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New Computation of the Resonant Frequency of a
Tunable Equilateral Triangular Microstrip Patch
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Abstract—A new dynamic permittivity expression is formulated that suggest the usage of effective values for both substrate per-
to be used in the cavity analysis to determine the resonant fre- mijttivity and patch sidelength are also present [6], [8]-[10]. The
quency of an equilateral triangular microstrip patch. The proper |51a5t studies show that the last approach provides more accurate

sidelength extension expressions are given for low and high sub- . . o .
strate permittivity cases. Better accuracy with respect to the mo- results if effective values for both permittivity and sidelength

ment method and other previous models is obtained for various €an be chosen correctly. In this study, it will be shown that, by
structural parameters and operational modes. The proposed com- replacing the effective permittivity value with the dynamic one,
_putation is also ex_tended fo the ana_lysis of the two-layer structure the results of the previous models can be improved_ This can
in order to determine the air-gap tuning effect on the resonant fre- be explained with the inclusion of fringe field and inhomoge-
quency. nous modal field distribution effects in the dynamic permittivity

Index Terms—Microstrip structures, resonant frequency. expression. The proper sidelength extension formulas are also
given in order to improve the accuracy of the calculations cor-
responding to low and high substrate permittivity cases.

The resonant frequency value of the equilateral triangular

HE triangular microstrip patch finds extensive applications iﬁ‘]icrostrip patch depends on the structural parameters, and it
the design of many useful microwave integrated-circuit compgannot be changed without manufacturing a new structure. In
nents such as circulators, resonators, and filters due to itShiglyrger to achieve tunable resonant frequency characteristic, an
factor property [1], [2]. The same structure has also been usgglustable air-gap layer can be inserted between the ground
as an antenna having similar radiation properties to that of th@ne and substrate, resulting in a two-layer structure. In this
rectangular patch with the advantage of small size and the cigaqy, the dynamic permittivity expression formulated for the
advantage of narrow bandwidth [3]-{10]. The equilateral triarjng|e-layer structure is extended for the two-layer case in order
gular microstrip patch is the most commonly used type of thg getermine the air-gap tuning effect on the resonant frequency,
triangular microstrip patches. In order to improve the efficienGynich has not been determined in previous studies presented in
of this structure, it is important to operate it around its resgne Jiterature.
nant frequency. Various studies have been performed for the deTe resonant frequency of the single-layer structure evaluated
termination of the resonant frequencies of the equilateral triagg@y the first five modes are compared with the available experi-
gular microstrip structures [1]-[10]. In those studies, the Menental and theoretical results. It is shown that an extra improve-
ment method and cavity model are widely used. The mome&fient over the results of the moment method and the various
method, due to its accuracy and the adaptability to the mulisyms of the cavity analyses are obtained for most of the cases.
layered structures, and the cavity model, due to its simplicityne agreement between the theory and experiment is also very
have been preferred. Although the moment method provides ggp(, having an average percentage error (APE) value around
curate results for the calculation of resonant frequencies of {§&o, The resonant frequencies corresponding to a two-layer

single and multilayered structures, it requires a large computgrycture are also presented for different gap widths.
tional time. In the cavity analysis, the structure is modeled with a

a magnetic wall around the sides. The proper effective values ) , )
of the patch sidelength and substrate permittivity are required! N cavity model depending on the perfect magnetic-wall as-

to correct the perfect magnetic-wall assumption. In some of ti#MPtion leads to a resonant frequency expression for a single-
studies in the literature depending on the cavity analysis, it /€ equilateral triangular microstrip patch depicted in Fig. 1,
preferred to use only the effective patch sidelength expressfohdiven in [1]
without changing the substrate permittivity [3]-[5]. Theories 2c
frnnl = 9./, N1/2
3@(619) /

|I. INTRODUCTION

(m? + mn +n?)1/? Q)

wherec is the velocity of light in free space,is the patch side-
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whereA is the physical area of the triangle a@ds given by

2h :
C= {1+ {m( ! )+(1.41ereq+1.77)

TereqT %
R 1/2
+ —(0.268¢0q + 1.65)} } . (M
”
The total dynamic main-field capacitance expresgign,y,
2 for an equilateral triangular microstrip patch is taken in a sim-
triangular patch ilar form to that of the rectangular microstrip patch having the
equivalent surface area [12] as
h, Co,dyn = Co,stat /’Vn’)/rn (8)
,, whereC, 5 is the static main capacitance given by
spacer air gap €] = €4, H, h, 505
V3 “ Co,stat =a"3 'Ofofreq/4h (9)
ground plane d
coax feed an
1, t=0
Fig. 1. Geometry of the tunable equilateral triangular microstrip patch. Yi(i=n,m) = 2 i 0.

the analysis that requires the usage of dynamic permittivity ex-1he dynamic permittivity value can be determined from
pression instead of an effective one. In this study, dynamic pé®—(9) and used in (1) instead ef; in order to improve the
mittivity expression is obtained for a single- and two-layer triariccuracy of the resonant frequency calculation.

gular microstrip patch by using the equivalent models to deter-In order to include the fringe field effects, the patch side-
mine all the necessary capacitance expressions. In order to ¢fRgthin (1) must be replaced with the effective sidelengtin

a general formulation for both single- and two-layer structuredi€ literature, various approximations have been used to repre-
the two-layer structure is modeled as the single-layer one havi#fjlt the effective patch sidelength expression of the single layer
substrate thickness &f= h; + h» and an equivalent substrateStructure [7]-[10]. One of those approximations was obtained

relative permittivity ofe,.,, determined under the cavity modelPY using the radius extension expression of the circular patch
approximations as having the same surface area with the triangular patch [8] as

67,2(]7,1 + hg) Qe = 27)c7r0'5/30'25 (10)

1= (hy + eyahn)’ @
27T 2l wherer, represents the effective radius expression of the cir-

It is clear that the equivalent model reduces to the single-laya#lar patch given in [8].
structure when the air-gap width is taken/as= 0. In order In this analysisy. is modified for a two-layer structure by
to give a general dynamic permittivity expression, the structurassuming that the field is concentrated inside the upper dielectric

parameters of the equivalent model are used as follows: layer and taken as
Cdyn(gro freq) { 2h T
= ) 3) re=r{l+ [ () + (14lez + 177
ey Odyn(ero = €req — 1) ( ) wer2T 2h ( 2 )
h 1/2
where + 2(0.268¢,5 + 1.65)} } (11)
,

C n\'-req» -ro = CO n\'-req» -ro Ce n\-req, -ro/j- 4 H
dyn(€req; €ro) dyn(€req €ro) + Ceayn(breqs €ro)- - (4 parep ande,» represent the total thickness and the substrate

In (4), Ce.ayn aNAC, 4yn represent the total dynamic fringerelative permittivity, respectively. _
and main field capacitances, respectively. In order to obtain theAnOther expression for an effective patch sidelength expres-
total dynamic fringe field capacitan€® 4y, the equilateral tri- sion of the single-layer structure was given in a simpler form in
angular patch is replaced with a circular patch having an equ[\;-ol as

alent surface area. The radius of this circular patch is obtained 295
e = h{1.2 12
as Ge = a+ < + @) 12)
r = (a3%° /4m)' /7. (5) wheree; was defined as the effective substrate permittivity,

L . . which is taken in this study as
The total dynamic fringe capacitan€e 4y, of the original

structure is taken in the form given in [11] as 1 . 1 e 12A —1/2
ot = et D4 =D (4 )
C(e,dyn = T (6) (13)
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TABLE |

COMPARISON OFMEASURED AND NORMALIZED THEORETICAL RESONANT FREQUENCIES @ = 10 cm, €,2 = 2.32, h; = 0, he = 1.59 mm

Mode:  fmeas. MHz fuy for fxo fon ferz fxo frx fox fov
7 (1[4 [ [71 7 (8 (9 [0
™, 1280 1015 0995 1047 1.006 1.013 1000 1.007 1001 0.998
T™,; 2242 1004 098 1035 1008 1001 0989 099 0990 0.992
TM,, 2550 1019 0998 1051 1024 1016 1004 1011 1005 1.002
T™,, 3400 1011 0991 1042 1016 1008 0996 1003 0.997 0999
TM,, 3824 1020 0999 1051 1013 1016 1004 1012 1005 1.003
APE (%): 139 067 451 133 108 046 074 048 030
TABLE |l

COMPARISON OFMEASURED AND NORMALIZED THEORETICAL RESONANT FREQURNCIES @ = 8.7 cm, €, = 10.5,h; = 0, ho = 0.7 mm

Mode:  fmeas. MHz fuy for fxo four feis fie fix fox fov
[71 ] M (6 [ [  [8 (8 [10]
T™,, 1489 1.007 0994 1029 1.006 1.006 0998 1.003 1000 0.997
™, 2596 1001 0988 1.022 1.005 0.999 0.991 0.996 0993 0.99%
T™,, 2969 1011 0997 1032 1007 1009 1001 1005 1003 1.000
™,, 3968  1.001 0987 1.022 1.002 0.999 0.991 0.995 0993 0.993
TM,, 4443 1013 0999 1035 1008 1011 1003 1008 1006 1.003
APE (%): 0.66 067 280 057 057 048 050 044 037
TABLE 1l

COMPARISON OFMEASURED AND NORMALIZED THEORETICAL RESONANT FREQUENCIES @ = 4.1 cm, €, = 10.5,hy = 0, ho = 0.7 mm

Mode: fmeassMHz  fiy  foo  fxe  far far fke  fw fx fov oy
[71 (1] M4 (6] (M (71 18 [9 [10)
™,, 1519 0.986 0984 1038 1.002 0993 0995 0.981 0.988 0991 0986
T™,, 2637 0984 00981 1036 1006 0991 0992 0979 098 0.997 0.984
T™,, 2995 1001 0998 1053 1010 1.008 1009 0.995 1003 1006 1.000
T™,, 3973 0998 0995 1050 1016 1005 1.006 0992 0999 1003 0.997
TM,, 4439 1012 1010 1066 1018 1020 1021 1007 1015 1018 1012
APE (%): 090 104 485 105 096 097 120 086 076 0.84

In this study, if substrate relative permittivity satisfies thévity ¢.o with proper effective patch sidelength expression
e2 < 10 condition, (10) is selected to represent an effectivend the dynamic permittivity expressief, ., respectively.
sidelength expression in order to improve the accuracy of the

calculations. Ife,o takes higher values and structure operates
at the higher order modes, (12) is found to be better in order

I1l. COMPARISON OFTHEORY AND EXPERIMENT

to satisfy the best fit with the experiments. The resonant fre-In order to verify the validity and accuracy of the proposed
guency values are then determined from (1) by replacing threethod, experimental and normalized theoretical resonant fre-
physical patch sidelengtth and the substrate relative permit-quencies available in literature are presented in Tables I-llI for
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TABLE IV

COMPARISON OF THENORMALIZED THEORETICAL RESONANT FREQUENCIES
FOR HIGH SUBSTRATE PERMITTIVITY VALUE AND SEVERAL SUBSTRATE

THICKNESSES TM 19 MODE, @ = 10 cm,€,2 = 10.0,hy =0

h,  foees Mz fuy/foon for/ fhom fxo / fnom fko /

mm) 7] {1} (4] (6] [8)

f
(10}

mom fDK / fmctm fCvY /fmom

4 639 0.977 0.975 1.062 0.989 0.973 0.980
8 631 0.978 0.977 1.098 0.983 0.951 0.970
12 619 0.985 0.989 1.129 0.977 0.928 0.964
16 608 0.991 1.000 1.152 0.966 0.903 0.957
11
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Fig. 2. Change of the normalized dynamic permittivity of the structure f
TM,:, andTM,; modes as a function of the, /a ratio.h, = 0, €, = 6.4.
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Fig. 3. Normalized resonant frequency shift ©kl,, mode as a function of

the air gap thickness,.a = 4.0 cm,h, = 1.8 mm.
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TABLE V
THEORETICAL RESONANT FREQUENCIES(IN MEGAHETZ) FOR AN AIR-GAP
TUNED STRUCTURE ¢ = 10 cm, €,.2 = 2.32, ho = 1.59 mm

Mode: £r om fr o fr nm

h; =0  h; =05mm h; = 1.0mm
™, 1278 1436 1509
™, 2224 2486 2613
™,, 2556 2871 3018
™,, 3398 3798 3992
™,, 3834 4307 4526

experimental results provided by Chenal. [7] are shown as
Sfmeas, the theoretical results provided by Helszajn and James
[1]as fuj, by Garg and Long [4] agzL., by Gang [6] ag'xa, by
Chenet al.[7] using the moment method and the cavity model
as fcrr and foro, by Glney [8] asfka, by Karab@a et al.

[10] as fpk, and the results of this study dsv, respectively.
APE values are also shown as the final row of the each table. It
is observed that the results obtained from the moment method
are greater than the experimental values corresponding to the
low and the high substrate permittivity cases. As is seen from
Tables I-lll, until this study, the results providing the best ac-
curacy have been obtained by the theory of Garg and Long [4]
by using a new effective sidelength expression, by the theory
of Guney [8] by using a combination of the effective substrate
permittivity and the effective sidelength expressions, and by the
theory of Karabgaet al.[10] by using a new and simple patch
sidelength extension expression. In this study, by using a com-

Pination of the dynamic permittivity and the proper effective

sidelength expressions, the results of the previous theories are
improved having an APE value around 0.5%. In Table 111, it is
observed that the accuracy of the results tends to decrease if the
substrate permittivity is high and the structure operates at the
higher order modes. In order to decrease the percentage error
values corresponding to these cases, (12) is found to be better as
the effective patch sidelength expression. New results produced
by using (12) instead of (10) are presented in the last column
of Table Ill as f{.~, which provide better accuracy, especially
for the higher order modes such @815y, TM2;, and TMsg.
Thus, it can be concluded that the selection of this new side-
length extension formula for these specific cases will provide
better results in the determination of the resonant frequencies.
In Table 1V, the resonant frequency results presented in some
of the previous studies are given in the normalized form corre-
sponding to several substrate thicknesses. It is observed that the
results of this model are lower than that of the moment method,
as in the previous cases.

In Fig. 2, the change of the normalized dynamic permittivity
with the normalized substrate thickness is given'fdd;, and
TM;; modes. Itis observed that the dynamic permittivity value
approaches the substrate permittivity for thin substrates, and de-
creases with increasing substrate thickness. It is also observed

different structural parameters and for the first five modes tfiat dynamic permittivity values corresponding to th&l;,
an equilateral triangular microstrip patch. In these tables, theode are lower than that of thEM;; mode case. A similar
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behavior is valid for the other operational modes depending on4]
the mode index values.

All of the models mentioned above have not been modified s,
for the determination of resonant frequency of the air-gap tune
triangular microstrip patch. In this study, a general formulation
is presented for the two-layer structure, which has the air gapg)
as one of the layers. The resonant frequencies corresponding
to the three different gap widths are presented in Table V. Inl7]
order to determine the air-gap tuning effect on the resonant fre-
guency, the normalized resonant frequency shift with the air-gap
thickness is shown for different substrate permittivities in Fig. 3. [8]
It is clear that the effect of the air-gap width on the resonant g
frequency increases for the high substrate permittivity values,
which can be explained with the dependence of the equivalent
relative permittivity expression on the air gap and substrate pgyq,
rameters.

IV. CONCLUSION [11]

The resonant frequency of an equilateral triangular mi-
crostrip patch is determined from the cavity model by using d12]
new dynamic permittivity expression combined with the proper
sidelength extension formula. The method of computation
produces the most accurate results to date for the fundamental
and higher order modes. Therefore, it can be concluded that by
using the dynamic permittivity expression in the calculations,
instead of the effective one, better results with respect to
moment method and other present forms of the cavity analy|
can be obtained. In this study, the computation is also exten
for the two-layer structure in order to determine the air-g
tuning effect on the resonant frequency. It is expected that
using the developed new dynamic permittivity expression, t
air-gap tuning effects on the other operational characterist
of the two-layer structure will also be determined accurately i
future studies.
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