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Inverse of Exact Solution by Synthetic
Asymptote—An Example of Stripline

Wan C. Tang and Y. Leonard Chow

Abstract—The novel techniquesynthetic asymptotés a useful
tool in deriving the inverse formula of an exact solution for CAD
purposes. As an example, the inverse formula of stripline is derived
in this paper. The average error is less than 1%.

Index Terms—Stripline, synthetic asymptote.

|I. INTRODUCTION

NALYSIS in electromagnetics gives the response of a déig. 1. Cross section of stripline.
vice with a given structure. It is normally quite difficult to
find itsinverse that is: to design a suitable structure with a specH. DERIVATION OF THE INVERSE FORMULA OF STRIPLINE BY
ified response. An inverse formula is convenient. It is found that SYNTHETIC ASYMPTOTE
the novel technique_dynthe_tic asympto_[&] can derive the in- For the stripline shown in Fig. 1, Cohn [2] gave the exact
verse formula with little difficulty and with _h|gh accuracy. Theanalysis formula by conformal mapping method, that is
ease applies even when the exact analytical solution is known. ;
The stripline is chosen as the illustration. C = 4&60M 1)
Assume that an unknown function has known asymptotes at K (k)
the two limits of a parameter of interest. The synthetic asymphere
tote then is a formula that is constructed so that it converges into W
the known asymptotes. This formula approximates the original k =sech <§ %) )
function well (maximum errok:10%) if the function is mono-
tonically increasing or decreasing. andk’ = 1 — k2.
The maximum error naturally occurs at sopmint between  After the distributed capacitance is obtained, the character-

the two known asymptotes. If the synthetic asymptote is simphtic impedance of stripline is

adjusted to include one or two extra numerical data somewhat P 100 3
close to thispoint, the maximum error may easily be reduced 0= CC, ®)

to 1 to 2%. The two extra data points can be obtained froMyghereC andCy, are the distributed capacitances with dielectric
simple runsof existing numerical software. and air substrates, respectively.

~ Regular asymptotes are frequently simple analytical func- gquation (1) is an exact solution in the complete elliptic in-
tions. As a result a regular asymptote can easily be invertggyra| of the first kind. The complexity of the elliptic integral
by exchanging its dependent and independent variables. Th&kes its inverse difficult. On the other hand, if the elliptic inte-
synthetic asymptote constructed from the inverted asymptolgg is separated into two simpler asymptotes, i.e., two simpler
is the inverse of the original analysis function. This pap@halytical functions, we can invert the two asymptotes. Using
constructs a formula of the characteristic impedance withyge two inverted asymptotes, the inverse synthetic asymptote can

given structure of stripline with different substrate dielectric$,q gptained. In addition. the asymptotes should give good phys-
Then the inverse of the formula is constructed. The averagg, insight.

error of the inverse formula is less than 1%.
A. Derivation of the Inverse Near Asympt¢t&, — 0)

Whenk — 0, i.e.,h — 0, we can expand the ratio of the
elliptic integral of the first kind in (1) by the-series [3], [4].
Taking the first term, we get theearasymptote

Asym K(k) ~ 1 In <k2> . (4)

Manuscript received July 25, 2000; revised September 6, 2000. This work k—0 K(k) 0 16
was supported by a Strategic Grant of the City University of Hong Kong and WISO, the asymptote ot (When h — 0) can be obtained from
a CERG Grant of the Research Grant Council of Hong Kong. . . g

The authors are with the City University of Hong Kong, Kowloon, Hong Konéz)' After some manlpulatlons, itis
(e-mail: eeylchow@cityu.edu.hk). . — 9.~ (7/2)(W/2h)

Publisher Item Identifier S 1051-8207(00)10931-6. Asym k= 2e ' ()

1051-8207/00$10.00 © 2000 IEEE



TANG AND CHOW: INVERSE OF EXACT SOLUTION BY SYNTHETIC ASYMPTOTE 455

Substituting (4) and (5) into (1), we obtain thearasymptote large for the inverseear asymptote (8) of zero at, — 0.

of the distributed capacitance The inversdar asymptote would have to drop to zero. Without
2 disturbing its value at the far limit, we may modify the inverse
C, = z‘%sygn C = de,e0 <; In2+ 2—) . (6) far asymptote (12) to

When/ — 0, the second term in (6) represents the parallel plateo U (O Vever o €0Er
capacitance and it is more dominant than the first term. There/t2 = 48y h=1qq { €70Vl = 1=2uZ, [— -
fore, we can rewrite (6) as that of two parallel plate capacitors;

Zy—oo 16

from the strip to the top and the bottom ground plates (13)
w which is the inverséar asymptote of characteristic impedance
Cy = AsymC = 257,50]—. (7 Zo.
h—0 v

o _— .
By defining/, = h/W, we get the inverseearasymptote of C. Derivation of the Inverse Synthetic Asymptote

Z, from this asymptote of capacitance (7) and (3): As mentioned earlier, the inverse synthetic asymptote can be
simply the sum of the inverseearandfar asymptotes (8) and
hi = Asym b= 27, 550 (13). We get the inverse synthetic asymptote
Zy—0 Ho

© [3 (o]

which is the inverseearasymptote of characteristic impedance Ho

ny 1/n
“o +| = (e2rdov/eos/mo 1 _or 7, |25 .
16 Ho

B. Derivation of the Inverse Far Asymptdt&, — o)
(14)

Whenk — 1, i.e.,h — oo, the ratio for the complete elliptic With ~ 1 the i heti
integrals of the first kind in (1) can also be expandedtseries th »n =1, the inverse synt epc asympto'ge CONnVerges
smoothly at the two limit o7y, but still has a maximum error

[3], [4]. Taking the first t(?rm, we now have of 10% at the intermediate values4§. A match withone data
Asym K (K) r 4 ) 9) point with numerical computation at an arbitrafy, enables
k-1 K (k) In <1 - kQ) us to set the exponent
16
From (2) and (9), and after some manipulations, we gedtther
asymptote of; as

aW\?
Asym (1 — k%) = <_ ) ) (10) Ill. RESULTS

L —o0 2 ﬁ .
- ] . Fig. 2 shows and compares the results calculated by (14) and
Substituting (9) and (10) into (1), we can get faeasymptote Cohn's exact formula (1) from [2] far,. = 2.55,12.9, and 24.0.

of the distributed capacitance The average error is less than 1%. As expected, the maximum
de.eqm 82hn\17"  erroris 1.5% at the middle range of characteristic impedance.
5 =27meoer |In

n = 1.05. (15)
This match reduces the maximum error to 1.5%.

CL=Asym C=—
' hfoo IK

2 2h
4

W The curves cover thpractical range of dielectric constant and
| the shape ratio W/h of stripline

n

IV. CONCLUSION
(11) , . : R

Like the parallel plate interpretation of (7), the near asymptote, SYNthetic asymptote is a useful CAD tool in deriving inverse
there is an interpretation of (11), the far asymptote. That is, tHyMula flor.pracltllli:al Etructgrlg of I\;Ilck:‘.hnes, evenhthose ‘r’]‘”th
infinite series of images of the strip (from the top and the bottoff@ct SO ut|fons II e the st_np |Ine odt IS p;\per. Td ehsyr_ut ?t_'c
ground plates) is equivalent to just two equivalent images (ea%ﬂymptote ormulas are simple and provide good pnysical in-

of half the negative charge and at the same distdhge, above sight unlike other curve fitted formulas with many arbitrary
or below the strip) constants. The synthetic asymptote, from the regular asymp-

From (11) and (3), we get the invere asymptote ofZ, tptgs which may pe exact, is naturally accurate at thg asymptpte
o o x limits. However, it may npt be accurate at some midpoints in
ho = Asym h = — e27Zor/20er /o (12) between, where the maximum error can be up to 10% and be-
Zo—00 16 yond. If one or more arbitrary constant in the middle is used to
Synthetic asymptote is frequently constructed by summirfigund the power. in the form of the “root of sum of powers” as
the regular asymptotes at the two parameter’s limits. This rie-(14), the error may be reduced to about 2%. Also, we can use
quires an “asymptote consistency condition.” The condition fee synthetic asymptote to derive the inverse formula of exact
that thefar asymptote will approach zero or a small number ablution for other practical structures, such as coplanar wave-
the near parameter limit and vice versa for tiearasymptote. guide with infinite substrate (CPW). It is easy to see that similar
Under this condition, the inverdar asymptote (12) reducesinverse formula can also be derived for approximate solutions.
to #/16 at the near limit ofZ, — 0. Still, this 7/16 is too An example of ours is that for the microstrip line [5].
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120 obvious error. We believe that such drastic simplifications

are not necessary with synthetic asymptote. As a start, we

100 44 — Inverse synthetic e have just derived the analysis formula for the coupling of two
} asymptote

microstrip lines. Unlike the one isolated line case of this paper,

g
LEC)
£3g
TE 804t | o S.B.Cohnsformula |- for coupling lines we have to apply the synthetic asymptote
> [2] i i i
g' = 1 technique twice, once for the substrate thickness and once for
K] 60 R T the separation between the lines. The details and the inverse
25 formula will be submitted as a separate paper.
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Fig. 2. Comparison of th&//h versus the characteristic impedangg of
stripline calculated by inverse synthetic asymptote formula (15) and S. B.[4]
Cohn’s formula [2] withe,. = 2.55, 12.9, and 24.



