

-matrix.
The formulation is based on a generalization of planar

circuit analysis [6], [7]. In planar circuit analysis, the electric
and magnetic fields within microstrip or stripline devices
are assumed to be invariant with respect to(their thin
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Fig. 2. Coordinate system used in the rectangular waveguide ports. The
direction indicated by the variablen points toward the lens interior.

dimension) which permits these devices to be modeled as
two-dimensional structures. One approach is to introduce a
two-dimensional integral equation relating the electric and
magnetic fields around the outer contour of the structure.
TEM Rotman lenses were modeled this way by Chan [8] and
Sharmaet al. [9]. Chan’s approach offered the improvement
of using waveguide-like modes in the lens feeds, enhancing
the efficiency of analysis. A similar approach was adapted by
the authors in earlier work involving microstrip and stripline
TEM lenses [10]–[12]. In the present work, thedependence
of all fields of interest is a half-sinusoid corresponding to
the first higher order parallel-plate waveguide mode. Planar
circuit analysis can be generalized to incorporate thisde-
pendence.

The analysis procedure involves a traditional modal expan-
sion within the rectangular waveguide feed lines, and utilizes
expressions for the electromagnetic fields radiated from the
aperture of a waveguide into the lens cavity (which is modeled
as a parallel-plate waveguide). The contributions from each
mode in each waveguide aperture are combined into an integral
equation. The discrete form of the integral equation can be
rewritten in matrix form, producing a generalized scattering
matrix. The generalized -matrix contains information about
the primary (dominant) waveguide modes, as well as higher
order waveguide modes. Finally, information about the be-
havior of higher order waveguide modes in the tapered feed
lines is used to reduce the generalized scattering matrix to an
ordinary scattering matrix involving only the dominant modes.

The following sections describe the notation we use for
the waveguide modes, the scattering matrix, and the integral
equation formulation. The incorporation of lossy absorbing
material into the lens is summarized, and the procedure used to
reduce the -matrix to dominant modes is delineated. Finally,
numerical results are compared with measurements carried out
on a prototype millimeter-wave lens.

II. FORMULATION

Fig. 2 shows the local coordinate system used for each
rectangular waveguide feed. The electromagnetic fields that
exist in the guide can be decomposed into a superposition
of modes. Since the vertical dimension of the lens geometry

is uniform, we consider only TE modes, which are TE
modes with a single half-sinusoidal variation in the vertical

direction [5]. We also assume that there are incident
and reflected modes in each feed line. Using the
coordinate system from Fig. 2, the tangential electric fields
in each waveguide aperture can be written as

(1)

(2)

and the components of the tangential magnetic field can be
written

(3)

(4)

where denotes the vertical waveguide dimension, the
horizontal (transverse) dimension

(5)

(6)

otherwise

(7)

and is the pseudocharacteristic impedance of the TE
mode defined by

(8)

The parameters denote the complex-valued coefficients
associated with the modes propagating toward the lens interior
while the set denotes the coefficients associated with the
modes propagating away from the lens interior (Fig. 2). The
normalization provided in (1)–(4) scales the fields so that the
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power carried by a propagating mode is given by

(9)

This corresponds to a wave amplitude proportional to the
square root of power, as normally used with scattering pa-
rameters [5].

We seek a description of the lens in terms of the incident and
reflected modes, and define the generalized scattering matrix
according to

...
...

...

(10)
where we have assumed that there areapertures around the
lens periphery, each containing modes. The coefficients

and are defined at specific reference planes within
each waveguide [5]. Initially in the analysis to follow, the
reference planes will be located in the apertures of the guides
(at the lens cavity boundary). As the final step in the analysis,
the reference planes are shifted down the waveguides to
the connectors (to facilitate a comparison with measured S-
parameter data).

The scattering matrix can be constructed from an integral
equation constraining the waveguide aperture fields around the
lens periphery. Initially, suppose that the entire periphery of
the lens interior is surrounded by apertures. We will use
the index to denote the source aperture, whiledenotes
the index of the observer aperture. As above,is used to
denote the index of the source mode. The coefficients
and are those associated with theth mode in the th
aperture. Because of the specific field components involved
in this application it is convenient to develop an integral
equation using the -component of the magnetic field. The
integral equation imposes the consistency condition that the
total magnetic field in aperture must be the same as the
superposition of the radiated magnetic fields produced there
by the various modes of all waveguide apertures (including
the self-contribution from aperture). The -component of the
magnetic field in aperture can be rewritten using (4) and (8)
as

(11)

where denotes a local variable defined in aperture, and the
various superscripts denote the aperture index associated with
the parameters. For the purpose of calculating the radiated
field due to a rectangular waveguide aperture, the fields in
each aperture can be replaced by equivalent electric and
magnetic currents [13]. The equivalent currents act as sources
of the radiated field produced at other locations throughout
the lens interior. The necessary currents are a transverse
component of electric current and a-component of magnetic
current. For clarity, let us introduce the notation
to denote the field produced in aperture by an electric

current source in aperturewith sinusoidal variation , and
to denote the field produced in aperture

by a magnetic current source in aperturewith sinusoidal
variation . (Expressions for these quantities are provided in
the Appendix.) The magnetic field produced in apertureby
electromagnetic radiation from all the apertures (including)
can be written as

(12)

where

(13)

denotes the phase constant within the parallel-plate region. The
condition that the total magnetic field in aperturemust be
the same as the superposition of the radiated magnetic fields
produced there by the various modes of all waveguide
apertures can be obtained by equating (11) and (12), to produce

(14)

In principle, (14) provides a complete description of the
electromagnetic interactions occurring within the lens. If we
separate the coefficients of incoming and outgoing waves in
each guide, this equation is equivalent to

(15)

linearly independent equations can be extracted from (15)
by first truncating the upper limit of the index to ,
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and then integrating each term with the testing function

(16)

where is the index of the test mode in aperture
. The resulting system of equations has the form

(17)

where and are defined in the obvious
manner, i.e.,

(18)

Explicit expressions for and are given
in the Appendix. The system of equations can be organized
in matrix form as

(19)

where and are matrices, and and are
column vectors containing the coefficients and .
The entries of are

(20)

if and

(21)

if and differ. The entries of are

(22)

if and

(23)

if and differ. These entries can be obtained by a numer-
ical evaluation of the necessary integrals as defined in the
Appendix.

Once the matrices and are constructed, the generalized
scattering matrix defined in (10) can be obtained from

(24)

and has dimension . This matrix will be processed
to reduce its dimension to , as described in the following
sections.

III. I NCORPORATION OFABSORBING MATERIAL

The presence of lossy absorbing material along a portion of
the periphery of the lens interior can be taken into account
in several ways. For simplicity, we assume that the field
components at the surface of the absorber are entirely of the
TE parallel-plate mode, and that they satisfy the impedance
boundary condition

(25)

where is the surface impedance of the absorbing material.
An absorber with minimal reflections should have a surface
impedance that is a good match to the parallel-plate TEwave
impedance, which suggests a value close to

(26)

as the surface impedance for a “good” absorber.
Over the region containing the absorber, the tangential fields

( and ) can be replaced by equivalent sources (
and ). These sources, which are unknown quantities
that are related to each other by (25), radiate to produce
the reflected fields throughout the lens interior. The absorber
contour can be divided into cells, and the equivalent sources
can be represented by an expansion in basis functions. For
simplicity, we consider piecewise-constant functions, which
have the same transverse dependence as the rect-
angular waveguide mode. The integral equation is modified
to incorporate the additional unknowns associated with the
absorber region, which produces additional terms in (14), (15),
and (17). Since the sources have the same dependence as the

rectangular waveguide mode, the fields produced by
these sources can be obtained using the same expressions as
the aperture sources. In this case we use the coefficients
to represent the electric current density, and replace
with the equivalent quantity . The coefficients are
actually eliminated from the system and do not need to be
determined by the analysis procedure.
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Therefore, by imposing the consistency condition that the
magnetic field in aperture equals the sum of all the radiated
fields produced there, (15) can be rewritten as

(27)

where the additional summations over the index represent
the contributions from the absorber cells. If the equation is
integrated with the testing function in (16), for ,
the resulting system can be organized in matrix form according
to

(28)

where and are square matrices of dimension , and
is a rectangular matrix of dimension . A similar

equation can be written in each of the absorber cells, and
placed in the form

(29)

where , and are rectangular matrices of dimension
and is a square matrix of dimension. The

column vector contains the coefficients of the absorber
basis functions. The entries of and are the same as in the
preceding section, and the other entries are given by

(30)

(31)

(32)

The off-diagonal entries of are given by

(33)

while the diagonal entries are

(34)

where is the width of the th cell along the absorber.

Equation (29) can be inverted to produce

(35)

and used to eliminate the coefficients from (28), to leave

(36)

Finally, the generalized scattering matrix is
obtained from

(37)

The additional matrix manipulations needed to construct the
system in (37) account for the energy lost to the

absorbing material. The extra matrix entries can be obtained
using the same subroutines used to produce the entries of
and for (24).

IV. REDUCTION TO AN ORDINARY SCATTERING MATRIX

In a practical lens configuration, the higher order modes
excited in the apertures of the various ports do not propagate
beyond the tapered transition to a single-mode waveguide.
Thus these modes carry no net energy away from the lens,
and can be eliminated from the generalized-matrix (by a
procedure that accounts for their presence). In the process, the
generalized scattering matrix of order is reduced to an
ordinary scattering matrix.

The elimination procedure requires the complex-valued re-
flection coefficient associated with each higher order mode
as seen “looking into” the tapered transition from the aperture,
which provides an auxiliary relationship between the mode
coefficients of the form

(38)

The reflection coefficient is a function of the geometry of the
tapered guide, and can be determined for a particular mode
from knowledge of the impedance as a function of position.

For this study, we use (8) to define the characteristic
impedance of a tapered waveguide as a function of width.
To calculate the reflection coefficient, we use a numerical
procedure that replaces the continuous tapered guide by a
cascaded collection of uniform waveguides, each having a
different impedance in order to achieve a “staircase approxi-
mation” of the true impedance function (Fig. 3). The reflection
coefficient of the cascaded arrangement is computed using
standard transmission line or waveguide theory. For the tapers
considered in this study, a number of subdivisions exceeding
about 200 produce reflection coefficients stable to machine
precision (i.e., there was no further change in the reflection
coefficient with additional subdivisions).

Once the reflection coefficient is determined for the first
few modes associated with each waveguide, (38) provides a
constraint that can be used to eliminate one row and column of
the generalized -matrix. Suppose that the indexrepresents
the very last entry in the generalized-matrix. In other words,
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Fig. 3. Tapered waveguide cross section and the cascaded sections of
uniform guide actually used to determine the reflection coefficients. The actual
calculations employed 200 divisions of uniform length to approximate the
curved taper.

(10) can be rewritten as

...
...

...
(39)

After substituting (38) into (39), the -matrix has the form

...
...

...
...

(40)

The th equation can be solved for to produce

(41)

Substituting this result back into the other rows of (40)
produces a matrix relationship

(42)

where the entries of the new order- scattering matrix
are given by

(43)

This procedure is repeated, eliminating higher order modes
from the scattering matrix, until an scattering matrix
is obtained that relates only the dominant mode interactions.

To summarize, the original generalized -
matrix is reduced by a procedure that modifies the entries
of the first block (representing the dominant mode
interactions) to account for the higher order effects. For non-
negligible reflection coefficients, the matrix obtained by this
procedure is much different from the system that would arise if
the system were summarily truncated to order.
However, in the special case when the waveguide apertures
are small, and all the higher order modes are substantially

cut off, the higher order reflection coefficients will also be
quite small, and the first block of the original system
will remain essentially unmodified by the reduction process.
Lens designs often utilize small-feed apertures to avoid the
possibility of reflected energy reradiating from the feeds,
which contributes to ripple in the pattern function and an
increase in the sidelobe level. Even in this situation, however,
it is necessary to employ higher order modes within each
aperture when constructing (24) to properly account for mutual
interactions between apertures.

V. PROTOTYPE LENS

The numerical formulation was used to test various lens
designs, in order to assess the beam pattern and sidelobe
level in the presence of mutual coupling between feeds and
the specific shape and composition of the lens sidewalls. It
was determined that a straight sidewall connecting the beam
and array contours [Fig. 4(a)] gave rise to high sidelobes as
illustrated in Fig. 4(b). A number of sidewall designs were
considered, with a shape such as that illustrated in Fig. 5(a)
proving superior. Fig. 5(b) shows the superimposed beam
patterns for a lens having sidewall shape shown in Fig. 5(a).

A prototype lens was fabricated for use at 37 GHz con-
taining 34 array ports, 19 beams, and an element spacing
of 0.478 cm. The design involved a maximum scan angle
of 22.2 , and a focal length of 17.34 cm. The design goal
was to achieve 30-dB sidelobes after incorporating a Taylor
weighting function. The lens was realized in aluminum using
electrical discharge machining techniques. Aluminum plates
of 1.0-in thickness each were employed to ensure an overall
tolerance specification of 0.0005 in, and the lens cavity was
polished to a surface roughness of 3m. Apertures were fed
using WR22 rectangular waveguide, with a folded magic-T
used to split each feed into two apertures to eliminate the
possibility of higher order waveguide modes. The regions
along the sidewall [the “ears” in Fig. 5(a)] were lined with
absorber material to eliminate reflections. The absorber was
type AEMI-20, manufactured by Advanced Electromagnetics,
Inc. Figs. 6 and 7 shows the lens interior. Additional details
about the magic-T design, the absorber, and the design can
be found in [4].

-parameter measurements were carried out using an HP
8510B network analyzer, an HP 8340B synthesized sweeper,
and an HP 8516A test set. The HP 8510B processor was
connected through an IEEE 488 interface card to a personal
computer, which automated the measurements of-parameters
at 51 frequencies in the 30–40 GHz-band.-parameters be-
tween the 34 array ports and the 19 beam ports were measured
in this manner, which provided data for beam patterns and
insertion loss. Some-parameters were also collected to assess
the mutual coupling between adjacent and nearly adjacent
ports.

Fig. 8 shows the multibeam pattern constructed from the
measured -parameter data at 36.8 GHz, and weighted with
a mathematical Taylor weighting function configured
to yield 40-dB sidelobes for an ideal pattern. Each
beam pattern in Fig. 8 (like Figs. 4(b) and 5(b)) is the pattern
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(a)

(b)

Fig. 4. (a) Straight sidewall design with possible interference path shown.
(b) Beam patterns of lens with straight sidewall design shown in (a). The
pattern is a composite with each line representing a single excited beam port,
and incorporating a Taylor weighting function configured to yield�40-dB
sidelobes in the ideal case.

associated with one beam port. These patterns are computed
from

where denotes a specific beam port and the summation
represents the combination of-parameters from the th
beam port to all the array ports. The phase associated with

(a)

(b)

Fig. 5. (a) Triangular sidewall design. (b) Beam patterns of lens with
triangular sidewall design shown in (a). Each line represents the pattern of a
single beam port, and incorporates a Taylor weighting function configured to
yield �40-dB sidelobes in the ideal case.

a particular direction is given by

where is the distance from the center of the antenna array
to the th element, specifically

where
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Fig. 6. MMW Rotman lens interior.

Fig. 7. Magnified lens interior showing magic-T difference ports.

The are the components of an Taylor weighting
function.

VI. DISCUSSION

Although the -parameter measurements show that the pro-
totype lens meets the desired30-dB sidelobe specification,
the agreement between the numerical and measured results
in Figs. 5(b) and 8 is not perfect. The numerical formulation
incorporates several assumptions that might account for the
lower predicted sidelobe level outside the scan angle. The
conducting material is being treated as if it had infinite con-
ductivity, the fields in the rectangular waveguide apertures are
assumed to consist of only TE modes, and the fields within
the parallel-plate region of the lens are assumed to consist
only of the TE mode. The treatment of the tapered waveguide
transitions neglects the possible conversion of one mode into
another, and the magic-T junctions are assumed to have ideal
characteristics. When using an impedance boundary condition
to model the absorbing material located in the sidewall region,
we were forced to estimate the impedance from the far-field
reflection properties [4] since we did not know the exact

Fig. 8. Composite beam patterns at 36.8 GHz, obtained from measured
S-parameter data for the lens shown in Figs. 1 and 6. TheS-parameters
were modified with an ideal(n = 3) Taylor weighting function configured
to yield�40-dB sidelobes in order to generate the beam patterns.

materials used in the absorber. Studies suggested that a similar
absorbing effect could be obtained using dummy apertures
backed by tapered lines terminated in matched loads to model
that portion of the lens contour. Fig. 5(b) was produced using
dummy apertures instead of an impedance condition.

APPENDIX

EXPRESSIONS FORAPERTURE TOAPERTURECOUPLING

Source/field relations can be derived using standard proce-
dures [13]. The specific approach developed in this paper only
required two expressions: The-component of the magnetic
field in the parallel-plate lens cavity due to a transverse
equivalent electric current , and due to a -component
of equivalent magnetic current . These expressions are

(A.1)

(A.2)

where

(A.3)

(A.4)

(A.5)

is the distance between the observer in aperture
and the point of integration in aperture , with
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the integration expressed in terms of the local variable. The
source aperture is oriented with a tangent vector defined in
terms of a conventional cylindrical coordinate variable

(A.6)

The actual calculations involve an integration over the ob-
server aperture, and we introduce a local integration variable

in aperture in order to write

(A.7)

and

(A.8)

Except in the case when , these expressions can be eval-
uated by conventional numerical quadrature. When , the
variable vanishes within the interval of integration, and the
singularities of the Hankel functions at the origin complicate
the numerical evaluation. Equation (A.7) can be evaluated by
a limiting procedure, while (A.8) can be evaluated by either
extracting the logarithmic singularity, or by using a quadrature
rule that incorporates the logarithmic singularity. All three
procedures are fairly well known and are described in [13].
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