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Abstract—In this paper, a modified partial-element equiv-
alent-circuit (PEEC) model, i.e., ( )PEEC, is
introduced. In such a model, no equivalent circuit, but a set of
state equations for the variables representing the function of
circuit, are given to model a three-dimensional structure. Unlike
the original ( )PEEC model, the definition of vector
potential with integral form and the Lorentz gaugeare used in
expanding the basic integral equation instead of the definition of
the scalar potential with integral form. This can directly lead to
the state equations, and the capacitance extraction can be replaced
by the calculation of the divergence of , which is analytical. For
analysis of most interconnect and packaging problems, generally
containing complex dielectric structures, the new model can save
a large part of computing time. The validity of the new model is
verified by the analysis in time and frequency domain with several
examples of typical interconnect and packaging structures, and
the results with this new method agree well with those of other
papers.

Index Terms—Integrated circuit, interconnect and packaging,
Lorentz gauge, PEEC, state equations.

I. INTRODUCTION

T HE operating frequency of high-speed integrated circuits
(IC) has increased very fast in the past several years, and

is approaching gigahertz range. Meanwhile, the system scale
and integration density in modern IC’s are also growing quickly
with the appearance of some new packaging technologies such
as the multichip module (MCM). As a result, in the design of a
high-performance IC system, problems caused by interconnect
and packaging structures such as dispersion, crosstalk, and
packaging effects need to be properly solved. Therefore, sim-
ulation of the electromagnetic performance of these structures
is required [1]–[8]. To model the interconnect and packaging
structures, typically the geometric structure is subdivided into
subsections that can be modeled by quasi-electrostatic and
quasi-magnetostatic analysis tools, which ignore the coupling
between the electric and magnetic fields, then extract the
equivalent capacitance and inductance of these subsections
to generate an equivalent circuit that can be dealt with by a
circuit simulator. Thus, the electrical analysis of the geometric
structures can be done in the same way of circuit simulation.
These equivalent circuits can also be inserted into other kinds
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of models of interconnect and packaging structures to perform
a larger scale analysis. Since the interconnect and packaging
structures in modern high-speed IC systems normally are
complex three-dimensional (3-D) structures, except the long
interconnection lines between the discontinuities, and the
electric and magnetic characters exist simultaneously for these
structures, the traditional quasi-static-based lumped-circuit
simulating models, which contain only the single capacitance
or single inductance, are no longer reasonable [2]. In this case,
full-wave models such as the finite-difference time-domain
(FDTD) method [3]–[5] and transmission-line matrix (TLM)
method [6] can be used to model these structures. However, for
large-scale IC systems that contain many components, it will
be very time consuming to accurately model all of them by the
full-wave methods. As another choice, an equivalent circuit or
a network, consider the self and mutual effects are set up at
first, then fit the parameter of every element from the results
of the full-wave analysis [3], [4] or measurements [7] In both
of the above ways, extracting the network parameters to fit the
equivalent circuit is still time consuming. As a compromise
of the quasi-static and full-wave model, the partial-element
equivalent-circuit (PEEC) [8]–[10] model can be a good
choice for many interconnect and packaging problems. It can
use much less computing time to give good accuracy due to
extracting the parameter using quasi-static model, meanwhile
considering both the electric and magnetic interactions. It
is also convenient for PEEC to be inserted into other circuit
models. To apply the PEEC model, partition the interconnect
and packaging structures into inductive and capacitive cells,
as in [9] at first, then calculate ’s and ’s of these partial
elements from the quasi-static solution of Maxwell’s equations.
After that, connect these elements together to form a equivalent
circuit, finally analyze the circuit consisting of these elements
by a general circuit simulation tool, e.g., SPICE, to get the
time-domain or frequency-domain solutions. In the original
( )PEEC model, the scalar potential is expanded
in the integral form, thus the matrix needs to be extracted.
However, the calculation of ’s in complex dielectric structures
is difficult, and it is also time consuming for a complicated
system.

In this paper, a modified ( )PEEC model is intro-
duced. Starting from the integral expansion of vector potential

, the Lorentz gauge and basic integral equation of the PEEC, a
set of state equations can be obtained directly without using the
integral expansion of the scalar potential. Thus, the extraction
of capacitance parameters can be replaced by the calculation of
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the divergence of the vector potentialwith an analytical form,
and in this calculation, many data of’s can be reused. In the
new model, a set of state equations instead of an equivalent cir-
cuit are used to describe the geometric structure, which is suit-
able for the large-scale system reduction through the Padé ap-
proximation via Lanczos (PVL) process.

In Section II, the ( )PEEC model will be
described in detail. In Section III, four circuits of different
kinds are analyzed as examples by the new model to show
that the ( )PEEC model agrees well with the
( )PEEC model and it is accurate and efficient in
analyzing the interconnect and packaging structures.

II. THEORY

The PEEC model is based on the equation

(1)

where is the vector magnetic potentials andis the scalar
electric potentials. Using the definition of

(2)

and discretize (1) through the Galerkin approach, for acon-
ductor system, it leads to the following equation:

(3)

where , is the total number of cells in the
direction on conductor , and are the index of the
nodes or capacitive cells connected to inductive cell. The way
of cell partitioning is shown in [9, Figs. 1 and 2]. Equation (3)
shows the volt–ampere relationship along an inductive cell. In
the ( )PEEC model, is next expanded by

(4)

then from (3), the discrete approximation of the electric-field
integral equation with and as unknowns can be obtained as
follows [9]:

where ’s are so-called potential coefficients. Following the
above equation, and with the discrete version of the conservation
of charge equation, an equivalent circuit implementing the rela-
tionship in (3) can be resulted. Utilizing circuit simulators such
as SPICE on that circuit can then do the time- or frequency-do-
main analysis.

For all the inductive cells, (3) can be rewritten as

(5)

in which are the entries of partial inductance matrix
of all the inductive cells. is the vector
of inductive branch currents, while is the vector of node
potentials. reflects the connective relationship between the
nodes and currents. gives the resistance of
every branch. Left-multiplying both sides of (3) by , we
can get

(6)

If we analyze the system through state equations, (6) are those
for the unknowns of inductive branch currents. However, for the
state equations for the node potentials, we do not use the integral
form of the scalar potential and the conservation of the charge
equation like in the original PEEC model. We know that in (2),
(4), and the Lorentz gauge

(7)

which concern and , if and only if two of the three are given,
and can be uniquely determined. This indicates that the

state equations of’s can be obtained from the Lorentz gauge.
In order to get these state equations, we start from Lorentz gauge
(2) and (7). At first, an integral form solution of should be
found. In the following derivation, the dielectric is equivalent to
some currents in the free-space environment, that is to say the
source of the electromagnetic field is the total current instead of
the conductor current [11]. If we add and subtract in
the Maxwell equation for

, we will have the formula of the total current

(8)

where is the conductor current, and the remainder of the
equations is the equivalent polarization current due to the di-
electric. From the Maxwell’s equations and Lorentz gauge in
free space, we can get the wave equation ofas follows:

(9)

Taking the divergence of two sides of (9), it leads to

(10)

Similar to (2), the solution of can then be written in an
integral form as

(11)

Equation (11) should be expanded as in the approach of solving
integral equations. This will make a linear function of
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Fig. 1. Grid scheme for the discretization ofr � ~A.

. In order to get the state equation for’s, i.e., a proper
expression of , is required to be a linear function of
’s. From the Maxwell’s equation ,

and using the vector identity ,
we have

(12)

Note that , we then finally
have the following expression of , which is a function of

:

(13)

The right-hand side of (13) can be divided into two parts: the
divergence of conductor current , and the rest, the di-
vergence of polarization current. Correspondingly, is also
divided into two parts associate to the two parts of sources, re-
spectively, and they will be calculated in different ways. The part
of that originated by the polarization current can be calcu-
lated directly from (11). In order to do that, all the differential in
(13) should be replaced by finite difference. Due to the identity

, we can see that the divergence
of polarization current
is zero in the uniform dielectric area. Thus, the integral in (11)
only needed to be evaluated on the interface of two different
media and the volume integral can be converted into a surface
integral. As a two-dimensional (2-D) case example, following
the grid scheme shown in Fig. 1,

can be discretized as

(14a)

and the value of is shown in (14b), at the bottom of this
page, where , subscripts denote the
number of nodes and components of vector potential. The inte-
gral area is along the interface of two different dielectric media.

According to (2), at a point of field domain can be approxi-
mately written as a linear combination of’s with coefficients
that can be analytically calculated. Combined with (14),
associate to the divergence of polarization current can finally be
converted into a linear combination of’s.

To the conductor currents, associates to which part of
the sources can be calculated in the following way. Integrate

over the cell that shifted half the size
from the inductive cell and with a node as its center (assuming
the whole cell has the same potential, and for convenience, we
also call these shift size cells the “capacitive” cells), on every
direction we have

(15)

where is the cross section, are the value of at
two ends of the capacitive cell, or the two centers of the adja-
cent forward and backward inductive cells, and they can be the
average value on this two cells as follows:

(16)

Noticing the expansion of thepartial inductance [12]
, and

that the vector potential has the same direction as the current,
we have

(17)

For the simplicity of expression, all the inductive cells are as-
sumed to have the same size, then the final expression can be
obtained as follows:

(18)

We can see that in (18) when calculating the divergence of,
most of the results of can be reused to save the computing
time. We now have the complete expression of the divergence
of the vector potential on every node. For all the nodes, the ex-
pression of can be written as

(19)

which can be used as the state equations for the unknowns of
node potentials. Combining (19) with (6), the state equations
for all the unknowns are obtained as follows:

(20)

(14b)
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Since and have been discretized, has been replaced
by . When the ( )PEEC is used in the prob-
lems including complex dielectric media, the computation of
potential coefficients is quite time consuming because the
process contains many times of matrix inversion and multiplica-
tion. Compared with the original one, when the modified model
is used, as described above, all the calculation needed for the di-
vergence of is analytical and there is no matrix computation
at all. These calculations are numerically equivalent to the ex-
traction of capacitance parameters by the total charge Green’s
function method, and they use almost the same integral. There-
fore, the accuracy of the modified model will not be decreased
in comparison with the ( )PEEC if they use the
same partition form. In the derivation above, the retardation
time in the propagation of the electromagnetic field is ignored
for convenience. According to the typical size of the intercon-
nect and packaging structure in modern IC systems this is rea-
sonable. For a complete model, the retardation can be intro-
duced similarly, as in the ( )PEEC model. The
( )PEEC model gives a set of state equations to
describe the geometric structures instead of an equivalent cir-
cuit, which has an advantage in the hierarchical electromagnetic
modeling of interconnect and packaging structure [8]. These
equations can be easily combined with the equations describing
other parts as a module to form a system that represents the
whole structure. This system has the suitable form for large-
scale system reduction through the PVL process.

III. EXAMPLES AND RESULTS

In this section, several circuits and structures are analyzed as
examples by the ( )PEEC model described in Sec-
tion II. The structures in these examples are often encountered in
IC interconnects and packages. For convenience, all the trans-
mission lines are assumed to have zero thickness, but there is
no difficulty to handle the conductors with finite thickness. The
conductor currents are also assumed to be invariable along the
cross section of the lines, except at the bend or discontinuity. In
most of the interconnect and packaging structures in high-speed
IC systems, this assumption is obviously correct. It also should
be mentioned that, in order to compare our results with those
from references, we use the first two example circuits with large
size relative to a typical interconnect and packaging structure.
Although in current frequency of the signal, the interconnection
and packaging effects are still considerable for these structures.

The first example is a right-angle bend in the microstrip line.
The width of the microstrip is 0.635 mm, the height of the
substrate is 0.635 mm, and the permittivity of the substrate is
9.8. The scattering parameters are calculated over the band of
8–20 GHz. The magnitude and phases of the scattering param-
eters from this method are shown in Fig. 2 compared with the
results from [13] and [14]. The bend modeled here is in a open
structure, as in [13], thus, the curves of show some differ-
ence at higher frequencies.

The second example is a cylindrical via the same as in [4],
which is shown in Fig. 3. The via diameter is 0.7 mm, its length

(a)

(b)

Fig. 2. S-parameter of right-angle bend. (a) Magnitude ofS andS . (b)
Phase ofS andS .

Fig. 3. The geometry of the cylindrical via.

is 3.2 mm, the pad diameter is 3.9 mm, and the width of the con-
necting microstrip is 3.3 mm. The dielectric slab has the thick-
ness of 3.2 mm, and its permittivity is 3.4. There is a ground
plane in the center of the slab, and it has a circular cutout with
the diameter of 3.9 mm for the via. Part of the ground plane
that is near the cutout is divided and modeled. The remainder is
still regarded as an infinite large ground plane. Fig. 4 shows the
comparison of and between this paper and [4].
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(a)

(b)

Fig. 4 A comparison of: (a)jS j and (b)jS j from this method to the results
in [4]

The third example analyzed is a 48-lead tape automated
bonding (TAB) interconnect structure [7]. For simplicity,
only the 12 leads at one side of the chip are considered. The
geometry of it is shown in Fig. 5. We also assume that the
coupling between the leads on different sides of the chip is
negligible. At the inner side, lines have the width of 4 mil and
the space between two adjacent lines is 8 mil. At the outer side,
the values of the two parameter are 8 and 16 mil, respectively
The lines are embedded on a polyimide layer of 2-mil thick
and with . In the analysis, we ground lead 2, 4, 6,
8, 10, and 12, and both ends of other leads are terminated by
50- resistance. Although the structure is relatively complex,
the retardation time between cells is neglected because of
the relatively small size. In the second example, for the same
reason, the retardation time is also neglected. Lead 3 is excited
by a trapezoidal pulse with the rise, roof, and fall times of 0.5,
1, and 0.5 ns, respectively. The waveform at lead 15 is shown
in Fig. 6(a). Fig. 6(b) shows the waveform at leads 5 and 17.

Fig. 5. Geometry of the 12-lead TAB structure.

(a)

(b)

Fig. 6. Time-domain waveform at: (a) leads 15, (b) 5, and 17.
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Fig. 7. Configuration of the fourth example circuit.

Fig. 8. Output waveform of example 4.

The last example will show the usage of the modified PEEC
model in the hierarchical electromagnetic modeling. The geom-
etry of the circuit is shown in Fig. 7, and is two transmission
lines connected by a simple via. The width of the lines is 20
µm, m, mm. The diameter of the via column
is 16µm, the height of the column is 7µm, and the lower line
is 7 µm over the ground plane. The dielectric substrate has the
permittivity of 3.9. The via is modeled by the modified PEEC
model while the two transmissions line is modeled by the 2-D
model. The whole system is reduced through the PVL process.
Fig. 8 shows the output waveform through the structure. It can
be seen that, because of the very small size, the effect of discon-
tinuity is not considerable.

IV. CONCLUSION

A ( )PEEC model is introduced in this paper. In
this model, the integral-form definition of the vector magnetic
and scalar electric potentials are replaced by the definition of
the vector potential and Lorentz gauge in discretizing the basic
integral equation of the PEEC model. To model a geometric
structure that is partitioned into cells, a set of state equations
for all the currents and node potentials on these cells are given
instead of an equivalent circuit. Through this process, the com-
putation of the capacitance parameter in the complex dielectric
media structure, which is time consuming, is avoided. As the
replacement, calculation of as a linear combination of’s

is needed, however, the coefficients in this combination can be
analytically calculated. It should also be mentioned that when
obtaining the discretized formulation of the Lorentz gauge, i.e.,
the state equations for potential unknowns, most of the partial
inductance results can be reused to save the computing time.
From various examples, it can be seen that the new model has
the same flexibility and accuracy as the ( )PEEC
model, and it is also very compatible to various system analysis
tools.
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