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Abstract—The availability of medium-power gyrotron tubes
(10–30 kW, CW) at millimeter-wave frequencies (30–100 GHz)
allows applications such as advanced ceramic sintering, surface
coating, radar, remote sensing, deep-space communications, etc.
The concept of high-order Gaussian beam modes, which, under
some conditions, can be assumed to be free-space modes, is
applied to transport efficiently the power generated by a gyrotron
for technological applications. A family of optimized nonlinear
horn antennas is investigated in order to get the maximum
coupling between the guided output mode of the gyrotron and
the Gaussian beam modes. The numerical simulations show very
favorable coupling with a conversion efficiency of about 99.8%.

Index Terms—Circular waveguides, Gaussian beams, horn an-
tennas.

I. INTRODUCTION

Amicrowave beam radiated from a circular waveguide with
strongly reduced diffraction (suppression of sidelobes) is

desired for a wide range of applications. In order to get it, the
technique used up to now was to look for the proper waveguide
aperture illumination design by playing with waveguide mode
relations. To create a good far-field radiation pattern like that of
the fundamental Gaussian beam mode, a mixture of corrugated
circular waveguide HE modes is required. Furthermore, for
some specific applications, a hollow cone Gaussian beam is
desirable and it can be generated by an appropriate mixture
of smooth circular waveguide TE modes. In [1]–[3], the
previous work done in relation with this topic is presented.
In these papers, the authors give some good mode mixtures
to obtain a far-field pattern with reduced sidelobes. As an
example, Fig. 1 shows the calculated and measured far-field
radiation pattern of the mixture: TE (85%) and TE (15%)
modes with proper phase working at 70 GHz and 27.8-mm
inner waveguide diameter. A good agreement between the
calculations and the measurements can be observed.
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Fig. 1. Theoretical and experimental far-field intensity distribution of a
properly phased TE01/TE02 (85.4%/14.6%) mode mixture.

In this paper, we present a solution to achieve low sidelobe
beams by means of an original and optimal nonlinear horn
antenna to couple a waveguide field distribution to a free-
space beam mode. Assuming paraxiality, we can consider
some Gaussian beam mode families as functional basis of the
beam solutions in this space [4], [5]. We will choose the family
which fits as well as possible our geometrical restrictions
imposed by the utilized waveguide. For instance, if we are
working in a circular waveguide, the chosen basis would be
the Laguerre–Gauss beam modes, and the optimal basis for
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the rectangular waveguide case would be the Hermite–Gauss
beam-modes family [6], [7].

First, in order to validate the applied testing method, we will
proceed to show the compatibility between these free-space
Gaussian beam modes and the smooth waveguide modes,
representing the far-field pattern of an open-ended waveguide
as combination of Gaussian modes and conversely expanding
the Gaussian beam modes as combinations of waveguide
modes.

The profile of the proposed antenna is determined basically
by the expansion formula of the Gaussian beam modes. From
several “good field distributions” inside the waveguide (i.e.,
TE , HE circular waveguide modes), we can excite very
efficiently a pure Gaussian beam mode. In addition, we can
consider these antennas as an optimal impedance matching
device between the waveguide and the free-space.

In communication applications, the preferred mode to carry
the power or information through the system is the fundamen-
tal Gaussian beam mode because of its low diffraction losses
[8]. For material processing applications the final beam shape
is not so relevant, because the experiment has to be done in an
applicator having a metallic mode diffusor in order to obtain a
uniform distribution of the electromagnetic field. Thus higher
order Gaussian beam modes can be guided by an optimized
high-order beam waveguide to the final applicator [9], [10].
The only problem in the design of a beam waveguide is how
to generate the beam mode from the waveguide mode; this
problem is solved by using the proposed horn antennas.

II. GAUSSIAN BEAM MODES AND WAVEGUIDE MODES

In this paper, we will focus on the generation of high-order
conical Gaussian modes from the smooth circular waveguide
TE modes. The waveguide modes are obtained directly as
the output of a classical medium power gyrotron. Nevertheless,
the principle presented here is also valid to generate the
fundamental Gaussian beam mode from a corrugated circular
waveguide HE mode and even for other cases with different
waveguide geometries. In general, we can shape any oversized
waveguide field distribution in order to obtain the Gaussian
structure.

At this point, we study the compatibility of the selected
basis inside and outside the antenna. For the inside basis,
we can use the well-known waveguide modes because the
horn antenna is a circular waveguide structure. To define the
launched field outside the antenna, we can choose as the free-
space beam mode the generating basis that is defined in [6]. For
a coherent representation of a TE-mode field distribution
in terms of this basis we will need a large number of beam
modes. By choosing a subfamily of these modes as generating
basis, we are limiting the basis generation domain, but the
number of eigenmodes necessary to represent TEmodes is
considerably reduced.

Since the TE modes are represented only by the az-
imuthal electric field component, the aim will be to look for
circularly symmetric eigenmodes, which are defined only with
the azimuthal component of the electric field like the TE
modes. Another important feature of the TEmodes is their

zero on the propagation axis, thus, it will be very convenient
if all the eigenmodes have also a zero on the propagation axis.

As a result of these considerations, we propose the following
generating basis [10]:

(1)

and are two orthogonal directions, and are the
Laguerre–Gaussian modes, which are solutions of the paraxial
wave equation defined as [6]

(2)

where, in the notation of cylindrical coordinates, is the
radius, the azimuthal angle, and is the
normalized axial coordinate, are the generalized Laguerre
polynomials, and the beam waist defined as the minimum
waist for the fundamental Gaussian mode, , in this case,
located at . The fact that is a solution of the scalar
paraxial wave equation implies that each Cartesian component
in (1) is a solution of Maxwell’s equations.

If we combine two identical modes with , rotated
around the axis by 90to each other, as is proposed in (1), an
azimuthally polarized concentric hollow cone distribution of
the electric field is generated. The final expression for these
modes of the new basis can be written as

(3)

where the superindexes disappear as well as the azimuthal de-
pendence. In Fig. 2, the power density in a plane perpendicular
to the propagation axis of the first three modes is presented.
From now on, we refer to these Gaussian modes as conical
Gaussian modes, because of their shape in a transverse plane.

In order to test the compatibility between the inner wave-
guide basis, TE modes and the above defined paraxial
free-space basis , we will try, first of all, to represent
the far-field radiation patterns of the TE modes as a
combination of free-space modes and then we will obtain
the Gaussian far-field radiation pattern by combining TE
waveguide modes and radiating them from an open-ended
circular waveguide.

A. Far-Field Pattern of TE Modes as Combination of
Conical Gaussian Beam Modes

To obtain the far-field pattern of the conical Gaussian
beam modes is very simple because we know the analytical
expressions of the electric fields everywhere. We simply have
to look for the fields over a sphere of large radius

(4)
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Fig. 2. Power density in a plane transverse to the propagation axis of the first three beam modes choosen as generating basis.

Fig. 3. Far-field radiation pattern of a TE01 waveguide mode and the linear combination of Gaussian beam modes to recover the TE01 waveguide mode
(71.8% of	0, 25.5% of	1 and 1.9% of	2). (f = 30:3 GHz, R = 50 mm, �!0 = 20 mm).

where is the radius of the sphere. The azimuthal coordinate
can be fixed because the far-field radiation pattern will be

also symmetric, then we know the three-dimensional far-field
radiation pattern with only one plane representation.

As it has been already shown, to fully define the electric
field of the TE waveguide modes and the conical Gaussian
structures only the azimuthal component is necessary. Thus,
we will reduce the problem to a two-dimensional one. Then
we can decompose the azimuthal electric field component of
the TE waveguide modes in terms of the beam mode basis

for (5)

where are the correlation coefficients calculated as

(6)

being the waveguide radius where the TEmodes are
defined.

For example, we will present the far-field pattern of a
circular smooth waveguide TEmode radiated from an open-
ended waveguide, using the conventional formalism [11] and
[12], where the aperture effect has been neglected due to
the oversized waveguide, and combining the corresponding

conical Gaussian beam modes obtained with (5) and (6)
(Fig. 3) to recover the TE waveguide mode. For the chosen
conditions (working frequency of 30.3 GHz, inner waveguide
radius of 50 mm and beam waist radius of 20 mm), the
necessary mixture of Gaussian beam modes to represent the
TE waveguide mode is

The two curves of Fig. 3 are in very good agreement only
for lower values of angle, clearly limited by the paraxial
behavior of the conical Gaussian structures. If we change
the working frequency, keeping constant the relation between
the waveguide radius and the beam waist of the Gaussian
structures, the needed conical Gaussian beam-mode mixture
that represents the TEwaveguide mode remains unchanged.
Thus, in Fig. 4, the Gaussian beam-mode mixtures needed to
represent the TE mode are plotted as a function of the ratio
between the beam waist and the waveguide radius. A
maximum coupling coefficient between the TEmode and
the first conical Gaussian mode is found for .

These results are independent of the frequency. Neverthe-
less, we will have to obey the paraxiality conditions for the
Gaussian structures presented in [13] to consider these modes
as free-space modes. This imposes a lower frequency limit
to be accurate. Translating the paraxiality condition to these
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Fig. 4. Conical Gaussian beam mode(	m;m = 0; . . . ; 5) mixtures, representing the waveguide TE01 mode.

Fig. 5. TE0m waveguide mode mixtures needed to represent a fundamental conical Gaussian mode	0.

conical modes, we obtain after some algebraic manipulations

(7)

where we have to remember thatis the free-space wavenum-
ber, the beam waist of the beam mode andthe radial
index of the mode.

B. Representation of a Conical Gaussian Mode
as Combination of TE Modes

By means of an analogous procedure, we can obtain the
TE waveguide mode mixture necessary to represent a
conical Gaussian beam mode. Now (5) has to be changed to
the following:

(8)

where the are defined as in (6).
Now we can get some TE mode combinations with a

good Gaussian behavior, i.e., low sidelobe levels. In Fig. 5, the
necessary TE waveguide mode mixtures to get the conical
Gaussian mode, , are plotted as a function of the ratio
between the waveguide radius where the TEmodes are
defined and the beam waist of the considered beam mode.

This figure has been calculated for for which the
coefficients are real numbers. Nevertheless, if we repeat the
calculations for any value of , the amplitude coefficients
remain unchanged. But in order to represent correctly the

natural diffraction effect of a Gaussian structure, a relative
phase change is necessary.

As in the previous study, the curves represented in Fig. 5
are also independent of the operating frequency, and only the
relation between the waveguide radiusand the beam waist

defines the desired mixture of TE waveguide modes to
achieve, as well as possible, a conical Gaussian beam field
distribution.

III. PROPOSEDHORN ANTENNA PROFILE

The selected profile should be appropriate to guide Gaussian
structures and, simultaneously, it should have good matching
properties at the interfaces to the waveguide and to the free-
space. In order to fit as well as possible these desired features
for the proposed antenna profile, we will expand the waveguide
as the inner Gaussian structure expands, i.e.,

(9)

From the point of view of impedance matching, this profile
can be a good solution, because it has a continuous derivative
at the input, and a large radius at the output. Actually,
Belousovet al. [14] proposed, as an optimal way to match
the waveguide with the free-space, a very similar formula,
which includes a higher order term, in order to take the field
intensity smoothly off the wall of the horn.

To be consistent with the philosophy of the proposed
antenna profile, the input waveguide field should have some
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Fig. 6. Far-field radiation pattern of the Gaussian input and output of an antenna that are defined as combination of waveguide modes. The far-field
pattern of the theoretical fundamental conical Gaussian mode is also presented.

Gaussian behavior. The similarity between the cross section
of the TE and the Gaussian field distributions is very
high; for , the cross correlation between both
structures is about 96.7% (see Figs. 4 and 5). In relation to
the phase, the beam waist of the antenna should be placed
at the input; this means, constant phase along a plane at the
input—the constant phase surfaces of the waveguide modes
are assumed to be plane.

IV. SIMULATION RESULTS

The first study should be to show the real possibility to guide
Gaussian structures along the antenna, i.e., that the natural
expansion in free-space of these Gaussian beam modes can
be reproduced inside. In Fig. 6, we can see that the far-field
pattern at the input and output of one antenna defined with
(9) are in very good agreement. The input and the output
are defined as TE mode mixtures with about 99.95% of
correlation factor with the real Gaussian structure. We only
will have a window effect which generates some sidelobes in
the far-field pattern. It is clear that the further away the wave-
guide structure is placed from the significant fields the more
the window effect goes down. This means that we can use this
profile to drive Gaussian structures, but nevertheless we would
need at the input the same structure that we obtain as output.

In our case, the input will be the TE waveguide mode,
which does not have a perfect Gaussian field distribution
but has a high correlation factor. During the simulations, it
has been observed that the initial TEmode distribution is
gradually modified to a Gaussian structure at the end. This fact
can be explained by means of the generation of a “transition
area” at the input of the antenna. The presence of this transition
area generates a small change of the beam waist in this part of
the antenna. This can be understood as a change in the excited
beam waist value and some shift in the position of the phase
center, defined by the position of the beam waist.

In Fig. 7, the input beam waist value is represented as,
and the obtained beam waist value shifted by from

Fig. 7. Schematic representation of the effects on the beam waist and phase
center.

the original phase center. However, the new asymptotic slope
is in good agreement with the slope defined by the antenna
due to the change of the beam waist value and the phase
center shifting. Thus, in the final section of the antenna, a new
Gaussian beam mode is properly excited.

Vlasov and Shapiro [15] propose a parabolic profile for
such antennas to be used in a quasi-optical elbow. For some
particular cases, the results obtained can be very similar with
regard to the conversion efficiency. The reason why these two
profiles, the Gaussian and the parabolic, are in some cases
in good agreement is basically the similarity between the two
curves during the “transition area” defined above (Fig. 8). And
the most important problem for the parabolic profiles is that
the area of coherent excitation of one particular Gaussian beam
mode (in Fig. 7, shown for the case of a Gaussian profile,
coincidence between the curves , excited Gaussian
beam mode, and , proportional to the antenna profile)
is strongly reduced.

In Table I, the desired values for the ratio used
in the profile formula (9), and the obtained values for this
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TABLE I
OBTAINED BEAM WAIST-INPUT RADIUS RATIO AND THE EFFICIENCIES VALUES FOR DIFFERENT ANTENNA LENGTHS

Fig. 8. Parabolic,p(z), and Gaussianr(z) profiles to excite the same
Gaussian beam mode.

ratio, with the different conversion efficiencies, are presented.
The conversion efficiency is defined as the correlation factor
between the TE output mode mixture and the excited
conical Gaussian structure

(10)

where is the output radius. The parameterand its position
(related with the value of ) has to be optimized to get
the maximum conversion efficiency to know which conical
Gaussian beam has finally been excited.

Table I is calculated for the horn antenna lengths of
and , where is half

of the Rayleigh distance. In all these cases, we will have
practically the same results, theoretical efficiencies over
99.6%. It is important to remember that for different antenna
lengths we will have different output radii and because of the
beam waist value is approximately maintained, also different
TE output mode mixtures are needed (see Figs. 4 and 5).

Some important conclusions are obtained from these results.
First of all, the presence of the transition area has been
demostrated, because the input is the pure TEmode (corre-
lation of 96.7%) and at the point the efficiency is higher
than 99.6%, and the apparent beam waist value and its position
have been modified. Due to the fact that the apparent beam
waist value along the antenna is continuously increasing, the

Fig. 9. Far-field radiation pattern of TE0m waveguide mode mixtures pre-
sented in Table III.

oversized factor of the significant fields inside the waveguide
structure is also increasing, and then the efficiency can be a
little bit higher. It is clear also that all the obtained ratios
between waveguide radius and beam waist are close to the
value 0.6. The input is always the TEwaveguide mode,
and this mode determines the equivalent input beam waist. By
varying the coefficient used in the profile formula (9),, we
can choose another output beam waist, losing some efficiency
as a penalty.

By fixing the ratio used in the profile formula (9) to
0.51 and cutting the antenna at different points , , and

the output radii will be , , and ,
and, by knowing the output beam waist value (aproximate in
all cases ), we could check the obtained TE mode
mixtures (Table II), which are in very good agreement with
the abscissas 3.003, 3.726, and 4.483 of Fig. 5.

In Fig. 9, the far-field radiation patterns of the three TE
waveguide mode mixtures presented in Table II are shown.
Despite of the different output radius values, the far-field
pattern remains constant along the antenna. This is a proof
that inside the antenna a Gaussian structure has been generated
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TABLE II
RESULTS (POWER AND PHASE) FOR DIFFERENT LENGTHS OF THEANTENNA DEFINED WITH �!0 = 0:51Rin, FED WITH A TE01 WAVEGUIDE MODE

Fig. 10. TE0m waveguide mode mixtures to represent a conical Gaussian beam mode	1.

and that it propagates toward the final part of the antenna.
These antennas do not have an optimal length and we can
cut the antenna anywhere over a minimum distance. In the
case to feed the antenna with the mode, the minimum
difference is approximately .

In this paper, we have not given any working frequency.
The results presented here are to some extent independent of
the selected working frequency. Only in extreme cases we
will have problems, i.e., frequencies and radius for which the
needed mixture is impossible because some relevant modes
are in cut-off. In others words, the paraxiality condition which
defines the validity of the selected Gaussian beam modes must
be satisfied.

V. GENERATING HIGHER ORDER MODES

For the first conical Gaussian beam mode, the design
conditions have been presented. It is also possible to couple
the second conical Gaussian beam mode by exciting
the antenna with a TE waveguide mode. The analogy
between these two examples is clear and it can be easily
generalized for higher order modes, TE . It is
easy to show that an efficient conversion will need a longer
waveguide component as the input correlation factor is lower.
The maximum correlation factor between the TEand the
modes is about 83.8% for (Fig. 10). For this case,
the transition area is longer, the antennas should be longer as

well, and the final obtained efficiencies are lower than the
values of the previous case (96.6%).

Sweeping the beam waist values used in the profile formula
(9), is found to be the optimum; this is the same
as the value we used in the fundamental conical Gaussian
mode case. We have a very interesting compatibility, the same
antenna can be used to couple from TE or from TE .
In the Table III, the obtained mixtures for different antenna
lengths with , are presented. The far-field pattern
of these TE -mode mixtures are plotted in Fig. 11. In this
case, we can see that the coincidence between the curves is
not as good as for the first conical Gaussian beam mode, but
we have to remember that now the maximum efficiency is
“only” 96.6%. The main problem to work with a higher conical
Gaussian beam mode, is the diffraction, because it increases
with the index of the mode. The angle needed to include at
least 86% of the total carried power has to be increased for
these conical Gaussian modes as follows:

(11)

where is the needed angle for the fundamental Gaussian
beam to include 86% of the total power.

In order to reduce the diffraction losses in the case of
coupling higher order modes to free-space, one can intro-
duce efficient rippled-wall mode transducers to convert the
circular symmetric mode to a mode mixture appropriate for
coupling to the first-order mode [16]. This method has
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TABLE III
RESULTS (POWER AND PHASE) FOR DIFFERENT LENGTHS OF THEANTENNA DEFINED WITH �!0 = 0:51Rin, FED WITH A TE02 WAVEGUIDE MODE

Fig. 11. Far-field radiation pattern of TE0m waveguide mode mixtures
presented in Table IV.

been very successfully verified in the transmission line of the
compact technological gyrotron system at Forschungszentrum
Karlsruhe where we achieved more than 90% transmission
efficiency from the TE gyrotron to the applicator [9].

VI. CONCLUSION

An original and optimum antenna profile to couple wave-
guide modes to free-space modes (Gaussian beam modes)
is presented. In particular, the coupling between the TE
waveguide modes and the conical Gaussian beam modes is
considered. Once we have the Gaussian field distribution we
can use quasi-optical techniques to propagate the power by
multiple reflections at properly designed mirrors from the
generator to the final cavity or experiment.

Depending on the application and the system restrictions,
we can choose to generate a or conical Gaussian
mode to carry the power through the quasi-optical transmission

line, opening the possibility to build cheap and compact high-
efficiency beam waveguides operating with high-order beam
modes.
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