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Dipole Radiation over an Inhomogeneous Thin Sheet

Richard G. GeyerSenior Member, IEEEANd James R. Wait

Abstract—A general Sommerfeld integral formulation is given Z
for the electromagnetic (EM) fields of an oscillating vertical 1
magnetic or electric dipole over an electrically inhomogeneous
thin sheet. The electrical properties of the sheet are characterized
by a conductance function that is an arbitrary function of spatial -
coordinates. When the conductance function has axial symmetry Ho» € 9
relative to the source dipole, the general solution form simplifies >
to a Fredholm integral equation of the third kind. The general .
solution is shown to reduce to the special case of an infinite sheet z=0 ———
having uniform conductance. When the sheet conductance is either 72=0 S=od=1f(p,¢)
uniform or varies linearly, the field expressions show an algebraic
dependence on the conductance. For a general inhomogeneous Uo €
conductance distribution, the field dependence is not algebraic.

Index Terms—Dipole antenna, nonhomogeneous materials, thin
films. 2 (@

I. INTRODUCTION

formance of electromagnetic (EM) devices. For many Ho» &
antennas a flat metal sheet is used as a reflector, or ground
plane, that redirects half the radiation into the opposite di- z=0" !
rection, improving the antenna gain by 3 dB and partially =0 s=od=f<6,¢)
shielding objects on the other side. Although conductive
surfaces are useful as reflectors, they also reverse the phase Wy €
of reflected waves and support propagating surface waves.
Without quarter-wavelength separation of the conductive
ground plane from the antenna, destructive interference occurs 2 (b)
resulting in poor antenna efficiency [1]. The shape and size of
the ground plane is controlled by the application environmeR. 1. (a) Vertical magnetic dipole or (b) vertical electric dipole over an
of various antenna systems and influences radiation charac@fetrically inhomogeneous conducting thin sheet.
istics [2]-[5]. One approach for examining ground plane effects
with a view to tailoring radiation characteristics is to consider ||, GENERAL HERTZIAN POTENTIAL FORMULATION
a vertical magnetic or electric dipole above an electrically . . . . .
inhomogeneous thin sheet. Here we consider the limiting case>€cause the thin sheet is not spatially uniform, both induced
where the EM response of the conductive sheet depends cpfgclic and magnetic sources must be considered. In general,
on the conductancé and not on the conductivity or sheet®f @ region containing both electric and magnetic sources the
thicknessd considered separately: that is,— oo andd — o field for ¢/* time dependence may be expressed as
so thatsd is finite. We allowS to be inhomogeneous, that is

Z
. Ids
HE presence of electric conductors affects the per- —_ —
I
I

J« = >

7

—] O e—

E = —II° + V(V - II°) — jwueV x II™ ()
S=od= f(p,¢) (1) and

H=+’II" 4+ V(V-I™) + (0 + jweo)V x II¢ (3)
The problem geometry for a magnetic dipole or an electric
dipole over such an inhomogeneous sheet is shown in Fig. lwhere

I1¢ andII™ electric and magnetic Hertz vectors, re-
spectively;
v = jk propagation constant characterizing the
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A. Vertical Magnetic Dipole or

The primary Hertz vector for the vertical magnetic dipole
above the sheet is only of the magnetic type and has only a non- 1
vanishingz-component in (2) and (3), which may be written as

N ANTENNAS AND PROPAGATION, VOL. 48, NO. 10, OCTOBER 2000

m _ A |:/ u(z h) JO()‘p))\d)\

—uz jng
- A Gy 2 + Z / “Ju(Ap)de (18)
(pv ¢a ) - [pg + (Z _ h)2]1/2 and
_ M/Oo o—ula=t1 202\ oy g I = MZ/ B\ 2 SL(p)dae?. (19)
0 U
whereu = (A2 — k2)}/2 andM = IdA/4r andAis the area of FOrz <0
the loop. The well-known expressions for the field components ind
of a magnetic dipole in free-space may be obtained from (4) by Iy =M Z/ Cn( Jn(Ap)dAe (20)
means of (2) and (3) without the need of an electric Hertz po-
tential. The dipole, however, interacts with the conductive shet
to produce secondary fields that require both electric and mag- 115 = MZ/ D,( T.(Ap)dre™®.  (21)

netic Hertz potentials.

The boundary conditions at the thin sheet [6], [7] are simplontinuity of the radial and azimuthal electric field at= 0

expressed as

yields
Ey1 = FEyo, 5)
s ’ 2 7/ ing
E, = E,,, ©® Z / Bp(MA2TL(Ap) dAe?
Hyy — Hyo = —Jyd=—0dE, = (o, 9)E, (7) o “© A
n( jne
H,i—H,»=Jyd=0dE, = f(p,$)Es ®) + Z wion | —J (Ap) dAc
where J, and J, are the components of the current density oo .
within the sheet. Z /0 D (MN2T),(Ap) dA e’
The secondary Hertz potentials may be written in general n=-oo -
form as twpe S m / GNA; Gpyare (22)
A . n=—oo 0 P
e, =M Ye =0, (Ap) dX ™? 9
1,5 n_z:m/ ” (Ap)dre (9) and‘ . N
' —= n B, (M)A, (Ap) dré?
g, =M Z / Ne 20, (Ap)dred™®  (10) pn;oo 0
n=—oo =\ ,
)\ —i—jwuo/ ZJh(Ap)eT A
Iy, = M Z / 2T, (Ap)dae™®  (11) o U
n=—oo u > > )\2 ;
- + jwhg Z / AN =T (\p)dXei™®
U
5, =M Z / D,( T.(Ap)dAe™®  (12) n=-oo
nETee Z / Dy (MM, (Ap) dX ™®
whereA,,(\), B,(\), C,(A), andD,, () are functions to be de- A—
termined based on the conductance function of the thin sheet and , °° A, ind
the boundary conditions. TJwtio Z /0 Cn ()‘) Jn(Ap)dA e, (23)

From (2) and (3)

The required discontinuities in the radial and azimuthal mag-

VAR . m
= g g _ J@ho a;j) (13) netic field components across= 0 are expressed by
pdz p -
1 92I1¢ a1 / eI\
== jwho—— 14 0(Ap) dA
) 0 9607 + Jwiio ap (14)
21TmMm K e
p= aapg7 L@ +;w6°) 881; (15) Z / NA2T,(Ap) dA e
1621 g o
— = _ q we
b = P adx?z (O' +Jw60) ap (16) 0 Z / )\p) d)\cju,qb
At a field point0 < = < A, -
C,(MX2T (Ap) d\ e
oy =177, + 107 a7 n_z,:oo
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T (Ap) dXe™?

WOZ /D

n=—0o0

0 [——z [
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+ jwtio < / A Ty d
0 u
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or
m _ = u(z—N) A
I (p,z) =M e —Jo(Ap) dA
0 u

e A
4 / AN)e™ 2 o(Ao) dA
0
0<z<h (33

Enforcement of the boundary conditions at the sheet surface

o o0 2 ) .
+ > / AN (M) dA ¢>] (24) Yields
n=—oo V0 “ _ —uh
and AN = C(A) —e™™". (34)
i~ = n For the other coefficient an integral equationGig)) remains
< MAT, (Ap) dA e
pn;mn/o WATu(Ap) dre to be solved
s > —LL L2 w
— Jweg Z / Bn(A) == J;,(Ap) dA &/"? CA) = e~ ! NO/ flp
S
" £
i oo X J Ji(Ap)] déd 35
LS [Teoninae | c@ernennomdds @
P Jo
o - wherea = (¢2 — k?)1/2.
— jweo Z / D, (\)==J, (Ap) dAe?™? 2) Complete uniformity of sheet conductandss a check
et Jo on the results thus far, we note that f8r= f(p) = od =
00 00 constant (uniform conductance of sheet) that
+ 10, ) [ 3 / B (MAZT,(Ap) dAei? )
e O = o - 107t / et
WHO e A
Bl A Ap)drei™?| . (25
P n;m /0 (W7 In(Ae) (25) x / pd1(Ep) L (\p) dp dE (36)
0
For the general inhomogeneous case, an infinite set of ing® that by use of the identity
gral equations must be solved fdy,, B,,, C,,, andD,,; practi- 1 0o
cally, this set must be truncated, but it is difficult to make any S8 —N) = / pd1(Ep)J1(Ap) dp (37)
mathematical generalizations with respect to truncation without £ 0
a priori knowledge of the conductance variatiffp, ¢). we obtain
1) Azimuthal symmetry of sheet conductan@ne simpli- ol
fication of the sheet conductance is that it be axi-symmetric or C(\) = 2uc (38)
thatS = f(p). Then 2u + jwpood

which is the expected result [7].

m = —UZA
7"(p, 2) :/0 A(N)e Jo()\P) dX; z>0 (26) B. Vertical Electric Dipole

Sommerfeld [9] has derived formal expressions for the
fields due to an electric dipole current element of strerdgth
over a conducting half-space. For the uniformly conducting
= D()) = 0. The field components are then writtenhalf-space, the fields can be represented everywhere in terms
of a Hertz vector with only & component. In the case of the
inhomogeneous sheet, the primary Hertz potential above the

oo ,,)\
(o) = [ O a(nd z<0 @)

andB(A)

E,=H, :a%m (28)  sheetis only of the electric type and may be written as
Eq5 = jwio ap (29) . Ids e— 7R
92II™ (30) Hl,p(ﬁv (/)7 Z) - E R
= Ids [ 1 Jo( A
? T 9pdz =% o—ule—nl Jol p))\d)\ (39)
aQHm 47
H.=—— —II". (31) _ o _
Oz whereR = [p?+(z—h)?]*/2. Again the dipole interacts with the
For an observer position at< » < h inhomog_eneous condu_ctive sheet to_ produce secondary fields
that require both electric and magnetic Hertz vectors.
The general solution forms may be written in a form analo-
oy =1y, + 17 (32) gous to those of a vertical magnetic dipole over an inhomoge-
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neous sheet. At < » < h, thez-directed electric and magneticAs long as the conductance of the thin sheet is uniform, the

Hertz potentials are written dependence of the Hertzian potential components varies alge-
braically with respect terd in the case of magnetic or electric
I = M* [/Oo pula—1) Jo()\P))\d)\ dipole excitation. Except for the case of linear variation of the
0 conductance function, however, this is generally not true for an

inhomogeneous sheet.

+ Z / Qu(Ne 20, (Apydrei™? | (40)

I1l. NUMERICAL EXAMPLE

Consider, for example, the case of a Gaussian variation in
the conductance function for the axi-symmetric case of vertical

=M Z / Jn(Ap)dAe’™®  (41)  magnetic dipole excitation; that is
e = ae~ 53
whereM® = Ids/(4x). Forz < 0, Hp) = ae (53)
so that
= MF*° Z / 114 Jn(Ap) dA cind (42) Can quoa o0 52
and x e~ EENEN L (e /a2)) de (54)
e e Jn¢
I =M n;oo/ Vae'™ 2 In(Ap)e 43 \wheren (€2 ++2)1/2 and1; is the modified Bessel function

of order one. Equation (54) is a Fredholm integral equation of
Boundary conditions given by [5]-[8] may be applied for a gerthe third kind with a nonseparable nonsymmetric kernel. For
eral conductance function, and in the case of azimuthal symimerical convenience, we form a Fredholm integral equation

metry, whereP()\) = U()\) =0 of the second kind with a symmetric kernel by multiplying both
- \ sides of (54) by the factox®/2(\2 — k2)~1/* so as to obtain
I (p, z) = M* [ / MM Z T (Ap) dA
/0 )\“ / K\ OG((E) de (55)
+ [ ametnona| @)
where G(\) = M/2C\)/(X2 — Y4 F(\) =
and AB/2e=(N—k)M2h (32 k2)1/4 and the modified kernel
I5(p, 2 / V(A JO()\p) dX. (45) for a Gaussian conductance variation is
K(\o=K(E&X
The field components are given by (X:8) (?’ ) 12
_ _JwWhoa A§
Hp = E¢ =H,=0 (46) - 4b2 ()\2 _ k2)1/2(£2 _ k2)1/2
. I 2 \2y /(ap? A¢
Hy=— v —(E7HAT)/ (46%) 25
¢ = —(0+ jweo) P (47) X e I < 4b2> ) (56)
271Te
= g g (48) The modified integral equation may now be solved by
pdz
a?He ) N
Bi=—y —71I (49) G(\) = F(\) + Y DiE (N A)G(N)),
j=1
for 0 < z < h. Enforcement of the continuity of the radial i=1,2,....N (57)
electric field at the sheet surface and the discontinuity in the
azimuthal magnetic field yields whereD; are quadrature weighting coefficients. In matrix no-
tation
Q) =" = V() (50)
[G] = [F]+ [K][D][&] (58)
where
- so that
_ —uh U _
VO = e s ey ) 0) (6] = (U] - [KIIDD) ™ [F]. (59)

% / V(&)E[EpIi(Ep) i) dedp.  (51) We now evaluat¢] for V points and findC'(A;) and A(A;)
0 fori = 1,2,..., N. Equations (30), (31), and (33) are then
For complete uniformity of the sheet used to determine the secondary magnetic field components
arising from the prescribed conductance distribution. The re-
quired Hankel transforms are evaluated by using a quadratic La-
grange collocation polynomial for unequally spaced arguments

_ JCU(:O(]. +e uh) —uh
Yy = Jjweo(l + e )y +uod’ (52)
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Fig.2. Sheet conductance variation as function of radial distance from verti€a@. 3. Wavetilt behavior for vertical magnetic dipole excitation of
magnetic dipole axis. inhomogeneous sheet having Gaussian conductance variation versus
homogeneous sheet.

so that the Bessel function integrations are calculated anal%tlijrface impedance. It could also be used to define the limita-

cally (see Append|x). . . tions of remote sensing of buried conductive targets when an
Fig. 2 depicts the normalized conductance variation of an i

: . ﬁl]homogeneous conductive overburden is present [11].
homogeneous sheet from the axis of an elevated vertical mag-
netic dipole. Fig. 3 compares wavetilf{. /H |, behavior over

the inhomogeneous conducting sheet with conductance varia-
tion given in Fig. 2 with that of a sheet having a uniform con- The expressions for the evaluation of the field components
ductance of 1 S. Here the normalized height= 27(h/X\o) = involve integrals of the type

0.02, is much less than the free-space wavelengthNulls in

the wavetilt amplitude are shifted toward the direction where b

od increases and deviations of the wavetilt from that of a homo- gm(p) = / FA)Tm(Ap) dA

geneous thin sheet become larger as the horizontal offset from
the dipole axis becomes larger. Also shown is the variation \%ere for axi-symmetric conductance distributions, = 0
wavetilt as a function of normalized observation heightl,. or 1. We approximatef(}) by second-order poly’nomials
Forp/_h > 1.’ dl_fferences in wavetilt become larger as the Otih short sections and perform the integrations analytically.
servation point is closer to the sheet surface; wavetilt nulls, ¥y F()) is represented by the discrete pairs, fi), the
the other hand, occur at greater normalized radial distantes quaératic polynomial is fit to three pointa;, f;) (>\i+71 Zf;+1)
asz/h — 1. and (Ai12, fi+2). Thus, if f(A) is represented by the relation
f) = lo + 11X\ + 12)% wherely, 1, andl, are the Lagrange
interpolation coefficients, we may write

APPENDIX

IV. SUMMARY COMMENTS

Thin sheet models have successfully been used in subsurface

b
communication studies at frequencies where the conducting 90(p) = FN)Jo(Ap) dA

sheet has a thickness small compared to a plane-wave skin 9 pAige

depth [10] in the sheet. Such a model gives better agree- %Z/ [lo + LA + A% Jo(Ap) dX
ment with transmission measurements than do the fields of i=1 "N

a homogeneous half-space model. A general analysis of a /1

dipole-excited inhomogenous thin sheet in terms of induced = Z <;[J1()‘i+2p)fi+2 = Ji(hip) fil
Hertzian electric and magnetic sources has been presented, Z=}

both for magnetic and electric dipole excitation and where the + —O[J 1(ip) — Jit(Nig2p)]

sheet either has no conductance symmetry or is excited off any p

axis or plane of symmetry. This model is particularly simple in + Z_[Jil()\i_'_Qp) — Ji(N\ip)]

that it requires only the conductivity thickness prodadtas a p?

_functl_on of spatlgl coordlnates_. Whe_n the range of parameters + 1_22[)\i+2<]0()\i+29) — Ndoip)]
is defined for which the model is applicable, it could potentially

be used for tailoring the radiation characteristics of an antenna Iy

over an inhomogenous ground plane having a nonuniform B E[‘]l()‘i“p) B Jl(Aip)])’
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and

i=1" A
q
-y %[,]O(Aip)f‘ — Jo(Ai2p) fie]
i=1
1

- ?[ll(Jl()\ip) — J1(Aig2p))
+ 2L (AN J1(Aip) — AigaJ1(Mig2p))]

+ %[Jil()\ip) - Jil()‘i-l-?p)])

whereq = (m — 1)/2, m is odd, andf(\) is represented by
points, and where

Jin(y) = /°° Jlt(t) dt.

The Lagrange interpolation coefficients are determined to be
(10]

lo = Aip1 Aig2 P
(A = XNig1) (N — Xiga) "
Aidig2
+ i
(Aig1 = A)(Aig1 — Aig2) S
AiNig1
+ [ ’
Corz = A)Ovrz — o) 42
Iy = A1 — Aigo P
(i1 — AN = Aig2) ™"
Ai + At
+ i
(A = Ait1)(Nig1 — Aig2) Jiet
Ai + Aig1
+ [ ’
(A = Aig2)(Nig2 — Aig1) fi2
and
I = : £
? (A — Aig1) (A — Xiga) "
+ : I
(M1 — A)Aig1 — Aig2) o
1

+

(Air2 = A)(Aig2 — Aigr) firz
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