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Abstract—We extend the well-known inverse
Wentzel–Kramer–Brillouin (WKB) method for refractive-index
profiling of graded-index planar waveguides. We demonstrate,
with numerical examples and experimental results, that the
refractive-index profile of a graded-index planar waveguide can
be calculated from effective indexes measured with different
external refractive indexes. With this technique, single-mode and
two-mode waveguides can be profiled easily to a good accuracy.

Index Terms—Gradient index optics, optical planar waveg-
uides, optical waveguides, refractive index measurement,
Wentzel–Kramer–Brillouin (WKB) method.

I. INTRODUCTION

I T IS of fundamental importance to determine the refrac-
tive-index profile of a graded-index planar waveguide, as the

profile can give useful information about the waveguide fab-
rication process and the transmission properties of the wave-
guide. The most popular method for refractive-index profiling
of planar waveguides appears to be the inverse WKB method
[1], [2], as the method is easy to implement and does not as-
sume any knowledge about the profile to be determined.

In the WKB approximation, the refractive-index profile of
a waveguide is defined uniquely by the relationship between
the effective index and the mode order, i.e., the effective-index
function [2], [3]. The idea of the inverse Wentzel–Kramer–Bril-
louin (WKB) method [2] is to construct the effective-index func-
tion with measured effective indexes, and calculate the corre-
sponding profile from the function. As a profile is character-
ized by its peak index, depth, and shape, to obtain a meaningful
approximation of the effective-index function, at least three ef-
fective indexes are required. Therefore, the early version of the
method [2], which relies on measurements for one mode type
(either TE or TM modes), can only be applied to waveguides
that support at least three modes of the same type [4].

To extend the inverse WKB method to single-mode and
two-mode waveguides, we have proposed techniques to
combine measurements for both mode types, and at different
wavelengths [5]. However, the technique of combining mea-
surements for both mode types cannot be applied to waveguides
that do not support both mode types or contain unknown modal
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birefringence. The technique of combining measurements at
different wavelengths is more general, but requires several
laser sources and an accurate knowledge of the dispersion
properties of the waveguide material. In this paper, we propose
a technique of combining effective indexes measured with
different external refractive indexes. This technique is simple
to implement and allows accurate profiling of single-mode and
two-mode waveguides at a fixed wavelength.

II. THEORY

We consider a graded-index profile , which is a mono-
tonically decreasing function of for with a peak value

at . The substrate index at and the external
index for are denoted as and , respectively. The
WKB eigenvalue equation for the guided modes of the wave-
guide can be written as [2]

(1)

with the phase change given by

(2)

where
free-space wavenumber withthe wave-
length;
mode order;
effective index (propagation constant di-
vided by );
turning point at which ;
TE modes;
TM modes.

The method reported in [2] is based on treatingas a real
number, so that , which is regarded as a continuous
function of (the effective-index function), can be constructed
by curve-fitting of the effective indexes .
The refractive-index profile can be recovered from
with an efficient algorithm [2]. For the construction of the
effective-index function, at least three effective indexes must
be available [4]. Therefore, if measurements for only one mode
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(a)

(b)

Fig. 1. Recovery of a single-mode Gaussian profile by using effective
indexes obtained with four external refractive indexes: (a) Eeffective indexes
and the best-fit effective-index functionN( �m); (b) Profile calculated from
the effective-index function in (a) (solid curve) and the exact profile (dashed
curve).

type (TE or TM) are used, the waveguide must support at least
three guided modes of the same type. When data measured
for both mode types can be combined, two-mode waveguides
can be profiled [5]. By combining data measured at different
wavelengths, we can profile even single-mode waveguides [5].
Here we propose to combine effective indexes measured with
different external indexes so that single-mode waveguides can
be profiled at a fixed wavelength.

The key idea of the method is the introduction of an effective
mode order

(3)

where is a reference external index (air with is nor-
mally used as the reference). Using the new variable, (1) can

(a)

(b)

Fig. 2. Recovery of a two-mode Gaussian profile by using effective indexes
obtained with two external refractive indexes: (a) Effective indexes and
the best-fit effective-index functionN( �m); (b) Profile calculated from the
effective-index function in (a) (solid curve) and the exact profile (dashed
curve).

be written as

(4)

where is now regarded as a continuous function of,
which is the effective-index function that characterizes the re-
fractive-index profile. When evaluated at the values ofgiven
by (3), gives the effective indexes obtained with various
external indexes. In particular, at is equal to the
effective index obtained with the reference external index.
Clearly, with the introduction of the effective mode order, the ef-
fective indexes obtained with different external indexes become
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(a)

(b)

Fig. 3. Recovery of a single-mode complementary-error-function profile
by using effective indexes obtained with four external refractive indexes: (a)
Effective indexes and the best-fit effective-index functionN( �m); (b) Profile
calculated from the effective-index function in (a) (solid curve) and the exact
profile (dashed curve).

specific points of the same effective-index function . This
provides the basis of constructing the effective-index function
from a set of measurements with different external indexes by
the curve-fitting technique.

In practice, the effective-index function can be constructed by
the following steps.

Step (i) Use an initial guess of to evaluate
the phases and , and estimate
the effective mode orders from (3).

Step (ii) Use the values of measured with different
external indexes and the effective mode orders
calculated from the previous step to obtain a best-fit
effective-index function and extrapolate it to

to give an update value of , i.e.,
[2].

(a)

(b)

Fig. 4. Recovery of a single-mode truncated parabolic profile by using
effective indexes obtained with four external refractive indexes: (a) Effective
indexes and the best-fit effective-index functionN( �m); (b) Profile calculated
from the effective-index function in (a) (solid curve) and the exact profile
(dashed curve).

Step (iii) Use the results from Step (ii) to calculate a new set
of effective mode orders from (3).

Step (iv) Repeat Step (ii) and (iii) till the value of (as
well as the effective mode orders) converges. The
refractive-index profile of the waveguide is then cal-
culated from the final effective-index function by
using the algorithm given in [2]. For completeness,
the algorithm is given also in Appendix.

The external refractive indexes, required in the method, can
be provided conveniently by index-matching liquids, which
are commercially available and come with a wide range of
refractive indexes. In the measurement of the effective indexes
with the prism-coupling method [6], only a small amount
of index-matching liquid is needed to wet the contact area
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(a) (b)

(c)

Fig. 5. Results of profiling a Ag-ion exchanged BK7-glass waveguide at the wavelengths 632.8 nm and 1550 nm: (a) Effective-index function at the wavelength
632.8 nm constructed from effective indexes measured with two external indexes; (b) Effective-index function at the wavelength 1550 nm constructedfrom effective
indexes measured with four external indexes; (c) Profiles calculated with the present method (solid curves) and the method that combines the measurements for
both the TE and TM modes (dashed curve—for 632.8 nm only) [5].

between the waveguide and the prism. In the case of profiling
a single-mode waveguide, three measurements (using air and
two different index-matching liquids) is the minimum require-
ment. If the waveguide supports two modes of the same type,
two measurements (one of which employs index-matching
liquid) will be sufficient. Of course, the reliability of the result
improves as more measurement data are available. The present
technique, if necessary, can be combined with the techniques
based on measurements for both mode types and at different
wavelengths [5].

III. N UMERICAL RESULTS

To evaluate the accuracy of the method, we first consider the
Gaussian profile for
(in micrometer), which is single-moded with

at the wavelength 632.8 nm. The exact effective indexes calcu-
lated for the TE mode with , and are
1.736 91, 1.736 96, 1.737 74, and 1.738 02, respectively. Using
these four effective indexes, we can construct the effective-index
function in the form of a best-fit second-order polynomial by
following the steps described in the previous section and cal-
culate the corresponding refractive-index profile with the algo-
rithm in [2]. The effective-index function and the reconstructed
profile are shown in Fig. 1(a) and (b), respectively, where the
peak index is given by . It can be seen
that the reconstructed profile agrees very well with the original
profile. The error in is only 5% with respect to the index
difference , which is similar to that achieved with the
multiwavelength technique [5].

It can be seen from Fig. 1(a) that the effective index for
(and hence the effective mode order) differs very little from
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that for (air). It makes little difference whether this
particular effective index is used or not in the construction of
the effective-index function. Clearly, to obtain an accurate ef-
fective-index function, we should use well-separated effective
indexes. This suggests that, in practice, the index of the liquid
used should roughly match that of the waveguide material.

In the next example, we consider another Gaussian profile
for (in micrometer).

This waveguide, when placed in air, supports two TE modes
at the wavelength 632.8 nm. As this waveguide supports two
modes of the same type, we can construct the profile with effec-
tive indexes obtained with only two different external refractive
indexes. The exact effective indexes calculated for the TEand
TE modes are, respectively, 1.510 00 and 1.500 94 for ,
and 1.512 25 and 1.502 97 for . Using these four ef-
fective indexes, we construct the effective-index function in the
form of a best-fit second-order polynomial, as shown in Fig.
2(a). The profile calculated from this function is shown in Fig.
2(b), which agrees well with the exact profile. The peak index

is over-estimated by about 7% with respect to the index dif-
ference .

We give two more examples in Figs. 3 and 4, one
for the complementary-error-function profile

for and the other for the
truncated parabolic profile
for , where is in micrometer. The wavelength is
632.8 nm in both examples. As shown by these results, similar
performance is obtained for different profile shapes.

IV. EXPERIMENTAL RESULTS

To verify the present method experimentally, we prepared a
Ag-ion exchanged BK7-glass waveguide, which supported two
modes at the wavelength 632.8 nm and one mode at the wave-
length 1550 nm. The effective indexes of the TE modes were
measured at both wavelengths with a commercial prism-cou-
pler measurement system (Metricon, Model 2010). The external
refractive index was varied by using different index-matching
liquids with known refractive indexes. The measured effective
indexes and the best-fit effective-index functions are shown in
Fig. 5(a) and (b) for the wavelengths 632.8 nm and 1550 nm,
respectively. The corresponding profiles are shown in Fig. 5(c).
At 632.8 nm, the profile was also constructed with the method
based on measurements for both mode types (since two TE
and two TM modes were supported at this wavelength). As can
be seen from Fig. 5(c), the profiles constructed with the two
methods agree very well with each other. As the operating wave-
length should have negligible effects on the shape of the profile,
the profile at 1550 nm is expected to differ from that at 632.8
nm only by a constant offset due to chromatic dispersion. The

results shown in Fig. 5(c) are in good agreement with our ex-
pectation.

It should be mentioned that the uncertainty in the measured
effective indexes is typically , which can affect the accu-
racy of the method only for profiles with an exceedingly small
index difference between the waveguide surface and the sub-
strate. It can be shown from (3) that an uncertainty in the ex-
ternal index usually produces an uncertainty a few times less in
the effective mode order. The temperature dependence of the
refractive index of the index-matching liquid (approximately

C), which contributes mainly to the uncertainty in
the external index, can, therefore, be ignored. In practice, errors
arising from such uncertainties can be reduced by using more
data points in the construction of the effective-index function.

V. CONCLUSION

We have demonstrated a novel technique to extend the inverse
WKB method [2] for refractive-index profiling of graded-index
planar waveguides. The present technique only relies on effec-
tive indexes measured with different external refractive indexes,
and, from a practical point of view, is much simpler and less
restrictive than the previous techniques that are based on mea-
surements for both mode types and at different wavelengths [5].
With this technique, even single-mode waveguides can be pro-
filed easily to a good accuracy. This technique will become an
important tool for the characterization of graded-index planar
waveguides.

APPENDIX

CALCULATION OF FROM

With reference to (4), at , we have
and hence . Therefore, by setting
in (4), we get . In other words, by extrapolating

to , the peak index at the waveguide sur-
face can be obtained, i.e., . To calculate
the refractive-index profile , the effective-index function

is replaced by a large number of samples
with and

, each of which corresponds to a turning point
at which . The turning points can then be cal-

culated from the following algorithm [2] (see the equation at
the top of the page) for with and

, and
. The refractive-index profile can be con-

structed from the turning points by .
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