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Abstract—A revised formulation of modal absorbing and
matched modal source boundary condition is proposed for the
efficient analysis of a waveguide circuit with the finite-difference
time-domain (FDTD) method. The formulation is based on a
suitable translation operator modeling, in time domain, the
propagation in a uniform hollow waveguide. By applying this
operator, a multimodal absorbing boundary condition is obtained.
Moreover, a source algorithm is developed that generates a given
incident wave, while absorbing each modal component reflected
from a discontinuity. The source is capable to separate incident
and reflected waves without requiring any presimulation of
long uniform waveguides. The validity and effectiveness of the
formulation is verified by means of three numerical experiments.
The first two refer to waveguide discontinuities. In these cases, the
FDTD results are compared versus mode-matching results. The
third example is a transition from waveguide to printed circuit
transmission line. The numerical simulation is compared with
published experimental results. The presented examples show that
the generalized scattering matrix of a waveguide circuit can be
evaluated accurately in the smallest computational space allowed
by the structure.

Index Terms—FDTD method, generalized scattering matrix,
matched modal source, modal absorbing boundary conditions,
waveguide circuits, waveguide impulse response, waveguide
transitions.

I. INTRODUCTION

I N RECENT years, the finite-difference time-domain
(FDTD) method [1], [2] has become one of the most pop-

ular methods for the analysis of microwave circuits [3]. This
method allows the electromagnetic (EM) field to be computed
in a discretized space time domain. In microwave engineering
applications, however, the knowledge of the EM field distribu-
tion is not sufficient by itself, but has to be complemented by
that of the scattering parameters of the microwave circuit.

To compute these parameters, three problems must be faced.
First, the circuit ports must be properly terminated. Since the
most common way to evaluate the scattering parameters is to
eliminate the reflected wave by matching the circuit ports, the
accuracy of the extraction procedure is strictly dependent on the
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absorbing boundary conditions (ABC’s) used to simulate the
matched terminations. In order to minimize the errors due to
the imperfect ABC, different approaches have been proposed in
[4] and [5].

Second, when the field distribution at the circuit ports results
from the superposition of several modal components, in order to
compute the scattering parameters it is necessary to identify the
dominant mode component. To this purpose, it is useful practice
to insert uniform waveguide lengths at the circuit ports in such
a way as to eliminate the contribution of higher order modes.
This has the price of increasing the computational domain.

Third, incident and reflected waves must be extracted from
the total EM field. The conventional approach is based on the
separation of incident and reflected pulses in time domain.
This method, however, requires a long uniform feeding line,
increasing further the computational domain. In order to
minimize such a domain, the excitation scheme proposed in [6]
can be adopted. Other techniques to obtain the incident wave
consist of simulating a uniform waveguide or, alternatively,
monitoring the wave propagation at almost three observation
points along the waveguide axis [7].

For hollow waveguide structures, the above problems can be
solved by expanding the total EM field into waveguide modes
and by rewriting the boundary condition at the circuit ports in
terms of modal amplitudes. This approach has been exploited
to develop a family of boundary conditions suitable for the
evaluation of the scattering parameters of a waveguide circuit.
Such boundary conditions are referred as to modal absorbing
boundary conditions (MABC’s) and matched modal source
boundary conditions (MMSBC). The MABC [8]–[12] are
almost ideal matched terminations [13] and, as shown in [14],
can be used very close to a waveguide discontinuity, where
the EM field results from the superposition of several modes.
The MMSBC has been first proposed in [15] and allows the
real-time separation of incident and reflected waves.

In this paper, the formulation of MABC and MMSBC algo-
rithms is revised by introducing a suitable translation operator.
The operator is obtained both analytically and numerically, the
latter being derived by using a one-dimensional time-domain
model of a uniform waveguide [16]. The revised formulation
allows the MMSBC proposed in [15] to be extended to a fully
multimodal case. Moreover, the incident wave, necessary to the
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Fig. 1. Two port waveguide discontinuity.

source algorithm, can be computed by means of the translation
operator, avoiding the presimulation of a long uniform wave-
guide. Results are presented in order to validate the MABC and
MMSBC algorithms and to show their capabilities in terms of
numerical accuracy and computational effort.

Due to the multimodal feature of the algorithms proposed,
throughout this paper, rather than simply to the scattering pa-
rameters, we will refer, in general, to the computation of the gen-
eralized scattering matrix (GSM) of a microwave circuit. The
GSM will be introduced in the following section.

II. GSM COMPUTATION

Let us consider the generic two-output waveguide disconti-
nuity shown in Fig. 1. The reference planes( ) are
located across the longitudinal-axis at coordinates and

.
To calculate the GSM with the FDTD method, the transverse

electric field at must be expanded into waveguide modes as
follows:

(1)

In the above expression,is the mode index, is the number
of modes used in the expansion of the electric field, and
is the electric modal vector. The transverse coordinate depen-
dence has been omitted to simplify the notation. The amplitudes

can be viewed as equivalent modal voltages. Note
that (1) holds for hollow, or homogeneously filled with no dis-
persive material, waveguides.

With reference to Fig. 1, incident and reflected
voltage waves can be expressed in terms of forward and

backward voltage waves

for

for
(2)

for

for
(3)

These relationships allow the total voltage to be expressed
as the superposition of incident and reflected voltage waves

(4)

A method to evaluate the GSM consists of terminating the
computational FDTD domain by a matched load and matched
source. The load (plane of Fig. 1) must absorb each trans-
mitted wave. The source (planeof Fig. 1) must excite only
one waveguide mode, while absorbing each wave reflected
by the discontinuity. If the dominant mode (index )
is excited at the first output (index ), the following
matching/excitation condition must be satisfied:

for and
for or

(5)

being the source strength. The generalization of (5) to
the excitation of an arbitrary mode at a generic output is
straightforward. In the following section, it will be shown that
the boundary condition (5) can be implemented by means of
MABC and MMSBC algorithms.

The GSM can be easily computed as follows, by evaluating
the Fourier transform of incident and reflected voltage waves:

(6)

where

TE modes

TM modes
(7)

with

(8)

and

(9)

In the previous expressions, is the phase constant of theth
mode in the th waveguide, is the angular cutoff frequency,
and is the velocity of the light. Note that the first factor of
(6) normalizes the scattering parameters in such a way as the
unitarity and symmetry properties of the GSM are conserved.

III. MABC AND MMSBC ALGORITHMS

The MABC and MMSBC algorithms can be easily explained
by introducing a suitable translation operator as a model of a
uniform hollow waveguide.

Let be the voltage wave traveling forward along
the -axis of a uniform waveguide. The wave amplitude of the

th mode at the location , with , can be expressed in
terms of the amplitude atusing the translation operator

(10)
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A symmetric relationship holds for the wave , trav-
eling backward along the-axis

(11)

These translation relationships can be considered as the formal
definition of the linear operator . Its evaluation will be dis-
cussed in the following section.

The translation operator applies to each modal ampli-
tude. By using a mode superposition, such an operator allows the
modal expansion (1) to be transferred from a plane with longitu-
dinal coordinate to a plane with longitudinal coordinate .

A. MABC Algorithm

The MABC algorithm is illustrated at the example of Fig. 1.
In particular, we refer to an MABC at suitable for the
absorption of the waves traveling backward along the-axis.
This case will be used to later introduce the matched modal
source.

From the knowledge of the total electric field at (output
index ), one obtains the total voltages at the same plane
by exploiting the orthogonality of the modal vectors

(12)

being the cross section of the first waveguide. Since a
matched load has been assumed by hypothesis, .
Hence,

(13)

Using (1) and (13) and the translation operator, the electric
field at is given by

(14)

This expression constitutes the MABC at . The corre-
sponding algorithm is illustrated in Fig. 2. The transverse elec-
tric field at is expanded in terms of normal modes (12),
each modal amplitude is propagated back to using the
translation operator, and then the total electric field at the plane
of the MABC ( ) is obtained as the superposition of its
modal components (14).

B. MMSBC Algorithm

Consider now the presence of a source at (output index
) of Fig. 1. The source is supposed to excite only the

fundamental mode of the waveguide and is matched with respect
to modal components reflected by the discontinuity. Let
be the amplitude of the generated incident voltage wave. The
transverse electric field at the source plane is the superposition
of the source-generated field plus the field (14) reflected by the
discontinuity

(15)

Fig. 2. MABC applied to the waves traveling backward along thez-axis. The
boundary condition is imposed atz = 0. The field is expanded in modes at
z = d.

Since the source is supposed to be matched and excites only
the dominant mode (index ), the backward voltages

are related to the total voltages by

(16)

where the only unknown is the amplitude of the
forward dominant mode. In [15], this quantity has been evalu-
ated by a presimulation (carried out with the three-dimensional
FDTD) of a long uniform waveguide. By using the translation
operator, the same quantity can be computed as

(17)

Combining the above relationships, one finally obtains the ex-
pression of the MMSBC at

(18)

The electric field at is expressed in terms of the modal
field amplitudes at by means of the modal translation op-
erators . The matched modal source algorithm is illustrated
in Fig. 3. Note that the same structure of Fig. 2 is used to provide
the absorption of the reflected waves. Observe that, by using the
linearity of the translation operator, (18) can be rewritten as

(19)

where .
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Fig. 3. Matched modal source. In this case, the fundamental mode is excited while the firstN modes are absorbed. The source plane is atz = 0. Incident and
reflected waves are available at the expansion planez = d.

The MABC and MMSBC algorithms can be extended easily
to the absorption of waves traveling forward along the-axis
and to arbitrary mode excitation.

IV. TRANSLATION OPERATOR

This section is devoted to the computation of the transla-
tion operator which, by definition, transforms the forward
(backward) voltage wave of the th
waveguide mode into the same quantity evaluated in (
).
In frequency (or Laplace) domain, the translation operator

simply correspond to the phase shift introduced by a uniform
waveguide of length as follows:

(20)

where

(21)

is the waveguide transfer function of voltage type [13, p. 247]
and is the translation operator in the Laplace domain. By
inverting (20) and (21), one obtains the translation operator in
time domain

(22)

where

(23)

is the waveguide impulse response andis the convolution op-
erator. Substituting (22) into (10) and (11) and discretizing time

and space with , , respectively, the translation
relationships becomes

(24)

and

(25)

where a distance has been assumed. In these expres-
sions, the following notation has been adopted to distinguish
between continuous and discrete functions

(26)

The convolutions (24) and (25) can be evaluated adopting two
different approaches, i.e., analytically or numerically. With the
first approach, the waveguide impulse response (23) is evaluated
first analytically, then discretized in space and time to obtain

. As an alternative, the translation relationships can be
evaluated through a waveguide numerical simulation performed
in a discretized one-dimensional domain.

A. Analytical Impulse Response

The waveguide impulse response can be found by computing
(23) analytically. To this purpose, the function (21) must be
rewritten as follows:

(27)

where is the propagation time between the excitation
and observations points. The inverse Laplace transform of the
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first term is a delayed Dirac’s impulse, while that of the second
can be found in [17, p. 1027]. One obtains

(28)

being the Bessel’s function of first kind and the
Heaviside (or unitary step) function. The relationship (28) has
been derived in [18], in the more general case of waveguide
filled with a lossy dielectric.

To construct an MABC or MMSBC algorithm, the impulse
response (28) must be discretized in time. The main problem is
that the delay is not a multiple of the sampling interval .
By expressing the delay in terms of integer and fractional parts

(29)

(30)

(31)

the impulse with delay can be approximated as the superposi-
tion of two impulses with integer delay and

(32)

Sampling the waveguide impulse response and using (32), one
obtains

(33)

Numerical experiments have demonstrated that the direct ap-
plication of (33) is not very accurate. For example, an MABC
that uses (33) shows a spurious reflection of about−50 dB. This
error can be ascribed to the approximation (32) and to the nu-
merical dispersion of the FDTD algorithm altering the phase
constant of the waveguide [13, p. 257]. A detailed discussion
of this problem is, however, beyond the scope of this paper. To
improve the accuracy of MABC and MMSBC algorithms, the
impulse response in (23) has been evaluated numerically.

B. Numerical Impulse Response

The numerical impulse response can be determined by rep-
resenting a hollow uniform waveguide by a set of modal trans-
mission lines as in [16]. The line equation is

(34)

being the mode order and the equivalent modal voltage.
This equation is discretized according to a one-dimensional
FDTD scheme

(35)

with

(36)

Observe that (35) is very fast computing, as it involves only five
floating point operations (two multiplications and three summa-
tions) per time step. To ensure the stability of (35), the following
inequality must be satisfied [19, p. 71]:

(37)

The time step given by (37) is greater than that computed
according to the Courant’s criterion for the three-dimensional
FDTD with the same .

To evaluate the impulse response of theth waveguide mode,
the corresponding transmission line must be excited with an im-
pulsive signal at the origin. The time evolution of the equivalent
voltage is computed with (34) assuming a semi-infinite line. The
impulse response is given by the equivalent voltage at a distance

from the excitation point.
Numerically, a semi-infinite transmission line cannot be sim-

ulated. However, as suggested in [8], [13, pp. 251–252], and
[20], this problem can be overcome adopting a discrete trans-
mission line with only four nodes. The first node is for the exci-
tation, the second to pick up the impulse response, and the last
two for the application of an absorbing algorithm. The latter can
use the samples of the impulse response in progress. The numer-
ical computation of the waveguide impulse response is reduced
to the following recursive formula:

(38)

assuming for and . The accuracy
of the MABC and MMSBC algorithms based on the numerical
impulse response can be improved by slightly modifying the
eigenvalue in (35) according to [13, p. 258].

The number of floating point operations required to the com-
putation of each convolution in (24) or (25) is , where
is the length of the simulation in number of time steps. For the
evanescent modes, this effort can be avoided by evaluating di-
rectly the waves at .

C. Evanescent Modes

For those modes that are evanescent in the whole frequency
range considered in the FDTD simulation, a more efficient way
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Fig. 4. H-plane step. The dimensions and the discretization adopted are:a =

32�y = 22:86 mm,a = 21�y = 15 mm, b = 14�x = 10:16 mm (not
shown),�z = 0:5 mm,�t = 1:18 ps.

can be employed to numerically evaluate the translation rela-
tionships (24) and (25). This is accomplished by exciting the

th discrete transmission line with the signal (or )
and by shorting it at a distance far enough from the excitation
point so that the line voltage has vanished. The translated wave

(or ) is the voltage at the second node of the
discrete transmission line. The distance between short circuit
and excitation point that ensures an amplitude attenuation of
is

(39)

where is the maximum analysis frequency and the dis-
tance is expressed in the number of cells. In this paper,

has been used. The translated waves can be determined by
solving (35) with the following boundary conditions:

or (40)

Thus, (24) and (25) become

or (41)

The number of floating point operations involved in this proce-
dure is , which increases linearly with the length of
the simulation [13, p. 259].

V. RESULTS

To check the validity and effectiveness of the proposed for-
mulation, three numerical experiments are presented here. The
first two examples refer to waveguide discontinuities. In these
cases, the generalized scattering parameters computed by the
FDTD simulations are compared versus mode-matching results.
The third example is a waveguide-to-microstrip transition. The
FDTD simulation is compared with the experimental results
presented in [21].

A. H-Plane Step

TheH-plane step of Fig. 4 has been considered as a first ex-
ample [22]. A uniform mesh has been adopted for the spatial dis-
cretization. The dimension of the structure and discretization pa-
rameters are indicated in the caption. An MMSBC absorbing the
first seven modes has been applied at the wider waveguide and

the smaller one has been terminated with an MABC matched
with respect to the first five modes.

In order to validate the method in the most critical case, the
computational volume has been reduced to only four cells along
the -axis. The excitation is a 11.5-GHz cosinusoidal signal
modulated with a Gaussian pulse having a 7-GHz bandwidth.
Observe that, beyond 13 GHz, two modes can propagate in the
wider waveguide.

The GSM has been computed according to the procedure de-
scribed in Section II. The elements with ,
i.e., the generalized scattering parameters between pairs of
modes at the output , are shown in Fig. 5 and compared
with the mode-matching simulations. The agreement is excel-
lent.

The size of the computational volume is: 14 × 32 × 4 cells.
Three simulations are necessary to evaluate the submatrix
of size 3 × 3. Each simulation takes about 120 s for 8000 time
steps. The computation has been performed on a Pentium II
233-MHz platform, with 64 MB of RAM, and Linux operating
system.

The use of MABC and MMSBC allows us to analyze the
discontinuity beyond the frequency of 13 GHz, i.e., beyond the
onset of higher order mode propagation in the wider waveguide.

B. E-Plane Mitered Bend and Corner

TheE-plane mitered bend of Fig. 6 has been considered as a
second example. A uniform mesh has been adopted for the spa-
tial discretization along with the triangular cell approximation
described in [23]. The dimension of the structure and discretiza-
tion parameters are indicated in the caption.

An MMSBC absorbing the first five / modes has
been applied at the input waveguide and the output has been
terminated with an MABC using the same modal set. The exci-
tation is a 12.5-GHz cosinusoidal signal modulated with a
Gaussian pulse having a 5-GHz bandwidth.

The magnitude of for two values of are shown in
Fig. 7. In the figure, the frequency axis has been normalized
with respect to the cutoff frequency GHz of the wave-
guide. Fig. 7(a) refers to a mitered bend with . This
result has been compared with the mode-matching analysis dis-
cussed in [24] and with the boundary contour mode-matching
method (BCMM) introduced in [25]. Fig. 7(b) refers to a corner
with . Also in these cases, a very good agreement is
observed.

The size of the computational volume is: 16 × 16 × 27 cells.
The computation time is of about 28 s for 2000 time steps.

C. Waveguide-to-Microstrip Transitions

The proposed algorithm can also be applied to compute the
scattering parameters of transition from waveguide to printed
circuit transmission lines. In such cases, a perfectly matched
layer (PML) can be used to terminate the computational domain
at the printer circuit side.

As an example, consider the waveguide-to-microstrip transi-
tion shown in Fig. 8. The dimensions of the structure are quoted
in the caption of the figure. A study of this discontinuity has
been reported in [21].
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(a) (b)

(c) (d)

(e) (f)

Fig. 5. GSM of theH-plane step. Comparison between FDTD and mode matching. The first 3 × 3 elements of the[S ] submatrix are represented in the figure.
(a)S (reflectedTE , incidentTE ). (b) S (reflectedTE , incidentTE ). (c) S (reflectedTE , incidentTE ). (d) S (reflectedTE ,
incidentTE ). (e)S (reflectedTE , incidentTE ). (f) S (reflectedTE , incidentTE ).

A graded mesh [26] with mm,
mm, and mm has been adopted for the

discretization of the structure. The cell sizes have been varied
according to [27], using an increment factor in all grid
directions. The time step was ps.

An MMSBC has been applied to the waveguide port. The
source absorbs the first seven TE/TM modes reflected by the
transition. The microstrip port has been terminated with a PML
ABC [28] with a thickness of ten cells, S/m and
order .
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Fig. 6. E-plane mitered bend. The dimensions and discretization adopted are:
a = 26�z = 19:05 mm (not shown),b = 13�y = 9:525 mm,�x = �y,
�t = 1:4 ps.

(a)

(b)

Fig. 7. S of (a) theE-plane mitered bend withd=b = 0:87 and (b) of
the E-plane corner. Comparison among FDTD, mode-matching, and BCMM
methods. The frequency has been normalized with respect to the cutoff
frequency of the waveguide.

The reflection coefficient of the waveguide-to-microstrip
transition is shown in Fig. 9. This result is in good agreement
with the experimental data provided by Machacet al.in [21].
The size of the computational space is 29 × 85 × 69 cells and
the simulation takes about 56 min for 7000 time steps.

Fig. 8. Waveguide to microstrip transition. The dimensions of the structure
are:a = 22:86mm,b = 10:16mm,d = 5:30mm,a = 8:00mm,b = 5:00
mm, w = 2:30 mm, h = 0:79 mm, w = 9:00 mm, L = 5:00 mm,
d = 1:00 mm, � = 2:35.

Fig. 9. Magnitude of the reflection coefficient of the waveguide-to-microstrip
transition. Comparison between experiment (by Machacet al.) and FDTD.

VI. CONCLUSIONS

The GSM of a waveguide circuit with arbitrary shape can be
computed accurately by incorporating the MABC and MMSBC
algorithms into an FDTD simulator. This approach is numeri-
cally very efficient since it reduces the FDTD computational do-
main to the smallest volume allowed by the structure. A revised
formulation has been used to derive the MABC and MMSBC.
The formulation is based on a suitable translation operator that
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models, in time domain, the propagation in a uniform hollow
waveguide.
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