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Abstract—The scattering properties of an impedance elliptic
cylinder coated with a homogeneous material are investigated an-
alytically. The method of separation of variables together with the
impedance boundary condition (IBC) are used to determine the
field distributions in each region for both the TM and TE excita-
tions. The technique can be easily extended to handle any number
of layers. The behavior of the scattered field in the far zone is illus-
trated with numerical results for different core and coating mate-
rial types, axial ratio, and electrical sizes.

Index Terms—Cylinders, electromagnetic (EM) scattering,
impedance boundary conditions (IBCs), nonhomogeneous media.

I. INTRODUCTION

EXACT analytic solutions for the problem of electromag-
netic (EM) wave scattering by homogeneous objects are

known for a limited number of object shapes. These solutions
play an important role in the investigation of scattering and ra-
diation problems. The exact solution for scattering by dielec-
tric and coated circular cylinder have been obtained by Wait [1]
and Wang [2]. The general series solution for scattering of EM
waves by a dielectric elliptic cylinder has been investigated by
Yeh [3]. Ragheb and Shafai [4] have studied the exact series
solution of scattering by a coated, perfectly conducting elliptic
cylinder. Aside from providing exact solutions for their respec-
tive geometries, they are invaluable in the evaluation of approx-
imate and numerical solutions. For imperfectly conducting and
coated objects with electrically dissimilar materials, the concept
of surface impedance [5] may be used to model their charac-
teristics. The surface impedance is commonly used to model
imperfectly conducting scatterers, perfectly conducting objects
coated with a penetrable or absorbing layer, or scatterers with
corrugated or rough surfaces. A general treatment of high-fre-
quency scattering by impedance circular cylinder is given by
Uslenghi [6]. The Galerkin’s method combined with elliptic
cylindrical harmonics functions and the impedance boundary
condition (IBC) are used in [7] to investigate the scattering from
an elliptic cylinder with discontinuous surface impedances. The
scattering properties of impedance spheres [8], spheroids [9]
and the usefulness of the IBC [10] have been studied previously.
The scattering of a plane EM wave by a perfectly conducting
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cylinder coated with a material layer of large complex index
of refraction has been treated by Syed and Volakis [11] who
used a more accurate higher order IBC on the outer surface of
the coating layer to simplify their analysis. The formulation for
scattering from an imperfectly conducting cylinder coated with
a lossy dielectric has been given by Parrikaret al. [12]. They
applied the exact boundary conditions at the coating surfaces
and an IBC on the cylindrical core. Also, the IBC has been suc-
cessfully used by Wait and Conda [13] to compute the radiation
pattern of an antenna on a curved lossy surface. A general treat-
ment of uniformly coated antennas using IBCs is discussed by
Huddleston and Wang [14]. In addition, an efficient method for
the computation of ground wave attenuation for a curved earth
with arbitrary surface impedance has been developed by Hill
and Wait [15].

This paper is concerned with the problem of EM scattering
from an elliptic cylinder with an IBC coated with a confocal
dielectric or magnetic material. This problem has not yet been
investigated analytically and it has wide-ranging applications
in areas such as reduction of radar cross section using different
coating material, controlling the radiation characteristics of
coated antennas, and in verification of new developed numer-
ical and approximate techniques. For imperfectly conducting
objects or objects with relatively thin coatings, the IBC is a
reasonable one and eliminates the need for the inclusion of
the interior fields. This simplifies the formulation and reduces
the computation time considerably. The analysis described in
this paper is based on the eigenfunction technique, where the
total fields inside the dielectric (magnetic) coating and in the
exterior regions are expanded in terms of elliptical harmonics,
i.e., Mathieu and modified Mathieu functions with unknown
expansion coefficients. These unknown coefficients are deter-
mined by an infinite system of simultaneous equations, which
are determined by imposing appropriate boundary conditions.
In order to generate numerical results, the series solution is
truncated in a suitable fashion to obtain a finite matrix. The
order of such a matrix depends on the electrical size and
property of each region and the degree of required accuracy
from the solution.

In the following sections, the exact series solution to the scat-
tering problem for the TM polarization, is presented. The so-
lution is general and valid for both lossless and lossy dielectric
materials by allowing a complex value for the permittivity in the
coating region. Numerical results related to the amplitude of the
scattered far field for various geometrical and material parame-
ters as well as for different angles of incidence are included and
discussed.
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II. FORMULATION

The geometry of the scattering problem and parameters
employed in the formulation are shown in Fig. 1, where the
core of the scatterer is an elliptic cylinder with semimajor and
semiminor axes and and a semifocal length. The core may
be considered as a perfectly conducting elliptic cylinder totally
coated with a homogeneous confocal absorbing or imperfectly
conducting layer (dark area in Fig. 1). The core is characterized
by an arbitrary surface impedance, which depends on its
surface and EM properties. The impedance cylinder is coated
with a confocal homogeneous layer of permittivity, perme-
ability , and a characteristic impedance ,
as shown in Fig. 1. The semimajor and semiminor axes are
denoted by and for the outer surface of the impedance
loading. The exterior environment is taken to be free space with
permittivity , permeability and a characteristic impedance

. An incident plane wave, with time dependence,
is normally incident, on the cylindrical structure. The incident
wave is, in general, polarized arbitrarily which can be resolved
into two components TM and TE waves. Each can be treated
separately. Detailed analysis leading to the solution for the TM
case is given below.

A. Incident Wave

A linearly polarized plane EM wave is incident at an angle,
with respect to the -axis, on the cylindrical structure of Fig. 1.
For the TM case, the electric field, in each region, has only an
axial component . The electric field of the incident wave may
be written as

(1)

where is the amplitude of the incident electric field andis
the wave number in free-space.

It is usually convenient to express the field quantities in
the elliptic cylindrical coordinates , where ,

. The expansion of the incident elec-
tric field, in terms of Mathieu and modified Mathieu functions,
may be written in the form

(2)

where

(3)

and . and are, respectively, theevenandodd
angular Mathieu functions of order, , are the even
and odd modified Mathieu functions of first kind and and

are normalized constants [16] and given by

(4)

Fig. 1. Geometry of the scattering problem.

The subscripts and denote even and odd types, respectively.

B. Scattered and Transmitted Waves

Expressions for the scattered and transmitted fields inside the
coating material can be derived by solving Helmholtz equation
in the elliptical coordinate system using the separation of vari-
able technique. The-component of the scattered electric field,
for , may be expressed in the form

(5)

where are unknown expansion coefficients and and

are theevenandoddmodified Mathieu functions of fourth
kind. The values of the expansion coefficients have to be deter-
mined through the use of the boundary conditions.

Similarly, the transmitted electric field inside the coating re-
gion can be expressed in terms of appropriate modified Mathieu
functions as

(6)

where , and are theevenandoddmod-
ified Mathieu functions of second kind and and are
unknown expansion coefficients. is the wave number in the
coating region.

The unknown expansion coefficients given above in (5) and
(6) can be determined by applying the boundary conditions, i.e.,
the IBC on the core surface and continuity of the tan-
gential components of the electric and magnetic fields across
the boundary . The tangential magnetic field component
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may be expressed in terms of the corresponding axial electric
field component and is given by

(7)

C. Formulation of the Boundary Conditions

1) Core Boundary:We now introduce the concept of the
surface impedance and define a relative surface impedance

, such that . On a scattering surface with a surface
impedance that depends on the surface coordinates and ma-
terial properties of the scatterer, the IBC takes the form [5]

(8)

where and are the total fields and is the unit outward
normal vector ( ). In this study, the surface impedance is
chosen to be independent of the axial direction; that is,

.
The equivalent form of (8) on the surface of the impedance

cylinder may be written as

(9)

Equation (9) must hold for all allowed values of . A
substitution of the field expressions (6) and (7) in (9) provides
an equation for the unknown expansion coefficients of the trans-
mitted fields.

The essential complication of the elliptical geometry now be-
comes apparent. The individual terms in the series (6) and (7)
cannot be matched term by term. We, therefore, use a method
similar to the perfectly conducting elliptic case [4] and obtain
a system of simultaneous equations for the unknown expansion
coefficients. The above procedure provides an analytic solution
for the general scattering problem involving an arbitrary sur-
face impedance. For a perfectly conducting cylinder coated with
an imperfectly conducting or absorbing layer of thickness
and relative permittivity and permeability and , the sur-
face impedance on the outer surface of a thin coating is given
by Uslenghi [6]

(10)

where is the characteristic impedance of the dielectric re-
gion. For a thin coating can be represented in terms of the
metric coefficient and , a small variation of about . It
is given by

(11)

which upon substitution in (10) yields

(12)

where is a complex quantity and may
be real or complex.

Substituting for ’s and ’s from (6) and (7) into (9),
multiplying the results by and applying the orthogo-
nality of Mathieu functions [16], the terms involvingevenfunc-

tions decouple completely from those ofodd functions. Thus,
one obtains two subsystems of linear equations for the even
and odd unknown expansion coefficients. For theevenfunc-
tions case, the subsystem of equations is expressed as

for

(13)

For theodd functions case, the subsystem of equations is ex-
pressed as for

(14)

where the prime denotes derivative with respect to. Equations
(13) and (14) may be used to eliminate and , i.e.,

(15)

with

(16)

2) Coating-Free Space Boundary:The second set of the
boundary conditions on the surface is given by

and (17)

Substituting for s and s from (2), through (7) into (17),
multiplying the results by , integrating over the con-
tour of the cylindrical boundary and applying the orthogonality
of Mathieu functions [16], the terms involvingevenfunctions
decouple completely from those ofoddfunctions. Thus, one ob-
tains two subsystems of linear equations for the even and odd
unknown expansion coefficients. For theevenfunctions case,
the subsystem of equations is expressed as for

(18)

(19)

For the odd functions case the corresponding
subsystem of equations is given by

(20)
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(21)

where is given by (4) and

(22)
Equations (18)–(21) may be used to eliminate . The final
result is a system of linear equations for the unknown expan-
sion coefficients of the scattered fields which may be solved for

, and , .
The case of a TE polarized wave scattered by an impedance

elliptic cylinder coated with a homogeneous material can be
treated in the same way. The resuls for the matrix elements
are identical to (18)–(21) and may be obtained by substituting
( ) by ( ) with
for the TE case.

III. FAR-ZONE FIELDS

The near and far scattered fields can be computed once the
coefficients and are known. The scattered far field
at very large distances from the cylindrical structure can be de-
duced from (5) by using the asymptotic expansions of the modi-
fied Mathieu functions [16]. In the far zone, the following limits
can also be made

and (23)

Using the above limiting values in (5), the expressions for the
-component of TM polarized wave is given by

(24)
The scattering cross section per unit length, i.e., the echo width,
is of particular interest in scattering problems. It is defined for
the TM wave as

(25)

IV. NUMERICAL RESULTS

In this analysis, the exact solution for EM scattering by an
impedance elliptical cylinder coated with a homogeneous mate-
rial is given in terms of four uncoupled linear systems of equa-
tions for the even- and odd-ordered expansion coefficients of
bothevenandodd function. In order to solve these linear sys-
tems of equations for and , the infinite series (2), (5),

Fig. 2. Normalized TM echo width�=� for a circular dielectric-coated
impedance cylinder (a=� = 1:5, a =� = 2, � 1 = 2; � = 180 ,
� = 0:64 � j0:37).

Fig. 3. Normalized TE echo width�=� for a circular dielectric-coated
impedance cylinder (a=� = 1:5, a =� = 2, � 1 = 2; � = 180 ,
� = 0:64� j0:37).

and (6) are terminated to include only the firstterms, where
, in general, is a suitable truncation number proportional to the

structure’s electrical size and shape. In the following results, the
value of has been chosen to impose a convergence condition
that provides solution accuracy better than four significant fig-
ures. It is found that , for even- or odd-ordered coefficients,
is of the same order as . Hence, the total number of terms
in the series solution is about . The axial ratio and surface
impedance have a negligible effects on. The following nu-
merical data are generated for nonpermeable coating materials,
i.e., , although the analysis is carried out and similar
results can be presented for any.

To check the validity and accuracy of the proposed method
and associated code, the angular distributions of the normal-
ized radar cross section per unit length (echo width) are shown
in Fig. 2 for the TM case and in Fig. 3 for the TE case. The
scatterer is a coated impedance circular cylinder. For both TM
and TE cases, the normalized echo width for a core with

, corresponding to a typical ferrite absorbing
material coated with a dielectric layer , is in perfect
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Fig. 4. Normalized TE backscattering echo widths�=� for an impedance
elliptic cylinder coated with a dielectric versus incident angle (a=� = 0:7,
a =� = 1, a=b = 2, a =b = 2:2, � 1 = 2).

Fig. 5. Same as in Fig. 4, but for the TM polarization case.

agreement with the result generated by cylindrical harmonics
solution similar to the one given in [6].

The dependence of the backscattered field on the angle of in-
cidencee for different surface impedances is shown in Fig. 4 for
the TE case and in Fig. 5 for the TM case. For all directions of in-
cidence, it may observed that both conducting ( )
and resistive ( ) coatings tend to decrease the backscat-
tering echo width compared with the perfectly conducting case
with no coating. An inductive coating ( ) tends, for
a wide range of incident angles, to increase the backscattering
echo width.

Numerical results for the TE backscattered and forward scat-
tered echo widths for impedance elliptic cylinder are shown in
Fig. 6 for reactive coating ( ) and in Fig. 7 for resistive
coating ( ). As the reactance increases the contribution
of the surface wave to the back and forward scattered fields in-
creases due to the propagation of the coupled energy without
attenuation around the cylinder. The resonance-like behavior in
Fig. 6 is due to the interference of the surface wave with the
wave reflected back at the front of the cylinder. Such kind of
interaction depends on the circumference of the cylinder,, ,

Fig. 6. Normalized TE forward and backscattering echo widths�=� for a
reactive-loaded elliptic cylinder versus surface reactance (a=� = 2, a =� =

2:1, a=b = 2, a =b = 1:76, � 1 = 1, � = 0 ).

Fig. 7. Same as in Fig. 6, but for a resistive-loaded elliptic cylinder.

and . The resistive coating, however, reduces the backscat-
tered, but enhance the forward scattered field.

Fig. 8 shows the effect of changing the dielectric coating
thickness on the TM backscattered field for a resistive coating,
also shown as a reference the perfectly conducting case. For all
coating thickness’ considered, the resistive coating decreases
the backscattered field. As the dielectric coating thickness in-
creases, resonance-like peaks occur in the backscattered field
due to the contribution of the surface wave that trapped inside
the dielectric and propagated around the cylinder.

The effect of the coating dielectric constant () for different
kind of impedance conditions on the TM backscattered field is
shown in Fig. 9. The core is an impedance elliptic cylinder with
two different values of coated with a thick dielectric material.
It isevident fromthe resultsshown inFig.9 that thebackscattered
field isconsiderablyreducedfor theresistivecoating( ).

Finally, the normalized backscattering echo width
from a dielectric-coated impedance cylinder as a function
of the frequency is shown in Fig. 10. The results show that
both the magnitude and width of the resonance-like envelopes
depend on coating conditions. For all considered values of
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Fig. 8. Normalized TM backscattering echo widths�=� for an impedance
elliptic cylinder coated with a dielectric versus coating thickness (b=� = 0:5,
a=b = 2, � 1 = 2, � = 90 ).

Fig. 9. Normalized TM backscattering echo widths�=� for an impedance
elliptic cylinder coated with a dielectric versus coating dielectric constant
(a=� = 0:5, a =� = 1, a=b = 2, a =b = 1:11, � = 0 ).

Fig. 10. Normalized TM backscattering echo widths�=� for an impedance
elliptic cylinder coated with a dielectric versus electrical size (a =a = 1:5,
a=b = 2, a =b = 1:225, � 1 = 2, � = 0 ).

the frequency, the resistive coating results are less than those
corresponding to perfectly conducting case with no surface
impedance loading.

V. CONCLUSION

In this paper, an analytical solution for EM scattering by a di-
electric coated impedance elliptic cylinder was developed and
numerical results in the resonance region were presented for
both TM and TE polarizations. The scattered and transmitted
fields were expressed in terms of Mathieu and proper modified
Mathieu functions in each region in terms of unknown expan-
sion coefficients. These coefficients were obtained by numeri-
cally solving four uncoupled systems of linear equations.

The validity and accuracy of the numerical results were
examined by making use of limiting cases such as circular
cylindrical structures and perfectly conducting elliptic cylin-
ders coated with dielectrics. Numerical results were also
given for different angles of incidence, coating materials,
surface impedance, and operating frequency, which were of
useful values for development of approximate and numerical
techniques as well as antennas and radar applications. The
computed results showed that the magnitude of the scattered
fields may change considerably with small changes in these
parameters.
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