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Abstract—A nondestructive technique for the reconstruction of
refractive index profiles in planar waveguides is presented and an-
alyzed. The approach is based on the integral scattering equations,
which permit to relate the refractive index of an inhomogeneous
layer to the reflected field intensity at different incidence angles.
From this formulation, an iterative algorithm is developed, such as
at each iteration step the problem is formulated as the minimiza-
tion of a functional representing the error between the measure-
ments and the model data. The recovered profile is then used to
improve the validity of the approximation in performing the next
step. In this approach, the unknown index profile is represented
as the sum of a finite series of basis functions avoiding to selecta
priori the particular functional form (e.g., Gaussian function, com-
plementary error function, etc). The practical effectiveness of this
approach is demonstrated by numerically simulating the measure-
ments for different planar waveguides. The influence of measure-
ment uncertainty and noise on the stability of the technique is also
evaluated.

Index Terms—Optical waveguides, refractive index profiling.

I. INTRODUCTION

T HE CHARACTERIZATION of the refractive index pro-
files of planar waveguides has a fundamental importance

for the determination of their optical properties. In fact, fea-
tures such as band-width, mode pattern and coupling efficiency
are related to the refractive index profile. Refractive index pro-
filing also permits to study the “physics” of the waveguides
fabrication process and to develop adequate analytical process
models useful to relate the process itself to the optical param-
eters. Several methods have been developed in order to deter-
mine the waveguide refractive index: transmitted near-field in-
tensity profiles [1]–[3], the measurements of effective indexes
(“ -lines”) [4]–[7], interferometric methods [8]. Recently, the
ellipsometry has also been successfully employed, however a
good agreement with “ -lines” method has been found only at
depths above 0.5–0.6m [9].

Among these, the most widely used are the effective indexes
measurements with different reconstruction algorithms: inverse
Wentzel–Kramers–Brillouin (IWKB) [4], [5], finite differences
methods [6], reflectivity methods [7]. However, when the
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number of the modes is low (e.g., single-mode waveguides) the
reconstruction, using effective indexes measurements, becomes
very difficult. In order to overcome this limitation, new tech-
niques making use of a combination of the effective indexes
measured for both mode types [transverse electric (TE) and
transverse magnetic (TM)] and multiple wavelength methods,
have been proposed; nevertheless, they have the disadvantage
of requiring the knowledge of the dispersion properties of the
waveguide substrate, as well as the dispersion properties of the
coupling prism used to measure of the effective indexes [5].

In this paper, a nondestructive technique for the reconstruc-
tion of index profile in single- or multimode dielectric planar
waveguides is presented and analyzed in detail. This technique
allows the reconstruction of the refractive index profile of
nonguiding structures as well, so representing a powerful tool
in the characterization of the fabrication processes.

The approach is based on the scattering integral equations. In
particular we expand the scattered field intensity in a power se-
ries about the reference profile and stop the series to the first-
order term. This permits to linearly relate the field intensity re-
flected by the waveguide to the refractive index profile. Starting
from this formulation a Newton–Kantorovitch type iterative al-
gorithm is developed [10]. Differently from the reconstruction
methods usually used in diffraction tomography, as the distorted
Born iterative method (DBIM) [11], [12], which needs both the
amplitude and phase of the reflected field, this new approach
only requires the knowledge of the field intensity reflected by
the sample, immersed in a suitable matching liquid, at different
angles. At each iteration step the problem is formulated as the
minimization of a quadratic functional representing the error be-
tween the measurements and the model data, the recovered pro-
file is hence used to improve the validity of the approximation
and to perform the next step. In order to carry out the minimiza-
tion, the unknown refractive index profile is expressed as the
sum of a finite number of polynomials. The choice of the above
approach has two advantages: first it does not require to fix in
advance the analytical form (e.g., Gaussian function, error func-
tion, etc.) [13] of the refractive index profile and it can be done
without the need of a large number of unknowns, as usually hap-
pens when step functions are used (multilayer modeling) [12].
Second, it is not restricted to waveguides allowing to reconstruct
also nonguiding structures.

The numerical simulations performed show the effectiveness
of the method. Reconstructions in presence of noise have also
been carried out in order to test the robustness of the algorithm.
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Fig. 1. Geometry of the problem.

II. THE SCATTERING INTEGRAL EQUATIONS

The waveguide considered is depicted in Fig. 1. It is im-
mersed in a matching liquid with a refractive index. The sub-
strate and waveguide refractive indexes areand , respec-
tively. The waveguide is illuminated, from an anglevarying in
the set , by a plane wave with the electric
field vector perpendicular to the plane of incidence and wave-
length (in the vacuum).

The refractive index profile can be expressed as the superpo-
sition of a reference profile , also called “background pro-
file,” and a perturbation , called “contrast function,” defined
as

(1)

The total electric field reflected at a fixed distancecan be
written as the sum of two contributions: the field reflected by the
reference profile and the field reflected by the perturbation,
called “scattered field”

(2)

Using the integral formulation of the scattering, can be ex-
pressed as [14]:

(3)

where is the wavenumber of the vacuum,
is the Green’s function, that is the solution of following equation
[14]:

(4)

and is the total field inside the waveguide and the substrate,
depending upon the contrastaccording to the equation [14]

(5)

being the field inside the structure when only the reference
profile exists.

Because the scattered field depends on the product between
the contrast function and the total field [see (3)], and the
latter depends also on the contrast [see (5)], the relation between
the contrast function and the scattered field is nonlinear and dif-
ficult to solve. However, if (weak scattering ap-
proximation) it can be linearized by approximating the total in-
ternal field by [14], so that (3) may be rewritten as

(6)

The last equation establishes a linear relationship between the
scattered field (in the so-called distorted Born approximation)
and the refractive index profile, and it has been widely used
[14] in order to reconstruct the refractive index starting from
the knowledge of at different wavelengths and/or different
directions of incident field. However, the weak scattering ap-
proximation poses limits both on the difference between the re-
fractive index profile and the reference profile and on its size
[15]. In order to overcome these limits, several linear iterative
techniques have been developed in literature [11], [12]. In par-
ticular, the distorted Born iterative method (DBIM), “equiva-
lent” to the Newton–Kantorovitch method [16], has been used
for the reconstruction of nonweak scattering profiles [12]. How-
ever, the reconstruction methods usually used in diffraction to-
mography (DBIM, etc.) [11], [12], [16] require the knowledge
of the reflected field , this implies that both amplitude and
phase of the field must be measured. These requirements have
limited the practical application of diffraction tomography at op-
tical frequencies. In fact, this requires methods quite complicate
from an experimental point of view [17], although the phase of
the scattered field at optical wavelength can be indirectly mea-
sured. In order to overcome these disadvantages we have devel-
oped a new technique that requires only the knowledge of the
reflected field intensity.

III. RECONSTRUCTIONMETHOD

Let us consider the total intensity reflected by the sample

(7)

where denotes the real part of the corresponding complex
argument.

If , which implies to assume that the waveguide
is a weak perturbation with respect to the reference profile, we
can approximate with the scattered field in the distorted
Born approximation given by (6). Substituting in (7)
and neglecting the second-order term [the third term of left-hand
side of (7)] we obtain

(8)

This expression represents a linear approximation of the re-
flected field intensity and can also be obtained by a direct lin-
earization of the operator (7) through its expansion in a power
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series about the reference profile and stopping the series to
the first-order term.

Equation (8) permits to linearly relate the refractive index
profile to the reflected intensity and can be used in order to
reconstruct the refractive index profile from the knowledge of
the reflected intensity. However, the weak perturbation poses
limits on the reconstructable profiles similar to the ones posed
by the distorted Born approximation. So a method just based
on the solution of (8) is not reasonable for dielectric waveguide
characterization.

Starting from these considerations a Newton–Kantorovitch
type algorithm has been developed. The iterative algorithm
starts from an initial reference profile and solve (8), the solution
found is then used to improve the reference profile for the next
linearization and so on.

Because noa priori assumptions are made on the unknown
profile, we can choose, as starting reference profile, the refrac-
tive index profile existing before the waveguide fabrication

(9)

However, it must be underlined that in practical cases the sub-
strate thickness falls usually in the millimeter range and the two
substrate surfaces are not perfectly parallel to each other [18].
This means that, unless time consuming and complicate fabrica-
tion procedure are followed, the substrate cannot be regarded as
a Fabry–Perot interferometer. In the above situation, the infinite
series of reflections coming from the backside of the substrate
does not emerge at the same angle as the reflection coming from
the front surface [19]. A suitable detection apparatus (see Fig. 4)
can easily filter out those stray beams, so that the substrate can
be regarded as a semi-infinite.

The hypothesis of a semi-infinite substrate leads to assume
the following reference profile:

(10)

In this case, both the Green’s function and internal total field
have an analytical closed form [22].

The unknown refractive index profile is expressed as a super-
position of a finite number of basis functions, defined in the
region where significant variation occurs

(11)

being the Legendre polynomial of order[20]. The number
of the Legendre polynomials and the extension, used in

the reconstruction procedure, can be “guessed” relying on the
a priori information about the technological process employed
to realize the profile under analysis [13]. Anyway, in order to
take into account the unavoidable differences between the ex-
pected profile and the actual one, the “step-by-step” procedure
illustrated in [21] can be used.

At each step, we have to find the solution of a linear system
of equations

(12)

where

(13)

where being the field intensity samples, taken atdifferent
angles in the set , with . The number
of independent measurements, useful for the reconstruction,
can be estimated following the analysis performed in [22].

The solution of the system (12) is searched, in a least-squares
sense, as the minimum of the following functional:

(14)

where and

(15)

The functional represents the “distance” between the field in-
tensity samples and the calculated one for an estimated contrast
profile .

The recovered contrast profile is used to update the refer-
ence profile

(16)

The updated reference profile is used to perform a new lineariza-
tion of the operator (7) and calculate the Green’s function and
internal total field to be used in the next step [see (6)]. The pro-
cedure stops when the difference between two successive recov-
ered profiles is negligible. The flowchart of the reconstruction
algorithm is illustrated in Fig. 2.

The advantage of this technique is that the expansion of the
unknown profile in basis functions allows to face the problem
without fixing the shape of the doping profile itself. A polyno-
mial base has been chosen in order to avoid the need of a large
number of unknowns as usually happens when pulse functions
are used (multilayer modeling) [12]. Furthermore, the method
is not restricted to waveguides, it allows the reconstruction of
the refractive index profile of nonguiding structures as well, so
representing a powerful tool in the characterization of the fab-
rication processes.

Even if this approach permits to improve the reconstruction
quality as compared to the Born methods [21], it presents some
limits that are strictly related to the initial linear approximation.
In fact, if the refractive index profile represents a too strong per-
turbation with respect to the starting reference profile, the algo-
rithm could not converge, as for the DBIM [12]. The validity of
the linear assumption can be improved by increasing the wave-
length (leading to a decrease of the spatial resolution) or by a
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Fig. 2. Flow chart of the reconstruction algorithm.

suitable choice of the starting reference profile (ifa priori in-
formation on the unknown profile are available). In this work
we have chosen to test the methods in the worst case assuming,
as starting reference profile, the refractive index profile existing
before the waveguide fabrication.

Before proceeding any further, let us briefly discuss the ne-
cessity of a matching liquid. Usually, in the literature, the un-
known profile is supposed to be embedded in a homogeneous
space (Born approximation). This means that in order to repro-
duce the above condition a suitable matching fluid, whose re-
fractive index is as close as possible to the one of the substrate

, is needed [17], [23]. If we assume as the reference profile
a nonhomogenous space near to the true profile, the matching
liquid seems to be no longer necessary. However, the validity

Fig. 3. Refraction effect at the interface between the substrate and the
surrounding medium.

of the linear approximation depends not only on the product of
the waveguide size and the refractive index difference between
the waveguide itself and the reference profile (as it occurs in
the Born approximation), but also on the refractive index dif-
ference between the substrate and the surrounding media [22].
This can be explained by taking into account for the refraction
effect at the interface between the two media. In fact, in order to
well reconstruct an index profile, it is necessary that the angle
of view approaches to , however the refraction at the in-
terface can induce a drastic reduction of the “effective” angle of
view inside the substrate (see Fig. 3) [22]. The use of a matching
liquid permits to overcome this problem and a suitable choice
of it can also simplify the measurements. In fact, if the refrac-
tive index of the liquid is greater than the refractive index of the
waveguide, the “effective” angle of view approaches to for

. This allows to avoid the measurements at grazing
incidence, which are difficult to perform. We would like to un-
derline that measurements with matching fluids are often per-
formed in the characterization of optoelectronic materials (see
f.i. [8], [17], [23], [24]). Regarding our propose, a practical way
to set up the experiment is shown in Fig. 4. This arrangement
allows the rotation of the sample without the realignment of the
detector, so it is particularly suitable for variable angle measure-
ments. The optical system placed in front of the detector, made
up by a couple of lenses and a field stop, guarantees an excellent
off-axis rejection, so filtering out the spurious reflections from
the backside of the substrate.

IV. NUMERICAL RESULTS

The effectiveness of the proposed approach has been veri-
fied performing several reconstructions starting from synthetic
measurements for different waveguides, with or without noise.
We suppose that the waveguide analyzed was obtained by an
ion-exchange process in a soda-lime glass substrate with a re-
fractive index . The wavelength of the incident
field is m and the incident angle varies in the
set . The range of the incident angles and the
number of the samples are estimated by the refraction index
of the substrate, the refraction index of the matching liquid and
the thickness of the reconstruction region. A detailed analysis
on the choice of the measurements angles and on the samples
number useful for the reconstruction is performed in [22]. As a
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Fig. 4. Proposed experimental setup.

matching liquid a mixture of bromonaphtalene and ethanol [20]
with a refractive index is considered.

In the reconstruction procedure the number of the Le-
gendre polynomials and the extensionof the region where sig-
nificant variation occurs have been “guessed” relying on thea
priori information about technological process employed so that
the estimated profile can be represented by means of the polyno-
mials expansion with a rms error lower than 0.01%. This allows
to avoid the necessity of a “step-by-step” procedure [21], so re-
ducing the computational burden. In the case of ion-exchange
process and can be easily estimated from the exchange
time [13].

The waveguides considered are chosen in order to test the
reconstruction algorithm with different index changes and dif-
ferent depths, so various doping ions (Cs, Ag , K ) are em-
ployed.

In the first example, a Cs/Na ion exchange is considered.
In this case complementary error function profiles are obtained
[13], in particular we assume as refractive index profile

erfc

with m.
The result of the reconstruction process, with and

m, is depicted in Fig. 5. As it can be seen, the recon-
structed profile agrees well with the exact one. In order to ana-
lyze the convergence characteristics of the results we have also
performed the reconstruction changing the numberfrom 3
up to 9. The results with and are depicted in
Fig. 6. In Fig. 7 the mean square error versus the numberof
the Legendre polynomials used in the reconstruction procedure
is plotted.

In the second case, a Ag/Na ion exchange with a Gaussian
profile is considered [13]. The assumed refractive index profile
is

with m.

In this case we choose and m. The result of
the reconstruction process is depicted in Fig. 8.

Successively, we apply the technique to a refractive index pro-
file obtained by a K /Na ion exchange. The analyzed profile
is

with m.
At the considered wavelength this profile supports only one

propagation mode. In this case, and m have
been used (see Fig. 9 curve1).

In order to show the capability of the technique in the fabri-
cation process monitoring, we consider the same ion exchange
process as above, but now the depth of the refractive index pro-
file is smaller ( m), as a consequence of a shorter
exchange time. In this case we have that the profile obtained is
a nonguiding structure so it cannot be characterized with other
classical methods. The result of the reconstruction with,
and m, is shown in Fig. 9 curve 2. Furthermore, the
influence of the refractive index variation on the reflected in-
tensity is also shown in Fig. 9 where, in the inset, we report the
intensity profiles as function of incidence angle corresponding
to both the analyzed refractive index profiles.

Finally, we analyze the influence of the measurements uncer-
tainty, which can limit the accuracy of the method. The prin-
cipal limiting factors are the knowledge of the matching liquid
and substrate refractive indexes, as well as the unavoidable mea-
surement noise on the reflected intensity.

As far as the knowledge of the matching liquid refractive
index is concerned, it is possible to measure its value, by means
of commercially available high resolution refractometers, with
an accuracy of . We have verified that this error does
not affect the reconstruction.

The problem of the substrate refractive index is slightly more
complicate. In fact, the accuracy in the measurements of its re-
fractive index achievable by standard techniques is about
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Fig. 5. Actual (solid line) and reconstructed (dotted line) refractive index
profiles for the Cs /Na waveguide.

Fig. 6. Actual profile (solid line), reconstructed profile withM = 3

polynomials (dashed line) and reconstructed profile withM = 4 polynomials
(dash dotted line) for the Cs/Na waveguide.

[8]. This can affect the profile reconstruction, as shown
in Fig. 10, even if its influence is not serious and the algorithm
is stable also when the uncertainty is greater than .

The stability of the reconstruction algorithm against noise
presence has been verified by performing several reconstruc-
tions with uniform white noise added to the simulated measure-
ments. A noise level of one or two percent is reasonable for
this kind of measurements. Other authors have successfully per-
formed measurements with about 2% of noise level [23]. Fur-
thermore, we believe that a synchronous detection, as suggested
in the experimental configuration of Fig. 4, is able to signifi-
cantly improve the signal-to-noise ratio (SNR). In Fig. 11, the
results of the reconstructions, for the K/Na waveguide, with
0.5%, 1%, and 2% of noise are reported.

Fig. 7. Mean-square error (mse) versus the numberM of polynomial, used to
represent the profile.

Fig. 8. Actual (solid line) and reconstructed (dotted line) refractive index
profiles for the Ag /Na waveguide.

Fig. 9. Actual (solid line) and reconstructed (dotted line) refractive index
profiles for the K /Na waveguide (curve#1) and reconstructed profiles for
the nonguiding structure (curve#2).
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Fig. 10. Actual profile and reconstructed profiles with a substrate refractive
index accuracy�n varying from � 2 � 10 to 2 � 10 for the K /Na
waveguide (curve#1).

Fig. 11. Actual profile (solid line), reconstructed profile with 0, 5% noise
(dashed line), reconstructed profile with 1% noise (dash dotted line), and
reconstructed profile with 2% noise (dotted line) for the K/Na waveguide.

V. CONCLUSION

A new method useful for the characterization of planar
waveguides and their fabrication processes is presented and
analyzed. The approach is based on a Newton–Kantorovitch
type iterative algorithm and requires only the knowledge of
the field intensity reflected by the sample at different angles.
The method permits to reconstruct the refractive index profile
also of mono-modal waveguides and nonguiding structures
without the a priori knowledge of its analytical expression.
The numerical results show that the proposed approach is
able to retrieve the refractive index profile with relatively high
accuracy and that it is stable in presence of noise.

However, the waveguides that can be analyzed with this
method should not represent a too strong perturbation with
respect to the starting reference profile. If large waveguides
must be characterized a suitable choice of starting reference
profile is required.
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