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Generalized Multilayer Anisotropic Dielectric
Resonators
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Abstract—Modeling of the generalized multilayer cylin- f
drical anisot_ropic dielec_tric loaded resonator by a rigorous 0 PEC or PMC
mode-matching method is presented in this paper. Eigenmodes @
of the multilayer two parallel-plate waveguides are obtained. By ! /
cascading t_he ra_ldia_ll d!scontinuities of the structure, resonant Lo e c e
frequency, field distribution, unloaded @, and the frequency sen- by ! M= ran; - r NN
sitivity of the resonator are obtained. The method can be used to . Home Hran, N,
analyze and design resonators and filters of multilayer structure. l
The computed results are compared with the results in [13] and : PEC
with experimental data, and is shown to be in good agreement. b ‘ P‘I)V;C
i |
|
| INTRODUCTION b, | flr 12 irzz €rp2 /
| rio rpo “'r Nr2
ITH THE breakthrough of the ceramic technology, a I ‘ . . c
number of new high dielectric-constant materials with by A RS o
a high-quality factor low- temperature coefficient were devel-  + v+ " il il -
oped. Tremendous progress on stabilization and miniaturization 0 %‘ ry = PEC o,/;MC
of resonators and filters has been achieved over the past three - 2 Tt : .
decades. Dielectric loaded resonators and filters with high un- - In, -
loaded@ have been widely used in communication systems and
other microwave applications [1]_[5]_ Fig. 1. Configuration of the generalized multilayer cylindrical

uniaxial-anisotropic dielectric loaded resonator.

Cooled ultra-high@ high- stability sapphire dielectric res-
onators operating at a whispering-gallery mode (WGM) (a hy-
brid mode with a large number of azimuthal variations ) foundgiork. Thus, a modeling method for analysis of the generalized
important applications in the construction of ultra-stable lowsotropic and uniaxial anisotropic multilayer dielectric loaded
noise microwave oscillators [5]-[12], [14]. Since single crysresonator structure needs to be developed for design of the sap-
talline sapphire is a dielectric with uniaxial anisotropy, the inphire and other multilayer dielectric loaded resonators and fil-
fluence of the anisotropic dielectric constants on the resonaets.
modes of the resonator needs to be considered [12]. The suph this paper, the modeling of the generalized multilayer
port of the dielectric loaded resonator is needed to improve tbgindrical uniaxial anisotropic dielectric loaded resonator
reliability of the resonator. Thus, the effects of the support struby a rigorous radial mode-matching method is presented.
ture on the resonant frequencies and unlodgedithe resonator Resonant-frequency field distribution and the unloadetbr
should be taken into account in the resonator design [14]. all resonant modes of the resonator of arbitrary dimension can

Recently, there has been increasing interest in the desigrbef accurately determined. The resonant-frequency sensitivity
tunable dielectric loaded resonators and filters. Some applita-the enclosure dimension changes is computed by using
tions require the use of a dielectric loaded resonator of veilye perturbation theory. The configuration of the resonator is
complicated structure. An accurate and efficient computer simgeneral, which allows many types of the isotropic and uniaxial
lation tool to compute the resonant-frequency, unloadednd anisotropic resonators to be analyzed and designed. The
field distribution is essential in the resonator design. It is negorrectness of the method is verified by comparing its results
ther efficient nor convenient to develop a dedicated computsith the computed results in [13] and the measured data, and is
program for each configuration of dielectric loaded resonat@hown to be in good agreement.

A generalized structure that can fit as many configurations as
possible would be very desirable to satisfy the need of future Il CONFIGURATION AND THEORY
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Each region can be filled with a uniaxial-anisotropic dielectric

material with the relative permittivity tens¢,.);;, loss tangent

(tan 8);;, and relative isotropic permeabilify,. );;. The enclo-

sure’s top wall, bottom wall, and sidewalls can be either perfect

electric conductor (PEC) or perfect magnetic conductor (PMC).
The permittivity tensoF,. is given by

i PEC or PMC

b
ET = 0 € 0 . (1)

For the isotropic case, the dielectric constantsand ¢, are
equal. Since the number of layehs,, N, of the resonator are P i
. . . . . 0. P

arbitrary and the dielectric constant in each region can also be PEC or PMC -
chosen arbitrarily, the configuration is very general and allows . o _
almost unlimited types of structures to be analyzed. F;gleﬁ Wa(\:/ggz?duerauon of the multilayer uniaxial anisotropic two parallel-plate
Starting from Maxwell’s equations, the wave equations in the
charge-free uniaxial anisotropic medium can be obtained as[13]

multilayer uniaxial anisotropic dielectric loaded two parallel-
. ) 9E. . : . . L .
V2E_ <1 B g) v < & 4> FRmeB=0 () glsate radial waveguide bounded in thelirection, and are given

z

€t

V2H - jwee <1 - —> V X (2E.) + ket H =0.  (3)

€t

Bl = { et }Ci’j»’(vfi )

cos(ne)
Since the components & and A are not all independent, it _é I n cos(ng)
is not necessary to solve all six scalar wave equations for the six 51)62 p | —sin(ne)
field components at the same time. To simplify the analysis, itis P Ja
usual to decompose the normal mode fields into two orthogonal X —pg (v, 2) (6)
sets of solutions, i.eTE, modes £. = 0) and'TM_,. modes »
(H. = 0) by solving thez component wave equations only. The i, ¢, 2) =L cos(ne) RPR (AP 2)
g ; tg N ph? | —sin(ng) [ =N
total electromagnetic fields are, therefore, the summation of the &
eigenmode fields of both sets. The transverse electromagnetic 7)
fields in each region can then be expressed as " ﬁpe( b 2) = k2l [ sin(ng) e @)
Ep( d) ) JWho tj Py @, %) = 51’,’62 COS(H¢) 4] ,VJ y 2
t Py Py 2 J
- R . cos(ne) } h/ ph
4 jwpohl (p, ¢, 2) =2 . APV (AP 2
_ Z {CfneBgeEj(p) + D?PB]gEj(p)} « é?;(p, (7)7 2,’) JWH tj (p (/) ) { —Slll(n(/)) ] (’YJ )
; _4 1 n sin(ng)
N]]; £§)h2 P COS(TL(/))
h h h h h
+ > { B p) + DY By ()} % &) (o . 2) 9
J x ghzj (er ) Z) 9)
4) 2 €z ; 2
. == ke 10
HY(p, ¢, 2) ST e (0

e .2 2
N & ="+ B e (11)

= > {Cr By (0 + DY Bl 00} x B, 6, 2) o |
j whered!™, £ are the wavenumbers of the TE and TM modes in

N the corresponding regiohl (v", ») andet (~¢, =) are theTE,
+ crh ek (p) + Dpthh (p)} x ﬁpﬁ(p, b, z) andTM_ mode’s eigenfunctions of the multilayer two parallel-
Z { s Penith ;P } " plate radial waveguide in each of the layers shown in Fig. 2, and
(5) relating the¢? and~? by the differential equations as

J

where N¢ and N are the number of TE and TM modes used % . e2 e/ e

in regioﬁp, P = 1, 2,---, Ny, respectivelyC}, D' are 092? 05 #) =Tl (05, 2) = 0 (12)
the field coefficients in each regiof;;, Bﬂ; Bir;, andB%’;
are the first- and second-kind Bessel functions, apdy,,, or
associated Bessel functiofis, K,,. ¢ i h”f are the transverse 9?2

1 1 L2 1 1
eigenfields of the TE modey(= k) or TM mode ¢ = ¢) of the 57 W, 2) =" RE(E, 2) = 0. (13)

and
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The general solutions of (12) and (13) in each layer are given as
CS: 7;:7 z e, e,
(14)

wherea; canbe setag; =0,a; =1;, (i =2to N, — 1), and :
ay, = b, C,,, C., are coefficients of the eigenfunction in each i
layer, and one of the coefficients of the top and bottom layers is i

-

zero due to the boundary condition of the plates.

The boundary conditions at the interfaces between the layers
require that the tangential electromagnetic fields to be contin-
uous, and are relating to the normal fields as follows.

-« N, layer in z direction

0., v PEC or PMC

i

For TE. mode:
Hr; h}z: (’72-7 Z)|Z:li = /¢L7‘i+1h’2+1 (’VQHN Z)|Z:li

ah?f(’Y?p 2) 81121‘-1-1(’721-1-17 %)

15 Fig. 3. Configuration of the radial discontinuity in the dielectric loaded
(15) resonator.

(16)

0z i, 0z - and
‘E_itz(p =T (/)7 Z) = ‘E_iti—i—l(p =T (/)7 Z) (20)
For'TM. mode: wherei is the inner region anih-1 is the outer region. The inner
er., s, (05 )y, = ey, € (050 2| (17) product of two fields at the interface of the regions is defined as
e e ml [4]
67’4 862 (,Vi-a Z) _ CT:{+1 aeii«pl (’yii+17 Z) .
€, dz L G, Oz l (&, hP2) :/ & x b2 . 5dS
z=l; it z=l; S
i=1,2, -, N._q. (18)
= // (eh hL? — L hi?) pdgdz.  (21)
The field coefficients of the layers can be related to each 5

other by substituting the field expressions of each layer infaking the inner product of the electric-field boundary condition

the boundary-condition equations. Eliminating the coefficieriL9) with the magnetic transverse eigenfiéfd in the outer

ck, orcl.  of the last layers field continuity equations, aregion, and the inner product to the magnetic field boundary

characteristic equation for the radial propagation congfanf condition (20) with the electric transverse eigenfigidn the

the eigenmodes containing the field coefficie@ifs, _,, and inner region, the equations relating the field coefficients of the

CPn._, of the N, — 1 layer can finally be obtained. two regions due to the discontinuity can be obtained as follows:
For a given frequency, the valgé satisfying the character- . ) ) ) )

istic equation gives the propagation constant of the two piléé%v hz+l>} {[ ZCE] [CZ] + [ bE] [DZ]}

allel-plate waveguide’s eigenmode, whege can be obtained  [,541 741 ib17 [ il it17 [ il

from ¢, p = h, ore. The field coef“ficienff.ﬂ%’w~ _andc? N [<C T >} { [Bp] 0] + [Bpe] [ ]} (22)

can be obtained by repeatedly computing@endC? of the ang

previous layers from the boundary-condition equations. By as- = _ ‘ ‘ ‘ ‘

signing a nonzero value & or CZ , all the field coefficients f(é", hz>} {[ cul [C'] + [Bpu] [DZ]}

of the two parallel-plate waveguide’s eigenfunction can be de- I L TP T, 11 ial
termined. = [(@, m] {[BE [ + B [0} @9)
Havm.g obtained the elgenfunqtmns in thedirection ar_1d Consider the discontinuity between the radial regi@nd re-
all the field components of the eigenmodes of the multilayer~ ™ ) . ;
o . oo : .gion¢+ 1. Assume that the field coefficient matfX% | of the
uniaxial-anisotropic dielectric loaded two parallel-plate radi e X . C D]
. : : : . Inner regioni is known from solving the discontinuity of the
waveguides, a rigorous radial mode-matching method is thePevious region as
applied to solve the discontinuity between the multilayer strug- 9
ture in the radial direction. There aré, radial regions in the (D] = [TLp][C7]. (24)
resonator, and each radial region Baslayer dielectrics in the ) ) _ - )
z-direction. Fig. 3 shows the radial discontinuity betweenitheSubstitute (24) into (22) and (23), the field coefficient relation

1 + 1 layer radial discontinuity, the total d¥,. — 1 discontinu- [Di—l—l] _ [Ti+1] [CH—I] (25)
ities in the resonator can then be obtained. As a result, all the ©b
field coefficients of the eigenmodes can be determined. where
The boundary conditions at the interface between two multi- 4 4 4 4 ~1
7+ 1 ) i+1 i+1
layer radial waveguide regions at= r; gives [Teh] = { (X [BE] - [A] [BJH]}

Ei(p=ri, ¢, 2)=E T (p=1i, ¢, 2) (19) % {[A] [Be] = ] [Bgﬁ]} (26)
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Al = [pgitLi { i i i } TABLE |
[ ] [ ] [ CE] + [ DE] [ CD] COMPARISON OF COMPUTED RESONANT
i ; i ; ; -1 FREQUENCIES(IN GIGAHERTZ) WITH THE NUMERICAL RESULTS AND
X {[)\ ] [ c,H] + [)\ ] [ DH] [ c,D] } MEASUREMENT OF ASOLID SAPPHIRE RESONATOR WITHT; = 5.001 mm,
) T re = 7.775 mm,b; = 5.002 mm,b = 13.00 mm, €,,, = 6,73 = 1.031,
X [MZ+1:Z] 27 €112 = 9.399, ande.,;, = 11.553
[Mp2m] = [<épl7 hbe >} (28) Mode | Present | Computed [13] | Measured
o HE; 9.8402 9.841 9.795
v — = Y
(] = [(6 o h >}- (29) TMg, | 10.6634 10.664 10.577
. . .. TE 10.7035 10.704 10.706
Since all the elements of the field coefficient mafi{. ;] of HE(ilz 12.1534 19.153 12138

the inner most region that contains the pgint 0 are zero, the
coefficient matrix[72 ;] can then be obtained. Repeated cas-

cading of the coefficient matrices from inside to outside of theanty improved by using the perturbation theory, which relates
dielectric loaded resonator results in an equation relating tg, changes in the resonant frequencfto the perturbation of
field coefficients of the outer most region the stored energy in the enclosure volume as

p]len ]+ pu][p] =0 e (7~ uH) i

Af _ Jar

Jo aw (34)

Applying the boundary conditions at the side enclosure wall
rn,, the characteristic equation for the resonant frequency of )
the resonator can finally be obtained. The determinant of tHé&1eredr is the perturbed volume of the resonator &#ds the

equation must be zero for nontrivial solutions stored energy of the resonant mode.
For the resonator configuration considered, the frequency

sensitivity problem can be divided into computation of the top

det[X]ny, xny, =0 (31) and bottom plane sensitivity and sidewall sensitivity. Since
[(X] = [M7] + [MJ][TE5]. (32) there are neither tangential electric fields nor normal magnetic

fields on the surface of the conductor, the frequency sensitivity

. . ._of the resonator on height changé and radius changA R of
Searching for the frequencies that are zeros of the determlnﬁi% enclosure can be expressed as

of the characteristic equation give the resonant frequencies
the modes of the uniaxial anisotropic dielectric loaded resonator.
Solving the characteristic equation and the field continuity equa- / [ B2 — po(H? + H2)|dS
tions at the interfaces of the dielectric layers, the field coeffi- Af _Js - ! ¢

Ab

35
cients in each layer of the whole resonator can be obtained. 4w Jo (35)
The computation of the unloadé&ginvolves the calculation [, E% — po(H? + H?)dS
. _ Af -0 P fed 1 ¢
of the stored energiW g of the resonant mode in the struc _ fo (36)
ture, dielectric los$’;, and conductor lossd3. at the enclosure. AR 4W

Since all the eigenmode functions and their field coefficients

are known, the above computation can be achieved analyticallyeresS is the perturbed area of top, bottom plane, or sidewall
which yields high computational efficiency and accuracy, espef the sapphire resonator. All the integrations needed for the
cially for WGM resonators. The total unloadégl of the res- frequency sensitivity computation can be evaluated analytically.
onator is computed from

I1l. NUMERICAL RESULTS

1 — ERNE = L L . (33) A computer program has been developed to compute the res-
Qu Qu  Q: w, We,n w, We,n onant frequency, field distribution, unloadéd and frequency
Py P sensitivity of the cylindrical multilayer uniaxial anisotropic di-

electric loaded resonators.

The separation af,; and@. helps to understand the loss mech- The convergence test of the computed results was first made
anism of the structure and to optimize the dimensions of the rés-determine how many modes are required to achieve a certain
onator. accuracy. Extensive tests show that the results converge rapidly

For the WGM resonator, the resonant frequency is highly imvith the increase of the number of eigenmodes used, and the
sensitive to the enclosure dimension of the resonator. To coatcuracy of the results within 0.05% can be achieved when the
pute frequency dependence on resonator enclosure dimensiaonsyber ofTE, andTM_ modes is larger than eight for most of
itis possible to compare the changes of the resonant frequenthesdielectric resonator dimensions.
at two different enclosure dimensions. However, this method isThe accuracy of the results was verified by comparing with
quite unreliable and sometimes incorrect because it introdu@@snputed and measured data of a solid type resonator published
large numerical errors. The accuracy of the results can be sigj- Kobayashi [13] and shown in Table I. It is shown that the



64 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 48, NO. 1, JANUARY 2000

88 Tt _TC Tt —

L) T =77°K
b rp=0.5443"
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z 305 MHz
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=
<
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&
w
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Radious of the Post (inch )

Fig. 5. Mode chart of a solid typgd E5 sapphire resonator as a function of the

Fig. 4. Typical field distributions of the low-order mode and WGM.¥gB,;  radius of support.
mode. (b)HE-; mode.

computed results by the present method are in excellent agrerss,, tog MAG WRERIER T

. . . REF 0.0 B 8.9687 G-z
ment with the numerical and experimental data, exceptthe mee ¢ 10.0 o~ -45.291 ofl

. . V -46.291 8
sured frequency dI'My; . This is due to the inaccuracy of the T97 1205 LT J v 2
measured, value, as explained in [13]. , 8. 7627 Gig
Fig. 4 shows the typical field distribution of thEEy; mode 2

and HE;; mode of a sapphire resonator. It is shown that theo 4 MRER 3
electromagnetic field outside the sapphire resonator is relativel _ ~28.23 B
high for the lower order modes, As a result, the resonai@r's » yf*/_“_/ ] .
will degrade due to the enclosure wall loss. The electromagnetic 7~ =
energy in sapphire resonators operating with WGM is almost
entirely confined in the dielectric region and, therefore, ¢he
degradation from the enclosure wall loss is minimized.

Fig. 5 shows the mode chart of an optimized s&lil; sap-
phire resonator with support as a function of the support radius
Itis seenthat the resonant frequencies oHlie mode is nearly
invariable to the change of the support radius, which implies SR 5. Sassa0000 G 9:05:25.
that the resonator is highly stable. The optimized post radius
is at0.075”, which gives 305-MHz spurious free window. Thdig. 6. Measured resonant frequency and spurious free window diEze
measured results of the resonant frequency and the spurious-??(gioenator'
window of the resonator with.075” supporting post is shown
in Fig. 6. Marker 1 shows the resonant frequency of lfi&; determined by the dielectric loss of the resonator, while the
mode, and markers 2 and 3 indicate the resonant frequenciesafductive loss is dominant fadE; mode. The computed
HE,4 andHE, modes, corresponding to the resonant modes imloaded?’s are compared with the measured results by Flory
Fig. 5 atr; = 0.075”, respectively. The excellent agreemenil2]. The unloadedy’s of the HE;; mode are close to that by
between the computed and measured results again showstlieeexperiment. However, the measurg@ of the HE; mode
correctness of the theory and accuracy of the results. are too low, which is probably due to the strong influence of

Fig. 7 shows the typical contributions of the dielectric lossome extrinsic loss factors [12], such as poor contact of the
and conductive losses of a ring type WGM sapphire resonatarclosure.
operating atHE;, HE7, and HE;; modes as a function of The dependence of the unload@df the sapphire resonator
temperature from 50 to 100K. The resonant frequencies of the the size of the enclosures( b) to the size of sapphire-f,
WGM modes are 8.1, 9.6, and 13.0 GHz, respectively [17]:) is presented in Fig. 8. The dielectric losses of the resonator
The unloaded?)’s of the HE; and HE;; modes are mostly is nearly independent on the size of the enclosure. When the
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0 Fig. 9. Perturbation results of a sapphire resonator by changing the height of
T N T S AT S ST | the enclosure. (a) Both low - and high-order modes. (b) Enlarged curve of the

1.5 2 2.5 3 high-order modes.
Ratio of r3/r2 & b/b,

Fig. 8. Effect of the enclosure size on the unloadedf a sapphire resonator

at 77K enlarged figure [see Fig. 9(b)] shows that the conventional

method is incapable of computing the frequency sensitivity of

the higher order modes, and the perturbation method gives the
size of the enclosure is small, the conductive losses are dogurrect and reliable results of both low- and high-order modes.
nant for bothrHE; andHE~+ modes. As the size of the enclosure
increases, the metallic loss of thie:; mode decreases rapidly,
and the dielectric loss is the main factor that determines the un-
loaded( of the HE; mode. The unloade@ of the HE; mode A generalized multilayer cylindrical anisotropic dielectric
is always strongly affected by the conductive losses of the rd@aded resonator is modeled by a rigorous mode-matching
onator. The conductive losses of tHE& 5 approaches minimum method. Resonant frequency, field distribution, and unlo@gled
value at certain size of cavity because of the field strength at tpethe resonant mode are obtained. The frequency sensitivity of
enclosure and surface area of the cavity. the higher order mode is accurately computed by incorporating

F|g g(a) presents the Computed frequency Sensitivitpe perturbation theory. The correctness of the theory and

Af/Ab of a So|id-type Sapphire resonator versus the heigﬂ@CUracy of the results are verified by Comparison with other
of the enclosure of both low- and high-order modes. TH&@mputed and measured results.
computed results by conventional method of computing the
resonant frequenciedy(, f2) at different enclosure heighb(, REFERENCES
by) are also shown in the figure. It is seen that the Compmed[l] S. B. Cohn, “Microwave bandpass filters containing highdielectric
results of the low-order modes by the two methods are in  resonators,1IEEE Trans. Microwave Theory Tegtvol. MTT-16, pp.
good agreement, which verify the correctness of the results by, 3\/1?;2'42'7' Apr. 1“%68-, ture hioho bandoass fil oving dielec.
perturbation theory. When the order of the mode gets higher,[ ] W. H. Harrison, ‘A miniature higho bandpass flter employing dielec

Y tric resonators,lEEE Trans. Microwave Theory Teghvol. MTT-16,
the frequency sensitivity of the mode becomes smaller. The pp. 210-218, Apr. 1968.

IV. CONCLUSIONS
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