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Analysis and Design of Doubly Curved Piezoelectric
Strip-Actuated Aperture Antennas

Hwan-Sik Yoon, Gregory Washington, and Wilhelmus Hendrikus Theunissen

Abstract—Recently, aperture antennas that have the ability to
change their reflector shape through the use of piezoelectric ac-
tuators have been studied. The results show that those antennas
can exhibit beam steering and beam shaping in the far field. How-
ever, many of the previous studies have been confined to cylindrical
shape antennas. This study examines the use of “doubly curved”
antenna structures to achieve better performance in controlling an
antenna’s coverage area. The spherical antenna is modeled as a
shallow spherical shell with a small hole at the apex for mounting.
Following Reissner’s approach, a stress function is introduced and
two governing equations are derived in terms of the stress function
and the axial deflection. Next, the surface deflections are evaluated
from the calculated stress function and the axial deflection. As ac-
tuators, four lead-zirconate-titanate (PZT) thunder actuators are
attached along the meridians separated by 90, respectively. The
forces developed by the actuators are expanded in a Fourier series
and fed into the governing equations as boundary conditions at the
outer edge. Finally, the deflection versus applied voltage is calcu-
lated analytically and its effect on the far-field radiation is given.

Index Terms—Aperture antennas, mechanically adaptive
antennas.

NOMENCLATURE

Modulus of elasticity of the antenna shell.
Shear modulus of the antenna shell.
Stress resultant in the radial direction.
Stress resultant in the circumferential direction.
In-plane shear stress resultant.
Index for the terms in the Fourier expansion.
Moment couple on the surface perpendicular to the ra-
dial direction.
Moment couple on the surface perpendicular to the cir-
cumferential direction.
Twist moment couple.
Piezoelectrically induced force-per-unit length.
Transverse shear resultant on the surface perpendicular
to the radial direction.
Transverse shear resultant on the surface perpendicular
to the circumferential direction.
Radius of curvature of the antenna.
Variable in the radial direction of the polar coordinate.
Displacement of a shell element in the radial direction.
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Displacement of a shell element in the circumferential
direction.
Outer radius of the antenna aperture.

: Inner radius of the antenna aperture.
Thickness of the antenna shell.
Surface load in the radial direction.
Surface load in the circumferential direction.
Surface load perpendicular to the surface.
Displacement of a shell element in the axial direction.
Width of a PZT actuator.
Variable in the circumferential direction.
Poisson’s ratio of the antenna shell.

I. INTRODUCTION

SINCE the introduction of aperture antennas, the problem
of dynamically varying the coverage area has been one of

the main concerns of engineers in this area [1]. The develop-
ment of reconfigurable reflectors and subreflectors represents a
viable method of obtaining this goal [2], [3]. The performance
of an antenna can be deteriorated by surface distortion of the
antenna or by atmospheric disturbances caused by weather or
environmental factors. In addition, beam steering leads to un-
wanted satellite reorientation. These deficiencies have led to
the development of phased array antennas and adaptive elec-
tromagnetic structures [4]–[7]. Recently, as an alternative to the
conventional antenna techniques, parabolic “singly curved” an-
tennas that employ lead-zirconate-titanate (PZT) actuators have
been studied by Washington [8] and Yoon [9]. Such antennas
have the ability to change their shape by applying a voltage to
the piezoelectric material that is bonded on the reflectors’ sur-
face. These antennas are capable of achieving beam steering and
beam focusing.

In this paper, a “doubly curved” (bowl-shaped) adaptive aper-
ture antenna utilizing PZT strips as actuators is studied. Some
investigators have studied piezoelectric composite shells of var-
ious shapes where the piezoelectric material covers the whole
area of the shell [10], [11]. In this study, however, the structure
is modeled such that the piezoelectric actuators are strips that
are bonded on small portions of the shell. The geometry of the
antenna allows the use of Reissner’s shallow shell theory [12].
The piezoelectric actuation is derived from externally applied
forces along the outer edge of the actuators. With the calculated
force applied as boundary conditions, the amount of deforma-
tion of the reflector surface is calculated analytically.

Finally, the far-field radiation pattern of the antenna is simu-
lated from the deformed shape of the antenna.
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Fig. 1. Shallow spherical shell.

II. SHALLOW SPHERICAL THIN SHELLS

The complete theory of shallow spherical thin shells can be
found in the literature [12], [13]. A synopsis will be given here,
for clarity, along with the more salient points relating to the
active aperture system in question. The governing equations for
a shallow spherical shell shown in Fig. 1 can be simplified as
follows:

(1)

(2)

(3)

(4)

(5)

As was summarized by Kraus [13], neglecting the contributions
of transverse shear stress resultantsand and omitting the
external loads such as and reduce (1) and (2) to the
following:

(6)

Fig. 2. Schematic of the spherical antenna with PZT actuators.

(7)

The above equations are satisfied if one introduces a stress func-
tion by which the stress resultants are expressed as follows:

(8)

It can be shown that the strain-displacement equation leads to
the following compatibility equation:

(9)

where

By substituting the following strain-stress equations

(10)

(11)

(12)
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Fig. 3. First-mode actuation force expanded in Fourier series(N = 100).

Fig. 4. Second-mode actuation force expanded in Fourier series(N = 100).

into (9) and resorting to (8), one gets

(13)

Note that (13) is an equation of the stress functionand the
deflection in the axial direction . Substituting and from
(4) and (5) into (3) results in

(14)
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The shear resultants and and moment couples
and are written in terms of the curvature as follows:

(15)

(16)

(17)

(18)

(19)

where

Substituting these relations, which relate shear resultants and
moment couples to the axial deflection into (14), results in

(20)

Therefore, the original five equations of force equilibrium have
been reduced to two homogeneous equations ofand . The
two reduced governing equations, (13) and (20) can be rewritten
as

and (21a)

(21b)

where and satisfy the following equations:

(22a)

(22b)

(22c)

where

(22d)

The general solutions for (22) are as follows:

(23a)

(23b)

(23c)

where ’s, ’s, and ’s are coefficients to be determined by
applying boundary conditions. Finally, the radial and circum-
ferential displacement and can be written as

(24)

(25)

where and are arbitrary functions of integration. In an-
alytical studies of mechanical systems, spherical structures are
easier to model and analyze than their paraboloidal counterparts.
In order to keep the analysis as simple as possible while simulta-
neously maintaining the accuracy associated with paraboloids, a
geometric technique was used to find the family of spheres that
best approximate paraboloids.

III. M ODELING OF THEANTENNA SURFACE

For the actuation of the antenna, four high deflection PZT
thunder actuators are used. The antenna is a shallow spherical
shell made of thin polymer called LEXAN, with a small circular
portion around the apex cut out. Four actuators are bonded along
the meridians separated by 90, respectively, on the back sur-
face of the antenna. The front surface of the antenna is painted
with a thin layer of conductive paint to improve antenna perfor-
mance. A schematic of the antenna is shown in Fig. 2. When
the piezoelectric component of the actuator is energized by a
positive or a negative voltage, its length expands or contracts,
respectively. The expansion or contraction of the piezoelectric
part introduces bending moments in the actuator and forces into
the structure of the reflector. The actuators deform the reflector
in a quasi-static manner meaning that the operating frequency
is very low compared to the time constant of the mechanical
system. Therefore, one does not need to consider any dynamics
of the mechanical system. This also means that the reflector is
not optimal for scanning. The effect of the piezoelectric actua-
tion is modeled as external forces applied along the outer edge
of the antenna in the direction perpendicular to the antenna sur-
face. These forces push or pull the portions of the outer edge
where the actuators are extended, thereby causing the antenna
structure to deform in desired ways. Since there are four actu-
ators, one can achieve various configurations of forces by ap-
plying different amounts of voltage to each actuator. To be able
to apply the induced forces as boundary conditions of the gov-
erning equations of the antenna structure, it is necessary to ex-
press the forces in an analytical form such as Fourier series. In
the current analysis, two different configurations of forces are
used to generate two intended shapes of antenna. These config-
urations give some of the possibilities that can be achieved using
the current configurations of the actuators. Other force config-
urations can be achieved by using different actuator configura-
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TABLE I
PARAMETERS OF THEANTENNA MODEL

tions. The force configurations in this study can be expressed in
a Fourier series as the following:

(26a)

(26b)

where and are the shear stress resultants corresponding
to the first and the second mode (beam steering and beam
shaping) of the antenna respectively. In the above equations,

is the width of the actuators, is the outer radius of the
antenna, and is the applied force per unit width. In this
model, the applied force is calculated based on the result of
the actuation of a singly curved beam structure. In other words,
applying the force to a singly curved beam generates the
same amount of tip deflection as will be seen when the beam is
actuated by a PZT actuator bonded along the beam. The forces
represented by (26) are shown in Figs. 3 and 4 when . In
Fig. 3, positive force is applied at and negative force
is applied at . This configuration of forces produces
a steering movement in the antenna and the radiation pattern
associated with this mode will show a shift in the main lobe.
This mode is called the first mode or the beam steering mode.
Fig. 4 shows that positive forces are applied at and

and negative forces are applied at and
. The deformed antenna shape corresponding to this

force configuration is defined as the second-mode shape. The
radiation pattern for the second mode can be used for beam
shaping. Beam shaping in this instance means widening or
narrowing the main beam.

Since the lowest power in the Fourier series of the first-mode
force is one, a special treatment for the mode is necessary as
was outlined by Reissner [12]. When , the two arbitrary
functions and in (24) and (25) become multivalued
in terms of the circumferential angle. This problem can be

removed by introducing an additional stress functionof the
form

(27)

to (21b). Once this is done, , and for can be
rewritten as the following:

(28)

(29)

(30)

In the above equations, the following relation between and
was used to make and univalued:

(31)

Like other cases, where [(28)–(30)] contain eight unde-
termined coefficients given by and the four

’s from . For the terms corresponding to’s other than
, one has to resort to (21a)(21b) and (23). In (23), there are

eight coefficients corresponding to every positive integer of.
When , four coefficients exist. Since the four coefficients

and are not associated with, they are ig-
nored in the current loading case where the applied forces are
dependent on the circumferential angle.

The eight undetermined coefficients in (23) require eight
boundary conditions. The boundary conditions for the first and
the second mode of the antenna actuation are listed below.

At (outer edge)

(32a)

(32b)

(32c)

for the first mode (32d)

for the second mode. (32e)

At (inner edge)

(33a)

(33b)

(33c)

(33d)

Since the antenna is clamped along the inner edge, the boundary
conditions at are zero deflection.
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Fig. 5. Undeformed shape of antenna (all units in meters).

Fig. 6. Antenna shape in the first mode (all units in meters).

Fig. 7. Antenna shape in the second mode (all units in meters).

IV. RESULTS

The deflections and were calculated for the two
modes. The parameters used for calculating the deflections are

listed in Table I. The undeflected shape of the antenna surface is
shown in Fig. 5, where all dimensions are in meters. Using the
results of (21)–(22), the first and the second mode shapes of the
antenna are plotted in Figs. 6 and 7. For the two actuated shapes
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Fig. 8. Simulated radiation pattern of the undeformed antenna.

Fig. 9. Simulated radiation pattern of the first mode shape(V = 300).

of the antenna, the far-field radiation pattern was simulated with
respect to the applied voltage and is shown in Figs. 8–12. The
far-field radiation is calculated using the methodology devel-
oped by Rahmat-Samii and Galindo-Israel [14]. The induced
physical optics current on the reflector is given by

(34)

Fig. 10. Simulated radiation pattern of the first mode shape(V = �300).

where is a unit normal vector to the reflector surface andis
a position vector of the reflector. By the far-field approximation

, the magnetic intensity vector and the
electric field intensity vector can be represented as follows:

(35)

(36)

where

In Fig. 8, the radiation pattern for the undeformed antenna
shape is plotted. It shows the main lobe at the center and several
side lobes around it. Figs. 9 and 10 show the radiation pattern
for the first mode actuated by 300 V and300 V, respectively.
One can see that the main lobe and side lobes steer according
to the polarity of the applied voltage. Figs. 11and 12 show a
flattening and widening of the main lobe. As expected, the first
mode shows beam steering and the second mode shows beam
shaping.

V. CONCLUSIONS ANDFUTURE WORK

The work in this study outlines the methodology for the next
generation of reflector antennas. In order to accomplish this, a
doubly curved piezoelectrically actuated aperture antenna was
modeled and analyzed. The deflections of the structure were
calculated using shell theory augmented with piezoceramic el-
ements. The far-field radiation was calculated using physical
optics techniques. This study shows that an active aperture an-
tenna can be developed and used to change far-field radiation
patterns by shape changing. It has been known for quite some
time that the effects on the far-field radiation shown in this study



762 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 48, NO. 5, MAY 2000

Fig. 11. Simulated radiation pattern of the second mode shape(V = 300).

Fig. 12. Simulated radiation pattern of the second mode shape(V = �300).

can be achieved by moving the feed with a rigid reflector. How-
ever, there are a myriad of shapes that one can achieve in this
formulation that cannot be achieved by feed point variation.
These shapes stem from the application of different combina-
tions of voltages to the actuators. In addition, extra actuators can
be added to give even more shape possibilities. An additional
caveat of this formulation stems from the capacitive nature of
the actuators. The actuators use high voltages but consume very
little current. This means that the overall power consumption
needed to make a control move is small.

Future work in this area will consist of a working prototype
whose performance will be tested experimentally. The data ac-
quired from the field test will be compared to the one analyt-
ically calculated in this paper. Also, a control unit, which will

calculate and apply voltages to each actuator, will be developed
and tested.
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