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Detailed Transfer Matrix Method-Based Dynamic
Model for Multisection Widely Tunable GCSR Lasers
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Abstract—A theoretical model suitable for both static and
dynamic analysis of widely tunable multisection Grating assisted
codirectional Coupler with rear Sampled grating Reflector
(GCSR) lasers is described in this paper. For the first time wide
static tunability as well as transient behavior of such lasers are
simulated. The theoretical model is based on the Transfer Matrix
Method (TMM) in combination with multimode rate equation
analysis and takes into account a number of physical processes in
the laser cavity such as longitudinal mode spatial hole burning,
nonlinear gain compression, and refractive index changes with
carrier injection. Static and dynamic characteristics simulated
using the proposed approach agree with the experimental results
presented in the paper.

Index Terms—Computer-aided design (CAD) methods and nu-
merical techniques, dynamic wavelength switching, integrated op-
tics and devices, modeling and simulation, tunable semiconductor
lasers.

I. INTRODUCTION

W IDELY TUNABLE mutisection lasers are the key com-
ponents to be employed in future flexible wavelength

division multiplexing (WDM) and other network applications
(Internet Protocol over WDM (IP-WDM) [1], [2], All-Op-
tical Networking [3], etc.). Grating assisted codirectional
coupler with rear sampled grating reflector (GCSR) [4], [5]
and sampled-grating DBR (SG-DBR) lasers [6] are the most
promising candidates to-date due to their wide tuning range,
high side-mode suppression ratio (SMSR), relative simplicity,
and potential low cost of fabrication. In order to ensure wave-
length agility and failure-free operation, wavelength-tunable
devices must not only achieve wide wavelength tuning ranges,
but also support stable single-mode operation with high output
power and high SMSR for each of these wavelength channels.
Furthermore, fast-switching applications like wavelength
routing [7] and fast broad-band wavelength conversion [8],
[9] will require the shortest possible switching times between
different operation channels relatively independent of the
start and stop wavelength. To reduce the cost of maintaining
these components in the network it is desirable that static and
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dynamic tuning characteristics of the device stay within the
system-driven characteristics throughout the whole operation
lifetime. Static, dynamic, and lifetime performance of multi-
section tunable lasers are sensitive to a considerable number
of physical and geometrical parameters so that a powerful
theoretical model is desirable for the optimization of complex
device structures with respect to ultimate performance and
yield.

Several theoretical studies have been performed so far on
static and dynamic modeling of multisection DFB and DBR
lasers [10]–[12] and some models were presented for widely
tunable DBR with periodically sampled and chirped gratings
[13]. But no analytical or numerical model has been reported
to date for GCSR lasers. In this paper, we present a large-signal
dynamic model for GCSR lasers which is based on the Transfer
Matrix Method (TMM) in combination with multimode-rate
equation analysis and take into account a number of physical
processes in the laser cavity such as longitudinal mode spatial
hole burning (SHB), nonlinear gain compression, and refractive
index changes with carrier injection. This paper studies the
wavelength and output power properties of GCSR laser under
static and dynamic tuning conditions. The main motivation
for this work was to determine the wavelength evolution,
amount of crosstalk, and realistic switching times between
different wavelength channels at high switching speeds (with

1-ns risetime) and to compare the obtained results with the
experimental ones.

II. L ASER STRUCTURE

The structure of the multisection GCSR laser is shown in
Fig. 1(a). The device consists of four sections: a gain section,
followed by a grating-assisted codirectional coupler section, a
phase-tuning section, and a reflector section with a sampled
DBR (S-DBR). By adjusting the current through the coupler
section it is possible to select lasing on one of the reflection
peaks of the sampled Bragg grating. The wavelength of the se-
lected Bragg peak and the exact mode position can thereafter be
controlled the same as for a conventional DBR laser, i.e., by cur-
rent injection into the Bragg section and phase section, respec-
tively. Hence, a wide continuous tuning range can be achieved
by using all three tuning currents. The laser structure and di-
mensions are more closely described in [14]. Fig. 1(b) shows
superimposed lasing spectra of GCSR operation for a number
of ITU grid wavelength channels equally spaced 50 GHz apart.
Lasing can be tuned to any wavelength within the tuning range
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(a)

(b)

Fig. 1. (a) Schematic structure of the GCSR laser. (b) Experimentally
measured superimposed lasing spectra of a large number of 50-GHz-spaced
ITU channels.

with 1-GHz accuracy; the widest GCSR tuning range reported
so far is 114 nm [14].

III. M ODEL DESCRIPTION ANDEQUATIONS

The model proposed in this paper is based on the TMM [15].
The basis of the TMM is to divide each laser section longitu-
dinally into a number of sections where the structural and ma-
terial parameters are assumed to be homogeneous throughout
each section. However, these parameters may vary between sec-
tions, allowing longitudinal inhomogeneities, such as those pro-
duced by spatial hole burning, to be incorporated into the model.
Each of the sections is characterized by its own complex
transfer matrix that modifies the forward and backward trav-
eling-wave amplitudes (TWAs) as they propagate through the
section. By calculating TWAs of the electric field and solving
the multimode photon rate equation, we can solve for transient
and steady-state characteristics of the laser. Studies employing
the TMM method have to date concentrated mostly on the lasing
condition, i.e., values of gain and frequency for which the ma-
trix element . Our goal is to investigate dynamic as well
as static tuning behavior of the GCSR laser, i.e., the values of
carrier and photon density together with TWAs at each moment
of time in each laser subsection.

Fig. 2. Schematic illustration of the TMM.

Fig. 2 illustrates the transfer matrix method and shows the
forward and backward propagating waves notation. The transfer
matrix for the whole structure is given by a straightforward
multiplication of the individual subsection transfer matrices

, where the first index stands for the section name (gain,
coupler, phase, or reflector), and the second index stands for the
number of the subsection within a given section. The forward
and backward propagating spontaneous emission is represented
by equivalent lumped inputs and , respectively,
at the boundaries of each subsection. The steady-state TMM
equations for the subsection of the laser structure are written
as follows:

(1)

where and are the forward and reverse propagating
TWAs of the subsection. The boundary conditions at the ends
of the waveguide ( and ) are

and

where and are the amplitude facet reflectivities.
However, the time-independent TMM equations above have

to be modified in order to be employed in the time-dependent
case. In this particular case, (1) will look as follows (omitting
the spontaneous emission terms for simplicity):

(2)

Rearranging these equations produces expressions for the up-
dated amplitudes in terms of the old wave amplitudes and the
transfer matrix elements

(3a)

(3b)
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(a)

(b)

Fig. 3. Basic transmission matrices for (a) homogeneous waveguide and (b)
refractive index step.

Here we should note that all of the subsections must have the
same length equal to where is the group ve-
locity. In addition to ensuring that SHB effects are included, sub-
dividing each section into further subsections ensures that the
basic assumption of the time-dependent TMM is satisfied, i.e.,
transfer matrices of each subsection remain unchanged
over the interval to .

The transfer matrices associated with the elementary sub-
sections can normally be found in a straightforward manner.
Fig. 3(a) and (b) show the most basic transmission matrices
associated with a homogeneous waveguide of lengthwith
a complex propagation constant[Fig. 3(a)] and a refractive
index step from to [Fig. 3(b)]. From just these two struc-
tures it is possible to build a wide range of laser structures.
The transfer matrix for the gain section is given simply by the
product of transfer matrices for homogeneous waveguides

(4)

where is the number of subsections in the gain section. A
similar formula can be written for the phase section.

In order to derive the transfer matrix for the sampled reflector
we need to consequently multiply the transfer matrices corre-
sponding to the corrugation periods with the matrices corre-
sponding to the propagation in the homogeneous waveguide re-
gions [see Fig. 4(a)]. The difficulty of the chirped sampled re-
flector case from the point of view of numerical calculations
is that the refractive index profile is different within different
subsections. That means that a sophisticated meshing subrou-
tine has to be designed for this section. Derivation of the trans-
mission matrix for the sampled reflector is demonstrated in the

Appendix. Here, for the sake of simplicity, we show the general
form of the sampled reflector transfer matrix for the static case;

(5)
where and are the transfer matrices of the
grating burst and uncorrugated space for theth subsection of
the reflector section, is the total number of sampled periods.

Until now we were dealing with the sections that had only
one waveguide, i.e., they were considered as a two-port problem
with characteristic transfer matrices. This is not the case
with the coupler section, which has to be treated as a four-port
with a corresponding transfer matrix. The transfer matrix
for a single corrugation period in static case [see Fig. 4(b)] will
look as follows:

(6)

where , are the propagation matrices for high or
low reflection index region of the corrugation in theth subsec-
tion of the reflector, , are the overlap matrix for
the interface between high or low reflection index waveguides,
and is the number of corrugation periods in the coupler sec-
tion. Derivation and details of these matrices are given in the
Appendix.

Finally, (4)–(6) are used to find the overall transfer matrix of
the whole GCSR laser structure. In the static case, transmission
of the lasing mode tends to infinity if the net gain equals the
threshold gain and the wavelength corresponds to a lasing
wavelength of the cavity. For the dynamic case, following the al-
gorithm described by (3), we can find the TWAs of the forward
and reverse propagating electric field at each moment of time,
and derive carrier and photon distributions together with output
power and lasing wavelength at each moment of time. No as-
sumptions were used in any of the above equations, so they may
successively be employed for both large- and small-signal anal-
ysis.

As has been mentioned before, each of the subsections is
characterized by a constant carrier density, photon density, ef-
fective refractive index, phase shift, and coupling coefficient for
the coupler and reflector sections. Within a sectionthe local
interaction between the carrier density and the photon den-
sities of the longitudinal mode is described by the multi-
mode photon rate equation

(7)
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(a)

(b)

Fig. 4. Illustration to obtaining the transfer matrices for (a) sampled reflector and (b) grating-assisted coupler.

Here denotes the current injected in each subsection,is
the injection efficiency of current into the active volume ,

is the electron charge, is the power material gain, is
the number of axial modes in the multimode case, and
are parameters describing nonradiative, bimolecular, and Auger
recombination, respectively. The photon density for each mode

in each subsection is given by

(8)

The power material gain is approximated by the standard linear
function of the carrier density with a slope given by the differ-
ential gain and an offset defined by the transparency
carrier density

(9)

where is the gain compression factor. The refractive index
of the waveguide in section as a first approximation
linearized around the transparency carrier density using the
linewidth enhancement factor

(10)

The variation of the effective refractive index is obtained
from the refractive index change in the active layer using
the approximation, which can be obtained by first-order pertur-
bation theory

(11)

where is the optical confinement factor of the active layer for
the th mode.

In the steady-state case, the TMM algorithm computes the
self-consistent solution for the longitudinal distributions of the
carrier density, photon density, and the carrier-induced refrac-
tive index change at a particular bias level. Laser tuning curves
are calculated as the peak lasing wavelengths assuming the
steady-state carrier, photon and refractive index distributions.
The time-averaged output spectrum of the laser is calculated as
the power out of the front facet

(12)

where is the reflection coefficient of the front facet, is
the photon energy, and and are active region width and
thickness, respectively.

The block diagram of the transient calculation is shown in
Fig. 5. First, the structure is initialized with either zero-current
state or any other state that could be saved from previous calcu-
lations, and the uniform or nonuniform mesh is set up over all
the sections of the laser. Then for each section, given the new
value of currents, the subsection carrier densities are cal-
culated according to the carrier-density rate equation (7), this
in its turn updates the values of refractive index and gain for
each subsection according to (9) and (10). On the next step,
new values for the transfer matrices for each subsection are cal-
culated and the values of the forward- and reverse-propagating
traveling waves are updated. The photon density for each sub-
section is calculated and the output power from the front facet
is found. The procedure is carried out for the desired number
of wavelength points, after which the whole procedure starts all
over again with new values of time and current.

In our transient process studies we were primarily concerned
with switching between different lasing modes, which involves
changing only the values of the coupler, reflector, and phase sec-
tions keeping the gain current constant. Our primary goal was
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Fig. 5. Block diagram of the transient calculation procedure.

to study the evolution of the wavelength and the switching time
as a function of switching modes and to identify the factors that
could help improve dynamic tuning performance. The results
are described in the following sections.

IV. STATIC RESULTS

To demonstrate and verify the model, we have performed
static analysis of the optical spectra, lasing wavelength, and
tuning curves of a typical four-section GCSR laser. The material
and geometrical parameters of the simulated device are given in
Table I. All calculations are performed on the Pentium III per-
sonal computer. Typical computing times were on the order of
10 h (depending on the problem conditions).

The tuning curves of a GCSR laser are an essential point
for the comparison between theory and experiment, since the
position and relative amplitudes of various modes are sensi-
tively influenced by the structure and waveguide parameters,
the coupling factor, the phase shifts, and the unknown end facet
phases of the grating. Static tuning curves for the simulated de-
vice are shown in Fig. 6(a) and (b). Coarse tuning of the lasing
wavelength is realized by changing only coupler current—peak
wavelength is tuned in steps corresponding to sampled reflector
comb spacing (4–6 nm). Medium tuning is realized by changing
reflector current—peak wavelength is changed in jumps corre-
sponding to longitudinal mode spacing of the GCSR laser cavity
(0.2–0.4 nm). Truly continuous tuning of the lasing wavelength
is realized by simultaneous changes of all three (coupler, re-
flector, and phase) currents (not shown in the figure for clarity).
Fig. 6(a) shows the wavelength surface that can be obtained by
tuning of the device with both coupler and reflector currents.
Fig. 6(b) is a two-dimensional (2-D) cross section of the plot

TABLE I
PARAMETERS USED IN

SIMULATION

in Fig. 6(a) and shows tuning curves as a function of only re-
flector current with coupler current fixed at different values. The
peak lasing wavelength is plotted for each pair of coupler and re-
flector currents with the SMSR 30-dB criteria, so that no point
is plotted in case of multimode operation or if the SMSR is less
then 30 dB. From the plot we can see that some wavelengths
are impossible to obtain or can only be obtained with a poor
SMSR—as can be anticipated, this happens when the sampled
reflector and grated coupler transmission spectras have poor or
no overlap. Most of these wavelengths can still be reached when
tuning with phase current is also used. A separate plot would
be needed to illustrate this since the phase current would corre-
spond to another dimension.

Fig. 7(a) and (b) shows experimentally measured tuning
curves, similar to the simulated ones in Fig. 6. Wavelength
positions of the plateaus are in good agreement with the simu-
lated ones. A larger number of wavelengths is missing on the
measured tuning curve then it was predicted in the simulation.
This may be due to any imperfections of the GCSR fabrication
that are difficult to account for in the simulation (such as
waveguide thickness deviations, overgrowth imperfections,
etc).

V. DYNAMIC RESULTS

A. Transient Process

Fig. 8 shows the calculated transient turn-on process from
0 mA to for the two characteristic cases. In Fig.

8(a), the final state corresponds to a stable single-mode opera-
tion, and in Fig. 8(b), the final state corresponds to multimode
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(a)

(b)

Fig. 6. Static tuning curves of the GCSR laser, showing all possible lasing
wavelengths. (a) Three–dimensional (3-D) surface obtained by variation of both
coupler and reflector currents. (b) Cross section of (a) obtained by variation of
the reflector current at fixed values of the coupler current.

operation. In case of Fig. 8(a), the peak lasing mode is selected
and all other modes are suppressed from the very beginning.
The case of Fig. 8(b) shows the worst case of the mode compe-
tition when both modes come up initially, but the shorter wave-
length mode is then slowly suppressed. The side-mode suppres-
sion time depends on the initial (zero coupler and zero reflector
currents) alignment of the coupler and reflector peaks, which in
many cases is determined by the unknowns of the technological
process (relative phase of the rear facet reflection, phase shift
and amplitude of the internal reflections, etc).

B. Dynamic Wavelength Switching

Optical network applications require access to a large number
of channels and the latency of such networks is determined by
the switching time between different channels. Thus it is impor-
tant to study and optimize the wavelength-switching behavior
before the laser is employed in a fast optical network.

As was mentioned before, tuning is obtained by changing
either coupler, reflector, or phase current, or all of them to-

(a)

(b)

Fig. 7. Experimentally measured static tuning curves of the GCSR laser.

gether while keeping gain current constant (such that coupler,
reflector, and/or phase sections carrier densities are changed di-
rectly, while the carrier density in the gain section is allowed to
vary as a result of these changes). In the case of carrier-induced
index change, the carrier-density response to a current step can
be approximated by the exponential function [16]

(13)

where and are initial and final carrier concentra-
tions, —spontaneous recombination time. It can be clearly
seen that the switching time will depend on and .
Also, depending on the initial and final wavelengths, lasing on
this wavelength is characterized by a certain carrier density in-
terval

(14)

The switching time will vary considerably between switching
of the wavelength channels and (where
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(a)

(b)

Fig. 8. Transient turn-on process for (a) stable single-mode operation and (b) multimode operation regimes.

wavelength 0 through 10 are numbered sequentially. This is il-
lustrated in Fig. 9.

We performed simulations of the wavelength switching
between a large number of wavelength channels. The upper
curve in Fig. 10 shows the simulated waveforms for the case
of switching between two different wavelength channels
and which are 20 nm (or three wavelength channels) apart.
The switching time is 6.5 ns for the transition and
5.5 ns for the transition. A significant amount of
interchannel crosstalk noise (momentary spikes of signal at
intermediate wavelengths , , and ) is observed during

the transient time. Lasing at these intermediate wavelengths
is due to the fact that the carrier density is swept through the
whole range of values corresponding to each of these channels.
The switching time may be reduced if the shape of the driving
current pulse is modified from square to a differentiated rise
and fall fronts [17]. Simulated waveforms for the same
switching but with modified current pulses are shown in the
lower waveform in Fig. 10. The switching times have now de-
creased to 4.9 and 4 ns for the and transitions,
respectively. It can be clearly seen that the amount of transient
interchannel crosstalk is much smaller and the switching time
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Fig. 9. Carrier density response to a current step and carrier density ranges,
corresponding to different lasing wavelengths� .

Fig. 10. Simulated switching waveforms for switching between� and� .

is much shorter in this case. Simulated switching time as
a function of a wavelength number for the case of square
driving pulses and differentiated pulses is shown in Fig. 11.
The logarithmic increase of the switching time is observed in
both cases as the wavelength step increases. However, using
the predistortion differentiated pulses, we could measure a
significant reduction of the switching time.

Fig. 12(a) shows measured switching waveforms for switch-
ing between two lasing modes 20 nm apart (similar to the
one shown in Fig. 10) using the predistortion technique. The
switching times were found to be 7.6 and 6.2 ns (compare to
4.9 and 4 ns as simulated). The amount of the interchannel
crosstalk measured in the experiment is larger than predicted in
the simulation, and is due to the parasitics in the experimental
circuitry. Fig. 12(b) shows measured switching time as a
function of a wavelength number, similar to the one in the
Fig. 11. Details of this switching experiment are described

Fig. 11. Calculated switching times for switching between different
wavelengths� ! � .

(a)

(b)

Fig. 12. Measured (a) switching waveforms and (b) switching times for the
� ! � transition.

in [17], where switching time reduction up to 50%, using the
predistorted pulses, was reported. The measured and calculated
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switching times show a good agreement demonstrating the
validity of the proposed dynamic model.

VI. CONCLUSION

A new dynamic transfer-matrix-based model in application
for widely tunable GCSR lasers is developed and described
in this paper. Static and dynamic tuning, transient process
dynamics, and switching time were simulated and compared
with the experiment. This model gives accurate self-consistent
results that agree well with the measured ones.

The proposed model may find several applications such as
design of the GCSR laser structures aimed to optimize device
ultimate performance or analysis of similar types of lasers (like
sampled-grating DBRs). The efficiency of the numerical simu-
lation (which runs easily on a personal computer) suggests that
the proposed model can be used as a building block in CAD pro-
grams analyzing reconfigurable multiwavelength optical net-
work systems.

APPENDIX

This Appendix presents the description and derivation of the
transfer matrices for a grating-assisted coupler and chirped sam-
pled reflector. For the sake of simplicity we will consider the
generic case when the length of the subsectionequals ex-
actly one period of either coupler or reflector section. This is
not always true since is determined by the time step of the
analysis , but generalization of the obtained equations to a
case when contains more then one or less then one period
can be done in a fairly straightforward manner.

A. Transmission Matrix for the Chirped Sampled Reflector

The schematic view of one period of the sampled reflector is
shown in Fig. 4(a). As was stated in (5), the total transmission
matrix of the sampled reflector is

(5)
where is the total number of sampled periods andis the
transmission matrix of the grating burst

(5a)

where is the transmission matrix of each of theth
corrugation period in theth subsection which can be written
as follows (omitting and indexes for simplicity):

(5b)

and is the transmission matrix of the uncorrugated
space in theth subsection

(5c)

where , , , , , and are refractive indexes,
length, and propagation constants for the high and low refractive
index corrugation regions ( ); correspondingly, is the
length of the unsampled region.

B. Transmission Matrix for the Grating-Assisted Coupler

A schematic view of the grating-assisted coupler is shown in
Fig. 4(b). As was stated in (6), the total transmission matrix of
the grating-assisted coupler is

(6)

where is the number of corrugation periods in the coupler sec-
tion, and are propagation matrices for high- or
low- reflection index region of the corrugation in theth subsec-
tion of the reflector which can be written as in (6a) at the bottom
of this page (omitting and indexes for simplicity) where

is the propagation constant for the high- and low-refrac-
tive index corrugation regions ( ) in the upper or lower
waveguide ( ) respectively. and are the
overlap matrices for the mode matching at the interface between

(6a)
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high- or low-reflection index waveguides, such that (omitting
and indexes for simplicity again)

(6b)

where stand for upper and lower waveguide, and and
are overlap integrals at the interface between high- and

low-refractive index regions. Calculation of these integrals is
described elsewhere [18] and is beyond the scope of this paper.
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