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Scattering from Dielectric-Coated Impedance Elliptic
Cylinder

Abdel-Razik SebakSenior Member, |IEEE

Abstract—The scattering properties of an impedance elliptic cylinder coated with a material layer of large complex index
cylinder coated with a homogeneous material are investigated an- of refraction has been treated by Syed and Volakis [11] who
alytically. The method of separation of variables together with the used a more accurate higher order IBC on the outer surface of

impedance boundary condition (IBC) are used to determine the . : - . . .
field distributions in each region for both the TM and TE excita- the coating layer to simplify their analysis. The formulation for

tions. The technique can be easily extended to handle any number Scattering from an imperfectly conducting cylinder coated with
of layers. The behavior of the scattered field in the far zone isillus- a lossy dielectric has been given by Parriktal. [12]. They

trated with numerical results for different core and coating mate-  applied the exact boundary conditions at the coating surfaces
rial types, axial ratio, and electrical sizes. and an IBC on the cylindrical core. Also, the IBC has been suc-

Index Terms—Cylinders, electromagnetic (EM) scattering, cessfully used by Wait and Conda [13] to compute the radiation
impedance boundary conditions (IBCs), nonhomogeneous media. pattern of an antenna on a curved lossy surface. A general treat-
ment of uniformly coated antennas using IBCs is discussed by
Huddleston and Wang [14]. In addition, an efficient method for
the computation of ground wave attenuation for a curved earth
E XACT analytic solutions for the problem of electromagyyith arbitrary surface impedance has been developed by Hill

netic (EM) wave scattering by homogeneous objects aggq Wit [15].
known for a limited number of object shapes. These solutionsTpg paper is concerned with the problem of EM scattering
play an important role in the investigation of scattering and rgom an elliptic cylinder with an IBC coated with a confocal
diation problems. The exact solution for scattering by dielegjelectric or magnetic material. This problem has not yet been
tric and coated circular cylinder have been obtained by Wait [iHvestigated analytically and it has wide-ranging applications
and Wang [2]. The general series solution for scattering of E areas such as reduction of radar cross section using different
waves by a dielectric elliptic cylinder has been investigated Ryating material, controlling the radiation characteristics of
Yeh [3]. Ragheb and Shafai [4] have studied the exact serigsated antennas, and in verification of new developed numer-
solution of scattering by a coated, perfectly conducting elliptigs| and approximate techniques. For imperfectly conducting
cylinder. Aside from providing exact solutions for their respeGpjects or objects with relatively thin coatings, the IBC is a
tive geometries, they are invaluable in the evaluation of approxsasonable one and eliminates the need for the inclusion of
imate and numerical solutions. For imperfectly conducting anfle interior fields. This simplifies the formulation and reduces
coated objects with electrically dissimilar materials, the concepjs computation time considerably. The analysis described in
of surface impedance [5] may be used to model their charays paper is based on the eigenfunction technique, where the
teristics. The surface impedance is commonly used to Mogsiy) fields inside the dielectric (magnetic) coating and in the
imperfectly conducting scatterers, perfectly conducting objeqterior regions are expanded in terms of elliptical harmonics,
coated with a penetrable or absorbing layer, or scatterers Wit mathieu and modified Mathieu functions with unknown
corrugated or rough surfaces. A general treatment of high-figgnansion coefficients. These unknown coefficients are deter-
quency scattering by impedance circular cylinder is given Byined by an infinite system of simultaneous equations, which
Uslenghi [6]. The Galerkin’s method combined with ellipticyre determined by imposing appropriate boundary conditions.
cylindrical harmonics functions and the impedance boundajy order to generate numerical results, the series solution is
condition (IBC) are used in [7] to investigate the scattering frofyncated in a suitable fashion to obtain a finite matrix. The
an elliptic cylinder with discontinuous surface impedances. Thgger of such a matrix depends on the electrical size and
scattering properties of impedance spheres [8], spheroids ;B%perty of each region and the degree of required accuracy
and the usefulness of the IBC [10] have been studied previousfym the solution.
The scattering of a plane EM wave by a perfectly conducting |, the following sections, the exact series solution to the scat-
tering problem for the TM polarization, is presented. The so-

. . . _ lution is general and valid for both lossless and lossy dielectric
Manuscript received August 30, 1999; revised May 8, 2000. This work was . . O
supported by the National Sciences and Engineering Research Councilnll)?‘terIaIS by aIIowmg acomplex value for the permittivity in the
Canada. coating region. Numerical results related to the amplitude of the

The author is with the Department of Electrical and Computer Engscattered far field for various geometrical and material parame-
neering, University of Manitoba, Winnipeg, MB, R3T 5V6, Canada (e'ma'lt:ers as well as for different angles of incidence are included and
sebak@ee.umanitoba.ca).

Publisher Item Identifier S 0018-926X(00)09357-1. discussed.

. INTRODUCTION

0018-926X/00$10.00 © 2000 IEEE



SEBAK: SCATTERING FROM DIELECTRIC-COATED IMPEDANCE ELLIPTIC CYLINDER 1575

Il. FORMULATION

The geometry of the scattering problem and parameters
employed in the formulation are shown in Fig. 1, where the
core of the scatterer is an elliptic cylinder with semimajor and
semiminor axes andb and a semifocal length'. The core may
be considered as a perfectly conducting elliptic cylinder totally
coated with a homogeneous confocal absorbing or imperfectly
conducting layer (dark area in Fig. 1). The core is characterized
by an arbitrary surface impedanég, which depends on its
surface and EM properties. The impedance cylinder is coated
with a confocal homogeneous layer of permittivity, perme-
ability .1, and a characteristic impedange = (y;/e1)'/?,
as shown in Fig. 1. The semimajor and semiminor axes are
denoted bya; andb, for the outer surface of the impedanceF. 1
loading. The exterior environment is taken to be free space with ™
permittivity ¢,, permeability., and a characteristic impedance
Z,. An incident plane wave, withxp(jwt) time dependence, The subscriptg andoe denote even and odd types, respectively.
is normally incident, on the cylindrical structure. The incident
wave is, in general, polarized arbitrarily which can be resolve®| Scattered and Transmitted Waves

into two components TM and TE waves. Each can be treatedExpressions for the scattered and transmitted fields inside the

separ_atel_y. Detailed analysis leading to the solution for the Tc%ating material can be derived by solving Helmholtz equation
case is given below.

in the elliptical coordinate system using the separation of vari-
able technique. The-component of the scattered electric field,

~ for & > &, may be expressed in the form
Alinearly polarized plane EM wave is incident at an angfle

with respect to the:-axis, on the cylindrical structure of Fig. 1.

Geometry of the scattering problem.

A. Incident Wave

For the TM case, the electric field, in each region, has only an E = Z BenRel (¢, £)Sem(c, n)
axial componenk. . The electric field of the incident wave may m=0
be written as o0
| | + Y BopnRolD(c, €)Som(c, n) )
E; _ Eoejk(xcos¢7+ysin¢7) (l) o}

whereE, is the amplitude of the incident electric field ahds Where B, are unknown expansion coefficients aRef,y) and
the wave number in free-space. Ro%Y are theeverandoddmodified Mathieu functions of fourth

It is usually convenient to express the field quantities ikind. The values of the expansion coefficients have to be deter-
the elliptic cylindrical coordinate&s, 7, z), wherex = F¢n, mined through the use of the boundary conditions.
y = F\/& —1,/1 — n%. The expansion of the incident elec- Similarly, the transmitted electric field inside the coating re-
tric field, in terms of Mathieu and modified Mathieu functionsgion can be expressed in terms of appropriate modified Mathieu

may be written in the form functions as
E, k(@ cos ¢ +ysing’) _ Z AemRem(l)(c, £)Sem(c, 1) EZ — Z ([CemRe%)(cl, £)
m=0 m
- (2)
+ Z Aom R0V (¢, €)Som(c, ) +DemRe, (e, 5)} Sem{er, )
met ) + |:OOmRO£,11) (Clv 5)
Where +DOT"RO£72L)(017 S):| Sonl(clv 77)) (6)
Acyp = \/gijosem(c’ cos d)i)/Nem(c) (3) wheree; = ki F, Reg,%) andRog,Ql) are theevenandodd mod-

ified Mathieu functions of second kind aré ,,, and D.,, are
ande = kF. Se,, andSo,, are, respectively, thevenandodd unknown expansion coefficients; is the wave number in the

angular Mathieu functions of ordet, Re'!), Ro{%’ are the even coating region.

and odd modified Mathieu functions of first kind afé:,,, and The unknown expansion coefficients given above in (5) and

No,, are normalized constants [16] and given by (6) can be determined by applying the boundary conditions, i.e.,
the IBC on the core surface = & and continuity of the tan-
gential components of the electric and magnetic fields across

2w
2
Nen(c) = /0 [Senle.m]” dv, n=cosv. (&) e boundary. = &;. The tangential magnetic field component
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may be expressed in terms of the corresponding axial electiiins decouple completely from those add functions. Thus,

field component and is given by one obtains two subsystems of linear equations for the even
and odd unknown expansion coefficients. For #venfunc-
=] 2 —10E, 7 tions case, the subsystem of equations is expressed as
T 2wpF\ 2 -2 o () 0,1,2,...for

CenReP(ey, + De,RelP(cq,
C. Formulation of the Boundary Conditions [ 0 (e1, &) (e 52)}
s 1 2

1) Core Boundary:We now introduce the concept of the =~/ [CCnReZ( Y(e1, &) + DenRel, Py, 52)} - (13)
surface impedancg, and define a relative surface impedance ) _ )
ns, such thatZ, = n,Z;. On a scattering surface with a surfacé©r theodd functions case, the subsystem of equations is ex-
impedanceZ, that depends on the surface coordinates and nf§€ssed as =1, 2, ... for
terial properties of the scatterer, the IBC takes the form [5]

[ConRo® (1, &) + DonRoP (e1, &)]

E—(E-n)=Z(ix H) 8) s
L = —Jz— [COnRO;L(l)(Ch &) + Doy Roy, ey, 52)} (14)
where E and H are the total fields and is the unit outward L

normal vector 4 = £). In this study, the surface impedance isvhere the prime denotes derivative with respect tBquations
chosen to be independent of the axial directipthat is,Z, = (13) and (14) may be used to elimindi,, andDo,,, i.e.,

Zs5(n).
The equivalent form of (8) on the surface of the impedance Den = =Fep - Cepy (15)
cylinder¢ = & may be written as with
EL(cl, &, ) = Zs(nH,(cl, &, n). ) RY(cr, &)+ jns Jer R, Ve, &)
ey = —= ol . 16
Equation (9) must hold for all allowed valuesel < n < 1.A ° RSL)(% &) +J'775/ClR’§n(2)(cl, £) (16)

substitution of the field expressions (6) and (7) in (9) provides .
an equation for the unknown expansion coefficients of the trans2) Coating-Free Space Boundaryfhe second set of the
mitted fields. boundary conditions on the surfage= &; is given by

The essential complication of the elliptical geometry now be-
comes apparent. The individual terms in the series (6) and (7)

cgn.not be matched term by ter_m. We_, t'herefore, use a met@lﬂ)stituting forE.’s andH,’s from (2), through (7) into (17),
similar to the_perfectly conductlng elliptic case [4] and Obta'_ﬂmultiplying the results byS. . (c1, ), integrating over the con-
a system of simultaneous equations for the unknown expansig()r of the cylindrical boundary and applying the orthogonality
coefficients. The above procedure provides an analytic solutighn1athieu functions [16], the terms involvingvenfunctions

for the general scattering problem involving an arbitrary SUfiecouple completely from thoseafidfunctions. Thus, one ob-
face impedance. For a perfectly conducting cylinder coated withins two subsystems of linear equations for the even and odd

an imperfectly conducting or absorbing layer of thickn@ss \nknown expansion coefficients. For teeenfunctions case,

and relative permittivity and permeabiliey. and s, the sur- 4,4 subsystem of equations is expressed as0, 1, 2, .. . for
face impedance on the outer surface of a thin coating is given

by Uslenghi [6]

E.+E;=FE, and H,+H;=H), ({=¢&. (17)

> Men(er, ) [AenBel) (e &)+ BenReld(e, &)

. c . m=0,1,2
Z(n) % jy |22 tan(ki Ay/epic) & jki A(muc 7 (10) . ,

‘e = Ne(e1)Cen [RelP(er, &1) = PenRe(D(er, €1)] (18)
where Z; is the characteristic impedance of the dielectric re- oo
gion. For a thin coating\(r) can be represented in terms of theu1 /1o Z Mepm(cr, €
metric coefficienth, andé¢, a small variation of abouté,. It m=0,1,2
is given by . [AemRe:n(l)(c, £1) + BenRe!, @ (e, 51)}

1/2
Aln) = hese = F[(& - ))& - D266 (A1) = New(er)Cen [Re;<1>(c1, £1) — Pe,Re, @ (cy, 51)} .

which upon substitution in (10) yields (19)

Zy(n) = n.(&3 — 772)1/221 (12) Forthe odd functions case = 1, 2, 3, ... the corresponding

subsystem of equations is given by
wheren, = jeip.6¢/(£3—1) is a complex quantity and. may -
be real or complex. (0 (4
M nm bl A rnR m ] B rnR m bl
Substituting forE.’s and H,,’s from (6) and (7) into (9), m; ) onm{ct; €) [ om B0 (¢, &)+ Bom Koy, (e 51)}
multiplying the results by . (c1, 1) and applying the orthogo- Y W @
nality of Mathieu functions [16], the terms involvirgyenfunc- = Nop(c1)Con |:R0n (c1, &) — PonRoy,/ (cx, 51)} (20)
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---o--- Cylindrical Harmonics

o>
p1/ o Z Mo, (c1, ©) 25 , — This Method

m=0,1,2

. [AoanO;n(l)(C, 51) + BornRO;n(LL) (C, 51):|

= Nop(c1)Cop [302(1)(017 &) — Po,Rol, P (cy, 51)}
(21)

whereN.,, is given by (4) and

27
Mgrnn(cv cl) = / Sgnl(cv U)Sgn(clv 77) dU, n= COsv. E '
’ (22) -5 +————

T T T 1
Equations (18)—(21) may be used to eliminétg,. The final 0 45 98 135 180
result is a system of linear equations for the unknown expan- ¢
sion coefficients of the scattered fields which may be solved for _ _ _ _ _
Beo m=0.1.2 andBo. m =1.2.3 Fig. 2. Normalized TM echo widthy /A for a circular dielectric-coated
ey TR T e T e e R impedance cylindera/\ = 1.5, a; /A = 2,61 = 2, ¢ = 180°,

The case of a TE polarized wave scattered by an impedance- 0.64 — j0.37).
elliptic cylinder coated with a homogeneous material can be
treated in the same way. The resuls for the matrix elements 30 -
are identical to (18)—(21) and may be obtained by substituting h

(11, €1, ) by (1, p1, 1/ns) with Z,(n) = n,(—n*) 22,
for the TE case.

—— This Method
---o--- Cylindrical Harmonics

IIl. FAR-ZONE FIELDS

The near and far scattered fields can be computed once the
coefficientsBe,,, and Bo,,, are known. The scattered far field
at very large distances from the cylindrical structure can be de-
duced from (5) by using the asymptotic expansions of the modi-
fied Mathieu functions [16]. In the far zone, the following limits
can also be made

T T T T 1
. 0 45 90 135 180
glm & — ko,p, and n = cosd. (23) ¢°
Using the above limiting values in (5), the expressions for tI'ﬁ‘Q 3. Normalized TE echo widtlr/\ for a circular dielectric-coated

. . . impedance cylindera/A = 1.5, a, /A = 2,e.1 = 2,0° = 180°,
z-component of TM polarized wave is given by i _?0.37)_”(/ >l ‘ '

E® =, | o—ike Z i [BemSem(c, n)+BomSom(c, n)]. and (6) are terminated to include only the fifétterms, where
. kop — N, ingeneral, is a suitable truncation number proportional to the
(24)  structure’s electrical size and shape. In the following results, the
The scattering cross section per unit length, i.e., the echo wid{jue of v has been chosen to impose a convergence condition
is of particular interest in scattering problems. It is defined fQrat provides solution accuracy better than four significant fig-
the TM wave as ures. It is found thatV, for even- or odd-ordered coefficients,
B2 is of the same order ds a;. Hence, the total number of terms
Z in the series solution is aboRk; a;. The axial ratio and surface
impedance have a negligible effects dh The following nu-
=A ij [BemSem(c, n) + BomSom(c, 7)]. (25) merical data are generated for nonpermeable coating materials,
m i.e., up1 = 1, although the analysis is carried out and similar
results can be presented for gmy.
To check the validity and accuracy of the proposed method
and associated code, the angular distributions of the normal-
In this analysis, the exact solution for EM scattering by aimed radar cross section per unit length (echo width) are shown
impedance elliptical cylinder coated with a homogeneous mate-Fig. 2 for the TM case and in Fig. 3 for the TE case. The
rial is given in terms of four uncoupled linear systems of equaeatterer is a coated impedance circular cylinder. For both TM
tions for the even- and odd-ordered expansion coefficientsafid TE cases, the normalized echo width\ for a core with
both evenandodd function. In order to solve these linear sys#, = 0.64 — j0.37, corresponding to a typical ferrite absorbing
tems of equations faBe,,, and Bo,,, the infinite series (2), (5), material coated with a dielectric layerl = 2, is in perfect

O'((/)) - 27rp 1‘h1<1£loo |.EIZ |2

IV. NUMERICAL RESULTS
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Fig. 4 Normalized TE _l:Jacksc_atterir_\g echo W.idth)é/\ for an impedarlce Fig. 6. Normalized TE forward and backscattering echo widt}ia for a
elliptic cylinder coated with a dielectric versus incident angl¢X = 0.7, reactive-loaded elliptic cylinder versus surface reactanga (= 2, a;/A =
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Fig. 5. Same as in Fig. 4, but for the TM polarization case. Fig. 7. Same as in Fig. 6, but for a resistive-loaded elliptic cylinder.

agreement with the result generated by cylindrical harmoniaad X ;. The resistive coating, however, reduces the backscat-
solution similar to the one given in [6]. tered, but enhance the forward scattered field.

The dependence of the backscattered field on the angle of inFig. 8 shows the effect of changing the dielectric coating
cidencee for different surface impedances is shown in Fig. 4 fimickness on the TM backscattered field for a resistive coating,
the TE case and in Fig. 5 for the TM case. For all directions of imlso shown as a reference the perfectly conducting case. For all
cidence, it may observed that both conducting£ 0.5—50.5) coating thickness’ considered, the resistive coating decreases
and resistivesf, = 0.5) coatings tend to decrease the backscahe backscattered field. As the dielectric coating thickness in-
tering echo width compared with the perfectly conducting caseeases, resonance-like peaks occur in the backscattered field
with no coating. An inductive coating){ = ;0.5) tends, for due to the contribution of the surface wave that trapped inside
a wide range of incident angles, to increase the backscatterihg dielectric and propagated around the cylinder.
echo width. The effect of the coating dielectric constagtl() for different

Numerical results for the TE backscattered and forward scéthd of impedance conditions on the TM backscattered field is
tered echo widths for impedance elliptic cylinder are shown shown in Fig. 9. The core is an impedance elliptic cylinder with
Fig. 6 for reactive coating), = X,) and in Fig. 7 for resistive two different values ofy, coated with a thick dielectric material.
coating ¢js = R;). As the reactance increases the contributidmis evidentfromthe results shownin Fig. 9that the backscattered
of the surface wave to the back and forward scattered fields freldis considerably reducedfortheresistive coatipg£ 1).
creases due to the propagation of the coupled energy withouFinally, the normalized backscattering echo widifika;
attenuation around the cylinder. The resonance-like behavioffiom a dielectric-coated impedance cylinder as a function
Fig. 6 is due to the interference of the surface wave with tled the frequency is shown in Fig. 10. The results show that
wave reflected back at the front of the cylinder. Such kind dfoth the magnitude and width of the resonance-like envelopes
interaction depends on the circumference of the cylingerh, depend on coating conditions. For all considered values of
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Fig. 8. Normalized TM backscattering echo widihgA for an impedance
elliptic cylinder coated with a dielectric versus coating thicknégs\ (= 0.5,
a/b=2,¢e1=2,¢" =90°).

Fig. 9. Normalized TM backscattering echo widthgA for an impedance

elliptic cylinder coated with a dielectric versus coating dielectric constant

(a/AN=0.5,a1/A=1,a/b=2,a;/by = 1.11,¢* = 0°).

7.2

Fig. 10. Normalized TM backscattering echo widthé\ for an impedance
elliptic cylinder coated with a dielectric versus electrical size/@ = 1.5,
a/b=2,a1/b =1.225,¢,1 =2,¢" =0°).

the frequency, the resistive coating results are less than those
corresponding to perfectly conducting case with no surfac?w]

impedance loading.
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V. CONCLUSION

In this paper, an analytical solution for EM scattering by a di-
electric coated impedance elliptic cylinder was developed and
numerical results in the resonance region were presented for
both TM and TE polarizations. The scattered and transmitted
fields were expressed in terms of Mathieu and proper modified
Mathieu functions in each region in terms of unknown expan-
sion coefficients. These coefficients were obtained by numeri-
cally solving four uncoupled systems of linear equations.

The validity and accuracy of the numerical results were
examined by making use of limiting cases such as circular
cylindrical structures and perfectly conducting elliptic cylin-
ders coated with dielectrics. Numerical results were also
given for different angles of incidence, coating materials,
surface impedance, and operating frequency, which were of
useful values for development of approximate and numerical
techniques as well as antennas and radar applications. The
computed results showed that the magnitude of the scattered
fields may change considerably with small changes in these
parameters.
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