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Radiation of a Hertzian Dipole Immersed in a
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Abstract—The general radiation formula for a Hertzian dipole Il. INTRODUCTION

immersed in an isotropic dissipative medium of infinite extent has . L. . -
been derived. As a boundary condition of the source, itis assumed !N investigating the radiation characteristic of an antenna

that the dipole moment is a given quantity. When the conductivity placed in a semi-infinite dissipative medium, the simplest
of the medium is finite, the total radiating power is found to be in-  problem is to consider a Hertzian dipole. The problem is then
Ii'?itethThollj's' iln Orderttgedﬁ‘:rs‘ﬁlgtf(i;(‘jtf??Rgiggﬁ;?;ﬂi”gf‘gﬁgﬂ‘s' similar to Weyl's problem [1] except that the role played by the
i e dipole mus . o . .
th)é'n afungtion of the thickness oftheinsulatorandthe?:opnstants of two media is interchanged. Mathematlcally, the formulatlon_
the media. When the radius of the spherical insulator is large com- S€€Ms to have been well established. What one has to do is
pared to a wavelength, the reflection coefficient of the wave trav- to interchangek; and k., the propagation constants of the
eling from the dielectric to the dissipative medium with the dipole two media, in Weyl's solution. Before this is done, however,
asasource reduqes_to_thatofaplane_waveasderivedfrom Fresngel’sWe should like to know whether this simple mathematical
gquatlons..The.&mllarlty between this and the problem by Weyl is manipulation has a real physical significance. To give a
iscussed in this paper. . ; J
thorough understanding of the problem, this paper will first
Index Terms—Absorbing media, dipole antenna, electromag- jnyestigate the power relationship of an oscillating dipole
netic (EM) radiation. placed in a dissipative medium of infinite extent. After it has
been established that an infinite amount of power is required
|. PREFACE to sustain the oscillation of a dipole in a dissipative medium,
the problem of an “insulated” dipole will next be considered.

WO years ago, the first author of this paper received L ) :
letter from Dr. J. R. Wait, our beloved friend whom WeIfj}nally, the restriction upon Sommerfeld’s reciprocal theorem

are honoring in this special issue. In the letter, he mentioneda? result of this investigation is discussed.

discussion they had had in 1953 about the physics of electro-

magnetic (EM) radiation in a lossy medium. It happened thii{- HERTZIAN DIPOLE PLACED IN AN ARBITRARY MEDIUM OF

in 1947, Tai wrote a technical report issued by Cruft Labora- INFINITE EXTENT

tory, Harvard University, Cambridge, MA, addressing the same|f we usec/“* as the harmonic time factor for all the quantities
subject. At that time, they had a very delightful discussion affefined in Maxwell’s equations, then the complex amplitude of

this work and became very close professional friends. Over theandH satisfy the following equations in a simple medium:
years, he sent Tai most of the reprints of his papers. He was

certainly one of the most productive scientist in EMs and geo- curllE = — jwuH

physics. . . p
The abovementioned report was never published nor pre- .dIVH =(o+jwe)E+d
sented in a meeting, so it seemed that a paper based on this div(eE) =p
report would be an appropriate remembrance to Dr. Wait. The div(pH) =0 Q)

reviewing board found some errors in the paper based on the

original work (which had been submitted to the AntennasherelJ is the impressed current;, ¢, i are the constitutive
and Propagation Society Transactions Editor). Because of tlmnstants of the medium. It is well known that the EM field
historical interest in the work the reviewing board asked tlgenerated by a Hertzian dipole immersed in a simple medium
second author to revise the paper and make the necessdnpfinite extent can be derived from a simple vector function
corrections. This paper is thus a joint work and becomes a fihle known as Hertzian potential function given by

remembrance to our mutual friend Dr. J. R. Wait.
o Je—jkr . e—jkr
Jj Q— dr =372 (2)
drwe T drer
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The relations betweeE, H andll are N D
NN ~N \\ SO ~ ~
. NN ~ N ~N
E =grad div Il + &°11 (5) NN RSN
NS ~ ~
H = jwe curlII. (6) <~ fm:\\ NENEN § PRI
C \\\\\ N DN LN
By substituting (2) in (5)(6), we can easily derive the explicit <~~~ O < < JOIJISD
y_ g ) . _y : p \\\\\\\ NN PN
solutions forE: andH. Expressed in spherical coordinate¥, ~ O €1 M1 s NS0 25 M2 T
; ~ NS~ NN NN N
and¢, they can be written as RGN ~ s~~~
~
p 2 2k\ g
E= dne cos ¢ <7_3 + ey e Fig. 1. Two Hertzian dipoles immersed in two arbitrary media.

T 2 . ~
+ P gin 9<i + ﬁ — k—) eIy @) To give a better understanding of the problem, we may re-
Ly = ) iterate Sommerfeld’s result. Referring to Fig. 1, we have two
e ST LA 9<i2 n ﬁ) =ik, (8) Hertzian dipoles, with dipole moments andps, respectively,
wp dre T immersed in two simple media. The constitutive constants in the
neighborhood of the dipoles are assumed to be quite arbitrary.

The complex Poynting’s vector is then given by : | i
Then, according to Sommerfeld, if an equal amourga@feris

S =3 EeH; supplied to the dipoles, the following reciprocal relation can be
_ —jwp? sin® 6 [ L, Gk — k) k(k— k) derived:
G r B ré oy V2 ooy V2
(%) Yo = (i 2) U e
+ J 5 :| eI k=k")r. 9) w/ fe1 w/ \fe2
' [2, eq. (18a)].

Conjugate quantities are denoted by an asterisk in (9). TheSommerfeld uses ““* system in his work. Hig corresponds
power radiated outward measured from a sphere of rafliiss to our —j. E. is the component of the electrical field in the

then equal to direction ofp; measured af’;, the site of the dipolg;, due
- to the distant radiation gb, and £, is that measured ab,
P le{/ / SR? sin 6d dd)} the site of dipolep,, in the direction ofp,, due to the radiation
o Jo of p1; V1 andV; are the velocity of propagation in these two
WP 203  4a’B  2ap(a® + 3?) media. If one follows closely the derivation of [2, eq. (18a)] it
~127(a? + 32)2 [F T R will be seen that this equation is derived under the condition that
(11) is used to define the power supplied to a dipole regardless
+ B(a® + /32)2} e 2k, (10)  of the kind of medium in which the dipole is placed. This is,

of course, not true according to what we have shown. For this

It can be shown thal’ is also equal to the volume integral ofreason, Sommerfeld’s formula seems to have no real physical

o|E|? taken over the entire region outside the sphere with radigiginificance unless the media under consideration are perfect
equal toR. dielectrics. With this restriction, his reciprocal theorem should

If the medium is a perfect dielectrie; is equal to zero. read
Equation (10) then reduces to the well-known expression

of the power radiated by a Hertzian dipole immersed in a eV By, = & * VP (12)
nonconducting medium, namely . . .
Returning now to our main subject, we have thus seen that
3o wip? whenever the medium has finite conductivity, we cannot even
o= 127 127eV3 A1) define a radiating power for a Hertzian dipole. This difficulty,

@owever, can be overcome with the dipole “insulated.” Physi-
ally, this implies that the tremendous ohmic loss as a result of
Itlag large induction field in the neighborhood of the otherwise
uninsulated dipole can be avoided.

whereV is the velocity of propagation in that medium, bein
equal to(ye)~/2. The value ofP, defined by (11) is then a
constant, independent of the surface upon which the integra
S is taken.

To find the total power radiated by a Hertzian dipole placed in
a dissipative medium, one must Rapproach zero in (10). The
guantity then becomes infinite. Since in a physical world we can The configuration of an insulated Hertzian dipole placed in a
have only finite quantities, it is concluded that a Hertzian dipol#issipative medium is shown in Fig. 2. For mathematical sim-
cannot sustain its oscillation in a dissipative medium to maipficity, the insulator is assumed to be of spherical shape with
tain a finite field at a distance. Consequently, it is impossible tadius equal td?;. The propagation constants of the media are
speak of the total radiatingowerof a Hertzian dipole when the given by
latter is in direct contact with a dissipative medium. This fact
seems to have been overlooked by Sommerfeld in formulating ky=p = w(€1u1)1/2
his reciprocal theorem [2]. Ky =Py — joz = w(eapz)'/?. (13)

IV. INSULATED HERTZIAN DIPOLE
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It is understood thak; is real, while k; is complex. As a Ny
boundary condition for the source, we shall treat the dipole %z \
momentp as a given quantity. It should be pointed out here \

that the setup of this problem is very similar to Weyl's [1], 5

which is an extension of Sommerfeld’s famous work [3], on n o\
the effect of a finitely conducting plane upon the radiation of
an oscillating dipole. The similarity between our problem and
the previous ones is shown in Fig. 3. Instead of having the
dipole placed above a finitely conducting plane, we have now
a dipole surrounded by a finitely conducting spherical body.
By Kirchhoff’'s method of integration, the Hertzian potential
inside the dielectric can be written as

e—jkﬂ’ 1
qmrer 1 ir /g

<H;1 ar 18I,  jkIl, O

X

) do (14) Fig. 2. An insulated dipole.

2 9n v On v On
! !
wherer, r' are, respectively, the distances measured from the Iy + k3L, = IL.s + k3L, (21)
point of observation to the dipole and to the surface of contact r r

of the two medias is the normal taS. The first term on the where we have assumed that = i, = 1. Substituting the

right side of (14) is designated by Sommerfeld as the “prima%lues ofil., andIl., given by (15) and (16) into (20) and (21),

excitation” term, while the term represented by the surface iWe can solve for the coefficienf2 andC in terms of4’. where
tegral simply as a reflected wave from the spherical boundaf ' ’

: . . &r convenience, we have sdt— B = A’. They are shown in
Thus, we shall assunié, to satisfy the following equations for (22) and (23) at the bottom of the page. It will now be conve-
the two different regions under consideration

nient to introduce the reflection and transmission coefficients

e—ikar eIkir andt, for the Hertzian potentials by means of the following re-
.1 =(A - B) S tB— r <Ry (15) Iations:
e ket B
II., =C > Ry (16) re = 7 (24a)
V\{hereA. is ident.i(.:ally equal ta/4ne; in order. to satisfy the ty = g/ (24b)
singularity condition at the source apds the dipole moment. A

It can be shown that wher_ has only one component in the

] L
direction, (5)—(6) can be written as wherer, andt, are the factors that multipld’ in (22) and (23).

In terms of these parameters we find that

" 2
E, = cos H(Hzl—i— E°T1,) a7 B 1 s ) (25a)
Ey = —sin 9(- I+ k2ﬂz> (18) e
4 A = A= b . (25b)
—jk? ) 1+, dre1 (14 ry)
Hy = sin OII, (29)
Wt
wherell’, denotes the derivative &f. with respect ta- andIT” V. TOTAL POWER RADIATED BY AN INSULATED DIPOLE
the second derivative. The total powerP; radiated by an insulated dipole can be
The boundary condition at= R, requires that the tangential computed using the same formulas given by (7)—(10), except
components oE andH be continuous for all values éfor that the amplituded = p/4re for the outward propagating
- - spherical wave is now replaced by the new amplitdde=
kTIL, = R3IL, (20)  ¢,p/4me; (1 + 7). In addition,«, 3, andR are replaced by,
tatr =R (32, andR;. We can express,, the factor multiplyingd’ in (22)
= (ky — k2)[(ky + k2)(1 + k1 Ry )(1 + ko Ry) — jEIR3 R3] 20k Ry 22)

(R ko) [(kL — B2) (1 — jR1R)(1 + jhoRy) + jETR3 R
oo 2jk5 R3¢ (ki—hk2) R o 23)
(kr + k2)[(kr — k2)(1 = k1 Ra)(1 + jkoRa) + jETRS RY)
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Sommerfeld’s Problem Weyl’s Problem Insulated Dipole

Fig. 3. Three boundary value problems.

in the form(ry +jro) ¢~ 2%+ 21 After a laborious algebraic ma- wheretan n = r» /7. Whenk; R; becomes very large it is easy
nipulation, we find, as shown in (26) at the bottom of the pagt show that

where 102 — g2
r = 7(1 Ot a2 (28a)
2a

D == klRl : [lel To = m (28b)
ke pa—jor . . . . . .
—=————=b—ja The maximum and minimum values of the first factor in (26)
m Pr are
Aoz(l—b)2+a2 1

1
5 and 5
(1—\/7’%4—7’%) (1—1—\/7’%4—7’%)

As a typical case, let = b = 60 for which the maximum and

Ay =2a[(1 —b)? + d?
Ay =(1+ a2 +6H)[(1 - b)? + a?]

As = 2a2 5 .9 s o minimum values are found to be 3661 and 0.25. Thus, the radi-
Ay =4a” — (a” +57)[(1 - 0)" + o] ated power shows a very large variation with changing radius of
As =2a(a® +17) the insulating sphere when the contrast between the two media is
Ag = (a® + ). (27) large. The insulating sphere is functioning like a spherical cavity

and results in a large field within the cavity and a large amount
of radiated power at the resonant frequencies of the spherical
Note that the effect of the standing wave in the insulatingavity. The lowest resonance occurs when the diameter of the
cavity is to cause the radiated power to vary in a cyclical mann@eulating sphere is approximately one wavelength in medium
with changing radius of the spherical cavity. The period of thene.
cyclical variations is\; /2, where; is the wavelength in the By comparison with (11), that is, the power radiated by the
insulating medium. This phenomena is similar to that occurringame dipole when immersed in the dielectric medium of infinite
on transmission lines when the source and load impedancesg@@nt, we find that the ratio af; to P, is shown in (29) at
not matched to the characteristic impedance of the line. Therg bottom of the next page, where the coefficidrg are the
is also a cyclical variation in radiated power from a dipole losame as defined in (27). Equation (29) also defines the ratio of
cated above the earth, but for this case, the variations diminishias radiation resistance of an insulated dipole immersed in a
the dipole is moved farther away from the interface because #igsipative medium to that of the same dipole when placed in
reflected wave is dispersed and, hence, becomes weaker atiteeinsulated dielectric of infinite extent.
location of the dipole. For a dipole located within a spherical It can be further demonstrated that if we identify the two
cavity the reflected wave from the interface always converggsms defined in (15) as a forward and a backward propagating

toward the origin where the dipole is located. spherical wave, then the power reflection coefficient measured
The denominator of the first factor in (26) can be expressed the interface of the two media is
in the form Real (3 EpH})
* " Real(1E.HY)
2 .2 : 2 .2 |IB? (1-b)*+a® Pg
14+ /ri+75 ) —24/ri+7r3[1 — cos (2k1 Ry — 1)) :|A’|2 :(1+b)2+a2P_A (30)

1
P = .
|:1 + 7’% + 7’% + 2(7‘1 COSs 2]€1R1 + 75 sin 2]€1R1)
y E2D3*p?b[2a + 4a® D + 2a(a® + b?)D? + (a® + b*)2D?]
37T€1 [(1 + b)2 + CLQ][AO + AlD + A2D2 + A3D3 + A4D4 + A;)D:) + A(;DG]

(26)
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) / \ a= 60

D=co0—]

/\\\ a= 180

17/ =
oL

0 1 2 3 4 5
D= kR,

Fig. 4. Power transmission coefficient of the waves generated by an insulated dipole.

whereP, is the same sixth degree polynomialidfdefined in  somewhat greater than unity. It then decreases to an asymptotic
the denominator of (26), anBg is similar to P4 except thab value ask; R; becomes large. The power transmission coeffi-
is replaced by-b in all the coefficients Ay, A1, etc. For large cient does not manifest any cyclical variation. The cyclical vari-
values ofD, I'; reduces to ation in radiated power is caused by the cyclical variation in
T, (1—b)? + a2 the amplitude of the forward propagating spherical wave in the
m.D = 2 2 (31) insulating cavity, which is a result of the varying phase angle
imD—oo0 (1+b)2+4+a . . )
. ) . . .of the reflected wave at the dipole location as the size of the
which is the value of the reflection coefficient at normal 'nc'éavity changes. The changing amplitude and phase of the re-

dencg O.f pl_ane waves traveling from the dielgctric medigm focted wave has a pronounced effect on the radiation impedance
the dissipative medium [4]. The power transmission coefﬁmeg&en by the dipole.

at the interface is given by
B _ B AP

Pine. o |42 Extension of Sommerfeld’'s reciprocal relation to two in-
which is also equal to the second factor that appears in (29).diflated dipoles can now be formulated based upon the result
(32) Pinc. is the incident power on the interface for the insulate@e have obtained concerning the EM radiation of an insulated
dipole case. It can be verified that, in general, we have dipole. We shall not give here the details of what Sommerfeld
1-T, =T, (33) has used in his original work. Instead of using (2), we shall use

] ] o (15) as the Hertzian potential defined in the neighborhood of
Thus, T} is also equal to the refraction coefficient of the spheg gipole. It is assumed, as in the original work, that reflected

ical waves generated by the Hertzian dipole. For a highly disgjnyes other than that produced at the interface between the

32) VI. RECIPROCALTHEOREM FORTWO INSULATED DIPOLES

T, = =|1+r,*Tp

pative medium insulator and the dissipative medium has a negligible effect
> upon the radiation of either dipole.
am b \/ ey (34) In order to obtain an expression that is not too complicated,

we make the following assumptiong; is large enough so that
Values of7, for a = b = 60 and 180 are plotted in Fig. 4. Fromthe Fresnel reflection coefficients may be used and only the part
the figure, it can be seen that the power transmission coeffif the electric field that varies as the inverse first power of
cient at the interface increases rapidly ufti= k; R; becomes needs to be retained. For the first situation, we consider a dipole

Y 1
0~ PO N 14+ 7’% + 7’% + 2(7‘1 CcOSs 2]€1R1 + 79 sin 2]€1R1)
4D3b[2a + 4a®’D + 2@(@2 + b2)D2 + (a2 + b2)2D3]

" T+ 02 + a2][Ag + A, D + Az D% 1 A D3 + A, D3 + A; D5 + AgDO]

(29)
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located within an insulating sphere of radilis and with per- [2] P. Frank and R. v. Misedifferential gleichungen der Physik New

mittivity e; and that radiates into a mediugrwith parameters York: Rosenberg, 1943, vol. 11, pp. 953-963. ,

Dinole 2 is | di di di - h [3] A. Sommerfeld, “Uber die Ausbreitung der Wellen in der drohtlosen
€a) 0q. DIPOIE 211S ocat.e In medium a Istance rom_t € Telegraphie,’Ann. Phys.ser. 4, vol. 28, pp. 665—756, 1909.
origin. The equations given earlier in the paper apply if we re- [4] J. A. Stratton, Electromagnetic Theory New York: McGraw-Hill,
place the subscript 2 by a new subscriptE, is the electric 1941.

field radiated by dipole 1 at the location of dipole 2. It is also

assumed that the dipoles are located and oriented for maximum
interaction. For the second situation, we consider that dipole 2
is enclosed in an insulating sphere with the same radius but wj
a permittivitye, and radiates a fiel&; into mediumb with pa-
rameters;, o,. The last assumption is the same as that whig
Sommerfeld made, namely, that both dipoles radiate the sa
amount of power. Corrersponding to [2, eq. (18a)], we find
new reciprocal relationship which is

E, &' VI=T, (14 Taef)
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