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Analysis of Core-Mode to Radiation-Mode Coupling
In Fiber Bragg Gratings with Finite Cladding Radius

Yahei KoyamadaMember, IEEE

Abstract—Fiber Bragg gratings (FBGs) are often surrounded the radiation modes. Theoretical analysis has been undertaken
with dielectric material whose refractive index is higher than that only for hypothetical FBGs with an infinite cladding radius [4].
of cladding. The purpose is to prevent cladding modes because cou- This paper presents, to the best of our knowledge, the first
pling to cladding modes may cause undesirable dips on the short . ! 2
wavelength side of the main Bragg band in the core-mode transmis- _anaIyS|s of the coupling of th_e _Core mo‘?'e to thF_" radiation modes
sion spectrum. In such FBGs, core-mode to radiation-mode cou- in real FBGs that have a finite cladding radius and are sur-
pling can cause a loss band continuum. Until now, however, re- rounded by dielectric material whose refractive index can differ
ported analyses of this core-mode to radiation-mode coupling have from that of the cladding. Although, we focus on axially sym-
been limited to hypothetical FBGs with an infinite cladding ra- metrical FBGs, the results can easily be extended to asymmet-
dius. This paper presents, to the best of our knowledge, the first . ' . . . .
analysis of core-mode to radiation-mode coupling in real FBGs rical FBGs [5]' The rema!nder of th|§ pap?‘r '§ organlzed ajc’ fol-
with a finite cladding radius. We derive a formula to calculate the |0wWs. In Section 11, radiation mode field distributions are given
core-mode transmission loss caused by the radiation-mode cou-for fibers with a finite cladding radius. We apply coupled mode
pling. We show calculated core-mode transmission spectra that ex- theory to our problem in Section Ill, and Section IV provides
hibit such fringes as have already been observed experimentally gome numerically calculated results on the transmission spectra

but not yet theoretically estimated. through the FBGs. Our conclusions are presented in Section V.
Index Terms—Cladding mode, fiber Bragg gratings (FBGS),

mode coupling, radiation loss, radiation mode.
ping. ! Il. RADIATION MODES OFFIBERS WITH FINITE CLADDING

RADIUS

|. INTRODUCTION The electromagnetic field of the radiation modes was de-

PTICAL fiber gratings have attracted much attention iscribed by Marcuse [6] for fibers with an infinite cladding ra-

recent years due to their numerous applications in fibedius. Here, we extend it to fibers that have a finite cladding ra-
optic communication and sensor systems [1]. Short period fibdius and are surrounded by dielectric material. The profile of
gratings, called fiber Bragg gratings (FBGS), have been uste refractive index in the fiber and the surrounding material is
as, for example, narrow band rejection filters, add—drop filtershown in Fig. 1.
dispersion compensators, and sensors. However, in an FBG witlhlere we consider the axially symmetrical radiation modes
a photosensitive core, the guided core modey(LRode) not since the bound core lgPmode only couples with the symmet-
only reflects into the core mode itself but also into the claddindgcal modes in symmetrical FBGs. By using the weakly guiding
modes or radiation modes. This coupling causes a series of lapproximation, we obtained the linearly polarized transverse
bands on the short wavelength side of the main Bragg band in tHectromagnetic field of the symmetrical radiation modes as fol-
core-mode transmission spectrum. This loss can be quite seveves:
in strong gratings and restricts the use of these gratings in WDM .
systems. Ee(r, z,t) = Fe(r) exp j(wt — Bez)ée (1)

The way in which light is coupled out of the core mode de- ~ 5
pends on the refractive index of the dielectric material that sur- He(r, 2, t) = 71\/i Fe(r)exp j(wt — Bez)en (2)
rounds the FBG [2]. If the index of the surrounding material Ko
is lower than that of the cladding, the fiber supports claddingith
modes that are bound modes of the total fiber. In this case,
the core mode couples with the cladding modes. In contrast, Fe(r) = A¢ Jo(or) (r<a)
When'the |nde?< is higher in the surrounding m'aterlal than in the = AU (pr) (a <r<b)
cladding, the fiber does not support any cladding modes and the
core mode couples with the radiation modes. =AcWo(er)  (b<r) ®)
There have been many studies on the coupling of the Corﬁere

mode to the cladding modes including theoretical analysg [é/Y. 2. and@,  unit vectors normal to the fiber axis and to each
On the other hand, there have been few reports on coupling to other:

z position along the fiber axis;
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Fig. 1. Radial distribution of the refractive index in the fiber and surrounding material.
Us(pr) andVp(&r) are the functions defined by C'= —%a{ajl(aa)Jo(pa) — pJo(oa)Ji(pa)}  (16)
1 2
Un(pr) = BH (pr) + CH (pr) (4) D =Tl (o) No(€D) — €U NL(ED)} (A7)

2
Vo(ér) = DHG (ér) + BHG? (¢r) (5) b
E' == ApUL(pb)Jo(€b) — EUo(pb) 11 (£D)}. (18)
and whereH$" (o), H? (o), HV (¢r), HSP (¢r) are the
Hankel functions and3, C, D, E, o, p, and¢ are constants 1 he following orthogonality relation can be derived with the
given by help of the weakly guiding approximation and the asymptotic
forms of the Hankel functions for large values of the arguments:

B =i 2 o1 (ca)H? (pa) — po(ca)H® (pa) (6) o .
47rj ’ ' } L / dep / r [Ef x Hf] dr = Po(E—€)  (19)
C= _jI {aJl(aa)Hél)(pa) - pJo(aa)H]El)(pa)} @) 0 0
with
_.mb @ ey @)
D == {pUs (o) HiP (60) = Ua (o) HP ()} (8) h 47m;k£-DE ﬁ e 0)
3 0

__,;m W repy (1)
E=—j 7] {pUl(pb)Ho (&b) — EUs(pb)Hy (Sb)} ®) where§(¢ — ¢') is the Dirac delta function?; is an important
o=\ /n2k? — 32 (10) parameter that relates to the power carried by a continuum of
L § radiation modes and is used in the coupled mode theory, as de-
scribed in the next section.
Fig. 2 shows calculated field distributio&$(+) for cross sec-
tions of fibers that have a core radius @f= 2.3 um and a
¢= V n3k — /352' (12) cladding radius ob = 62.5m and are surrounded with (a)
index-matching materialn = n2) and (b), (c) high index
Here ny, n2, andng are the refractive indexes of the corematerial @3 = 1.01n,). Here, Fig. 2(b) is for thes; value at
cladding, and surrounding material, respectively, Ard w/c,  which F;(r) is maximum at the cladding-surrounding interface
wherew is angular frequency and is the velocity of light (, = ), whereas Fig. 2(c) is for the: value wheref’; (1) be-
in a vacuum. The subscriggtis used to distinguish radiation comes zero at = b. The index-matching surrounding mate-
modes that differ in the radial wave numbegrin the sur- rial simulates an infinite cladding. In Fig. 2(a), away from the
rounding material. Equations (6) and (7) were derived in [@rigin, the field varies almost sinusoidally in the radial direc-
from the boundary condition wherel;(r) and dF¢(r)/dr tion with decreasing magnitude. This is understood by noting
are continuous at the core-cladding interface € a), and that, for large values of the arguments, the Bessel and Neumann
we have derived (8) and (9) from the same condition at thgnctions included in (13) and (14) approach sinusoids divided

p=+/n3k% — [352 (11)

cladding-surrounding interface & b). by the square root of the arguments. From Fig. 2(b) and (c),
Equations (4) and (5) can be modified into combinations gfe can see that the electromagnetic field of the radiation modes
the Bessel and Nuemann functions as is influenced significantly by the index mismatch between the
cladding and surrounding material, even if the degree of mis-
Uo(pr) = B’ Jo(pr) + C' No(pr) (13) match is small. The effect is such that the period of radial vari-
Vo(er) = D' Jo(&r) + B/ Nofér) (14) ation becomes shorter in the surrounding materigh (b), be-

cause the radial wavenumbgiin the surrounding material is
larger than thap in the cladding. In addition, in Fig. 2(c), the
field magnitude drops significantly at the cladding-surrounding
. Ta interface. This is due to destructive interference resulting from
B =—{oJi(oa)No(pa) — pJo(ca)Ni(pa)}  (15) the partial reflection at the cladding-surrounding interface. By

whereB’, C’, D', andE’ are constants given by
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1 with

N\ [\/\I/\I /\K/\/x N :AWQW@IQWH (a<r) (23)
01sé \Aoov A{)/ o \576 vms/ }50 whereK(~r) is the modified Bessel function, amdand-y are

given by
K =/nik? — 32 (24)
-1
Radial position, r (& m) v =1/B% —n3k2. (25)

Normalized field

(@) The power carried by the LgP mode is given by
2w o0
! a:%/ M/ r[Eox i) dr
0 0 #

_ man(n? = nd)k 2 (va) \P 2. ()
Ho

. nnnf\nr\ﬂnnf\!\f\.A . A./\!\f\!\!\ﬂl\f\!\f\nf\
a1 ] 20 ..

I1l. CouPLED MODE THEORY APPLIED TOCOREMODE AND
RADIATION-MODESWITHIN FBGs

A fiber grating is a periodic perturbation to the refractive
1 index along the length of a fiber which is induced by exposing
Radial position, r (£ m) the fiber core to a spatially varying pattern of ultraviolet inten-

®) sity. Here we assume a refractive index in the core described by

1 n(z) =n +An{1+mcos<2%z>} (27)

where
/\ /\ An index change spatially averaged over the grating pe-
/\/\/\/\/\m/\/\/\/\/\/\ L

riod;
\AVATATATATATAVAY) : \//\V/\V/\VAVNVAV/\VA\/AVAVAV m fringe V|S|b|||ty of the index Change;
YN TRy

50 100 100 150 A grating period.
The second term in (27) is the “dc” perturbation that causes a
slight change in the propagation constants and field distributions
ofthe bound core and radiation modes, respectively, but does not
-1 cause coupling between the progressive and regressive modes.

Radial Position, r(4m) The third term is the “ac” perturbation that causes coupling be-

© tween the progressive and regressive modes.
In order to analyze FBGs, we first derive thed.Rand radi-

Fig. 2. Calculated field distributions of the radiation modes for fibergtion modes for a fiber with “dc” perturbation but without “ac”
surrounded with (a) index-matching material;( = n2) and (b), (c) high . . . .
index material &3 = 1.01nz). Here (b) is for the3, value at whichF:(r) is p_erturbatl(_)n. Th_ey are given by the equations found in the pre-
maximum at the cladding-surrounding interface=f b), whereas (c) is for the Vvious section, withn; replaced by, + An. Next, we express

B¢ value at whichF (r) becomes zero at = b. the transverse electromagnetic field in the FBG as a superposi-

tion of the LR); mode and the radiation modes of the fiber with
referring to Fig. 2(b) and (c), we know that the magnitude of thgc” perturbation

field in the surrounding material depends on fié¢r) value at N . .
the cladding-surrounding interface & b). Since the value of  E(7, 2, t) = cet (2) Eey (7, 2, t) + ce—(2) Ee (1, 2, t)
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F¢(b) varies periodically with3,, we can expect that the mag- I
nitude of the field in the surrounding material will vary period- + {ch’(z)EHO’ # 1)
ically with f;. =T
Fce(2)Ee_(7, 2, t) ¢ d 28
We describe the electromagnetic field of the bound corg LP ce-(#)Be-(r, 2 )} d (28)
mode as follows [6] for use in the next section: ﬁ(T ) =cc+(2)ﬁc+(7’ 2, ) — cc_(z)ﬁc_(T )
E_"c(%7 z,t) = F.(r)exp j(wt — Be2)é. (21) + / {CE—I—(Z)ﬁf-l—(Ta z, 1)
— £0

H.(r, 2, t) =n o LF.(r)exp j(wt — B.2)&,  (22) —65_(2)]'?5_(7’, 2, t)} d¢ (29)
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wherec 4 (z), c.—(z), ce4(z) andce_(z) are slowly varying 10
amplitudes of the progressive P mode, regressive L

mode, progressive radiation modes, and regressive radiatic 8 |
modes, respectively. The presence of an “ac” perturbatior '
causes the modes to be coupled with the modes travelingio 6 |
the opposite direction. At the wavelengths whete ~ 27 /A
holds, there is strong coupling between the progressive an
regressive LRy modes creating a main Bragg band, which is

not described in detail here. On the short wavelength side o 2 r
the main Bragg band whey. + 3. =~ 27 /A holds, coupling ////_\

Normalized
F=Y
T

of the progressive L2 mode to the regressive radiation modes 0 ' : :
becomes noticeable. In this case, the following coupled mod: 0.99 0992 0994 0.996  0.998 1
equations are found by substituting (27)—(29) in the Maxwell B :/nk
equations and neglecting terms that contain a rapidly oscillating
z dependence [6] @
10
deea (2 . .
% ==J / eg exp(Jeegz)ce—(z)dS  (30)
z 8
dce_(z . . e‘s”
D g exp(—sbesIeet (2) SN
N
where E 4 -
s
27 L
de =P+ fe = (32) 2
Gij :mATLh“ (IL? 7 =q, £) (33) 0 I l I I
0.99 0.992 0.994 0.996 0.998 1
with B ¢/nok
wEo . ®)
hij = dd)/ niFi(r Jrdr (4, ) =¢8). Fig. 3. The factora; as a function of3; for FBGs surrounded with
(34) (a) index-matching materialng = ns3) and (b) high index material
Since (30) and (31) are difficult to solve directly, we solvén3 = 1.01nz).
them approximately by expanding.(z) and ce_(z) in a
Taylor series of) = mAn cé’i_l)(z) and """ (z) by using (38) and (39) succes-
sively. Under boundary conditions wherehy; (0) = ¢, and
cer(2) =0 (2) + 0B () + 22 () + 2P () + - - ce—(L) = 0, whereL denotes the length of the grating., (»)

is approximately obtained by retaining up to second-order

(35) terms in the expansion of (35) as

ce—(2) = ¢ (2) + el (2) + e () + e () + -
36) Cet(2)

Substituting (35) and (36) into (30) and (31) and equating terms= cg + ¢ /

with the same) dependence, we find  geeGeclideez — expligee(z — L)} + exp{—jidee L}] i

2
4 =T 40 =0 (37) *
d(n() ZCO+CO/
CCC.;Z ?) _ —j /hcg exp(j(/)cfz)cgi_l)(z) d¢ Cagligeer — exp{jdee(z — L)} + exp{—jidec L}] a8
(n21) (38) B ‘
(40)
(n)
dCSd;(Z) = jhe. exp(—jd)cfz)cgi_l)(z) (n>1). (39)

where
From (37) we obtalra:( )( ) = const. and:éo_)(z) = const.
Forn > 1, c£+)(z) and cé"_ (z) can be determined from Qe = GeeGec(Be /). (41)
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Fig. 4. Calculated transmission spectra through the FBGs with external indexesiof:£a).99n2, (b) ns = ns, (€) ns = 1.002n2. (d) ns = 1.005n2, and
(e)ns = 1.01n,.

The amplitude transmission coefficient of the grating is given Most of the contribution to the integration of (42) comes
by from a narrow range of the propagation constant alfut=
2n /A — B, that satisfiesp,. = 0. The factora, can be taken
ce+(L) 1 +/ aeljpee L — 1+ exp{—joee L}] a8 outside of the integral if it varies slowly with. Fig. 3 shows
co ¢ the values ofx; as functions of3. for FBGs surrounded with
(42) (@) index-matching materiahf = n3) and (b) high index ma-
Equation (42) gives the true value of the transmission codérial (n3 = 1.01n;). It is seen thaty, varies slowly with
ficient when the loss caused by the coupling to the radiatigh if ns = n2, whereas it varies rapidly witl¥., exhibiting
modes is small. When the loss is larger, it may be necessaryringes with a large amplitude whery = 1.01n,. The fringes
include higher order terms in the expansion of (35). in Fig. 3(b) are because of thg-dependence of the field mag-

2
€
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nitude in the surrounding material described in the previous sgmrts 16 cladding modes to which the sPmode couples in
tion. the 1546 nn< A < 1554 nm wavelength range. Well-defined
By referring to Fig. 3, we can take; outside of the integral dips seen in that range correspond to the coupling to each of
whenns = ny and can accomplish the integration analyticallthe cladding modes. The fringes in the< 1546 nm range
so that we finally obtain are due to coupling to the radiation modes. Fig. 4(a) clearly
shows that the fringes caused by the coupling to the radiation
cetr (L) 1— roel (43) modes are more shallow than the dips caused by the coupling to
co ¢ the cladding modes. In Fig. 4(b), where the FBG is surrounded
by index matching materialhg = n-), we can see a smooth
where the index refers to a value whergs = 2x/A — 3. transmission profile in the wavelength range)ok 1554 nm
Equation (43) is valid only whemaeL < 1, but it can be demonstrating the loss due to the coupling of{Lmode to the
modified in order to apply it to large«, L values by adding continuum of radiation modes. In Fig. 4(c), (d), and (e), where

higher order terms in the expansion of (35) the index of the surrounding material is higher than that of the
cladding @3 = 1.002n2, 1.005n2, 1.01nz), the transmission
cer(L) ) raeL + }(W%Ly _ i(W%L)z L. spectra now exhibit fringes. Such fringes in the transmission
o 2 3! spectra have already been observed experimentally [2] but have
= exp(—maeL). (44) notyet been theoretically estimated. The source of these fringes

is the same as that of the fringes shown in Fig. 3(b) and is the

From (44) we understand that the facter. represents the am- Fabry—Perot-like interference resulting from the partial reflec-
plitude loss coefficient within the grating, and it can be showttion of the radiated fields off the cladding-surrounding interface.
after some manipulation, that the factar, agrees with the cor- A comparison of Fig. 4(c), (d), and (e) shows that the fringes
responding factor in [4] that was derived for FBGs with infinitdbecome deeper as the cladding-surrounding index difference in-
cladding radius. creases.

Whenns # no andag varies rapidly with3: as shown in
Fig. 3(b), it cannot be taken outside the integral in (42), and, V.. CONCLUSION
hence, the integration has to be carried out numerically. . . .

Since the magnitude ofn is as small as less than 19) This paper presented an analysis of the coupling of the core

the field mismatch is negligible between &Pmodes with and mode to the radiation modes in FBGs with a finite cladding
without “dc” perturbation, i.e., within and outside the gratingradius. We showed field distributions of the radiation modes,

Hence, we can regard...(0) and ¢, (L) as the amplitude of demonstrating that they are influenced significantly by the index

incoming and outgoing LR modes to and from the FBG re_mismatch between the cladding and the surrounding material
spectively "~ even if the degree of mismatch is small. We derived a formula

to calculate the core mode transmission loss caused by the ra-

diation mode coupling. A closed-form formula for the ampli-

tude loss coefficient of the core mode that we derived for FBGs
As an example of numerical calculation, we consider an FB&rrounded by index-matching material agreed with a corre-

with a period ofA = 530 nm, a length ofL = 0.5 cm, @ sponding previously reported formula [4] that was derived for

UV-induced index change ahn = 5 x 107%, and a fringe FBGs with infinite cladding radius. We showed calculated core

visibility of m = 1. The FBG is formed in a fiber with a core mode transmission spectra that exhibited fringes like those al-

radius ofa = 2.3 um, a cladding radius of = 62.5m, and ready observed experimentally but yet to be estimated theoreti-

a core-cladding index difference ¢h1 — n2)/n1 = 0.007. cally.

We calculated transmission spectra through the FBGs with ex-

ternal indexes ohs = 0.99n2, n3 = no, n3 = 1.002n,, REFERENCES
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