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Accelerated Computation of the Propagation
Constants of Multiconductor Planar Lines

Otman Aghzout and Francisco Medina, Member, IEEE

Abstract—This paper reports on an efficient and simple tech-
nique to speed up the full-wave analysis of strip/slot-like transmis-
sion lines embedded in a multilayered substrate. The method is pri-
marily based on the use of interpolation techniques in the genera-
tion of the characteristic eigenvalue matrix. Moreover, the features
of the basis functions are exploited so as to reduce the size of the
working matrix by following the guidelines reported in [1]. It is
demonstrated that important CPU time saving is achieved without
sacrificing accuracy.

Index Terms—Computer-aided design, planar lines, spectral do-
main analysis.

I. INTRODUCTION

T HE propagation constants (’s) of strip/slot-like trans-
mission lines on multilayered iso/anisotropic substrates

(see Fig. 1) can be efficiently computed by means of the
spectral domain analysis (SDA) [2] or the singular integral
equation method [3]. Sophisticated analytical techniques have
been added to the original formulation of those methods,
leading to very fast computer codes (see [4] and references
therein). Nevertheless, if the number of coupled strips/slots is
large, the required numerical effort could be still excessive for
computer-aided design (CAD) applications. Some strategies
have been reported to improve the situation. Thus, Yanget al.
[5] assume that the dynamic free surface current distribution on
a multistrip system is close to the quasi-static one. They insert
the fast quasi-static solution into the full-wave formulation,
thus reducing the computational effort. Huynenet al.[6] make
use of variational expressions for the propagation parame-
ters together with quasi-static approximations for the field
over the cross section of the structure under study (coplanar
waveguide). Unfortunately, the true full-wave field/current
distribution may be completely distinct from the quasi-static
one (this is particularly true for suspended substrate structures).
In addition, it is not easy to built approximated expressions
for fields or currents for a general structure. Therefore, the
approximations used in the mentioned methods may be rather
crude or limited in some situations of practical interest. We
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Fig. 1. Cross sections of (a) strip-like and (b) slot-like boxed planar structures.

propose here a completely different approach that does not rely
on a priori approximations. Our proposal is based on a simple
fact: although the characteristic function whose roots determine
the desired eigenvalues (usually the determinant of a numer-
ically generated characteristic matrix ) is a fast varying
function of the unknown, , the individual elements of the
matrix are smooth functions of such variable, provided
appropriate basis functions are used. Since the evaluation of
is responsible for most of the computational effort, it is obvious
that the application of an interpolation scheme to generate

would yield a drastical reduction of CPU time (it is worth
mentioning that the application of interpolation techniques with
respect to the frequency parameter was proposed in [7] so as
to speed up the generation of the moment method impedance
matrix in wide-band computations). It is expected that the CPU
time saving is more significant when the number of required
evaluations of increases: multiple strip/slot or need for
using many basis functions (closely spaced wide strips, for ex-
ample). If the elements of can be accurately approximated
with a low degree polynomial, the CPU time involved in their
computation becomes negligible in comparison with the time
devoted to compute the determinant of. Fortunately, thanks
to the features of the used basis functions, it is also possible
to reduce the size of the matrix whose determinant has to be
eventually computed [1].

II. M ETHOD OFANALYSIS

SDA, the most widely used method for the analysis of planar
lines, yields a characteristic matrix whose determinant van-
ishes for the desired eigenvalues (’s). Obtaining the proper
eigenvalues requires one to build up for many different
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values of (this number is relatively large for multiple strip/slot
lines). Even though very fast methods have been developed to
perform such computations [4], this is still the most time-con-
suming step in the solution process. The overall computational
cost would be drastically reduced if the numerical/analytical
evaluation of the entries of could be avoided. At a first
glance, this could be done using an interpolated version of the
determinant of (as a function of ) instead of the orig-
inal function. However, that determinant is a fast varying func-
tion of , and its correct approximation would require a huge
number of sample points. Nothing then would be gained that
way. However, if appropriate basis functions are used for the
strip currents/slot fields, the individual elements of are very
smooth functions of . In such a case, a low degree polyno-
mial could be used to generate from a few sample points
over the range of interest. This is the case if first and second
kind Chebyshev polynomials weighted by the Meixner edge
condition are used to approximate the unknown functions [4].
This property is closely related to the nature of the integral
equation kernel. It can be theoretically understood—and it has
been numerically verified by the authors—that the reaction in-
tegrals defining those elements of involving transverse cur-
rents or longitudinal electric fields are almost independent of
or, at most, can be approximated with a linear function of.
On the other hand, the dominant longitudinal currents (or trans-
verse electric fields) are approximated by a zero-order function,
giving the total current on the strips or total voltage drop through
the slots, plus a set of high-order contributions. Those reaction
integrals involving high-order functions can be accurately ap-
proximated by means of linear or quadratic functions of. Fi-
nally, the zero-order fundamental functions give place to reac-
tion integrals requiring a slightly higher degree polynomial (it
should be mentioned that these functions account for most of
the relevant information on current/field distribution). There-
fore, the whole matrix — where is
the number of strips/slots and the number of basis functions
per strip/slot—has to be numerically computed just a few times.
But, in such a case, the CPU time devoted to the computation of
the determinant becomes dominant. Fortunately, since most of
the information about the solutions is in the subma-
trix involving the dominant or fundamental contributions, the
remaining being a perturbation, it is possible to apply a block
triangular decomposition of so as to produce an equivalent

matrix problem having those eigenvalues of
we are looking for [1]. Indeed, the matrix can be written as

(1)

where is a rectangular matrix
and is an square matrix.
It is simple to show that

(2)

where is an square ma-
trix. For the basis functions in this paper, the eigenvalues cor-
responding to the fundamental (and first higher order modes)

TABLE I
EFFECTIVE DIELECTRIC CONSTANTS FOR THESIX QUASI-TEM TYPE

FUNDAMENTAL MODES OF ASIX-STRIP STRUCTURE(DATA IN TEXT)

are all associated to . The roots of are associ-
ated with very high-order modes outside our region of interest.
Therefore, what we actually need is to compute the determinant
of a matrix . Notice that the elements of and

can be generated by means of very low-order polynomial
interpolation (thus, matrix inversion is carried out no more than
two or three times in practice). In order to keep very high ac-
curacy, a slightly higher order is advisable for the elements of

. The combination of interpolation and block diagonal de-
composition has allowed us to develop a very fast code for the
full-wave analysis of multiple coupled planar lines without sac-
rificing the accuracy of the original formulation. Accuracy is
not diminished because the correct current (or field) expansion
is used at any frequency or for any structure withouta priori
assumptions, which can fail for some geometries or operating
frequencies.

III. N UMERICAL RESULTS

The technique outlined in the previous section has been
applied to the computation of the propagation constants of
multiple strip/slot transmission lines composed by an arbitrary
number of conducting strips or slots and dielectric layers. The
results obtained after applying interpolation and reduction of
the matrix size have been systematically checked against the
ones computed by straightforward application of the optimized
SDA reported in [4]. As an example, Table I shows the values
of (effective dielectric constant) for the six quasi-TEM
type fundamental modes of six evenly spaced ( mm)
equal width ( mm) coupled strips printed on a single
isotropic substrate ( , thickness, mm) inside
a metallic box ( mm, mm) at three different
frequencies. The number of basis functions of the kind used
in [4] was chosen so as to ensure that all the figures in the
first column are correct (four functions for the longitudinal
surface current density and three functions for the transverse
one). The first column stands for data computed using [4]. The
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Fig. 2. Determinants of[A] and [A] for the example structure in Table I.
Frequency: 15 GHz.

TABLE II
EFFECTIVE DIELECTRIC CONSTANTS FOR THEFIVE QUASI-TEM TYPE

FUNDAMENTAL MODES OF ASIX-SLOT COPLANAR WAVEGUIDE

(DATA IN TEXT)

other two columns correspond to the method in this paper. The
results in the second column were obtained using quadratic
interpolation for the elements of and linear
interpolation for the elements of and .
Cubic and quadratic interpolations
were used to generate the results in the third column. The
interpolation interval was chosen wide enough to ensure that
all the solutions were captured ( ranges from 4 to 11.7 in
this example). The columns labeled stand for the CPU
time saving factor. It is clear that the results are very accurate
even for very low order of interpolation, being virtually exact
for . The CPU time saving is, at least, of one
order of magnitude. In Fig. 2, we have plotted the determinant
of the whole characteristic matrix ] as a function of the
tentative effective dielectric constant for the structure analyzed
in Table I (frequency 15 GHz). The determinant of the reduced
matrix is also plotted. It is clear that the roots of both
determinants coincide within the interval shown in the figure.
New roots of the determinant of , which are not roots of the
determinant of , appear for imaginary or complex values
of , but they are obviously outside of the region of interest.
As a final example, Table II shows a similar analysis for the

five quasi-TEM type modes of a coplanar waveguide structure
with six equal width slots ( mm) defined by five equal
width ( mm) strips printed on a thin ( mm) AsGa
substrate . The whole is suspended and centered
inside a metallic enclosure ( mm; mm). Data
correspond to 5 GHz. Conclusions are the same as for the
microstrip structure. This type of numerical experiment has
been performed for a large variety of geometries, leading to
similar results. Thus, we can conclude that the results provided
by the computer code incorporating interpolation and reduction
of the size of the working matrix are extremely accurate, while
CPU time is meaningfully reduced. Therefore, the method is
very useful to accelerate SDA computations of planar lines.

IV. CONCLUSION

A simple procedure to accelerate the SDA computation of the
frequency-dependent effective dielectric constants of multicon-
ductor planar transmission lines has been described. The method
is mainly based on the use of low degree polynomial interpola-
tion to obtain very accurate approximations for the elements of
the Galerkin matrix as functions of. This is possible thanks to
the smooth dependence of these elements on thevariable, in
contrast with the strong dependence of the determinant of the
Galerkin matrix. In addition, the working matrix size is estab-
lished by the number of strips/slots and not by the number of
basis functions, which can be much larger. Important reduction
of CPU time is achieved with this method, whereas the gener-
ality and accuracy of the original formulation is not affected, in
contrast with other fast methods reported in the literature.
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