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Analysis of Multilayer Printed Arrays by a
Modular Approach Based on the

Generalized Scattering Matrix
Philippe Gay-Balmaz, José A. Encinar, and Juan R. Mosig

Abstract—In this paper, a modular technique is used to treat in-
finite multilayer printed arrays with apertures and patches of ir-
regular shapes. Each array layer is characterized by a generalized
scattering matrix (GSM) from which the overall GSM of the multi-
layer structure is computed. The excitation of each element is mod-
eled as a transition from the microstrip line to an aperture in the
ground plane. The GSM of this transition is computed using the
reciprocity theorem and spectral domain moment method. Several
arrays have been analyzed by the proposed technique and the nu-
merical results are in good agreement with other theoretical and
experimental data.

Index Terms—Antennas, generalized scattering matrix, mi-
crostrip arrays, multilayered media.

I. INTRODUCTION

M ANY antenna applications, like onboard systems for
earth observation and communications, require very

demanding specifications in bandwidth, efficiency and polar-
ization purity. Printed antenna arrays can meet these stringent
requirements and offer various other advantages due to low
weight reliability and ease of manufacture. But to achieve
challenging specifications, complex multilayered arrays are
usually required and the existing tools for their analysis are
often not efficient or accurate enough to avoid cut and try.

Large arrays are usually analyzed starting with an infinite
array model [1] and introducing the finiteness of the structure
through a convolution or Fourier windwing technique [2]. The
same procedure may be applied to more complicated structures,
like multilayered arrays with stacked patches, needed to enlarge
the bandwidth [3].

All the above techniques are global, solving the array problem
at once. Consequently, they become quickly prohibitive and un-
suited for parametric studies, where a change in a localized pa-
rameter forces us to completely analyze again the whole struc-
ture.

We introduce here a full-wave modular approach that con-
sists of characterizing each array layer by a generalized scat-
tering matrix (GSM) and then analyzing the whole structure
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using a cascading process. This approach is very flexible for an-
alyzing arbitrary geometries since the matrix that characterizes
each layer is computed independently, and is used as a building
block for the analysis of multilayer structures. Using this tech-
nique, the individual problems for each array or transition in-
volves very simple two-layer Green functions and the number
of unknowns does not increase with the number of layers. An
additional layer only requires solving an additional two-layer
problem and simple matrix operations for the cascade process.
This modular technique has been successfully applied for the
analysis of frequency selective surfaces [4], and coaxial fed [5]
and cavity backed [6] printed arrays. These ideas can be directly
applied to line-feed arrays if the transitions from the microstrip
lines are also characterized by a GSM.

The GSM of the transition microstrip line rectangular aper-
ture was computed in a previous work [7] and applied for the
analysis of printed arrays. But the feed line was considered in-
finite for the GSM computation and the finite stub for the ex-
citation of each array element is taken into account by a trans-
mission-line model. Transmission line and equivalent circuit ap-
proaches are also at the basis of the GSM treatment of aperture
coupled microstrip antennas presented in [8].

These limitations are removed in this work, where a modular
approach based on the cascade of individual GSM’s is applied
to analyze the type of multilayer aperture-coupled printed ar-
rays shown in Fig. 1. Also, opposite to previous works [7], [8],
nonrectangular apertures are considered to improve the coupling
from microstrip lines to the patches and bandwidth [9], [10]. To
characterize the excitation from the microstrip line, a general
three-port GSM is computed that relates the two microstrip line
ports and the upper side of an array of arbitrarily shaped aper-
tures as the third port.

The computation of the three-port GSM is described in Sec-
tion II and the analysis of multilayer arrays by cascading the
GSM’s in Section III. To validate the proposed technique, com-
parisons between numerical and experimental results are shown
in Section IV and, finally, a three-array stacked structure is an-
alyzed.

II. THEORY: THREE-PORT GSM OF A MICROSTRIPLINE-SLOT

TRANSITION IN AN ARRAY ENVIRONMENT

We assume infinite array conditions, and the analysis is
reduced to a single periodic cell of the array. The microstrip
line-slot transition in a cell with transverse dimensionsand

, shown in Fig. 2, is considered as a basic building block. The
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Fig. 1. Geometry of an aperture-coupled stacked-patch array.

Fig. 2. Top view and vertical (xz) cut of the microstrip-slot transition in a
periodic cell.

aperture is considered in an array environment and, therefore,
the mutual coupling among apertures on both sides is taken
into account. However, in order to simplify the analysis and to
allow flexibility for the excitation of the array elements, the
feed line is assumed isolated from the lines in other cells, i.e.,
the coupling between the feed lines themselves is neglected
as is usual in microstrip lines [1]. Since we wish to find a
generalized three-port description of the transition, we will
consider it simultaneously excited from the two microstrip
line ports and from the upper side of the slot as symbolically
depicted in Fig. 3(a).

A quasi-TEM mode is assumed as the incident field at the mi-
crostrip line ports, propagating in the direction with trans-
verse modal fields given by and

, where the electric and magnetic field vectors in
the microstrip and are normalized so that

(1)

Assuming that the evanescent fields produced by the aperture
are negligible at the two microstrip ports, the fields can be
expressed as incident plus scattered fundamental quasi-TEM
modes. At port 1, the fields are written as

Fig. 3. Transition from microstrip to an aperture in a periodical environment.
(a) Three-port representation of the transition. (b) Two-port representation with
port 1 matched. (c) Equivalent lower problem(z < 0). (d) Equivalent upper
problem(z > 0). (e) Power distribution in the three-port transition: microstrip
line-slot.

(2)

where is the propagation constant of the line.
Similarly, fields at port 1are written replacing by - in

(2), changing the sign of and replacing the complex ampli-
tudes and with and . From the upper side an arbitrarily
incident field is assumed, which is expressed as a summation of
TE and TM Floquet harmonics
with amplitudes . As is customary, subindexincludes all the
ordered pairs of Floquet harmonics, ordered as the cutoff
frequency increases. The transverse (to) incident electric field
is written as

(3)

Similarly, the transverse scattered electric field, which is un-
known, is expressed as

(4)

In these equations, the expression of the fieldis given by

for

for

(5)
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with

is the intrinsic impedance of the free-space,
is the free-space wavenumber, (θ, ϕ) the usual spherical angles
characterizing the direction of the incident or radiated antenna
beam that corresponds to the space har-
monic. Using the fields normalized as in (5), the power trans-
mitted by the space harmonic is , where is the mode
impedance.

To compute the three-port GSM of the transition relating the
amplitudes of the incident and scattered modes at the three ports,
we will consider different properties and conditions as described
in the following subsections.

A. Definition of the Three-Port GSM for the Transition
Microstrip Line Slot

By applying superposition, we need only consider the
excitation from one microstrip port, assuming the other being
matched, as shown in Fig. 3(b). Under these conditions, we
consider a GSM that relates the quasi-TEM waves, at port
1 of the microstrip line, and the Floquet harmonics, above
the aperture defined as

(6)

and are column matrices of dimensions
with coefficients defined in (3) and (4), respectively,

is the scattering parameter for the quasi-TEM at port 1 of
the microstrip, is a square matrix, and
is a row (column) matrix. Similarly, the excitation can be con-
sidered from the second port of the microstrip, denoted here as
1 , assuming the port 1 matched and another GSM matrix would
be obtained with elements , , , and . From these
GSM’s, the three-port GSM is obtained as follows:

(7)

where is the transmission coefficient for the quasi-TEM mode,
assuming no incidence from the upper side . Note that
if (or ) is equal to zero, (6) is obtained.

B. The Lower and Upper Half-Spaces

For the computation of the two-port GSM, assuming ,
we define two auxiliary problems in the upper and
lower half-spaces by closing the ground plane and
replacing, as customary, the slot by equivalent magnetic currents
[see Fig. 3(c) and (d)].

The arbitrarily shaped aperture is replaced by a magnetic cur-
rent distribution on a metallic plane, with on the upper side
and on the feed side in order to enforce continuity of the
tangential electric field. The magnetic current is expressed as a
summation of - and -directed rectangular rooftop basis func-

tions and , with, respectively, amplitudes and
as

(8)

The electric field at the aperture is then obtained from
. From the upper side, an arbitrarily incident and scat-

tered fields are assumed, expressed as a summation of Floquet
harmonics given in (3) and (4). The scattered fields include both
the field reflected by the metal plane and that produced by the
magnetic current.

C. Reciprocity

In the lower half-space we apply reciprocity between the inci-
dent and total fields in the microstrip, as in [11],

, where the closed surface is com-
posed by the two planes and , the infinite surface
for the half-space , and the ground plane. The expres-
sions of the incident electric and magnetic field are given by

and . The total
field at is expressed by (2) and at by the equa-
tions of the quasi-TEM mode propagating toward with am-
plitude . After applying reciprocity, the amplitude of the re-
flected mode in the microstrip lineis obtained as a function of
the transverse electric field at the aperture as follows:

(9)

After substituting by its expression, (9) is written in matrix
form

(10)

where is a column matrix containing the unknowns
and and is a row matrix of elements,

and given by

(11)

where is the surface of theth rooftop and , the
magnetic field components of the quasi-TEM mode in the mi-
crostrip. The integration in (11) has been reduced to only the
aperture above the line, because the fields and de-
crease rapidly with the distance from the line.

Using the Fourier transform as defined in [1] and expressing
and as a function of Green’s functions (assuming only

-directed current in the microstrip line) one can express the
coefficients and as

(12)

The sign denotes the complex conjugate, is the current
distribution of the microstrip quasi-TEM mode, and

are the components of the basis and dyadic
Green’s functions expressed in the spectral domain.
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Reciprocity is also applied between the total fields in the mi-
crostrip and a mode propagating toward on the same closed
surface as before [11],
resulting in

(13)

where is the same as , but replacing by . is the
amplitude of the microstrip mode at , which is generated
by both the excitation from the microstrip and from the upper
side. As can be seen from (7), the transmission coefficientis
directly obtained from (13) with no incidence from the upper
side ,

D. Continuity of Magnetic Field at the Aperture

From the microstrip side, the transverse magnetic field pro-
duced by the magnetic current , defined in the arbitrarily
shaped aperture at , is given by

(14)

Similarly, the transverse magnetic field produced by the mag-
netic current on the upper side of the aperture is
expressed as

(15)

where and are the transverse dyadic Green’s
functions for the feed dielectric substrate and the upper
medium, respectively, in the spectral domain. The presence of
the coefficient 2 is due to the use of the Green’s function for a
homogeneous medium by applying image theory.

The excitation field at from the upper medium is the
incident and reflected field on a ground plane (without magnetic
current)

(16)

where is the transverse magnetic field for theTE (TM)
Floquet harmonic associated with the-field given in (5). The
condition for the transverse magnetic field is equated as

(17)

Substituting (2), (14)–(16) into (17) and performing a Galerkin
testing procedure, we obtain the matrix equation

(18)

In this equation, is a matrix, where the ele-
ment represents the transverse magnetic field of theFloquet
harmonic tested with the basis function as given by

for

for (19)

and is the typical impedance matrix of the method of moments

(20)

where and represent the and components of basis and
Green’s functions as follows: if , , , , and
if , , then , . (The expressions of
the Green’s functions are given in the Appendix.) The numer-
ical computation of coefficients is performed using several
symmetries, as described in [12], to save computer time in the
summations.

E. Identification of the Scattered Field

In the region , the transverse electric scattered field
can be expressed as the summation of the field reflected from
the ground plane included in the excitation field plus the field
generated by

(21)

Identifying with (4) and testing in the periodic cell using the
conjugate transverse electric field for the space harmonics, the
following matrix equation is obtained:

(22)

In this equation, is a matrix of dimensions ,
where the coefficient represent the electric field produced
by the basis function tested by the modal field of theth space
harmonic as given by

for

for (23)

The expressions of the Green’s function are given in the Ap-
pendix.

F. Computation of the GSM

Assuming the incidence separately from the microstrip line
and from the upper half-space in (10), (18),

and (22) and after some algebraic manipulations, the GSM is
obtained

(24)
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G. Transmitted Power at the Three Ports

The transmitted power at the three ports of the transition, as
shown in Fig. 3(e), can be computed directly from the ampli-
tudes of the propagating modes at each port, i.e., from the GSM
parameters and the incident fields. Assuming only a normalized
incident field at port 1 the transmitted
power at the two microstrip ports is

(25)

is the power entering the periodic cell from port 1 and
the power going out of the cell along the microstrip line. To
compute the amplitude from (13), first the amplitudes of the
rooftop basis functions for the magnetic currentmust be ob-
tained from (18). The power radiated to the upper side through
the arbitrarily shaped aperture is expressed as a function of the
Floquet harmonics as follows:

(26)

where is the modal impedance forth harmonic. Note that
only the propagating modes contribute to the power in (26). To
compute the amplitudes, must be substituted in (22).

The power lost in a periodic cell due to the back radia-
tion (the radiation of the microstrip line in the half-space)
cannot be computed directly, but can be obtained from the con-
servation of power, which is equated as

(27)

III. A NALYSIS OF MULTILAYER APERTURE-COUPLEDARRAYS

A three-port GSM has been computed for the simple transi-
tion microstrip line-slot in an array environment, but the excita-
tion of each element in practical arrays include a finite stub to
match the active input impedance. In this section we include the
effect of the finite stub by terminating the portby a reflection
coefficient Therefore, the amplitude of the mode incident at
port is . Introducing this relation in (7), a new GSM
is obtained that characterizes the feed from port 1 to the upper
side of the aperture, including the effect of the finite stub. The
coefficients of this matrix are given by

(28)

Note that if port is matched, , this matrix coincides
with that defined in (6).

For the analysis of a multilayer printed array as shown in
Fig. 1, the GSM of each patch array is computed assuming arbi-
trarily incident fields from both sides expressed as a summation
of Floquet harmonics, as described in [4], and cascaded to obtain
the overall GSM of the stacked array [4]. The resulting matrix
is cascaded with the GSM of the transition microstrip line-slot

given by (28) and we obtain a matrix . This matrix relates
the incident and reflected mode at the microstrip line with the
amplitudes of the Floquet harmonics on the upper layerand

, which represent the incident, if any, plus the scattered fields.
These amplitudes give directly the near fields by substituting
them in (3) and (4) and allow the computation of the active ele-
ment patterns as shown in [13]. The reflection coefficient for the
quasi-TEM mode at port 1 of the microstrip line gives the
active reflection coefficient of the infinite array and, therefore,
the active input impedance. Matrix also provides the power
transmitted at port 1 and the radiated power in a cell, using (25)
and (26) respectively. The back-radiated power can be obtained
from the conservation of power.

The active input impedance can also be derived using a trans-
mission-line equivalent circuit as described in [11]. In this case,
the port is assumed matched and the aperture plus the stacked
patches in a periodic cell is represented from the microstrip line
as a series impedancein a transmission line. The GSM given
in (6) is used for the cascade process with the other GSM’s , and
a global GSM is obtained under matching conditions. This
matrix gives the input impedance and, by identification with the
transmission line model, the value of.

IV. RESULTS

In order to check the validity of the proposed modular tech-
nique, numerical results for several infinite printed arrays are
compared with other experimental and theoretical results avail-
able in the literature and with measurements performed with a
waveguide simulator in our laboratory including a multilayered
array. For each array, the convergence of the numerical results
has been checked by varying the number of basis functions and
Floquet harmonics.

The first structure considered is the basic three-port transition
in an array environment, as analyzed in the preceding theory.
It consists of a -shaped aperture, etched on the ground plane
of a matched microstrip line, radiating into a-band wave-
guide simulator. The periodic cell is shown in Fig. 4(a), where
all dimensions are given in millimeters. The structure has been
built and measured and the magnitude of the scattering parame-
ters is compared with the theoretical predictions in Fig. 4(b). A
very good agreement is observed between numerical and experi-
mental results, particularly in reflected and radiated
or transmitted to the waveguide simulator power. The slight dis-
crepancies in the transmission from port 1 to 1could be ex-
plained by the fact that an infinite array of apertures has been
considered in the theoretical computation, while in the experi-
mental setup, there is only one aperture from the microstrip side
because only the upper half-space is inside the waveguide sim-
ulator. In this prototype, the aperture is large and mutual cou-
pling in the microstrip region, included in the computations but
not in the measurements, may not be negligible. The back-ra-
diated power can be obtained from the conservation of power.
For example, at 5 GHz the measurements indicate that the 49%
of the incident power is entering at port 1, 16% is transmitted
to the waveguide, 6% to the port 1, and 29% is the dissipated
and back-radiated power. It must be noted that this structure has
been designed primarily to validate the method of analysis and
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Fig. 4. Infinite array of apertures of noncanonical shape. (a) Geometry of a
periodic cell. (b) Magnitude ofS , t, andS . Measurements and theory.

the back-radiated power is large due to the large aperture in the
ground plane.

The second structure is a one-layer printed array of aper-
ture coupled rectangular patches previously studied by Pozar
[1]. A periodic cell of this array is shown in Fig. 5(a) with all
the dimensions. By means of the proposed method, the GSM
of the microstrip line/slot transition is evaluated assuming port
1 matched. It has been checked that the input impedance ob-
tained from together with the transmission-line model, in
this case, practically coincides with that obtained using (28).
For the calculation, the periodic cell is discretized into a 36
34 grid and nine unknowns are used for the-component of the

Fig. 5. (a) Dimensions and (b) active input impedance in the band 3.45–3.85
GHz for the structure presented in [1] (** theory in [1], ++ this theory).

magnetic current and zero for the-component. The number
of Floquet harmonics used in the cascade process is 200 (100
TM and 100 TE). The GSM of this transition is then cascaded
with the GSM of the interface including the rectangular patch
array. In this way, the GSM of the whole structure is found and
the input impedance derived. The theoretical values for the ac-
tive input impedance between 3.45 and 3.85 GHz are given in
Fig. 5(b) and compared with the theoretical results of [1] with
excellent agreement.
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Fig. 6. Printed array measured in a waveguide simulator. (a) Geometry of a
periodic cell. (b) Magnitude of the reflection coefficient from 8.1 to 10.5 GHz.
(* * * measurements,+ + + this theory).

Once the method has been verified, more sophisticated struc-
tures can be analyzed. For example, printed arrays with aper-
tures and patches of noncanonical shape have been studied (see
Fig. 6). The structure shown in Fig. 6(a) has been measured in
a wave-guide simulator at the Swiss Federal Institute of Tech-
nology. Fig. 6(b) shows the measured and computed modules of

and demonstrates the good agreement between our theory
and the measurements. The slight discrepancy could be due to
the use of epoxy, an anisotropic, lossy, and badly characterized
medium, as the upper substrate. A sensitivity analysis has been
performed for a similar array, taking into account the tolerance

of the substrate permittivities and variations of the different di-
mensions. The results have shown small variations in the
and resonance frequency that also justify the discrepancies with
measurements.

To prove the capabilities of the proposed method, a
three-layer stacked patch array has been designed to have a
very large bandwidth, built and measured with a waveguide
simulator. The design was performed by analyzing the multi-
layer structure with only one patch array at a time, and studying
its resonance separately. Then, the three patch arrays were
considered simultaneously and the resonance behavior changed
slightly from the individual cases. After a small adjusting of
the patch dimensions, a 45% bandwidth for a VSWR1.6
was obtained. The periodic cell of the array is depicted in
Fig. 7(a). For the analysis, the aperture in the ground plane is
modeled considering 42-directed and 32-directed magnetic
currents as for the structure studied before. On each of the three
patches, 36 -directed and 32 -directed electric currents have
been used. The computer run time was 18 s per frequency on
a Pentium II 400 MHz, using 100 Floquet harmonics for the
cascade process. For the line-aperture transition, the computer
time is 4 s and the total time increases linearly with the number
of layers. The comparison between the measurements and the
simulations between 3.5 and 5.75 GHz is given in Fig. 7(b)
for the reflection coefficient. The measured bandwidth is 50%
for a VSWR 1.8. In this frequency band, the radiated power
(transmitted to the waveguide) is maintained between the 77%
and 94% of the incident power, while the back-radiated power
is less that the 16%. As for the previous prototype, a good
agreement is obtained for the central frequencies and the two
loops are well reproduced. The frequency shift (5%) observed
experimentally can be due to fabrication tolerances or the
absence of the aperture array in the prototype.

V. CONCLUSIONS

A very flexible modular technique has been proposed for the
analysis of aperture-coupled stacked printed arrays, including
apertures and patches of noncanonical shape. The technique is
based on the computation of a GSM for each array interface,
including the excitation from a microstrip line and on a later
cascade process to analyze the whole multilayered structure.
First, the excitation of each array element from a microstrip
line through an aperture has been characterized by a GSM. The
theoretical developments for the computation of the GSM of the
microstrip line-slot transition have been exposed. Then, mul-
tilayered periodic structures have been analyzed by cascading
iteratively the GSM of the individual interfaces considered as
building blocks. Results for reflection coefficient have been
presented for several arrays, showing a good agreement with
other theoretical and experimental data. A broad-band array
with three patch layers has been designed by using the proposed
technique, built and measured in a waveguide simulator.

The proposed technique can be used to compute power
at each port and the back-radiated power, the active input
impedance, and the active element pattern. Also, near fields
can be directly computed from the amplitudes of the Floquet
harmonics above the array. This modular technique is very
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Fig. 7. Broad-band printed array, including three stacked patches of
noncanonical shape in each periodic cell. (a) Geometry of a periodic cell. (b)
Input impedance from 3.5 to 5.75 GHz (— measurements, - - - - theoretical
results).

appropriate for parametric analyses and design procedures,
since the effect of changing one parameter only affects one of
the individual GSM’s.

APPENDIX

This Appendix lists the required Green’s functions. The wave
numbers used here are defined according to Fig. 2.

Green’s functions of (12)

with

and

where is the free-space wavenumber,is the height of the
dielectric substrate, and its relative permittivity.

Green’s function of (20)

with and

In these equations, the and are those defined above and
. Dyadic Green’s function of (23)

The authors would like to thank Y. Brand and R.C. Hall for
providing some experimental results.
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