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Ultimate Signal-to-Noise-Ratio of Surface and
Body Antennas for Magnetic Resonance Imaging

Wilfried Schnell, Wolfgang Renz, Markus Vester, and Helmut Ermert, Senior Member, IEEE

Abstract—Approximating the human body by a homogeneous
half-space or cylinder the electromagnetic fields of surface an-
tennas or wholebody antennas for magnetic resonance imaging
(MRI) can analytically be calculated. Using these expressions
the signal-to-noise ratio (SNR) of a general magnetic resonance
detecting antenna can be predicted. We show how the optimum
magnetic resonance antenna must look like to achieve the max-
imum SNR, which will also be presented. Finally, we apply the
derived formulas to special antenna geometries like the single-
and the double-loop coil, the magnetic dipole, and the “birdcage”
resonator.

Index Terms—Magnetic resonance, signal-to-noise ratio.

I. INTRODUCTION

A. Brief History

ODAY, magnetic resonance imaging (MRI) is a common
method for getting insights into the human body. The phe-
nomenom of nuclear magnetic resonance (MR) was found by
Bloch [1] and Purcell [2] in 1946; after stimulation, certain
kinds of nuclei emit electromagnetic waves that can be detected
by a radio frequency antenna (commonly named as an RF coil).
The frequency of the received RF signal depends on the kind
of nucleus (with a certain gyromagnetic constant) and the
strength of the static magnetic field , which is applied during
the experiment: . Thirty years later, a method
was suggested to reconstruct tomographic images from MR
signals recorded in presence of a magnetic field gradient [3],
[4]. The quality of the reconstructed images depends strongly
on the signal-to-noise-ratio (SNR) of the acquired MR signals.
Thus, there is a substantial interest to design antennas providing
the best possible SNR.

B. Calculation of the SNR

Basic research on the SNR of MR signals was conducted by
Hoult together with Richards [5] and with Lauterbur [6]. In the
first article, the noise was assumed to be solely produced by the
antenna itself; in the second one, the sample was also considered
as a noise source (with Boltzmann’s constant and
receiver bandwidth)

(1)
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It is assumed that the sample and the antenna are nearly at
the same absolute temperature. The real part of the input
impedance of the antenna consists of and , which are
related to the load (sample) and to the antenna itself, respec-
tively. The calculation of the signal voltage induced by a
nuclear magnetization (over a small volume ) was based
on a specialization of the Lorentz reciprocity theorem (cf. [7]
for details), which can be stated as follows:

(2)

is the magnetic field which a coil with currentwill pro-
duce at the point of interestwithin the sample. Note that we
use peak vectors for all time dependent valuesin our calcu-
lations

(3)

Combining (2) with (1) will yield an expression for the SNR of
the measured signal generated by the nuclear magnetization
rotating perpendicularly to the static magnetic fieldwith the
angular frequency ( is assumed to be homoge-
neous over the finite volume located at the point of interest)

(4)

and are equal to the power loss within the antenna and the
load, respectively, when the antenna carries a given currentor,
more general, a given current distribution. The losses can be
calculated by integration of the antenna current distribution
and of the resulting electric field over the area of the antenna
and over the volume of the load, respectively

(5)

(6)

means the thickness of the antenna material and are
the conductivities of the antenna and the tissue, respectively.

Once , , and are calculated, the SNR can be pre-
dicted. The calculation of these variables can be done numer-
ically (e.g., [8], [9], or [10]) or analytically. In the latter case,
the sample has to be approximated by a more or less simplified
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model. Depending on the kind of antenna one can use homoge-
neous cylinders (whole body antennas), homogeneous spheres
(head antennas), and the homogeneous half-space (small sur-
face antennas).

At low frequencies, the electromagnetic field can be assumed
to be quasi-static and the currents within the sample can be cal-
culated like eddy currents (cf. [11]). Eddy current solutions exist
for arbitrary shaped antennas in presence of a lossy sphere [12],
an infinite half-space [13], an infinitely long cylinder [14], and
an infinitely long elliptical cylinder [15].

In 1985, the optimum radius and the maximum SNR of a
loop-shaped coil lying directly on a lossy half-space was derived
in [16]

for

(7)

In the following years, a lot of work was carried out to calcu-
late the fields of MR antennas at higher frequencies with prop-
agation effects no longer negligible; especially the fields within
a lossy cylinder generated by an infinitely long bodycoil [17]
and arbitrary shaped coils without ([7] and [18]) and with a sur-
rounding cylindrical shield [19] were presented.

C. Optimization of MR Array Antennas

It is a straightforward approach to combine two or more single
MR antennas to an array antenna to achieve a higher SNR com-
pared to a single coil. As in the general case, the resulting noise
voltages at the output of the different antennas will be corre-
lated to a certain extent and one has to find the optimum com-
plex weighting factors (magnitude and phase) for signal summa-
tion [20] and [21]. If the relative signal strength and phase

and the noise correlation matrix of the signals at the
output of the antennas are known, the optimum
complex weighting factor for antenna is given by ([21, eq.
(19)])

with

... and ... (8)

This will lead to the ultimate SNR that can be achieved with an
array of discrete antenna elements

(9)

In theory, one can take an infinite number of small loop an-
tennas, calculate the signals and the noise matrix, and sum the
infinite number of signals using the optimum weighting factors

. This was done for the quasi-static approximation; an infi-
nite number of small loop coils lying directly on a half-space
(surface coil) can achieve an 8% higher SNR than a single opti-
mized loop coil ([22] and [23]). For the loops lying directly on

a cylinder (human body) the SNR can only be improved by a
small margin of 2% in comparison to an optimum conventional
bodycoil (calculated by [24] with neglection of the accumula-
tion of surface charges at the body surface). In the following,
known calculations will be extended in several ways to account
for the following points.

• Nonzero distance between tissue and antenna array.
• Full wave calculation of the electromagnetic fields (no

quasi-static approximation).
• Noise from the tissueand the antenna itself is considered

within the calculation.
• The array consists oftwo different types of dipole an-

tennas: magneticandelectric dipoles.

First, we will briefly present analytical expressions for a gen-
eral surface coil (Fig. 1) and a general bodycoil (Fig. 2). We will
show that the problem of optimizing the resulting SNR is equiv-
alent to the problem of matched filtering with respect to non-
white noise. We will draw new conclusions from the numerical
evaluation of the resulting formulas. Finally, we present some
examples for adapting the expressions we found to special an-
tenna geometries like the single- and the double-loop coil, the
magnetic dipole, and the birdcage coil.

II. ELECTROMAGNETIC FIELD AND SNROF GENERAL MR
ANTENNAS

A. General Surface Coil

It is convenient to reduce the case of the general MR surface
coil to a simplified model given in Fig. 1 to allow an analytical
treatment. While the lossy tissue is modeled by a homogeneous
half-space with electrical parameters and ,
the antenna itself is modeled by a planar surface current density

in the plane . In the most general case, the surface
current density may consist of two parts: a source-free part

and a curl-free part .
As a source-free field can be synthesized by a vector poten-

tial, we can express by means of a-directed vector poten-
tial . could be interpreted as a magnetic dipole
surface density and is written here as Fourier–Bessel series with
coefficients , where and can be understood as spa-
tial frequencies in - and -direction, respectively

with

(10)

Note that an adequate number of small loop coils carrying the
appropriate currents can approximate the dipole density
and thus the current density .

As is the curl-free part of , it can be derived from a
scalar potential, which is also written as a Fourier–Bessel series

(11)
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Fig. 1. A planar current densityKKK(rrr ) above a half-space with conductivity
� and relative permittivity� . The current density is atz = h.

Fig. 2. A cylindrical current densityKKK(rrr ) enclosing a cylinder (radiusa)
with conductivity� and relative permittivity� . The current density is at� =
b.

Fig. 3. System theoretical representation of the signal of an MR receiving
antenna. Signalxxx with spectrumXXX and noisennn with power spectrumPPP are
filtered by a filterWWW .

Like the polarization current [25, eq. (14)–(71)] may be
seen as result of a electric dipole surface density

with

(12)

A sufficient number of small electrical dipoles with an appro-
priate dipole moment lying in the plane may also be seen
as a representation of and thus .

The electromagnetic field from any given current density
can be calculated using the appropriate dyadic Green’s

function (DGF) [26, ch. 11]. This method fully includes the
influence of the tissue-air boundary, which is often neglected

(b) (c)

Fig. 4. The current distributions (a)KKK (p; �; '), (b) KKK (p; �; ')
(middle), and (c)KKK (p; �; ') for an exemplaryp = 3=m.

in quasi-static calculations; ohmic currents within the tissue
and perpendicular to the tissue surface lead to a charge accu-
mulation at the tissue–air boundary, which, in return, causes an
electrical field. The DGF method also intrinsically accounts for
the field generated by the charge accumulation
of the antenna current density (see Fig. 2. After defining the
continuous eigenvalue parameters of air and tissue, respectively

(13)

(14)

we write the DGF as a Fourier–Bessel series of the vector wave
functions [27, eq. (2)-(185)]:

(15)

(16)

We finally end up with the following expressions for the field
within the homogeneous half-space:

(17)

(18)
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where the weighting coefficients of the vector wave
functions are derived from the Fourier–Bessel coefficients

of the current density multiplied with a transforma-
tion matrix

(19)

Assuming a -directed static magnetic field , the magnetiza-
tion at the point may be written as

(20)

where the factor accounts for the fact that is usually un-
derstood as a root mean square (rms) value (e.g., [23]). If we
choose the point of interestlying directly on the -axis within
the tissue (i.e., ) we derive the following scalar
product:

(21)

with

(22)

and

for
else

which represents the signal strength in (4). On the other hand,
the losses within the tissue may be calculated by (6) and (17)
applying the Parseval theorem (cf. [28, eqs. (3.13b), (4.42)])
and the orthogonality relation for Bessel functions (cf. [27, eq.
(173d)]). We finally end up with

(23)

with

(24)

In a similar fashion the losses within the planar antenna itself
can be written [cf. (5)]

(25)

with

(26)

with being the unity matrix. Putting all together the SNR of a
general surface coil with weighting coefficents may be ex-
pressed in this extremely compact form [cf. (4)]

(27)

with

and

B. General Bodycoil

Like the general surface coil, the general bodycoil has also to
be composed of two parts expressed by a double Fourier series;
a source-free part

(28)

which is caused by a-oriented magnetic dipole density and a
curl-free part

(29)

which is caused by a electric dipole density lying in the
-plane. Here, and represent spatial frequencies in

- and -direction, respectively. The appropriate DGF of
this problem is composed of a double Fourier series of slightly
different vector wave functions (cf. [26, ch. 7])

(30)

(31)

which leads to the electromagnetic field within the conductive
tissue

(32)

(33)

where the weighting coefficients of the vector wave
functions are derived from the Fourier coefficients of
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the current density by with the transformation
matrix

(34)

The functions are coefficients to fulfill the
boundary conditions at the -plane and can be found else-
where ([26, ch. 7] or [19]).

Here, we assume a-directed -field, which means that the
magnetization must be written as

(35)

So the calculation of the SNR of the general bodycoil becomes
very similar to the case of the general surface coil. After
a lengthy calculation, we end up with (27) and a different
integration range . , , and are given by

(36)

(37)

with

(38)

and

(39)

Note that the noise correlation matrix also has elements out-
side the main diagonal. This means that the noise contributions
of the different vector wave functions and are mutually
dependent.

III. U LTIMATE SNROF A GENERAL MR ANTENNA

A. Optimization by Means of the Matched-Filter Theory

Equation (27) is equivalent to filtering the sum of a two-di-
mensional (2-D) signal (with spectrum ) and a 2-D corre-
lated noise source (with power spectrum ) by a filter
(Fig. 3). This implies that the optimization of the SNR can be
conducted by means of the matched-filter theory for nonwhite
noise, e.g., [29, ch. 5]. The following multidimensional exten-
sion of the theory is easy to prove:

(40)

(41)

In the case of a cylindrical receiving antenna, the spatial fre-
quency must be written as . Equations (40) and (41) allow
us to find the optimum Fourier coefficients of the current
distribution , which a planar or a cylindrical receiving antenna
must have to gain the maximum SNR physically possible.

B. Results for the General Surface Coil

Introducing (22), (24), and (26) into the two above expres-
sions leads to the optimum weighting of a planar antenna. Due
to the nature of the signal spectrum of the general surface coil
(22) the optimum current distribution must be synthesized by a
summation of orthogonal current patterns as follows.

• : a rotational symmetric
magnetic dipole density detecting a-oriented -field.

• : a magnetic
dipole density with a dependency detecting an

-oriented -field.
• : an electric dipole

density with a dependency also detecting a-ori-
ented -field, weighted with the optimum spectral
distributions , , and
depending on frequency, distance between the antenna
and the tissue and electrical parameter of the tissue.
In Fig. 4, three exemplary orthogonal current patterns
contributing to the optimum solution are shown.

Assuming the tissue to be homogeneous muscle tissue (for
electrical parameters see [30]) and the magnetization to be fre-
quency independent, we did a numerical evaluation of the max-
imum SNR for different coil-tissue distances with respect to the
frequency. It turned out that a optimum receiver antenna made of
copper is nearly as good as a lossless antenna if the frequency is
higher than approximately 20 MHz and the coil-tissue distance
is small (Fig. 5). With increasing coil-tissue distance, the spec-
tral distribution of the optimum current distribution
grows at higher frequencies. That means that the structural size
of the current distribution decreases with increasing dis-
tance (Fig. 6). For , the optimum spectrum be-
comes divergent for . In this case, an optimum
no longer exists.

C. Results for the General Bodycoil

Using (36)–(39) and (40), a body antenna that achieves an
optimum SNR in any point of interest within the tissue can
be found. But as bodycoils are commonly used to image the
central region of the human body, it is of practical interest to
restrict to the -axis (i.e., ). In this case, all weighting
coefficients vanish except for as can be
seen from (36). This results in a cylindrical current distribution

, which has a -dependency for the -direction.
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Fig. 5. SNR of a copper antenna optimized forrrr = (0; 0; �10 cm) with a
different coil-tissue distanceh: � � � h = 0; � - � -h = 5 cm; and - - -h = 10
cm. For comparison, maximum SNR of a lossless antenna (—).

Fig. 6. Real part of the rotational symmetric contribution of the optimized
magnetic dipole distributionMMM . The antenna (f = 100 MHz) is optimized
for z = �10 cm and has different coil-tissue distancesh: — 0 cm;
- - - 2 cm; � - � - 4 cm; and� � � 6 cm.

Fig. 7. SNR of a lossless body coil solely built of magnetic dipoles and
optimized for a point on thez-axis:b = a = 20 cm (—) andb = 30 cm (- - -).
For comparison, an antenna built of magneticandelectric dipoles (� � �).

As the human body is more or less inhomogeneous we have
to compute with “effective” electrical tissue parameters for the
homogeneous cylinder model. We scaled the parameters of
muscle tissue ([30]) to get the effective parameters found by
[31]. From the numerical evaluation (Fig. 7) we see that electric
dipoles do not play an important role within the optimum
current distribution as long as the antenna is close to the surface
of the tissue and the frequency is below 100 MHz. Similar to
the optimum surface antenna, the structural size of the optimum
cylindrical current distribution decreases with increasing ratio
of antenna radius to body radius (Fig. 8).

Fig. 8. Real part of the magnetizationMMM of a cylindrical lossless antenna
that is optimized for the coordinate originrrr = (0; 0; 0). The results are plotted
for a fixed load radiusa = 20 cm and four different antenna radiib (f = 100
MHz): 20 cm (—); 22.5 cm (- -); 25 cm (� - � -); and 27.5 cm (� � �).

IV. A PPLICATION TO SPECIAL CASES

A. Loop Coils

1) The Conventional Loop Coil:In its simplest design a sur-
face antenna is just a loop coil (radius) made of copper wire
(wire radius , see Fig. 9). Assuming a zero coil-tissue distance

and quasi-static conditions the optimium coil radius of a
lossless coil was found by [16]: (7). The frequency dependency
was partly analyzed by [32]. In [33] it was shown that lossy coils
must have a bigger coil radius than lossless coils. All effects
can easily be studied with the formulas we found if we apply the
appropriate weighting function of a circular line current

(42)

All other coefficients must be set to zero. Calculating the coil
losses we have considered two possibilities.

1) The wire radius is independent of the loop radius.
The losses are proportional to

(43)

2) The wire radius is scaled like the coil radius: .
Thus, the antenna losses are independent of

(44)

Finally, we found the following expression containing integrals
without an analytical solution as shown in (45), at the bottom
of the next page. A numerical optimization of(Fig. 10) shows
a theoretical verification of an effect found by [33]; lossy coils
must have a bigger coil radius than lossless coils. Whereas
a lossless coil would have a vanishing coil radius for a
coil-tissue distance bigger than a certain value depending on
the depth of the point of interest and on frequency, the radius
of a lossy coil increases again for large distances. This trend
reversal is due to the fact that the coil losses become dominant
of the tissue losses with increasing.

2) Small Magnetic Dipole Antenna:In [34] it was suggested
to use a loop coil with a vanishing radius and to optimize
its distance to the tissue. The quasi-static calculation showed
that this magnetic dipole is best placed at . If we
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Fig. 9. A circular line currentIII with radiusa and distanceh to the tissue.

keep in mind the relation , we can
easily calculate the optimum distance for any given frequency
with (45), as shown in (46) at the bottom of the page. Obviously,
a coil made of material with a finite conductivity will have
infinite losses when its radius approaches zero. The numerical
optimization (Fig. 11) shows that even a relatively large dipole
coil (coil radius cm and wire radius mm resulting
in ) has a much smaller SNR than a superconducting
dipole of same size. A lossless dipole coil at MHz has
an SNR of 75, which is only slightly less than the SNR of 79
of a lossless loop coil with optimum radius and tissue distance
(Fig. 10).

3) Dual-Loop Coil: In 1996, a dual-loop coil configuration
was presented in [35]. The two loop coils with radiuslie in the
same – -plane. They carry a current with the same magnitude

but with a phase difference of , and have a center-to-center
distance of . As the expressions shown were only valid for
quasi-static conditions and a zero antenna–tissue distance, we
wanted to overcome these restrictions by extending our expres-
sions for the field of a simple loop coil. Doing so we converted
(17)–(19) into Cartesic coordinates by a Hankel–Fourier trans-
formation to find more suitable expressions for the proposed

Fig. 10. a and (S=N) for a 10-cm-deep point of interest and for
different coil-tissue distancesh at f = 64 MHz. The parameter is� = R=a:

lossless coil; copper with� = 0:1; and copper with� = 0:01.

Fig. 11. (a) Maximum SNR of a small loop coil (a = 1 cm,� = 0:1, and
z = 10 cm and (b) optimum distanceh to the tissue. — lossless antenna
material, and - - - copper coil.

(45)

(46)



SCHNELL et al.: ULTIMATE SNR OF SURFACE AND BODY ANTENNAS FOR MRI 425

Fig. 12. Optimum parametersa (?), b (+),' (�) for maximized SNR of the point(0; 0; �10 cm) as a function ofh for f = 64 MHz. Comparison of
lossless coils (–) with lossy copper coils with wire radiusR = 0:005a (- -), both at 64 MHz.

dual-coil problem (shown in [36], with and
)

(47)

(48)

Now the electromagnetic field of the dual-surface coil can easily
be derived from a superposition of the fields of two single-loop
coilswithatranslationof onthe -axis

(49)

Wearriveat

(50)

for the -fieldat thepointof interest andat

(51)

for the losses within the lower half-space. If we assume the radius
of the wire scaling with the radiusof the loop ( ), we

can calculate the ohmic losses of the two loop antennas by

, where is the skin depth of the wire material ( ).
Introducing theaboveexpressions into (4)givesus theSNRof the
dual-loopcoil,whichcanonlynumericallybemaximizedasinthe
caseof thesingle loopcoilandthedipolecoil.

We calculated the optimum parameters (Fig. 12) for the max-
imum SNR of a point 10 cm below the tissue surface (
MHz). A comparison of lossless coils with copper coils (

) shows a behavior like the single loop coil: while
and of the losslessdual-loop coil decrease with in-

creasing distance to the tissue, , and of the lossy
dual-loop coil increase. For MHz and cm
the lossless dual-loop coil achieves a 22% SNR gain over the
optimized single-loop coil (19% for copper, single loop with

, dual loop with ).

B. Birdcage Resonator

The so-called “birdcage” resonator (introduced by Hayeset
al.[37]) is a special kind of body resonator that can ideally be
represented by a sourceless cylindrical current density [cf. [24,
eq. (1)]]

with (52)

otherwise
(53)

on a cylinder surface with radius: Fig. 13. It is easy to show
that an unloaded birdcage resonator with (i.e., only -di-
rected currents) has a completely homogeneous circular-field
for all points surrounded by the antenna (i.e., ). Choosing
just the real part of (53) gives us an antenna with a lin-
early polarized field (-direction). To maximize the SNR in the
center, the length of the resonator has to be optimized with
respect to the radii and . In [24], this was done under the
quasi-static assumption: with a birdcage resonator with
optimized length gains 98% of the maximum SNR
physically possible. To get a design rule for higher frequencies,
we can use the found expressions for the SNR of a general body
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Fig. 13. The “birdcage” resonator may be modeled by a cylindrical
magnetization with length2c and a sinusoidal dependency in'-direction.

coil by applying the appropriate Fourier coefficients for the bird-
cage coil

(54)

and . Similar to the optimum radius of
a lossy loop coil (Fig. 10), the optimum length of a lossy
birdcage resonator always has to be larger than the optimum
size of a lossless antenna: Fig. 14. This effect is easy to see
for conditions where the coil losses become dominant of the
tissue losses: at a low frequencyor for a large antenna–tissue
distance . But opposed to of a lossless loop coil,
of a lossless birdcage becomes zero only for low frequencies if
the distance to the tissue is increased.

V. DISCUSSION

From the presented results we come to the following conclu-
sions.

1) The quasi-static assumption for the field calculation of
MR antennas is only valid up to MHz.

2) The SNR of an optimizedlosslessantenna is indepen-
dent of the distance to the tissue as long as the coil-tissue
distance is smaller than the depth of the point of interest
within the tissue.

3) At higher frequencies an antenna array synthesized by
magnetic dipoles perpendicular to the tissue surface
cannot reach the maximum SNR physically possible.
To reach the limit a second kind of dipoles has to be
employed for synthesizing the MR array antenna: here
we suggested using electric dipoles parallel to the tissue
surface, but magnetic dipoles parallel to the tissue surface
could equivalently be used.

4) Convenient MR antennas (loop coil, birdcage) nearly
reach the physical SNR limit under the following condi-
tions: low frequency, low intrinsic antenna losses, small
distance to the tissue, and optimum size of the antenna.
With these constraints a loop coil can reach 90% of

Fig. 14. Optimum half lengthc of a birdcage resonator at the frequencies
f = 1 MHz ( ), 50 MHz ( ), and 100 MHz ( ). The resonator is either
lossless (—) or made of copper (- - -). The antenna has the same radiusb as the
cylindrical tissuea: b = a = 20 cm. Note that there is no visible difference
between the lossless and the lossy resonator atf = 100 MHz as the tissue
losses dominate the coil losses by far at this frequency.

the maximum SNR up to a frequency MHz, a
birdcage even up to MHz.

Detecting an NMR signal with the maximum SNR physically
possible requires an antenna current distribution which is unlim-
ited in the spatial frequency space (discrete spatial frequency

and continuous spatial frequencies and , respectively).
A technical realization of the optimum antenna will only ac-
count for the spatial frequencies up to a certain limit. Therefore
the tradeoff between these “spatial cutoff frequencies” and the
gained SNR is of particular interest. Different spatial lowpass
filterings could be treated using the presented formula to find
the optimum relation between SNR and the costly technical ef-
fort for the MR receiving antenna.
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