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Problem-Matched Basis Functions
for Moment Method Analysis—
An Application to Reflection Gratings
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Abstract—in the evaluation of the frequency response of a lution of the scattering problem for a selected set of values of the
scattering object by the integral equation technique, generally variable parameter. The expansion coefficients of the unknown
a large linear system of equations has to be solved for each g ction are arranged columnwise in a matrix, which is then sub-
frequency point, This paper deals with atechnique that drastically jectedtoasingular value decomposition. Inthis way, the orthogo-
reduces the size of the linear system without loss of accuracy.J ; 9 s p A .y, g
The key point is the definition of a set of problem-matched basis Nalized problem-matched basis functionsetis defined. Moreover,
functions. These basis functions are extremely efficient in the byinspectionofthe dynamicrange ofthe singularvalues,itispos-
repre_sentation of the unknown in t_he parameter range of inte_rest. sible to control the accuracy level of the procedure.

In trr]"s way, the Cer‘ltra'. pro.cesds'”g_ “ﬂ't (CdPU) JlmEe requllred ¢ Arelated method has been presented in the past to reduce the
In the response eva uation Is drastical y reauced. £xamples O . . . . .
application concerning reflection gratings are reported. computational effortinvolved inthe frequency analysis of printed
antennas [3]. It was based on the use of the resonant modes of
the antenna patch as basis functions for the representation of the
current in the MoM discretization of the electric field integral
|. INTRODUCTION equation (EFIE). The resonant modes were determined by ap-
. lying the singular value decomposition to the part of the total
HfEtr:nethodt of molments (M.O MI) tca?] b_e con?dereld as Oﬁ%pedance matrix that refers to the radiating element. A different
of the most popular numerical techniques for solving e{'echnique, called “marching on in frequency” has been proposed

ther open or closed scattering problems. A crucial point is USHthe area of transient electromagnetic scattering [4]. Itis based

allyk the Ch?fﬁ of aslwtabllze b‘.”lS'f functl_onﬂ?et to repﬁient tgﬁthe the iterative solution (according to the conjugate gradient
tm. nO\;vn ot the p(rjo fm' b O(; m;shancel; in the C?ﬁe orthe tsggﬁheme) of the frequency domain discretized EFIE. The fact that
ering from a conducting body, the unknown IS the current i o, nown function depends smoothly on frequency is taken
duced on the surface. As is well known N is the number of into account n the setting of the iterative scheme.
basis functions, the unknown is determined through the solutionThe new method that we propose is presented by discussing
?f alinear system of s:cztif ~ tN \:Vhentrcl)niﬂls'\l;:]ereiteg n thelan application to a structure consisting of a frequency selective
requengy respons_e;) e shruclure,ftr? oV b?s 0 be alfip ﬁﬂ’face (FSS) of metal patches printed on a dielectric support
ovgr and over ?r?amh or eacf: thvabue 0 ¢ N \t/_arla € parime ®land backed by a solid plate. Generally, the determination of the
oncerning the choice ot the basis functions, a small num rsponse to an incident wave coming from different directions
.Of them should be able to prowd_e a good representatmn of ¢ Ses not require the recomputation of the MoM system matrix,
mduced”c E[Jrren;. I tthe structure '(Sj veryhcomtpi:lcate_d,t gdener ut only the relatively fast back-substitution process. However, in
purpose type Tunctions are used such as those INtrodUCEqR -4qq of periodic structures such as FSS, the Green'’s function
(1], wh|ch_allow the maximum f'?x'b""y- _Ifthe geometry ‘?f theis represented in terms of Floquet modes, which depend on the
structure Is more or less canonical, entire QOmam fungtlons #idence direction. This implies that if one is interested in the
used and the efficiency of the representation can be increaged ce direction response of the structure, the MoM system

by selecting functions that satisfy the edge condition [2]. Everﬂztrix hasto be recomputed for each value of the variable param-

S0, Whe_n the current t_o be expandedis a _tWO-dlm_enS|onaI (2'_ r. This new method can be applied with advantage also in this
vector f|e_|d, the required r_‘”mb‘?r OT basis fun<_:t|(_)ns_may still se. The geometry of the structure presented in the result section
be t.oo h|gh .fpr response investigations or optlmlzanon—basR s been defined with the goal of reducing the specular reflection
deS|gn. activities. . for a given frequency band and for a range of incident directions.
In this paper, we prgsent anew tec_hm.que to generate a Se’}'ﬂfexample shows that this method allows the drastic reduction
problem-matchedbasis functions, which s based on the MoM Btthe number of basis functions without loss of accuracy and

saving a considerable amount of computation time.
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whereZr\ andZrg are the total load impedances of the modal
current generator that represents the unknown current distribu-
tion in circuit terms. In this case, one has

z Zn(om) = | 20 — G20 cot(hes)|
’ kz kze
ke ke -
Zre(am) = [ -] COt(kzes):| (6)
WHo Who

dielectrics

@ ®) where

Fig. 1. Geometry of a FSS backed by a solid plate. (a) Top view. (b) Side view. ky = v/ k% —Om  Om; Kkze = \/ /fgtr —Om  Om- (7)

ilustrate the idea. Consider th ttering f FSS isti Analogously,L' is anM x M abstract diagonal matrix, de-
nustrate the idea. L-onsider the scattering irom a consis Qgibingthe reflection of the structure in absence of the metallic

of a periodic array of patches printed on a stratified dielectr]c . :
support of thickness and permittivitye,. backed by a metal batches. ltgm, m)th element has the dyadic expression

plate as shown in Fig. 1.The conducting patches are arranged in [(o,,) =Lrm(cm) 6m 6m

the planez = 0 on the generally skew 2-D lattice defined by - r 5 % 2 (6 x5 8
the basis vectorg, , d,. The problem is formulated as an EFIE, + Lrn(@m)(m X 2) (Gm X 2) ®)
where the current induced on the patches is represented onifhere
basis function seft; (o)} as

I

™
=

z

1+ jcot(k..s)

al Prm = hze

J(p) = @rilp)- (1) 1= jcot(kes) =

k=1 kze

. . . . kZE

The application of the method of moments leads to a linear 14 COt(kas)k_

system that, following the formulation presented in [5] and [6], g = kz 9)
can be written as 1 — jcot(k..s) ]:‘
" zDX ="V’ (2) The incident electric field is described by the abstract column

) ) ) ) ) vector V¢, whose elements are the transverse electric field of
where L is an abstract matrix of siz8/ x N, with M in- 0 jncident plane waves with transverse wave vegtor In

dicating the number of points of the reciprocal lattiéé,the  4rticylar, in the case of a single incident plane wave from the
number of basis functions, and the superscHpindicates the directioné’, ¢', only them = 0 element is different from zero.

hermitian adjoint. The eleme,,, contains the 2-D FOUrier ginaly the column vectoX contains the unknown expansion
transform¥,, (o) of the vector basis functions, (p), evaluated gefficients (k) of (1).

in the mth point of the reciprocal lattice,,. In particular, if  \ynat is of interest is the multimodal reflection coefficient

the primary incident plane wave has a transverse wave VECp the structure and this can be computed by the following

ky = kosin 6%(cos ¢'4 + sin ¢'9)), the reciprocal lattice points operator expressed in the Floguet basis:
are defined by

R=T+ zTiT" Z T1"'T"T. 10
Qm:Et +po1 +qos (3) - :+ ::[: ::] - = ( )

. . When the frequency or the incidence direction changes, the
where the couple of intege(s, ¢) denotes thenth point of the o¢inrocal lattice moves in the spectral plane and the Fourier

reciprocal lattice. The basis vectass, o, are related to the yansforms of the basis functions are sampled in different points,
direct lattice basis vector , d, via unless these spectra are rigidly connected with the lattice. This

do X 3 sxdy can be obtained by defining new basis functions which contain
o1 = ZWW; gy = ZWm (4)  the phase shift imposed by the incident plane wave
where the carets denote unit vectors. Moreover, it is well known ¥, (p) = ¥, (p) exp(—jk: - p). (11)

thats,,, are the transverse wave vectors of the Floquet modes ex-, . - .
cited by the discontinuity. Th&/ x M diagonal abstract matrix I this way, the transform of,, (p) is ., (o — k) and the rele-
= vantZ matrix does not depend @g, i.e., on frequency and inci-

Z appearing in (2) is the spectral representation of the Greegnce direction and can be computed once for all, which entails
function evaluated in the points of the reciprocal lattice. The 5 computer time saving that can be significant if the transforms
(m, m)th element of this matrix has the dyadic expression  pave to be evaluated numerically.
. In order to reduce drastically the computer time, only a few
Z (om) = Zom(@m)omOm basis functions must be used. Obviously, these functions must
+ Zre(om X 2)(0m X 2) (5) fit closely the actual current distribution.
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Consider the problem where the frequency response of the
structure is required. A possible set of “problem-matched
basis functions” is generated as follows. Lt (p)} with
p=1,---, Pbethe current distributions &t frequency points,
evenly spaced in the band of interest. They are obtained by the
MoM as described above and have the following representation

in the basis{s/;,(p)}:

patches
. dielectric
solid plate

N
$50(p) = > Xipthi(p) (12)
k=1
Whereka = a:k(wp) with & = 1,---,N andp =1,---,P. | () (b)

TheseP new basis functions are certainly problem matched,
but one has to decide how many of them are necessary. If {gg 2. Geometry of the reflection gratiig = 14 mm, a = 457, d; = 29
. . mm,ds = 20.5 mm,e,. = 2.56, s = 4.8 mm. (a) Top view. (b) Side view.

few are chosen, there is an unacceptable loss of accuracy in'the
evaluation of the response curve. If too many are selected, even
if P < N, one has aredundant description and there may be tH depend on frequency and can be computed at the beginning
risk that some basis functions are scarcely linearly independ@hthe response computation and stored. The linear system to be
from the others. solved for each frequency value is still expressed by (2) @ith

The solution to the above problem can be found by applyiribstituted witi*®) and has sizé) x Q where2? may be much
the singular value decomposition to thex P matrix X with  smaller thanV.
elementsXy,, introduced in (12). It is well known [7] that this

decomposition has the form lll. RESULTS

X=USvVH (13) To i!lustrate. the above idea, the scattering prope.rties of a
= === reflection grating are analyzed. The structure consists of an

whereU is aN x N unitary matrix,S is aN x P diagonal ma- array of conducting patches printed on a dielectric substrate and
trix with positive elements (singular values), arids aP x P backed by a ground plane, as shown in Fig. 2. Such structures
unitary matrix. The columns df are the singular vectors,,} may have the property of eliminating the specular reflection
and those corresponding to nonzero singular va{sg form  With a proper choice of the grating geometry [8], [9].
an orthonormal basis in the subspace spanned by the currenthe grating under consideration is printed on a dielectric with
vectorsX (w,). The significance of the various singular vectors: = 2.56 and thickness = 4.8 mm. The lattice geometry
{u,} in the description of the current distribution is measurelg rectangular withd, = 29 mm andd, = 20.5 mm so that
by the amplitude of the corresponding singular valigsSince the first higher order Floquet modes can propagat¥ &and.
these range over several orders of magnitude, not all the singdii¢ conducting patches are square with a rotation angie-of
vectors are needed to obtain accurate results in the respoheso that in conjunction with the choice of the aspect ratio of
curve. Also, inspection of the dynamic range of the singulde lattice, the structure is less sensitive to the direction of the
value set allows one to ascertain whether the frequency sadffident wave in theX 7 plane.
pling is adequate. A small dynamic range means, in fact, thatThe structure has been designed so that the specular reflection
the corresponding singular vectors do not have sufficient spigliminated. The currentinduced on the patches is represented
for an acceptable representation of the current distribution. by weighted Chebyshev polynomials [10] in order to satisfy the
Letthen@ < P be the number of singular vectors assumed gfge conditions. In particular, the divergent and convergent be-
be adequate to represent the unknown. He€xis, the “equiv- haviors on a generic length along thex-axis are represented
alent dimension” of the subspace that contains the current r&g-follows:
resentation, at least in the band of interest. Define a new set of 9
()

basis functions via

w
N D (z,w) = ——
W) =Y tilpung with ¢=1---.Q  (14) - <2_w>
k=1 w
which can be interpreted as “orthogonalized problem-matched o) =1 2z . 2 2
basis functions.” They lead to the definition of a new projection mAT S T w
matrixz(s) given by m=0,1,2,3-- (16)
¥ =1U@ (15) whereT;, andU,, are the Chebyshev polynomials of the first

. _ . and second kind, respectively. The Fourier transform&gf
where thelV x Q matrixU(? consists of the firs) columns of - and ¢, have analytical expressions, which, apart from factors
the matrixU. The M x @ projection matrixg(s) obviously does that can be included in the definition of the current coefficients
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Fig. 3. TE reflection coefficient of the structure of Fig. 2 versus frequen(ﬁ

for the incidence directiod = 30°, ¢ = 0°: TES/TES; (solid line);
TE)/TES) (dashed line).

x1, can be represented in terms of Bessel functions of first kinc

J, as

D, (¢ w)=Jn <%U>

Jrn,-l—l <§_w> m=0,1,2,3--- (17)

Conl60) = 2 (5

£

where¢ is the spectral variable conjugateioCombining the

expressions (17), the basis functions for a square patch of sic

L assume the following forms in the spectral domain:

i L L
o7 Jry1 <§g . u) Js <§g . v)

V(o) = 5 for 4 directed current (18)
g.@']7*+1 52'@ gy §Q'ﬁ
for ¢ directed current
with
r=1[0,1---R]; s=1[0,1---9]

s @ L

5 10 15 20 25
angle (deg)
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ig. 4. TE reflection coefficient of the structure of Fig. 2 versus angle of
incidence at the frequency 10.05 GHz apd= 0°: TESy/TES) (solid line);
TE®) /TESY) (dashed line).
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Fig. 5. TEf)fJ)/TEéiO) reflection coefficient versus frequency, computed using

(2 problem-matched basis function@;=1,---,7.

reflection coefficient near 11 GHz is a resonance-type Wood
anomaly. In this frequency range, 16 Floguet modes are above
cutoff in the dielectric.

and the unit vectoré and? are the symmetry axes of the patch The convergence of the results presented above has been

(see Fig. 2) and are given by

2>
l

2 cos(a) + g sin(c)

si
© = —& sin(«) + g cos(a).

In this way, the total number of basis function¥ is

reached with 72 basis functions of the type (18) with the spec-
tral summations extended over 1750 points of the reciprocal
lattice. This means that the projection matfiof (2) has size
1750x 72 and a 72¢ 72 linear system must be solved for each
frequency and incident direction.

The problem-matched basis function concept has been ap-

2(R+1)(5+1). Fig. 3shows the plots of the specular TE reflecplied to this problem. In the case of frequency response com-

tion coefficient relative to an incident plane wave with= 30°,

putation, the current coefficients for TE incidence are evaluated

¢* = 0°. As one can see, around 10 GHz there is a strong redat = 7 frequency points, evenly spaced in the range of 8-12
tion of the specular reflection. This property is maintained al$8Hz. The singular values of the 327 X matrix containing the
while varying the angle of incidence as shown in Fig. 4. The icurrent coefficientsX,, were 17.673, 8.4713, 3.0933, 1.7738,
cident wave in this case is converted mainly into the scattereédt401, 0.0125, and 0.0022. The range of the singular values
TE_1, Floguet mode that fof’ = 30° at 10 GHz has the di- confirms that the frequency sample rate is sufficient to repre-

rectiond = —32.31°. Figs. 3 and 4 also report the Tk)/TEq

sent the frequency variations of the induced currents. In fact,

reflection coefficients. The slope discontinuity in the speculdine sequence of singular values shows a clear exponential decay
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functions are required to represent the unknown. The method
has been applied to study the specular reflection from a planar
array of patches backed by a solid plate. However, this concept
can be successfully applied to a wide class of problems such as
the scattering from very complex objects or waveguide disconti-
nuity problems. Consider for example the design of multiplexers
or of dual-mode elliptical waveguide filters where the projec-
tion matrix has to be computed by numerical integration [11].
Often, the geometrical configuration is obtained by an optimiza-
tion process, where several full wave analyzes are required. In
this case, the application of this method produces a considerable
reduction in computation time. Finally, the same concept can be
applied to the mode-matching technique in the waveguide dis-

Q=4,5,6,7 T . .
60 ‘ . ~ . _ 1 ‘ continuity problem. In fact, as demonstrated in [12], this tech-
s 10 15 20 | 2(g 30 35 40 45 nigue can be seen as the MoM, where the basis functions are the
angle (deg)

Fig. 6. TE%?}/TE&Q reflection coefficient versus angle of incidence at
frequency 10.05 GHz, computed usify problem-matched basis functions;

@=1-T [1]

starting at the fifth one. Fig. 5 shows the same specular reflectiony)
coefficient curve of Fig. 3, evaluated usiapgproblem-matched
basis functions obtained by (14). It can be observed that withl®]
just @ = 5, the frequency response is reproduced. It has to be
remarked that in this case the system to be solved is reduced to
5 x 5from 72x 72, giving a remarkable reduction in compu-
tation time without loss of accuracy.

In the MoM application, most of the CPU time is devoted to [5]
the computation of the system matrix rather than to its inversion.
In this example the use of problem-matched basis functions ledg;
to the computation of just 25 matrix elements instead of 5184.

This method also produces good results when the variabl%]
parameter is the angle of incidence. In the case of Fig. 6, the
current coefficients are evaluated at seven angles evenly spacdg]
in the range from 5to 45°. As can be observed, also in this
case, just five problem-matched basis functions are sufficient tqg
reproduce the angular response with excellent accuracy.

It has to be noticed that the structure used to illustrat 10]
the problem-matched basis function concept is analyzed in
a frequency range where higher order Floquet modes are
propagating in the dielectric support and even in free—spac?ﬂ]
Moreover, the presence of the metallic ground plane causes
a multimodal standing wave in the dielectric support that
modifies significantly the current distribution on the patches[12]
when the frequency changes. This proves the broad range of
applicability of this technique.

As a final comment, one can observe that if the sampling rate
is adequate, the sequence of singular values presents a k;
after which they decrease exponentially. As a general rule, t
singular vectors corresponding to singular values at least
orders of magnitude below the dominant one can be safely
glected.

IV. CONCLUSION

The concept of problem-matched basis functions has been a
plied to moment-method analysis. This idea is very useful wh

foP_TheoreticaI Physics
&lember of ICTP. His research interests include microstrip antennas radar cross

waveguide eigenmodes.
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