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Maxwellian Material-Based Absorbing Boundary
Conditions for Lossy Media in 3-D

David C. Wittwer Member, IEEEand Richard W. ZiolkowskiFellow, IEEE

Abstract—A two time-derivative Lorentz material (2TDLM),  circuits (MIC/MMIC), deal with lossy substrates. Accurate
which has been shown previously to be the correct Maxwellian simulations of these problems necessitate termination of the
.med'”dehdo'ﬁe to match an labsorg'”gbl?‘yeLtO %'OSSV re(?'?”’ simulation region with an ABC matched to these lossy di-
is extended here to a complete absorbing boundary condition ; .
(ABC) for three-dimensional (3-D) finite-difference time-domain electrics. Se_veral papers have appeared rece”t'Y [1]_[8],Wh'Ch
(FDTD) simulators. The implementation of the lossy 2TDLM have established the need for such lossy media ABC's and
(L2TDLM) ABC is presented. It is shown that in contrast to the have proposed partial or complete solutions. Berenger's PML
one-dimensional (1-D) and two-dimensional (2-D) versions, the ABC cannot be applied directly in this case; it was developed
full 3-D ABC requires a three time-derivative Lorentz material o the termination of a lossless dielectric region. For instance,

in the edge and corner regions to achieve a rigorous matching of .
the resulting Maxwellian absorbing layer to the lossy medium. Rappaport and Winton [3] have demonstrated the need for

The 3-D ABC implementation thus requires the introduction of l0ssy media ABC’s with their modeling of ground probing
an auxiliary field to handle the edge and corner regions to achieve radar signals in lossy dispersive soil. Gedney in [4] and [8]
a state—space form of the update equations in the ABC layers. developed an uniaxial PML (UPML) ABC that avoids the field
Fully 3-D examples including pulsed dipole radiation and pulsed gp)iiting associated with the Berenger PML ABC. Results for

Gaussian beam propagation in lossless and lossy materials as Lo . - .
well as pulse propagation along a microstrip over lossless and the UPML ABC applied in two dimensions to a current filament

lossy materials are included to illustrate the effectiveness of the radiating in air over a lossy half-space were given. eaal.
L2TDLM ABC. [5], Fang and Wu [6], and Liu [7] introduced variations of the
Index Terms—tossy media, perfectly matched layers. Berenger PML ABC to deal with evanescent wave and lossy

media problems. These approaches use the stretched coordinate
ideas and normal field splitting associated with the Berenger
PML ABC. An example of a line source in a two-dimensional

ONSIDERABLE effort has been expended in recer2-D) homogeneous lossy medium was given in [5]; a line

years both in the computational electromagnetics (CEMpurce radiating in a 2-D layered lossy medium was given in
[1]-[22] and applied mathematics communities [23], [24]6]. A three-dimensional (3-D) lossless microstrip line problem
toward the construction of highly efficient absorbing boundanyas discussed in [6]. A qualitative graphical presentation of
conditions (ABC's) for reflectionless grid truncation of numercomparisons with analytical solutions for a dipole source in a
ical simulators for Maxwell equations. Ideally, the perfect AB&omogeneous 3-D homogeneous lossy medium and scattering
would absorb electromagnetic energy incident from any angféom a conductive sphere in a 3-D homogeneous lossy medium
with any polarization and at all frequencies. Reflectionlesgere given in [7]. Additional issues associated with ABC’s for
termination of simulation regions associated with, for instancearious media situations have been reviewed by Gedney in [8,
finite-difference time-domain (FDTD) and finite-elemench. 5].

(FEM) methods require such ABC's. Generally, the perfectly The focus of this paper is the development of a complete 3-D
matched layer (PML) or the related uniaxial ABC's have onlyjaxwellian material-based ABC for the truncation of FDTD
been applied to terminate lossless regions of the simulatigiylation regions dealing with general lossy dielectrics in
space [9]-[24]. . _ _ _ three dimensions. This is accomplished with a generalized for-
Unfortunately, many practical simulation problems inmyation of the two time-derivative Lorentz material (2TDLM)
volving, for instance, microstrip transmission lines, microstrigpproach that has been shown previously to be the correct
lossy dielectric region [1]. It is shown here that in contrast to
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field splitting associated with the PML ABC; it also allows forof the polarization and magnetization currents are then free
the possibility of potentially physically realizable materials foparameters, which may be specified in such a way as to provide
absorbers using the artificial material constructs discussed; &oreflectionless boundary between the surrounding homoge-
instance, in [25] and [26]. Complete details of the numericakous medium and the absorbing layer, which, following [15],
implementation of the lossy 2TDLM (L2TDLM) ABC are is taken to be an uniaxial medium. Furthermore, the loss in the
presented. Comparisons between the L2TDLM ABC and tladsorbing medium can be enhanced by varying the independent
UPML ABC for the 2-D test cases presented in [4] and [8, clparameters of the polarization and magnetization currents as
5] are discussed. Fully 3-D examples including pulsed dipalenctions (profiles) of position away from an interface along
radiation and pulsed Gaussian beam propagation in lossless #iednormal direction to that interface [1], [18]-[20], [22].

lossy materials as well as pulse propagation along a shieldedVe wish to match a lossy dielectric medium to a uniaxial
microstrip line over lossless and lossy materials are includatedium. The frequency-domain Maxwell’s equations de-
to illustrate the effectiveness of the L2ZTDLM ABC. We do noscribing this uniaxial medium can be expressed in the following
deal explicitly with evanescent wave issues associated wfthrm:

guided wave environments; rather we focus attention on the be-

havior of the L2ZTDLM ABC for source and propagation issues . .
in both open and guided wave configurations. The applications Vx&E=—juw [ ] H
of the L2ZTDLM ABC in a variety of MMIC configurations is V x H = jw 7]
presented elsewhere [27].

The derivation of the generalized formulation begins in Seghere we have defined as in [1] the tensoendz for an inter-
tion Il with an overview of the lossy two time-derivative Lorentzace with anz, y, ~ directed normal, respectively, by
material (L2TDLM) model and its coupling to Maxwell's equa-
tions. Like the previous development in [1] we characterize a
face (or slab) by its normal and introduce additional loss in that
direction with an increasing profile function. To achieve a com-
plete ABC we also introduce the requisite formulation for the
edges (union of two faces, hence, depending on two indepen-
dent loss profile parameters) and for the corners (union of three
faces, hence, depending on three independent loss profile pa-
rameters). Like the previous development in [1], a formulation
is introduced that reduces to the lossless case when the con-
ductivity of the media becomes zero and which further reduces
to Maxwell’'s equations in free-space as the permittivity goes
to unity and, hence, recovers the 3-D TDLM ABC developed
in [22]. It is highly desirable from a numerical implementation
point of view to arrive at a formulation that has these properties.
Furthermore, it is also highly convenient from an implementa-
tion point of view to have a formulation for a corner which re-
duces uniquely to the correct edge formulation and which fur-
ther reduces uniquely to the correct face formulation with the
appropriate selection of parameters. This avoids having sepdrere all of the off-diagonal terms are zero, the téfra- ¢, —
rate formulations for each region, hence, makes the ABC vefy/weg, the termfi,. = p,. — jo* /wpo, and the terms,, a,,
efficient to implement algorithmically and reduces the codingnda_ correspond to the alteration of the material model in a
complexity. Differences between the previous formulation ardirection transverse to the normal direction, which is labeled by
the formulation presented here are identified and the selectitie subscript. As was done in [1], these tensors are rewritten in
of the parameter space is described. The discussion contintggms of the electric and magnetic susceptibility tensors
with the treatment of edges and corners. Finally, the formula-
tion developed for the corner regions is demonstrated to reduce
to the edge and face formulations as the appropriate parame-
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ters go to zero. The numerical implementation of the L2TDLM €0
ABC is given in Section Ill and the numerical simulations used _ o=
to quantify its performance are discussed in Section V. Conclu- X" = o 1

sions and future directions are presented in Section V.
Consequently, the material parametefsare written below

in terms of the material model susceptibilitesgs = 1 +

X;;. We choose the absorber medium to be described by the
Our foundation for engineering an absorbing material tsvo time-derivative Lorentz material model for lossy, dispersive

based on the coupling of the electric and magnetic fields to pmedia [1], denoted by L2TDLM, where time derivatives of the

larization and magnetization currents. The coupling coefficiendsiving fields act as source terms to describe the coupling of the

Il. L2ZTDLM ABC D ERIVATION
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electric and magnetic fields to the polarization and magnetizA- Faces

tion fields, [18]-{20], [22]. These polarization and magnetiza- consider a slab of absorber, which is matched to a lossy di-

tion field models are represented in differential form as electric medium with the normal to its face being in thé di-
rection. Using our definition of andz we define the electric

2 . ey epeas .
Ll P, + 1“62 Py + wiP, and magnetic susceptibilities simply as
ot? ot
2, e e g e 82 = _~ A T
=¢p wpxaé‘m—i—wpxﬂa Sg,;—i—xwﬁ Ex 1) X-=ahs - 1
X" =A, -1
9? 9 X g
ﬁ Mac + Fnla Mac + ngw
, 9 2 The magnetization terms are identical to those treated in [22]
= wpXa Ha +wpx ' o Ho + x5 55 Ha (2) and in [1]. On the other hand, the permittivity tensors must be

handled as they were in [1], which is slightly different from their
wherewy is the resonance frequency alitt™ is the width of treatment in [22]. If we let(») represent the profile along,
that resonance. The term§ ™, XZ ™, andx$ ™ represent, re- the polarization field (1) combined with the L2TDLM material
spectively, the coupling of the electric (magnetic) field and itspecifications (7)—(10) yield the following frequency domain
first- and second-time derivatives to the local polarization (magxpressions for the electric susceptibilities
netization) fields. The terma, can be viewed as the plasma fre-
quency associated with this coupling. It has been shownin[18] P, , . == =
that if w >> wo, then the frequency-domain electric and mag- ¢, = X, yy (@) = [CrAw:y - 1} - (W)
netic susceptibilities associated, for instance, with (1) and (2) ’ 2 p
may be approximated in the frequency domain by = (& = 1) Fjwlo/co + et +0¢/c

—w?

PZ e ] =
€ P"’ ; e LW X‘Zi e :Xiz(w) = |:61‘Az - 1:| - (w)
XowlW) =5 R ——5XG — P28y ©) ok X =
0w wg W (67* - 1) + Jw [0'/60 — C]
Mac p pr? - _h2 Py ’
m _ ~ P mo_ J rn. 4 w +JWC
X (W) . o X mIT X, 4

. . . L . The corresponding time-domain ordinary differential equations
Following the arguments in [1], this material is readllyﬁDE,S) arg ngH I nary ¢ 'l equat

matched to a lossy dielectric characterized by the material

constants = ¢,.¢q, t = 1o, ando. One finds that matching is ) )

achieved when the free parameters in the L2TDLM model are 9 P,y = €0 (¢r = 1) 87 &y +co[o/co + (]

given by &gy +0CEs y (11)
atQPz + Catpz =€ (67‘ - 1) atQSZ + €0 [0/60 - C] atgz- (12)

wpXa =0 ®)
WpX 5 =Pmax p(7) (6) Toreduce these second-order ODE's to a first-order system that
Y™ =0 (7) can be incorporated with Maxwell's equations, we introduce
¥ . . . .
equations for the polarization curre@gP,, . . in terms of the
and new variables7, , . as
wipxe =(0/€0)epX5 = (0/€0)pmax p(7) 8  OPry =Tyt eo(er = DOEny +[o +ereol] €5 (13)
prZ} :0/60 + 61‘wPX,gl = (0/60) + €rPmax p(r) (9) atrpz :jz + co (67’ - 1) atgz + O—gz. (14)
X5 =€ — L. (10)

With these choices, the corresponding Maxwell’s equations be-

We note that the terna, x 3’ is taken as a single quantity and“0me
is composed of a profil® < p(#) < 1 for increasing the loss

while moving away from the interface along the normal direc-atgmjy - 1 (v > ﬁ) 1 O Pu.y

tion and the profile maximum,,,.... For all the cases considered €o Yy €0

below, the profile was taken (as it was in [1]) to be a quadratic _1 (V % 7.7) _1 [To.y + co(er — 1) OEny
function of the distance away from the interface. These parame- €0 wy €0 '
ters represent the only independent values which must be spec- + [0+ ereol] €z, y ]

ified to define the absorbing ABC layer. We also note that the 5 o _ 1 (V o ﬁ) 1 a,P.
form of the electric susceptibility reduces to the lossless casein - €0 = €

the absence of the conductivity term. Furthermore, the electric _ 1 (V y ﬁ) 1
susceptibility reduces to the free-space result as the permittivity €0 = €

approaches unity. [T +eo (6 — 1) OE. 4 0E.].
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These equations can be further reduced to the following forras shown in (18b) at the bottom of the page. The corresponding

which explicitly show the lossy nature of the ABC layer: time domain ODE’s are
atgx,yJ{ ’ +<} R (v x ﬁ) A 0} Py + 0 Po =co (& — 1) 7€ + c0[o/co + (= €]
crco creo nY o (15) c €y + oCE, (29)
o 1 - Py = co (er—1) B} € +eo[o/co + e (€4 Q)]
o, + 2 & = (v X H) .~ 7. (16) o
= CORE, o | — (E+0) + ek
€
Using our choices for the polarization currents (13) and the OE, +0£Cé€, (20)
Maxwell (15), we can arrive at the expression
(15) P OZP. 4+ COP. = (ep — 1) F?E. +eo [0 /0 + €& — (]
Ty = 0CEn - (17) . + o€ (21)

The corresponding equation for theomponent of the polariza-  We note that second-order Lorentz models for the electric
tion field (12) combined with the polarization current definitiorpolarization fields arise in the components associated with the

(14) produces the relation directions defining the edge while a third-order Lorentz model
arises for the component normal to this edge. Again, to reduce
hT: + (T = —Cereodh, — 0CE, these ODE’s to afirst-order system that can be incorporated with

) ) ‘Maxwell's equations, we introduce equations for the polariza-
that can be reduced with the corresponding Maxwell equatiggp, currents), P, , - in terms of the new variableg, ,, . as
(16) to the following form

8T+ OPe =Ts + €0 (6r — 1) s + (0 + €,600) & (22)
o ’ o 1 — 1 WPy =Ty +eo(er — 1) Oy + [0 + ereo (§+ ()] €, (23)
= —Cero | = €60 &+ €0 (V x H)z 660 jz} — o OP. =T. +eo(er — 1) & + (0 + o) E. (24)

and, hence, yields the desired expression forzteemponent with these choices the corresponding Maxwell’s equations be-

of the polarization current come
_ 7 1 — 1
07, = —¢(VxH) . 182)  ge,— L (vxil) - Lor
€0 x €0
1 — 1

B. Edges :F_(VXH) e

. €0 z €
Consider the union of two slabs of absorber. Let, for example, (Toteoler =1 0E + (0 + o) & (25)

one slab have its face normal to thé direction and the other hE, = 1 (V x ﬁ) _1 P,

normal to thet-Z direction. To prevent reflections from an edge, €0 v o €0

the electric and magnetic susceptibilities must have the forms _ 1 (V % ﬁ) 1

o €0 Y €0
?e = grA—az X A_z -1 : [jy + <o (67‘ - 1) at‘(:y + [0 + €r€o (5 + C)] gy]
X" =A, x A, — 1. . . (26)
, o o oe. == (VxH) - —oP.
Again, the magnetization terms are identical to those treated €0 z €

in [22] and the polarization terms must be handled separately. _ 1 (V y ﬁ) 1

If we additionally let{(x) represent the profile along the po- €0 z €

larization fields are given by the frequency domain expressions T+ eo(er — 1) OE. + (0 + e.606) E] . (27)

Pac _ _w2 (67‘ B 1) +jw [0/60 + 61‘C - 5] + O—C/‘EO
COEac B —w? + ng
. . g
p U () (@ - D) =@/t e+ Ol +iw | = (E4 O+ abd| + ot/
¥y _
oF, () (—w2)
Pz _w2 (67‘ - 1) +jw [0/60 + 61‘5 B C] + 0—5/60 (18b)

eoE. - —w? + jw



204 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 48, NO. 2, FEBRUARY 2000

These equations can be simplified to the following set, whicfhis leads immediately to a second-order ODEJjr
clearly shows the lossy nature of the medium:

0Ty = [0(6+C) + ercobC] &, + 0€CE,,.

1 - 1
atgac"_((:o(; +<> gac :C . (Vx’}—[) _C - jac
" " e (28) This second-order ODE fqf, is dealt with by introducing the
o 1 - 1 auxiliary functionF, as defined by
at8y+[ +(§+<)}5y: (VXH) -~ g,
€r€0 €r€0 Y €60
(29) 01Ty = Fy + [0(§ + () + rco€C] &y (33)
g 1 R 1
Ot €r€o A "o (V % H)Z 660 Tz This represents the desired rate equation foytbemponent

(30) of the electric current. It then follows that the auxiliary function
must satisfy the corresponding rate equation
Again, using our choices for the polarization currents (22)—(24),
we can arrive at O Fy = 0&CEy. (34a)

2 _ _ 1\a2
0; Py + 801 Pe = 0 Jo + coler — D&, We note that this auxiliary function is identically zero when the

+ (0 + €,€0Q) & + £ conductivity goes to zero.
+eo(er — 1)WE, + E(0 + €1€00)E,
= eoler — 1)028, C. Corners
1 (0 + ereol — €08)FEn + 0CEy Finally, consider the union of three slabs of absorber, one slab

having its face normal to the, one normal to the-3, and one

OrTs +8T0 = = SercoOils normal to the+2 direction. To prevent reflections from a corner,

+[0(¢ = &) — erenf] s the electric and magnetic susceptibilities must have the forms:
ag
=—£ereo[—< +<)8x L
€r€o X =6 Ay x Ay x A~ 1
+— (VxHA) -7 T et el
€r€o z  Eeg X =he ¥ =

+ [J(C - 5) - 61‘60£] Es. . L. . .
Again, the magnetization terms are identical to those treated
The first relation yields the equation for threcomponent of the in [22] and the polarization terms must be handled separately.

electric current With the form of the susceptibility matrix, one finds each term
is related to all the others simply by a cyclic permutation of the
NT, = —¢ (V > ﬁ) + 0 CE,. (31) indices. Thus, if we additionally lej(y) represent the profile

alongy, the polarization field, for instance, along thexis is
t given by the frequency domain expression as shown in (34b) at
the bottom of the page.
The resulting time domain ODE is then found to be

The corresponding equation for theomponent of the curren
can be found by symmetry to be

8T, = —C (v X ﬁ) T (32)
= as)rpz + CatQPz = 60(61‘ - 1)a?8z
The remaining equation for the component of the electric +eolo/eo+ (€ +1— )] O?E.
currentis determined from the third-order Lorentz model for the o
electric polarization field (20) as follows: T o 5(5 + ) +enln| Es +oEnE..

3 02 3
Py =0, Ty + coler —1)0;€,y We note that a third-order Lorentz model for the electric po-

+ [ere0(E+ Q) + o] 8353, larization field again arises in 3-D for the corners. We make the
=c¢olen — 1)afgy + [erco(€ +¢) + 0] 838y following choice for the polarization current:
g
+ € [;(5 +¢) + 61,54 O &y + o&CEy. 0P = T+ coler — VOE. + o+ encol€ )] E.. (35)

P (u)(=w)(er = 1) = w?o/eo + (€41 = Ol + jwlo(§ +n)/co + ern] + 0€n/co
cok (Jw)(=w?) = (w?

(34Db)
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We then find Maxwell's equation for thecomponent of the the equations obtained in the previous subsection for that edge

electric field to be are recovered. Similarly, the corner equations with two profile
1 . 1 parameters set to zero or the edge equations with one profile
AHE, =— (V X H) — —aP, parameter set to zero recover the corresponding face equations.
610 . i 610 This self-consistency of the equations significantly reduces the
=— (V X H) - — complexity of coding the L2ZTDLM ABC. Moreover, it also sig-
€0 S nificantly reduces the operation counts required to implement
Tz 4 coler = DOEL + o+ enco(€ +m)]E] the L2TDLM ABC from those associated with Berenger's PML

ABC, particularly in the face and edge regions, which account
for the majority of the layers associated with these ABC'’s.

1 . 1
+ (¢ +77)} &= (V X H)Z - VA lI. | MPLEMENTATION

Er€0 €60

which reduces to the lossy medium relation

g

&, + [

€60
] ] o (36) . These polarization, magnetization and auxiliary field rate
Using the choice (35) for the polarization current, one Obta'%uations are implemented into a FDTD simulator by obtaining
5P 52p their discrete forms using finite differences. Consider, for
i P+ (O P- instance, the component set of equations for the corner
=T, + eoler — 1)OZE,

—|—|:o'—|—67,60(£+7’])] 836} +Cats7z €. + |: z
+ Ceoler — DIFE + ([0 + ereo(€ +1)] OE. e -
= coller — 1)IE. + o [o/e0 + en(€ + 11— Q)] €. 0T, = (VX ) +[ercoln +o(€+ e+

O F. =o&nk,.

+(§+n)}5zz ! (VX’}:Z)Z— L

€r€o €rco

0| (€ n) + k| K.+ oEnE.
0

For convenience, we define the quantities
which yields a current equation of the form

) ) A=—+(+n) (40)
at jz + Catjz = - CQ’GOat gz €reo
B=-¢ (42)
+ [eren(§n — (€ +n)) o en+ole ) 42)
= €€ o
+o (& +n = Ql &€, + e 0s 1 7
D =o¢n (43)
Again, we introduce the auxiliary functiaf, defined by the o .
following ODE to simplify the form of the equation system as
1 - 1
T + (T, =F. — CereodiE. KE. + A, = — (v x H) -7 (44)
€0 z €0
+ rCp - + + + - 8;:/' 7
[erer(§n—C(E+m) +o0(§+n1— Q)] 0.7 — + B (v « H) LCE L F (45)
(37) p
OF. =DE.. (46)
The second-order equation fgf, can then be reduced to the
relation If we let these fields be located &"+!, 7"+l and
Fr+1Y2 and introduce an exponential difference scheme, the
WhT. +(T. =F., — (ereOiE, simplified system then takes the discrete form

+[erer(En = C(E+m) +o(€+n - )€

At
EMH = oxp(—AADE" + 20 exp(—AAL/2
:FZ - CG]*GO |:_ |:FO; + (S + 77):| gz p( ) €r€0 p—il / )
Crt0 _\ n+1/2 jzn +\7zn
) (o) ()]
— (v x H) -7 . 2
€60 z  €p€p ntl " A\ nt+1/2
+ [eren(En = CE+m) + (6 + 11— Q€. e A\E)
n—+1 n
The following first-order ODE’s forF. and.7. are then ob- + AtC <¥) + AtFHLY2
tained:

Frit/z — pn=l/2 L AtDER.

T. == (VX H) +[encotn+ o+ )] € + F(38)
z These update equations 6y and.7, can be rewritten in a

OF. =o&nt.. (39) state-space matrix form

We note that if in the corner equations we get= 0 (or

n+1 n o n+1/2
¢ = 0or ¢ = 0), which would be appropriate for the cornerre- 3 <5z ) -B <5z ) +C (V X H)Z
ducing to ant— edge (ory—z edge orz—y edge, respectively), J- I F,
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where the matrices

p|
Il

S]]
I

Qll
I

8; n—+1
(%)

1

det (A)
1 @22C11 — G12C21
a11C21 — G21C11

+
det

a1l a2

| G21  G22

1
_AtC)2
by by |
bar  b22 |

AtC/2

Ci11  C12
C21 €22

(At/2¢e0) exp(—AAL/2)

[exp (— AAY)

1

—(At/2¢,¢0) exp(—AAL/2)

1

(At/eqeq) exp(—AAL/2) 0O

()

AtB

a22b11 — ar2bo
a11b21 — anbn

At

(A

We then finally arrive at the semi-implicit update equations

n+l
grl =

+1
Jrtt =

+

a22b11 — arabor L,
22(11;t(j32 21 ¢
-(Vxﬁ)

@22C12 — G12C22

det (Z)

a11bo0 — az1b12 T

det (Z)
- (V X 7—7)
a11C22 — A21C12

det (ﬁ)

. T

. T

E

This state—space system has the explicit solution

|

a22b12 — a12boo
a11b22 — a21b12

@22C12 — G12C22
a11C22 — G21C12

@22C11 — G12C21

det (ﬁ)

/2 goobio — a12boo

= det (i)

f’:ﬂ+l/2

@11C21 — G21C11

det( )

(47)

} (48)

(49)

gz n
J-

J

(50)

/2 g1boy — agibiy en

: det (ﬁ)

F:r],-l—l/?

f‘;l+3/2 :Fg-l—l/Q +Ath;L+l

(51)

(52)
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the indices and profile parameters. These L2TDLM ABC up-
date equations reduce to the corresponding TDLM ABC update
equations given in [22] whes — 0 ande,. — 1. Note that one

of the main reasons that the exponential differencing scheme
was selected here was to ensure this reduction. Similar numer-
ical results can be obtained for the L2TDLM ABC using a more
direct central differencing scheme.

IV. NUMERCIAL RESULTS

The L2TDLM ABC developed above has been implemented
in a 3-D FDTD simulator, and the quality of absorption pro-
vided by it has been evaluated. Several 3-D problems have been
used to test the efficacy of the L2ZTDLM ABC including: 1) a
Hertzian dipole radiator in a homogeneous lossy medium; 2) a
Gaussian beam incident from free space onto a homogeneous
lossy medium; and 3) a shielded microstrip transmission line
with a lossy homogeneous dielectric substrate. In all these val-
idation examples, a numerical reflection coefficient due to the
introduction of the L2ZTDLM ABC is calculated by first running
simulations with a large spatial extent to define the reference so-
lution. Simulations with a smaller simulation space, which was
truncated with the L2TDLM ABC, were then performed. Elec-
tric field quantities were monitored at fixed locations in both
cases and compared. Their Fourier spectra were then obtained
via a discrete Fourier transform. The difference between the cal-
culated truncated and reference field spectra normalized by the
calculated reference field spectrum was used to generate the nu-
merical reflection coefficient. This spectral domain information
thus allowed us to quantify the numerical reflection coefficient
introduced by the L2ZTDLM ABC as a function of the frequency.

The following descriptions of the test problems indicate the
internal dimensions of the simulation. Additional cells that are
required by the L2TDLM ABC are to be added onto the total
sizes cited below. Unless otherwise noted, the L2TDLM ABC
layers were taken to be ten cells thick.

A. Comparisons with Gedney's UPML ABC

Comparisons between the L2TDLM ABC and the TDLM
ABC for the 2-D cases discussed in [20] and between the UPML
ABC for the 2-D cases discussed in [4] and [8, Ch. 5] were run
to provide initial test results. A 2-D version of the 3-D L2TDLM
ABC is straightforwardly obtained from (50)—(52). The update
equations are essentially those for the faces and edges, but no
auxiliary field variable needs to be introduced into the update
system. The out-of-plane component of the electric field is not
excited in this reduced dimensionality problem. A code was
constructed to test the 2-D L2TDLM ABC. The cases in [20]
provided basic algorithmic checks since, as noted above, the
L2TDLM ABC reduces to the TDLM ABC when the losses go
to zero and the medium becomes free-space. All of the results
obtained in [20] were reproduced with the L2TDLM ABC al-
gorithm.

Next, Gedney'’s test case [4] and [8, ch. 5] was considered. It
is a two medium problem in which the simulation space is split

Similar equations occur for theandy components. They caninto two homogeneous half-spaces: one air, the other a lossy
be obtained immediately from this set by cyclic permutations afiedium withe,, = 10.0 ande = 0.3 S/m. The normal to the
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interface is selected to be thelirection. The source is a electricsignificant portion of the frequency spectrum of the signals

dipole strip Jy(x., z., t) driven with the Gaussian derivativereaching the sampling points.

time signal However, to connect these 2-D results with those in [5],
[6], and [20], the corresponding line source problem was also

t— to} exp [ <t — t0>21 (53) treated. Instead of the electric strip, the problem is now excited

Jy(@e, e, 1) = =2 [ . by a magnetic line sourck, driven with the time signal used

in the cases in [20]:

ur

wheret,, = 26.53 ps and, = 4t,,. The spectrum of this driving
pulse has its peak at an effective frequencyfgf = 845 K. (z., 2, t)

GHz whereA ~ \/35.5, but extends out to 40 GHz where 1

A ~ )\/7.5. The strip is oriented along the normal to the inter- | 330 [10 = 15 cos(wot)

face and is located in the free-space region at two cells above — +6 cos(2wot) — cos(3woet)] for0<¢<1.0ns
the center of the simulation space. The simulation space con- 0, fort > 1.0ns
sisted of 40x 40 square cells and was truncated with a ten-layer (54)

quadratic L2ZTDLM ABC. The reference simulation region was

1240x 1240 square cells and was terminated with perfect elec-

tric conductors. The cell size was = 0.4 mm. We introduce a wherew, = 2.0 x 10°. The advantage of this source is that
grid frequencyferia = ¢/(40.0A,,.x ), WhereA,,.. isthe max- the faces and corners of the simulation region see essentially
imum of the cell side lengthaz, Ay, or Az; it corresponds the same time signal. The cell size was= 0.6 mm; hence,

to the lowest frequency at which the grid provides /a0 dis-  faia = 1.25 x 1019 Hz.

cretization level. Thus, for the cubical grid associated with this In our first series of 2-D simulations, the simulation region
problem, fuia = 1.875 x 10'° Hz. The simulation was run for was free space. We obtainéd = —96.2 dB andép = —74.7
1000 time steps, the time step being set at 0.98 of the CourdBt for a maximum loss parametgf, x/weria = 10.20 and
value. Standard differentiation, while maintaining the semi-in€y = —84.9 dB andég = —81.4 dB for a maximum loss
plicit formulation, rather than exponential differencing was usqehrametep,.x /wgria = 9.17. The latter case provided the best
to make the 2-D L2TDLM ABC algorithm as close as possibleverall error performance for a variety of sampling points. These
to Gedney’s UPML. The problem is treated in a 2-D TE polaresults indicate that the edge and corner errors vary with the
ization sense; the field componenis,( £,, andH.) are ob- choice of the maximum parameter. The more uniform maximum
tained with the FDTD simulator. The maximum relative errorselative error seems to be the most beneficial choice for standard
£4 and&p in E, are measured, respectively, at the paiyt application problems. In our second series of 2-D simulations,
which is located in free-space two cells above the interface attd simulation region was completely filled with the lossy di-
two cells from one face of the ABC region, and at the pdnt electric havinge, = 10.0 ando = 0.3 S/m. It was found that
which is located two cells from each face of one of the cornerséy = —92.5 dB and€g = —91.7 dB with a maximum loss pa-

the lossy medium. The maximum relative errotp is defined rameterp,,ax/weria = 3.06, approximatelyy,/10 smaller than

as the difference in time between the amplitudetpffor the its free-space value. In our third series of 2-D simulations, the
small problem and for the reference problem normalized by teanulation region, as it was in Gedney’s test case, was half-filled
maximum in time ofE, for the reference result. Note that likewith free space and with the same lossy medium. The line source
Gedney’'s UPML ABC, only a single maximum parameter i&, was now excited in free-space, two cells away from the
used throughout the L2TDLM ABC. This simplifies the codingenter of the simulation region along the normal to the interface.
requirements significantly. The maximum parameter that gaitevas found that4 = —93.8 dB andép = —81.0 dB with a

the best error results in the split region problem correspondedximum loss paramet@t, .« /weria = 9.17. All of these re-

to the best value for the free-space case. sults demonstrate excellent reflectionless behavior.

Using the L2TDLM ABC it was found thaty = —76.4 Finally, we ran our 3-D L2TDLM ABC simulator for the cor-
dB and &g = -—73.0 dB with a maximum loss param- responding 3-D problem of a vertical electric dipole located in
eter puax/weria = 7.13. Changing the profile of the ABC free space 2 cells above the same lossy half-space. The simula-
layers to a quartic variation yielded the errdgts = —85.9 tion space consisted of 40 40 x 40 cubic cells and was trun-
dB and€ég = —71.8 dB with a maximum loss parametercated with a ten-layer quadratic L2ZTDLM ABC. The reference
Pmax/weria = 12.3. These results are comparable to thossmulation region was 148 140 x 140 cubic cells and was ter-
reported by Gedney. This problem is a quite difficult one iminated with the same ten-layer quadratic L2ZTDLM ABC. The
which to assess the difference in errors between polnéid cell size was agaith = 0.4 mm; hence fgia = 1.875 X 1010
B because the time signals arriving at these two points afe. The simulation was run for 1000 time steps, the time step
dramatically different. The pulse reaching pofitis nearly a being set at the Courant value. The electric dipole was driven
derivative of the excitation pulse, hence, the peak of its frevth the time signal (53). We obtainetly = —74.7 dB and
quency spectrum is upshifted significantly. Moreover, becau§g = —78.6 dB for a maximum loss parametgy, .x /werid =
of the field pattern from the source, different sides of the AB@.0. These results are comparable with those obtained in the 2-D
are illuminated differently. We felt, like Gedney, that thessimulations. We note that while the 2-D L2TDLM ABC exhib-
levels of reflection errors are quite satisfactory considerintgd a much slower late time growth of the error over the indi-
the fact that the discretization is below,cqium /10 for a cated simulation time than Gedney’s 2-D UPML ABC, the 3-D
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Fig. 1. Incident pulse spectrum and reflection coefficients for the pulsed Hertzian dipole radiator case. The peak frequency of the incidestlpliGéiwa
The discretizations werAx = Ay = Az = A\ /40, wherefor = 3.1 GHz.

L2TDLM ABC simulation showed no growth over the same&hosen to bg,ax/wgria = 8.0. This value was held fixed for
simulation time. Similar to the free-space TDLM results [22}ach of the dipole source examples. The simulation was then
the largest error occurred for the leading wave front and settleth again using a lossy dielectrie,.(= 2.0, ¢ = 0.167). This
into a much lower average value. is a highly lossy dielectric having an equivalent loss tangent,
tan 6 = 0.1, at 3.0 GHz.

Fig. 1 displays the results of these computations. The spec-
_ ) ) ) ~ trum of the excitation pulse is provided to define the relevant

The Hertzian dipole radiator in a homogeneous region f&quencies. The L2TDLM ABC provides a reflection coeffi-
one of the most fundamental radiation problems. It made gni smaller than-75 dB for the lossless case and smaller than
excgl_lent can@date for our initial validation purposes in 3-D. g5 4B for the lossy case over the frequency band of interest
Additionally, since comparisons between the TDLM and PM{-4_4 5 GHz). It is important to note that the discretization
ABC's were provided for the free space version of thl_s 3- ells/Agia) at the highest usable frequency (4.5 GHz5
problem in [22], we could check our L2ZTDLM ABC algorithm cgis/y .. 1. In other words, the incident pulse spectrum is fairly
against those results in that limit. . well resolved over the entire bandwidth. It also indicates why

The reference (146 140 x 140 cells) and trial (40< 40  the error increases further with increasing frequency. Thus, the
x 40 cell_s) solutions were excited with a bipolar pulse havinggTpi.m ABC is very effective for truncati es and lossy ma-
an effective (root mean square) frequencyfaf = 3.1 GHz terials. Note that the spikes in the reflection coefficients occur
(the peak of the spectrum of the driving pulse is at 1.7 GHZ}here the excitation spectrum has a null; hence, they are due
The discretization was set at/40; hencefyia = fer- ThiS o the normalization. While the incident field has no energy at
is equivalent to a cell size @hx = Ay = Az = 2.42mm. The  hose frequencies, numerical dispersion results in noise contri-
corresponding time step was taken at the CFL = 1.0 limit angytions there. Thus the noise in the grid at those frequencies
hence,At = 4.656 ps. The simulation was run for 2000 timegjyided by essentially noise resulting from the discrete Fourier
steps. The L2TDLM ABC was placed on all six faces. The cufransform there produces large reflection coefficients. This sig-

rent element was placed g7l 71, 70)rer, (21, 21, 20)uriall  nature is present in all of the results presented below.
to locate it exactly in the middle of the simulation region. Bhe

electric field was sampled 15 cells (36.3 mm) away at the poin(t:s
[(717 567 71)ref’ (217 67 21)tria1]' )
The simulation region was first filled with a lossless dielec- The pulsed Gaussian beam problem is of particular interest
tric, (e, = 2.0, o = 0.0), and the numerical reflection coeffi- because it allows us to investigate the behavior of the L2TDLM
cient due to the L2TDLM ABC was calculated. Then, and¢ ABC as the incident energy propagates across a dielectric inter-
profile functions were all taken to be the same. The associatede. Moreover, unlike the dipole case, it allows us to test the
parametem,,.x was obtained with several simulation runs t@ffectiveness of the L2ZTDLM ABC in a finite beam scattering
optimize the performance of the L2TDLM ABC,; its value waproblem. Furthermore, unlike the shielded microstrip case to

B. Hertzian Dipole Radiator

Pulsed Gaussian Beam Incident on a Homogeneous Slab
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Fig. 2. Incident pulse spectrum and reflection coefficients for a pulsed Gaussian beam incident on a lossy dielectric halfssphfe ¢ = 0.0, 0.167). The
peak frequency of the incident pulse was 3.0 GHz. The discretizationsAvere Ay = Az = Apeai/20.

follow, the field energy is propagating normal to the interface Excellent absorption is provided by the absorbing layer with
as opposed to parallel to the interface as it does in the shieldethtively coarse discretization. The L2TDLM ABC produces
microstrip problem. reflections less than 75 dB over the bandwidth of the pulse for
The reference (1006 100 x 100 cells) and trial (100« the free-space case. Introduction of the conductivity in the half-
100 x 60 cells) solutions where discretized &;/20, Aex  Space region further reduces the reflection introduced by the
being the wavelength associated with the effective frequentgundary to less than90 dB. This is in part due to propagation
and fog = 3.0 GHz (the peak of the spectrum of the drivindoss but proves that the L2TDLM ABC is stable and effective in
pulse). Thisis equivalentto a cell sizedf: = Ay = Az = 5.0 simulations utilizing lossy media.
mm; hence fgria = fer/2. The corresponding time step was The properties of the L2TDLM ABC were further in-
taken at the CFL = 1.0 limit and, hencA; = 9.623 ps. The vestigated with dielectric materials. Initially, the reflection
simulation was run for 250 time steps. The L2TDLM ABC wasoefficient introduced by the ABC was calculated with a
again placed on all six faces of the simulation region. §he, lossless dielectricef, = 2.0, ¢ = 0.0) filling the half-space.
and¢ ABC profile functions again were all taken to be the sam&his calculation was repeated using a lossy dielectric
The ABC parametes,,,,., was obtained with several simulation(e, = 2.0, 0 = 0.167). Again, the ABC parametep,,..
runs to optimize the performance of the L2ZTDLM ABC. Thavas chosen to b@,.x/weia = 5.0 for both cases. Fig. 3
Gaussian beam was polarized in thdirection and propagated shows both numerical reflection coefficients introduced by the
in the 2 direction. The beam was excited on a total/scatteré@TDLM ABC. The spectrum of the incident field is provided
field boundary located in the = 10 Az plane. A dielectric again to focus attention on the relevant frequencies.
half-space was introduced in the= 20 Az plane. This dielec-  The lossless case shows better thafb dB reflection over
tric half-space extends into the L2TDLM ABC regions. The the frequency bandwidth of the pulse. The monotonically in-
component of the electric field was sampled 28 cells (140.0 mmreasing characteristic of the reflection coefficient caused sus-
away from the L2TDLM interface at the point (50, 50, 38). picion of under sampling at the higher frequencies. It was found
The dielectric half-space was first filled with vacuum (= that the effective discretization in the dielectric wag./14 at
1.0, o = 0.0) and the numerical reflection coefficient calcu3.0 GHz wheré\uias = Ao /+/2, Which meant that the effective
lated. Although not of practical interest, the effect of adding comliscretization in the dielectric was approximately.; /20 at 2.0
ductivity without the presence of a relative dielectric consta@Hz and onlyAg;.1/10 at 4.0 GHz. This is not sufficient sam-
was examined. The half-space was filled with a lossy mediupljng for the entire frequency bandwidth of the driving pulse;
(e, = 1.0, 0 = 0.167), which has an equivalent loss tangen¢specially when proper modeling of any dispersive behavior is
tan 6 = 0.1 at 3.0 GHz. The ABC parametgy,.. was chosen desired. Regardless, the lossy dielectric case produced a reflec-
t0 b€ pmax/weria = 5.0 for both cases. Fig. 2 shows both nution less than-110 dB over the frequency bandwidth of the in-
merical reflection coefficients introduced by truncating the sincident pulse.
ulation region with the L2ZTDLM ABC. Again, it also includes The effect of under sampling at the higher frequencies in the
the spectrum of the pulse excitation. incident pulse was investigated by increasing the discretization
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Fig. 3. Incident pulse spectrum and reflection coefficients for a pulsed Gaussian beam incident on a lossy dielectric halfsspade ¢ = 0.0, 0.167). The
peak frequency of the incident pulse was 3.0 GHz. The discretizationsMere Ay = Az = Apear/20.

by 50%. The reference and trial solutions were scaled appro@i-L2TDLM ABC. This problem is encountered in many
ately to (150x 150x 150) and (150« 150x 120) cells, respec- EMI/EMC problems. It is quite different from the previous
tively. At an effective frequency of.s = 3.0 GHz and a dis- problems in that it is a guided wave problem that allows
cretization of\.4/30, the cell size isAz = Ay = Az = 3.33  unipolar pulse excitations, i.e., pulses with nonzero spectra at
mm andfgiq = 0.75 fex. The simulation was run at the CFL =dc.
1.0 limit, hence, withAt = 6.415 ps, for 600 time steps for a The reference (24 50 x 500 cells) and trial (24 50 x 50
total time of 3.85 ns. Again the L2ZTDLM ABC was placed on altells) solutions where discretized)at; /283.5 in thez andj di-
six faces of the simulation domain. The same source was usegttions and\. /100 in the 2 direction. The effective frequency
The total/scattered field boundary is located in the 20 A> was fog = 25.0 GHz. The equivalent cell sizes ar®r =
plane. The air/dielectric interface is located in the= 30 Az Ay = 0.043 mm andAxz = 0.120 mm; hence fgria = 2.5 feg.
plane. Ther component of the electric field was sampled at (79,he corresponding time step at the CFL = 1.0 limit and, hence,
75, 57) which is 123.2 mm in front of the total/scattered field\t = 96.80 fs. The simulation was run for 2000 time steps.
boundary and 89.9 mm in front of the air/dielectric interfacélhe 2TDLM ABC was placed only on thenormal faces with
The ABC parametep,,.x was chosen to ben.x/weia = 5.5  the other faces being perfect electric conductors (PEC). The di-
for the lossless case amgl,../weria = 5.0 for the lossy case. electric substratesf = 2.2) was six cells (0.72 mm) thick in
Both the lossless and lossy dielectric cases were run again. Thez direction. The microstrip was modeled as infinitely thin,
resulting numerical reflection obtained at this discretization eing six cells (0.72 mm) wide and starting in the= 10 Az
shown in Fig. 4. plane. The microstrip line was excited bytadirected current
The lossless reflection coefficientis less tharb dB overthe source having a Gaussian time history with spectral width as
frequency bandwidth of the pulse. The increase in discretizatishown in Fig. 5 and an effective cutoff frequency of approxi-
removed the monotonically increasing behavior of the reflectionately 30 GHz. The: component of the electric field was sam-
coefficient. The increased resolution improved the lossy casetied 16 cells (3.24 mm) away from the source plane at the point
better than-115 dB over the frequency bandwidth of the puls€3, 26, 37). The interface between the air and dielectric region
Smaller discretizations were not performed since the memamgs treated by using an average of the neighboring permittivity
requirements would have exceeded the available memory on galtues for the field quantities which lie on the interface.
machines. These pulsed Gaussian beam results were in goothe simulation region was first filled with a lossless dielec-
agreement with those calculated previously with those presented (¢, = 2.2, ¢ = 0.0). With several simulation runs to op-

in [1]. timize the performance of the L2ZTDLM ABC, the parameter
Pmax Was chosen to have a valyg .. /wgria = 50.0 for the
D. Shielded Microstrip lossless case. The numerical reflection coefficient due to the

L2TDLM ABC was then calculated. The simulation was then
Finally, we also considered the very practical printed circuitin again using a lossy dielectrie.(= 2.2, ¢ = 0.167). This
problem of modeling a shielded microstrip propagating intis a highly lossy dielectric having an equivalent loss tangent
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effective frequency of the incident Gaussian pulse was 25.0 GHz.

tan § = 0.015, at 25.0 GHz. Similar optimization runs led toupper edge of the frequency band (30.0 GHz), the discretization

the valuepax /weria = 30.0 for the lossy case. The numericalis ~83 cells/\.y in the air region ands 56 cells/Aqg;er within
reflection coefficient due to the L2TDLM ABC was then calcuthe dielectric region for thé direction and is a much finer res-

lated for the lossy substrate case.

cases over the frequency band of intere€i30.0 GHz). Atthe field quantities which lie on the interface.

olution than that in the transverse directions. The incident pulse

Fig. 5 displays the results of these computations. It demaspectrum is significantly over sampled for the entire bandwidth.
strates that the L2TDLM ABC provides for a reflection coAgain, the interface between the air and dielectric region was
efficient better than—75 dB for both the lossless and lossytreated as an average of the neighboring permittivity values for
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TABLE | [2]
SUMMARY OF NUMERICAL REFLECTION
COEFFICIENT RESULTS

(3]

Numerical reflection coefficient

Test Problem ¢, | 0 [5/m?] | Reflection Coefficient [dB] [4]
Hertzian electric dipole
20| 0.000 <7
20| 0.167 <85 [6]
Gaussian beam
(Adiet/20)
* 1.0 0.000 <75 [6]
1.0 0.167 <90
2.0 0.000 <70
2.0 0.167 <110 [7]
(Agiet/30)
20{ 0.000 <75 [8]
2.0 0.167 <115
Shielded Microstrip [9]
2.2 0.000 <7
22 0.167 <7 [10]

The physical size of the absorber is an important issue for didt!l
cussion, especially when one would like to simulate structures
with detail much smaller than the wavelength in the medium. I{12]
was found previously [16] that the effectiveness of the Berenger
PML ABC [9] was reliant on the physical size of absorberto be a
significant fraction of the wavelength in the medium. This doegz13]
not appear to be the case in this instance. The absorber is only
1/8 of a wavelength in free space and 1/5 of a wavelength in thﬁ 4]
dielectric. It is felt that this is the case because most of the en-
ergy is normally incident on the L2TDLM ABC in this guided

wave situation. [15]

V. CONCLUSIONS AND FUTHER WORK

A generalized lossy two time-derivative Lorentz material[1€]
(L2TDLM) model absorbing boundary condition (ABC) has ;7
been introduced. The advantage of the generalized formulation
presented here is that only one equation set is required in the
implementation for all parts of the ABC region. This equation,
set reduces to the appropriate formulation (corner to edge to
face) dependent on the number of independent parameters
present in a given portion of the simulation region. A complet
3-D FDTD implementation was described and its performanc
was evaluated using several two and three dimensional test
cases. The results of these 3-D test cases is summarized in tRel
Table I. They demonstrate that the L2TDLM ABC is a very
effective technique for truncating FDTD simulation regions|21]
dealing with lossy media.

Several practical applications involving the L2TDLM ABC
including micropatch antennas, microstrip filters and couplersg;
have also been investigated. The results of these studies are sum-
marized in [27].

19]

(23]
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