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Abstract—In this paper, we present an accurate, fast, and easily
implemented procedure for modeling erbium-doped waveguide
amplifiers (EDWA’s) with high concentration doping level. The
model is shown to be in a very good agreement when compared
with experimental results, and is used in a detailed analysis of a
waveguide amplifier with 980-nm pumping.

Index Terms—Erbium, integrated optoelectronics, laser ampli-
fiers, luminescent devices, nonlinear systems, optical amplifiers,
optoelectronic devices.

I. INTRODUCTION

RECENT improvements of the performance of the avail-
able optical gain of erbium-doped waveguide amplifiers

(EDWA’s) have been maintaining the constant interest in this re-
search field [1]–[5]. These integrated versions offer the prospect
of combining passive and active components on the same sub-
strate while producing compact and robust devices at lower cost
than commercially available fiber-based versions. However, re-
search on planar waveguide amplifiers has been encountering a
serious obstacle in obtaining high optical gain. This is mainly
due to the necessity of incorporating high erbium concentra-
tions (usually more than ten times that of fiber amplifiers) to
compensate for the short interaction length and higher losses of
integrated waveguides. At high erbium ion concentrations, up-
conversion process considerably reduce the amplification and
lasing performance of these devices [6]–[9].

Unlike optical fiber components, an integrated optical device
has a fixed length which cannot be altered after fabrication, thus
reducing the number of adjusting parameters to compensate for
minor deviations. Therefore, accurate numerical models of inte-
grated rare earth doped components, particularly at high concen-
tration levels, are of great importance. A widely used numerical
approach for modeling erbium doped waveguide amplifiers is a
combination of the finite element method with a Runge–Kutta
algorithm [2], [3]. In this method, the propagation equations of
the pump, signal, and amplified spontaneous emission are nu-
merically integrated using the Runge–Kutta method based on
an iterative procedure. Population densities are computed in
each finite element and at each step in the propagation direc-
tion, solving the rate equations numerically and using the nor-
malized intensity profile previously obtained. This method has
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been shown to be very accurate. Unfortunately, it is not simply
implemented on a computer and requires time-consuming cal-
culations, making the optimization of more involved structures
practically impossible.

In this paper, we present a new, very intuitive, and much sim-
pler approach to model waveguide amplifiers with high erbium
concentrations. The basic approximation used in the modeling is
anchored on the small contribution of the nonlinear terms to the
photon population densities. An assumption that is still valid in
present laser and amplifier configurations. The model is tested
against several experimental results and is shown to be in very
good agreement.

II. THE AMPLIFIER MODEL

EDWA’s pumped in the 980-nm absorption band have a very
good performance with respect to optical gain, gain efficiency,
and low noise level [7]. The large absorption cross section of the
dopants, the complete absence of stimulated spontaneous emis-
sion and excited state absorption make this pump wavelength
preferable [10]. Fig. 1 depicts the relevant energy levels for a
highly doped erbium system. Following this diagram, the mul-
tilevel system of rate equations can be written as [11]

(1)

(2)

(3)

(4)

where , and are the pump, stimulated absorption and
emission transition rates, respectively, defined by

(5)
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Fig. 1. Relevant energy levels for a highly doped erbium system. The
cross-relaxation and upconversion transitions between two erbium ions are
represented by dashed arrows in both graphs.

(6)

(7)

where , and are the pump,
signal, and amplified spontaneous emission intensities respec-
tively. , and are the cross sections for the
pump, the signal and for the spontaneous emission respectively.

is the fluorescence lifetime of the metastable level,
and and accounts for the multiphonon nonradiative
relaxations and , respectively.
The population density of the level is assumed negligible
because of the very short lifetime of this state.

The upconversion coefficient has been measured indi-
rectly from spectroscopic data. The measured values are of
the order of m /s [23]. Unfortunately, the other
coupling constants ( and ) have not been determined
and only rough order-of-magnitude estimates are available.
This may be a significant source of uncertainties, which have
to be taken into account when high doping level and ion-ion
interactions are considered. The and coefficients
are expected to be smaller than due to their indirect
dependence on the population level as was experimentally
demonstrated [6].

In the steady state, the relevant population densities ,
, and of the respective levels , and

, are computed by setting each rate equation as zero and
using the photon conservation law:

(8)

The total erbium concentration is assumed to be homoge-
neously distributed along the direction of propagation.

Because the induced index changes are very small (0.02),
we may still assume that the shapes of the individual waveguide
modes are conserved, while their amplitudes evolve during
propagation along the waveguide. In what follows, we assume
monomode operation.

The evolution of the pump, signal and amplified spontaneous
emission (ASE) powers along the waveguide length () are con-
sequently described by the following integro-differential equa-
tions:

(9)

(10)

(11)

The absorption and emission coefficients , and in
(9)–(11) are spatial overlap integrals expressions involving the
normalized pump and signal energy density profile,
and , and the population levels are given by

(12)

(13)

(14)

The intensity profile , is assumed to coincide for all the
signal and the ASE fields.

Background losses are represented using, and
for pump and signal frequencies, respectively. The ASE
spectrum is computed, for each guided mode, at the
signal wavelength, sampling the emission cross-section pro-
file spectra of the laser transition in a set of frequency
slots with equal width centred at the frequency
[12]. The set of nonlinear integro-differential
equations is solved, subject to the following boundary con-
ditions, , and to

.
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III. M ODELING OFLOW RARE-EARTH CONCENTRATIONS

In the case of fiber-based optical devices, where the erbium
concentrations is low, the modeling is quite easy [13]–[16]. The
nonlinear terms in (1)–(4) can be dropped and the
continuous-wave (CW) population equations are linear with re-
spect to the doping concentration. Consequently the two laser
levels considered in the population inversion process can be ex-
pressed as a function of the pump and signal intensities ana-
lytically and the resulting expressions can be inserted into the
overlap integrals (12)–(14). Therefore, the whole numerical pro-
cedure simplifies considerably.

IV. M ODELING OF HIGH DOPING LEVEL EDWA

In the case of integrated waveguide amplifiers, or lasers, the
erbium concentrations are usually high to neglect the nonlinear
contributions in (1)–(4). Although there is no simple way to re-
late the population densities to the intensities in the waveguide,
we may still benefit from the procedure demonstrated above for
low erbium concentrations. The basic approximation used in the
modeling is anchored on the overall small contribution of these
nonlinear terms.

In what follows, we briefly estimate the influence of the non-
linear terms which manifest itself in the presence of the pop-
ulation densities and . Considering the levels with en-
ergy below 21 000 cm , which correspond to theF level,
the largest multiphonon relaxations are due to the following en-
ergy gaps: , and

; corresponding to the energy gaps of cm
cm cm , respectively [21].

Now we study the contribution of the nonradiative transi-
tion probabilities and their influence on the population of the
main Stark levels involved. Nonradiative decay rates are
inversely proportional to the exponential of the energy gap sep-
arating the two levels involved. The multiphonon nonradiative
decay rates can be determined by:

[21]. Where and are host-dependent parame-
ters, assumed to be s and cm re-
spectively, correspond to the energy gap,is the number
of phonon required to bridge the gap, and is the Bosen-
Einstein occupation number of the effective phonon number,

. The phonon energy is
cm for the glass studied. The nonradiative transition rates are

s , s ,
s respectively [22]. As it is observed, even the slowest tran-
sition rate, , is three order-of-magnitude faster than the
metastable level with a lifetime of approximately 5 ms for phos-
phosilicate glasses. Thus, at normal pump power (100 mW),
and typical experimental parameters values (
m , nm, ) [6] the pump transition rate,

s , is still two orders of magni-
tude smaller than the nonradiative decay rate
and the population of the Stark levels above remains
small. Therefore, the linear equations involving levels one and
two only can be used, as a first approximation, to describe the
whole laser system.

We assume all the constants of the nonlinear terms to be equal
to . This represents the strongest influence of

TABLE I
SPECTROSCOPICPARAMETERS FOR THE

Er -doped PO -SiO PLANAR WAVEGUIDES USED IN THEMODELING

TABLE II
SUMMARY OF THE VARIABLE PARAMETERS FOREACH AMPLIFIER ANALYSED.
THE PARAMETERSLISTED ARE RESPECTIVELY THEWAVEGUIDE LENGTH, THE

RECTANGULAR WAVEGUIDE CROSS-SECTION, THE MEASUREDSCATTERING

LOSSES, THE ERBIUM CONCENTRATION, AND THE REFRACTIVE INDEX

DIFFERENCEBETWEEN CLADDING AND CORE LAYERS

the nonlinear terms and therefore the less favorable situation to
optimize the optical gain of an amplifier

(15)

where the upper signals are related to thedynamic behavior
and the lower to the .

Applying experimental parameters to (15), the contribution
of the nonlinear term of these equations are estimated to be ap-
proximately one to three orders of magnitude smaller than the
individual linear terms.

Therefore, we may assume that the spatial distribution of the
levels 1 and 2 to be still the same as in the linear case and that
the nonlinear terms introduce a small correction only

(16)

This assumption is the basic approximation of our approach. In
(16) are the explicit expressions for the populations

and defined for the low concentration devices, i.e., set-
ting all the nonlinear upconversion and cross-relaxation terms
equal zero, and are small corrections, which account
for the nonlinear contributions due to the cross-relaxation pro-
cesses. The nonlinear factors are calculated as

(17)

where and are the population densi-
ties of the levelsi in the absence and presence of cross-relax-
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ation, respectively. are obtained through the nu-
merical solutions of the system of equations.

We will check the accuracy of this approximation by com-
paring the calculations with experimental results obtained for
well-examined waveguide amplifiers [24], [25]. All the input
data, obtained from the referenced papers, and used for mod-
eling are shown in Tables I and II. Table I contains a list of
common parameters for the two amplifiers, and Table II are the
specific parameters related to each particular waveguide.

For a gain system such as erbium around 1500 nm, not only
the stimulated emission but also the absorption cross section
play an important role in determining the performance. As gen-
erally, the local crystalline structure affects the cross section of
the rare-earth ion, however, only the host has the strongest ef-
fect upon their magnitude and shape [10]. Due to the spectral
shape invariance of the absorption and emission cross-sections,
a typical spectra obtained from spectroscopic measurements,
depicted in Fig. 2 [34], were used for all simulations. For each
amplifier, depending on the concentration level, a peak value
was adopted as an adjustable parameter. Choosing slightly dif-
ferent lifetimes compensated minor deviations between theoret-
ical and experimental results.

The upconversion coefficients were assumed to be an
increasing linear function of the rare-earth concentration as
proposed in [23]. Forward and backward amplified spontaneous
emission has been spectrally resolved by using 100 frequency
slots from 1450 to 1650 nm. The input signal to be amplified
was considered as W for all simulations.

The open squares shown in Fig. 3 correspond to experimental
results of a waveguide amplifier with a core of erbium doped
phosphosilicate glass formed by PECVD. The undercladding
and cladding were formed by flame hydrolysis deposition
(FHD), on Si substrate. Solid circles show the results of this
model using the approximation equation (16) introduced in the
overlap integrals equations (12)–(14). A reported maximum
net gain of 5 dB pumped at 420 mW, is very close to the 4.9 dB
at the same pump power obtained theoretically. An excellent
agreement of the 0 dB gain threshold was achieved between the
measured 23 mW and the 25 mW calculated. Within the whole
span of the reported pump power, less than 5% difference
between experimental and theoretical results was observed.

A final test of the validity of the model is performed through
a comparison of the results of the amplifier gain reported in the
Fig. 4(a) to Fig. 4(c). Measurements shown in Fig. 4(b), reported
in reference the best result, a net gain of 13.7 dB in a 19.4 cm
long waveguide pumped at 500 mW [27]. Under the same sit-
uation the model calculated a 13.55 dB net gain. The influence
of uniform and pair induced upconversion mechanisms are also
considered. Di Pasquale et al. [26], modeling these two non-
linear mechanisms in the same waveguide structure, proposed
the inclusion of a linear concentration function for the coeffi-
cients, as reported in Table I, and to include a moderate amount
of clustering to calculate the amplifier gain. Both were consid-
ered in the present modeling which shows a good fitting to the
experimental data reported in Fig. 4(c).

Now we try to optimize the configuration shown in Fig. 3.
The gain of high concentration erbium doped waveguide
amplifier can be improved by modeling geometrical parameters

Fig. 2. Typical emission and absorption cross sections for an erbium-doped
phosphosilicate glass system (SiO-P O ) formed by flame hydrolysis
deposition [34].

Fig. 3. Comparison of experimental result (open squares) [23] and calculated
(solid circles) of the amplifier single pass gain dependence versus pump power
[Ps(0) = 1 �W].

such as core cross-section, waveguide length, or by improving
fabrication processes eg. increasing erbium concentration, and
reducing background losses, or finally by operational condition
like pump power regime. Among them, background losses are
the major reason for a decrease of the amplifier performance.
It results mainly from the combination of internal scattering,
surface scattering, Rayleigh scattering [27], however, the major
role is due to the local deformations at lateral walls during
etching process [28]–[30]. However, background loss is not
strictly a design characteristic, but rather a consequence of the
buried channel waveguides fabrication process, and improving
the fabrication process it can be reduced [31], [32].

This waveguide characterization starts choosing feasible re-
fractive index difference and background losses. Experimental
values of %, for the refractive index, and
dB/m and dB/m [33], for the background losses
near the pump and signal wavelengths, respectively, are already
reported.

The first geometrical parameter to be optimized to increase
the gain is the waveguide cross section. Fig. 5 depicts a simula-
tion result for a squared cross sectional waveguide. These
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Fig. 4. (a) Comparison of experimental result (solid circles) [24] and
calculated (open circles) of the amplifier single pass gain dependence versus
pump power [Ps(0) = 1 mW]. (b) Experimental (open circles) and theoretical
(solid circles) single pass net gain characteristic versus waveguide length
[Pp(0) = 500 mW, Ps(0) = 1 �W]. (c) Dependence of the single pass net
gain on erbium concentration [Pp(0) = 100 mW, Ps(0) = 1 �W]. The curve
represented by “stars” correspond to the simulation considering a linear system
of rate equations[C = 0].

results were performed in two distinct situations. First, repre-
sented by open squares, pump and signal were forced to propa-
gate along the waveguide in the fundamental propagation mode
despite the cross section dimensions. During the second simu-
lation, shown as “stars” in the same graph, the program is al-
lowed to change to the highest propagation modes as the cross
section increase. The gaps shown in the second calculated max-
imum net gain correspond to these modes propagation change.
It is observed that, independently of the propagation condition,
there is a maximum net gain within the monomode propagation

Fig. 5. Maximum single pass net gain versus waveguide squared cross section
[Pp(0) = 100 mW, Ps(0) = 1 �W].

regime, where the overlap integral reaches a maximum. For this
waveguide configuration this maximum occurs when the cross
section correspond to a square with m m sides.

This simulation was carried out considering feasible wave-
guide length and erbium ions incorporation into the glass fabri-
cated by FHD. Long waveguides presuppose an increasing in
the background losses due to the nonuniform walls resulting
from the etch process. Furthermore, the spiral path necessary
to achieve long waveguide length on a small substrate adds a
considerable amount of bend loss. The doping level is limited
by the solubility of the rare earth chlorides for a solution doping
technique. Solidification of delivered solutions into the torch,
before the flame, results in irreversible surface damaging on the
deposited sample and is a limitation for the aerosol doping tech-
nique.

In Fig. 6(a), we show the net gain as a function of waveguide
length and erbium concentration. In this graph, the region of
negative gain, for long waveguide length and high rare earth
doping levels, are intentionally set equal zero after simulation.
It is observed a maximum peak gain region which correspond
to an optimum waveguide amplifier configuration. A better vi-
sualization of this peak region is seen in Fig. 6(b), which corre-
sponds to the gain contour curve diagram for Fig. 6(a).

The locus of maximum gain for each concentration, and
the correspondent waveguide length necessary to achieve it,
is plotted in the Fig. 6(c). The highest gain of 25.84 dB is
predicted for a 22.74-cm-long waveguide with an erbium–ion
concentration of 0.91 wt%. Fig. 7(a) depicts the amplifier
optimizations as a function of launched pump power defining
the region of saturation regime. Fig. 7(b) shows the two regime
of an amplifier as a function of the input signal. The possibility
of evaluate the ASE contribution on the amplifier performance,
as a forward ASE spectrum shown in Fig. 7(c), is useful for
a small signal regime design to evaluate signal-to-noise ratio
(SNR) in an amplifier.

V. COMPUTING TIME EVALUATIONS

It is worthwhile to comment on the computation time re-
quired during some evaluations. While maintaining a fixed
precision in the propagation subroutine, it was observed a
linear variation between the run time simulations and the
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Fig. 6. (a) Surface plot of the amplifier gain as a function of the erbium
concentration and waveguide length [Pp(0) = 100 mW, Ps(0) = 1 �W]. (b)
Contour plot of Fig. 6(a). (c) Locus of the maximum gains of the contour plot.

number of equations used to evaluate the amplified spon-
taneous emission (ASE). Propagation considering only two
differential equations, no ASE, takes approximately 12 s.
Whereas, for 400 ASE differential equations it took about
100 s for the same distance propagated. This run time in-
creasing represented a variation of less than2% in cal-
culated gain, as compared to the experimental measured at
the same pump power. This variation in the calculated gain

Fig. 7. (a) Optimized amplified gain characteristic versus pump power [core
4:5 � 4:5 �m , L = 22:74 cm,N = 0:91 wt%, Ps(0) = 1 �W]. (b)
Amplifier net gain as a function of the input signal power [Pp(0) = 100 mW].
(c) Output ASE forward spectrum [Pp(0) = 40 mW, Ps(0) = 1 �W].

is much less than the uncertainties in some measured ex-
perimental parameters necessary as input data, such as cross
section and lifetime. The same calculations were also per-
formed for the saturated regime to minimize the influence
of the ASE on the net gain. As the precision in the ad-
justable-step size subroutine is a determinate factor of the
run time, it too was measured. An increase of the precision
from to resulted in increase in the run time from
12 s to 110 s, whereas the calculated gain was not altered
for more than 0.01%. This small influence of the precision
on the calculated gain is true for relative low concentra-
tions ( 0.50 wt%), when the gain varies smoothly along
the waveguide. For a heavily doped material (1.50 wt%)
a similar variation of precision can result in a difference
of up to 7% in the gain. However, smaller step sizes and
accuracy does not have a linear relation. Less than 1.5% of
improvement in the gain, against the 12 minutes run time,
is obtained if the precision is altered from to .
All these results came from simulation programs written in
FORTRAN-77 running on an IBM/PC—Pentium with 100
MHz clock rate.

Forward and backward amplified spontaneous emissions
were sampled in 100 frequency slots each. Pump, signal, and
ASE, as a set of 202 coupled differential equation, are solved by
numerical integration through the waveguide in approximately
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115 s, showing the validity of this tool to design erbium-doped
waveguide amplifiers.

VI. CONCLUSION

After the preceding experimental and theoretical compar-
isons, the approximation proposed and introduced in the
present modeling, shows to be suitable to analyze and op-
timize high concentration erbium-doped waveguide ampli-
fier. This high accuracy is not only attributed to the small
contribution of the nonlinear terms of the population equa-
tions, but also to the unique approximation used to solve the
problem. The amplifier model was tested against two dif-
ferent well-known waveguide amplifiers. Within the inaccu-
racy of any missing input data, all calculations have shown
very good agreement with the respective experimental re-
sults. Besides, very simple and fast computer programs can
be generated using this new approach. For that reason, be-
come a simple task to deal with hundreds of differential
equations at the same time, and the degradation of noise
figure can be estimated through the amplified spontaneous
emission prediction. One of the great achievement of this
calculations is the possibility of, after some implementation
in the computer program, predict and optimize CW oper-
ation of high concentration erbium doped waveguide laser.
A similar code has been implemented to model ErYb
waveguide laser system.
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