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Three-Dimensional FDTD Simulation of
Electromagnetic Wave Transformation in a
Dynamic Inhomogeneous Magnetized Plasma

Joo Hwa LeeMember, IEEE and Dikshitulu K. Kalluri,Senior Member, IEEE

Abstract—A three-dimensional (3-D) finite-difference time- vector become coupled and the implementation of the con-
domain (FDTD) algorithm is developed to study the transfor- ventional FDTD scheme is difficult. We propose a new FDTD
mation of an electromagnetic wave by a dynamic (time-varying) mathod to overcome this difficulty.

inhomogeneous magnetized plasma medium. The current density .
vector is positioned at the center of the Yee cube to accommodate In th'_s paper, we use the FDTD met_hod to analyze the
the anisotropy of the plasma medium due to the presence of interaction of an electromagnetic wave with a magnetoplasma
a static magnetic field. An appropriate time-stepping algorithm medium created in a cavity. This paper is organized as follows.
is used to obtain accurate solutions for arbitrary values of the The FDTD algorithm is derived first and the implementation
collision frequency and the electron cyclotron frequency. The o harfact electric conductor (PEC) boundary conditions is in-
technique is illustrated by calculating the frequency shifts in a tigated. The algorithm i ified b . d i
cavity due to a switched magnetoplasma medium with a time- YESt@ated. fheaigorithm is verified by using a mode-coupiing
varying and space-varying electron density profile. theory and a perturbation technique. The application of the
algorithm is illustrated by computing the new frequencies and
amplitudes of the coupled modes generated due to a switched
magnetized time-varying and space-varying plasma in a cavity
with an initial TM mode excitation.

Index Terms—Cavity, FDTD, time-varying magnetoplasma.

I. INTRODUCTION

REQUENCY shifting of an electromagnetic wave in a
time-varying plasma has been extensively studied [1]-[7]
and some experiments [1]-[3] were carried out to demonstrate
frequency shifting. Analytical studies make various assump-
tions and use simplified geometries including one-dimensiorfy Maxwell's Equation
models, flash ionization, and slow or fast creation of the Consider a time-varying magnetoplasma medium with colli-

plasma medium [4]-[7]. sions. Maxwell’s equations and constitutive relation for a cold
A limited number of theoretical and numerical studies ghagnetoplasma are given by

three-dimensional (3-D) models are reported. Buchsbatm
al. [8] examined the perturbation theory for various mode

Il. THREEDIMENSIONAL FDTD ALGORITHM

configurations of a cylindrical cavity coaxial with a plasma VxE=—pu oH 1)
column and coaxial with the static magnetic field. Gupta used 9E It

a moment method to study cavities and waveguides containing VxH=¢e—+J (2)
anisotropic media and compared the results with the perturba- ot

tion method [9]. A transmission-line-matrix (TLM) method % +J zgowi(n HE +wy(r, t) x J (3)

was developed to study the interaction of an electromagnetic

wave with a time-invariant and space-invariant magnetized

plasma in 3-D space [10]. Mendca [11] presented a mode-wheree, is the permittivity of free-spacey, the permeability

coupling theory in a cavity for a space-varying and slowlgf free-spacew; the square of the plasma frequenay, =

created isotropic plasma. e¢Bo/m,. the electron gyrofrequencyB, the external static
Since the introduction of the finite-difference time-domaimagnetic field, and andm,. are the electric charge and mass

(FDTD) method [12], it has been widely used in solvingf an electron, respectively. The field components in Cartesian

many electromagnetic problems including those concernedordinate are expressed as

with plasma media [13], [14]. For the anisotropic cases [15],

[16], the equations for the components of the current density

E=E,i+E,j+E.2 (4)
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The substitutions of (4)—(7) in (1)—(3) give the following H,
equations: H, ; >
H, |H,
H 7 _ i
aHm B 1 aEZ aEy (8) P z‘k“ Jy
ot o\ 9y Oz Hp | JA = E,
ok, 1 (0H. O0H, J ) E,
Ot e\ Oy oz ¥ lfI,,
dJ, i, ZI
dt
dJ, g, , E, 5
- | = Q|Jy | +eowy(r, t) | Ey (20) :
JZ z
dJ, Fig. 1. Positioning of the electric, magnetic, and current density field vector
0t components about a cubic unit cell.
where wp as constants, each having an average value observed at the
center of the time step, the Laplace transform of (10) leads to
at 4 —Wyz Why 1
Q= we —v W (11) I(s)=(sI— 2) o +eow? - (sI-)T'E (12
—Why Woz -V s

. . __wherel is the identity matrix. Inverse Laplace transform of
The other components & andH can be obtained in a similar (12) |eads to the explicit expression fd(t) as

manner.
I(t) = A(t)Jo + sqwK(HE (13)

B. FDTD Equations where as shown in (14)—(20) at the bottom of the page and
Usual grid configuration forJ is to place.J,, J,, and wj = wi, +wj, +wi.. The FDTD equations fod are now

J. [17] at the locations ofE,, E,, and E., respectively. expressed in terms of their values at a previous time step

This configuration works fine as long as the equations f@¥fithout having to solve simultaneous equations at each step

the components off are not coupled. When coupled as Jm|r}+(i/2) Jm|ﬁf(;/2)

in (10), J, and J. are needed at the position of, to s 5 -

update J,. However, the estimations of, and /. at this | J,[[T%/? | =A@ [ J,[7507 | + 22l W K(AY)

" . 2
position can be very complex;_the maintenance of secong- 7|¢,+(1/2) .]./|’<”_.(1/2)
order accuracy requires averaging the values at four diagon f]” CEL £ 2l g k P
positions. Moreover, implementation of the averaging on the “f|i+(1/2),j,k + W|i—(1/2),j,k
boundary is troublesome because some quantities outside . Ey|zj+(l/2)7k+ Ey|zj7(l/2)7k . (21)
the boundary are needed. We overcame these difficulties by E|" v E
placing J at the center of the Yee cube as shown in Fig. 1. Vi, 4, k+(1/2) 1,3, k—=(1/2)

The components af are located at the same space point. It i the above, the time step beginssat- (1/2) and ends at
now possible to solve (10) analytically since all variables ave+ (1/2). This formulation is valid for arbitrary values of
now available at the same space point. Trealihg,, v, and andw;; the idea is similar to the exponential time stepping [18]

A(t) = exp[2]
Crwppwp, + 08wyt Clwpgwyy — S1wp,  Crwpawy, + S1wey
=e ¥ Crwpywiz + S1wi.  Crwpywyy +cos wit  Crwyywy, — S1wis (14)

Crwpwipg — S1wpy  Crwpwyy + S1wye  Crwy.wy, + cos wyt
K(t) = (exp[Qt] — I)

- Cowppwpy + C3 Cowpgwyy — Cawp,  Cowppwy: + Cuwyy
="3, .2 CQWbywbac + C4wbz CQWbywby + 03 CQWbywbz - C4wbac (15)
w +1?
b CQszwbac - C4wby CQszwby + O4wbac CQszwbz + C(3
S1 = sin wyt/wy (16)
C1 = (1 — cos wyt)/wj 17)
Co=(e""—1)/v—vC; — 51 (18)
Cy = 1/(@’” — cos wbt) 4wy, sin wyt (29)

Cy =e" — cos wpt — S (20)
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for a high conductivity case. Also, if andw, are functions of 7 J J,
time and space, (21) can be used by replacing thosdgpjyk ]V&? """"" 7 "Q?I"J f’ @
andwy |}, in (14)-(20). A A A
Using the grid in Fig. 1, the following FDTD equations for P
the x components of£ and H can be written Jyt? J% J,t? J&»
y :.’ 3 * ........ 3
AL AN i AL A i AL A il
n+41 ; H H
Ew|i+(1/2),j,k 4E 45 ﬁ
n k-plane
= F,|; [ S J J J
|A:—(1/2),J,k c Jﬁi’]z ,I?J:&?X ........ 3 - Vt?
i n+(1/2) _ n+(1/2) '
. [Ay (HZ|i+(1/2),j+(1/2),k Hz|i+(1/2),j—(1/2),k) *E 4’5 *E
At n+(1/2) n+(1/2) J j J ])&?
- E(Hu|i+<1/2>,j, w2~ Huliv /ey, g <1/2>) th! fx”zﬁk g A A e A
At (0 nt1/2) n(1/2) H, H, "
2 (J el ) (22) E, % %, %,
n+(1/2)
oli, 4072, k(1/2) 1 > 3 73 3
_ n— 1 2 - HV Hy Hy
= Hol} 5200 ey ~ o SRR 3 e
At n
| [A—y (EZ|7t,j+1,k+(1/2) E.|; ,,,k+(1/2)) k+2-plane ->HX H H .
H H H
At " ¥ ¥ ¥
— (Bl e Ey|i,j+<1/2>,k)] (23) R N N -
.>
H H
The other components can be written in a similar way. ‘Ao ‘4H‘ H‘*H i
The stability condition of this method is not easily expressed . e : ’ e

in a simple form due to the complexity of the algorithm.

Nevertheless, it can be said that the standard stability criterioa. 2. Construction of planes for a simple implementation of the PEC
can be applied, i.e., the stability is governed by the mod8undary conditions.

whose phase velocity is fastest in the medium [19], [20].

The algorithm given above leads to explicit computation while

C. PEC Boundary Conditions - I
maintaining second-order accuracy.

Fig. 2 shows the locations of the fields @Ry plane. The
indexesk andk + (1/2) of the planes correspond to those in
the FDTD equations/;, J,, J., E;, E,, and H,, are located
on k plane, wherea%., H,, andH, are located o+ (1/2) The algorithm is validated by considering two test cases for
plane. For a perfect conductor the tangential componentsvdfich results are obtained by other techniques. The first test
E field and the normal component # field vanish on the case involves switching of a plasma medium in a rectangular
boundaries. Hence, it is natural to choose PEC boundariegngrowave cavity with dimensions, L,, and L.. Several
correspond to & rather than & + (1/2) plane. For example, cavity modes are excited due to the interaction of the incident
the planek = 1 may be used for the bottom PEC of a cavitymode and the plasma medium. Hence, the new fields may be
The boundary conditions are satisfied by assigning zero valyétten in terms of cavity modes as
to £, By, J,, J,, andH, on k = 1 plane. Since/, is not
zero on thek = 1 plane, we need to update its value with E(r, t) = Z ar(t)Eq(r) (25)
time. From (21), the value#, |"J (3/2) and E.|? i (12 are

needed to obtain the updated valig; J( /2 We note that
the PEC boundary conditioBE,,/dn = 0 will permit us to
modify (21) for k£ = 1 as given in the following:

I1l. V ALIDATION OF THE ALGORITHM

where E;(r) is a normalized cavity mode and

J, |n+<1/2) J, |n (1/2) /El(r)E;*,(r)d?’r = 6. (26)
44,1 ,7,1
n n £ n
T = Ay | 2,50 |+ Sl KA _ _
L Lo ' s 2 s In the aboveE* is the complex conjugate @&. For the space-
lefyffl/ ) JZIZE(/ ) varying but isotropic plasma creation, the differential equations

E,,/,|;”+(1/2)7j71 + Emlf;(1/2)7j71 for a are obtained by the mode coupling theory as [11]

Eyliy vy, T Bolijmqroa |- @4) Par(t)
2Bl 5,072 at?

+wia; + Z Cway =0 (27)



LEE AND KALLURI: 3-D FDTD SIMULATION OF EM WAVE TRANSFORMATION IN MAGNETIZED PLASMA 1149

where ay®)
1.0
0.5 4
le =c2k?
0.0 +
m\ ? pr\? gr\? 05
9 05
=c || — — — 28
() (&) +(2)] e .
0 10 20 30 40
Cr = / W (r, OE(0)E} (r)dr 29)  os
02 A
andm, p, ¢ are the mode numbers. 0.0 4
Consider the creation of a time-varying and space-varying°2
plasma medium in the cavity with a plasma frequency profile -0+ !
2 0 10 20 30 40
wp(r, t) s ay(n) x 10
2 2 —t/T, L — o 2 021
wy(r, t) :wpo(l—c T) exp —<o¢x L—ac) 05 4
2 2 -0.2 4
Y — %Yo 2 — 20 04 LY
— % L % L 0 10 20 30 40
y x o6 a(f) x 100
t>0 (30) '
03 1
wherewg0 is the saturation plasma frequendy,is a rise time, 00 4
and the spatial variation is Gaussian. If the spatial variation of 4, |
the plasma is only in: direction, i.e.,«, = . = 0, newly 06 g
excited modes should have same mode numberg ford g. 0 lo 0 0 40
Therefore, we need to consider the changes in mode number — Mode Coupling
m only to describe the fields in the cavity. —*— FDTD

Fig. 3 shows the comparisons of the results by FDTD with ) ) ) ) )
h by the mode coupling theory for the initial T\ mode ig. 3. Mode _amplltudes for the case of a switched isotropic plasma in a
t oge 'y . p } g y 2= cavity. Comparisons of the FDTD and the mode-coupling theory are shown.
excitation. Isotropic and inhomogeneous plasma distributiofe coefficients are normalized with respect d(0). a..(t) indicates
is considered for comparisons. The following parameters afe:1(?)-
used:L, = 4L, = 4L., T, = 0, zo = Ly/2, wpo = wo,
v=0 a0, =1 o = a, =0, andwy is the frequency of 0.6
the initial mode. The results for the mode-coupling theory are
obtained by numerically solving the differential equations (27)
with the initial conditions obtained from the initial excitation. 0.5 4
The results for the FDTD are obtained first by calculating
E(r, nAt) using our algorithm and then by computingt)

(w-wy)w, %
=
'S

ai(t) = ai(nAt) = /E(r, nAHE} (r)d®r. (31)

0.3

Fig. 3 shows very good agreement.

The second validation is for the case of a magnetized
plasma. Results based on a perturbation method are avail- , ' ' ‘ ‘ ' ' ' . .
able for a magnetized low-density plasma filled cavity in 00 02 04 06 08 10 12 14 16 18 20
[21]. In the perturbation theory, the frequency shift due to
homogeneous magnetized plasma can be obtained as

Fig. 4. Frequency shift due to creation of a low-density homogeneous

Aw 1 3 magnetized plasma in a cavity. Comparisons of the FDTD and the perturbation
— = -3 /EOE(I')AEE* (r)d°r (32)  methods. The ratio of frequency shift (%) versus the cyclotron frequency
wp/wo is plotted.w, /wo = 0.1 andv/wy = 0.1.

Perturbation
® FDTD

@/,

wo

where Ae = € — I and ¢ is the dielectric tensor of the

magnetized plasma medium. For the magnetized plasma prbbm the time series of;(¢) by Prony method [22]. Fig. 4
lem, a differential equation similar to (27) is not availableshows the comparison of the perturbation and FDTD methods
Nevertheless, the new fields can be approximated by (25) dod an initial TM;;; mode excitation. A lossyi{/wy = 0.1)

the empty cavity modes can be used to extract the modesmogeneous plasma medium,{w, = 0.1) is used and the
from FDTD simulation for a weak plasma density since thédimensions of the cavity are given B/, = 4L, = 3L..
coupling is not strong. During the FDTD computationg,t) The background magnetic field,(r) = w2 is alongz axis.

is computed using (31) and the frequency change is obtairitice we have computed the final frequency shift which is
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Fig. 5. Amplitude spectra of the electric fiel, at« = (1/15)L., y = (7/15)L,, z = (7/15)L.. Parameters ar&, = 100/wq, wpo = wo, v = 0.

(a) Homogeneous-isotropievf = oy = o, = 0, wy = 0). (b) Homogeneous-Anisotropierg = oy = o, = 0, wy = we2). () Inhomogeneous-isotropic
(e = ay = a. = 2, wp = 0). (d) Inhomogeneous-anisotropiaf = ay = a. = 2, wp, = woi).

independent of the rise time,., we have considered the case¢hat nonuniformly filled plasma cavity displays lower values
of sudden {;, = 0) creation. In this figure, the frequencyof frequency shifts for the same maximum values.gf as
shift ratio is depicted for various background magnetic fielgredicted in [11].

intensities.

V. CONCLUSION

Three-dimensional FDTD formulations are constructed for
. I _ time-varying inhomogeneous magnetoplasma medium. An ex-
Fig. 5 shows the frequency ;hlftmg due to _the 'ntera‘:t'oﬁ\icit formulation is accomplished by locatinh at the center
of the electromagnetic wave with a time-varying and SPaCEf the Yee cube and by using an appropriate time stepping
varying magnetized plasma. A rectangular cavity with aﬁ'lgorithm.
initial excitation of TM;;; mode is considered with following
parameters6L, = 3L, = 2L, T, = 100/wq, 9 = L,/2,
Yo = Ly/2, 20 = L. /2, wpg = wo, andv = 0. o, = a0y =
«, = 0is used for homogeneous plasma distribution [Fig. 5(a)1] E. Yablonovitch, “Spectral broadening in the light transmitted through a

— v = . = 2 i rapidly growing plasma,Phys. Rev. Lettvol. 31, pp. 877-879, 1973.
and (b)] anda,, = ay = a; = 2 is used for inhomogeneous [2] C. J. Joshi, C. E. Clayton, K. Marsh, D. B. Hopkins, A. Sessler, and

plasma diStripUtion [Fig. 5(c) and (d)]. The electron cyclotron™™ p_ whittum, “Demonstration of the frequency upshifting of microwave
frequencyw, is chosen to be zero for Fig. 5(a) and (c), and radiation by rapid plasma creationEEE Trans. Plasma Sgivol. 18,

= 2 i pp. 814-818, Oct. 1990.
Wy wo2 for (b) and (d) The results are obtained from[3] S. P. Kuo and J. Faith, “Interaction of an electromagnetic wave with

the spectrum of the time series &, at x = (1/15)L,, a rapidly created spatially periodic plasm&hys. Rev. Evol. 56, no.
y = (7/15)L,, = = (7/15) L, taken after the plasma is almost " é, Epklﬁg" 1\?9;. Gotetl and A. M. Sessler. “WKE so .

: _ . K. Kalluri, V. R. Goteti, and A. M. Sessler, solution for wave
Tu”y Cr,eated’ ,I'e" aftet = 6'4_T”' For a homOgeneousland propagation in a time-varying magn_etoplasma medium: Longitudinal
isotropic creation of plasma [Fig. 5(a)] the frequency shift due  propagation,”EEE Trans. Plasma Sgivol. 21, no. 1, pp. 7076, Feb.

to the interaction of the electromagnetic wave with the plasma_ 1993. ) o ]
J. H. Lee and D. K. Kalluri, “Modification of an electromagnetic

'S_ the sam_e as th_at Of_ an unbounded _plasma. For the cavi wave by a time-varying switched magnetoplasma medium: Transverse
with an anisotropic uniform plasma [Fig. 5(b)] several new propagation,”IEEE Trans. Plasma Sgivol. 26, no. 1, pp. 1-6, Feb.
modes appear. It is noted that some of the modes have higl}g 1998. _ Lo -
. . . D. K. Kalluri and T. T. Huang, “Longitudinal propagation in a mag-
frequen_C|eS thar.‘ that of Fhe unbounqed ISOtI‘OpIC plasma. netized time-varying plasma: Development of Green’s functidBEE
comparison of Fig. 5(a) with (c) and Fig. 5(b) with (d) shows Trans. Plasma Scivol. 26, no. 3, pp. 1022-1030, June 1998.

IV. ILLUSTRATIVE EXAMPLES OF THE NEW
FDTD METHOD FOR A DYNAMIC MEDIUM
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