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New Computation of the Resonant Frequency of a
Tunable Equilateral Triangular Microstrip Patch
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Abstract—A new dynamic permittivity expression is formulated
to be used in the cavity analysis to determine the resonant fre-
quency of an equilateral triangular microstrip patch. The proper
sidelength extension expressions are given for low and high sub-
strate permittivity cases. Better accuracy with respect to the mo-
ment method and other previous models is obtained for various
structural parameters and operational modes. The proposed com-
putation is also extended for the analysis of the two-layer structure
in order to determine the air-gap tuning effect on the resonant fre-
quency.

Index Terms—Microstrip structures, resonant frequency.

I. INTRODUCTION

HE triangular microstrip patch finds extensive applications in
the design of many useful microwave integrated-circuit compo-
nents such as circulators, resonators, and filters due to its high
factor property [1], [2]. The same structure has also been used
as an antenna having similar radiation properties to that of the
rectangular patch with the advantage of small size and the dis-
advantage of narrow bandwidth [3]–[10]. The equilateral trian-
gular microstrip patch is the most commonly used type of the
triangular microstrip patches. In order to improve the efficiency
of this structure, it is important to operate it around its reso-
nant frequency. Various studies have been performed for the de-
termination of the resonant frequencies of the equilateral trian-
gular microstrip structures [1]–[10]. In those studies, the mo-
ment method and cavity model are widely used. The moment
method, due to its accuracy and the adaptability to the multi-
layered structures, and the cavity model, due to its simplicity,
have been preferred. Although the moment method provides ac-
curate results for the calculation of resonant frequencies of the
single and multilayered structures, it requires a large computa-
tional time. In the cavity analysis, the structure is modeled with a
resonant cavity having electric walls on the top and bottom, and
a magnetic wall around the sides. The proper effective values
of the patch sidelength and substrate permittivity are required
to correct the perfect magnetic-wall assumption. In some of the
studies in the literature depending on the cavity analysis, it is
preferred to use only the effective patch sidelength expression
without changing the substrate permittivity [3]–[5]. Theories
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that suggest the usage of effective values for both substrate per-
mittivity and patch sidelength are also present [6], [8]–[10]. The
latest studies show that the last approach provides more accurate
results if effective values for both permittivity and sidelength
can be chosen correctly. In this study, it will be shown that, by
replacing the effective permittivity value with the dynamic one,
the results of the previous models can be improved. This can
be explained with the inclusion of fringe field and inhomoge-
nous modal field distribution effects in the dynamic permittivity
expression. The proper sidelength extension formulas are also
given in order to improve the accuracy of the calculations cor-
responding to low and high substrate permittivity cases.

The resonant frequency value of the equilateral triangular
microstrip patch depends on the structural parameters, and it
cannot be changed without manufacturing a new structure. In
order to achieve tunable resonant frequency characteristic, an
adjustable air-gap layer can be inserted between the ground
plane and substrate, resulting in a two-layer structure. In this
study, the dynamic permittivity expression formulated for the
single-layer structure is extended for the two-layer case in order
to determine the air-gap tuning effect on the resonant frequency,
which has not been determined in previous studies presented in
the literature.

The resonant frequency of the single-layer structure evaluated
for the first five modes are compared with the available experi-
mental and theoretical results. It is shown that an extra improve-
ment over the results of the moment method and the various
forms of the cavity analyses are obtained for most of the cases.
The agreement between the theory and experiment is also very
good, having an average percentage error (APE) value around
0.5%. The resonant frequencies corresponding to a two-layer
structure are also presented for different gap widths.

II. DETERMINATION OF THERESONANT FREQUENCY

The cavity model depending on the perfect magnetic-wall as-
sumption leads to a resonant frequency expression for a single-
layer equilateral triangular microstrip patch depicted in Fig. 1,
as given in [1]

(1)

where is the velocity of light in free space,is the patch side-
length, is the substrate relative permittivity and, , and
are the integers that cannot be zero simultaneously.

In most of the cavity analyses of the triangular microstrip
patch, the substrate relative permittivity in (1) is replaced with
an effective permittivity in order to improve the accuracy of the
model [8]–[10]. In fact, the modal effects must be included in
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Fig. 1. Geometry of the tunable equilateral triangular microstrip patch.

the analysis that requires the usage of dynamic permittivity ex-
pression instead of an effective one. In this study, dynamic per-
mittivity expression is obtained for a single- and two-layer trian-
gular microstrip patch by using the equivalent models to deter-
mine all the necessary capacitance expressions. In order to give
a general formulation for both single- and two-layer structures,
the two-layer structure is modeled as the single-layer one having
substrate thickness of and an equivalent substrate
relative permittivity of determined under the cavity model
approximations as

(2)

It is clear that the equivalent model reduces to the single-layer
structure when the air-gap width is taken as . In order
to give a general dynamic permittivity expression, the structural
parameters of the equivalent model are used as follows:

(3)

where

(4)

In (4), and represent the total dynamic fringe
and main field capacitances, respectively. In order to obtain the
total dynamic fringe field capacitance , the equilateral tri-
angular patch is replaced with a circular patch having an equiv-
alent surface area. The radius of this circular patch is obtained
as

(5)

The total dynamic fringe capacitance of the original
structure is taken in the form given in [11] as

(6)

where is the physical area of the triangle andis given by

(7)

The total dynamic main-field capacitance expression
for an equilateral triangular microstrip patch is taken in a sim-
ilar form to that of the rectangular microstrip patch having the
equivalent surface area [12] as

(8)

where is the static main capacitance given by

(9)

and

The dynamic permittivity value can be determined from
(2)–(9) and used in (1) instead of in order to improve the
accuracy of the resonant frequency calculation.

In order to include the fringe field effects, the patch side-
length in (1) must be replaced with the effective sidelength. In
the literature, various approximations have been used to repre-
sent the effective patch sidelength expression of the single layer
structure [7]–[10]. One of those approximations was obtained
by using the radius extension expression of the circular patch
having the same surface area with the triangular patch [8] as

(10)

where represents the effective radius expression of the cir-
cular patch given in [8].

In this analysis, is modified for a two-layer structure by
assuming that the field is concentrated inside the upper dielectric
layer and taken as

(11)

where and represent the total thickness and the substrate
relative permittivity, respectively.

Another expression for an effective patch sidelength expres-
sion of the single-layer structure was given in a simpler form in
[10] as

(12)

where was defined as the effective substrate permittivity,
which is taken in this study as

(13)
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TABLE I
COMPARISON OFMEASURED ANDNORMALIZED THEORETICAL RESONANTFREQUENCIES. a = 10 cm,� = 2:32, h = 0, h = 1:59 mm

TABLE II
COMPARISON OFMEASURED AND NORMALIZED THEORETICAL RESONANTFREQURNCIES. a = 8:7 cm,� = 10:5, h = 0, h = 0:7 mm

TABLE III
COMPARISON OFMEASURED ANDNORMALIZED THEORETICAL RESONANTFREQUENCIES. a = 4:1 cm,� = 10:5, h = 0, h = 0:7 mm

In this study, if substrate relative permittivity satisfies the
condition, (10) is selected to represent an effective

sidelength expression in order to improve the accuracy of the
calculations. If takes higher values and structure operates
at the higher order modes, (12) is found to be better in order
to satisfy the best fit with the experiments. The resonant fre-
quency values are then determined from (1) by replacing the
physical patch sidelength and the substrate relative permit-

tivity with proper effective patch sidelength expression
and the dynamic permittivity expression , respectively.

III. COMPARISON OFTHEORY AND EXPERIMENT

In order to verify the validity and accuracy of the proposed
method, experimental and normalized theoretical resonant fre-
quencies available in literature are presented in Tables I–III for
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TABLE IV
COMPARISON OF THENORMALIZED THEORETICAL RESONANT FREQUENCIES

FOR HIGH SUBSTRATE PERMITTIVITY VALUE AND SEVERAL SUBSTRATE

THICKNESSES. TM MODE, a = 10 cm,� = 10:0, h = 0

Fig. 2. Change of the normalized dynamic permittivity of the structure for
TM andTM modes as a function of theh =a ratio.h = 0, � = 6:4.

Fig. 3. Normalized resonant frequency shift forTM mode as a function of
the air gap thicknessh . a = 4:0 cm,h = 1:8 mm.

different structural parameters and for the first five modes of
an equilateral triangular microstrip patch. In these tables, the

TABLE V
THEORETICAL RESONANT FREQUENCIES(IN MEGAHETZ) FOR AN AIR-GAP

TUNED STRUCTURE. a = 10 cm,� = 2:32, h = 1:59 mm

experimental results provided by Chenet al. [7] are shown as
, the theoretical results provided by Helszajn and James

[1] as , by Garg and Long [4] as , by Gang [6] as , by
Chenet al. [7] using the moment method and the cavity model
as and , by Güney [8] as , by Karabŏga et al.
[10] as , and the results of this study as , respectively.
APE values are also shown as the final row of the each table. It
is observed that the results obtained from the moment method
are greater than the experimental values corresponding to the
low and the high substrate permittivity cases. As is seen from
Tables I–III, until this study, the results providing the best ac-
curacy have been obtained by the theory of Garg and Long [4]
by using a new effective sidelength expression, by the theory
of Güney [8] by using a combination of the effective substrate
permittivity and the effective sidelength expressions, and by the
theory of Karabŏgaet al. [10] by using a new and simple patch
sidelength extension expression. In this study, by using a com-
bination of the dynamic permittivity and the proper effective
sidelength expressions, the results of the previous theories are
improved having an APE value around 0.5%. In Table III, it is
observed that the accuracy of the results tends to decrease if the
substrate permittivity is high and the structure operates at the
higher order modes. In order to decrease the percentage error
values corresponding to these cases, (12) is found to be better as
the effective patch sidelength expression. New results produced
by using (12) instead of (10) are presented in the last column
of Table III as , which provide better accuracy, especially
for the higher order modes such as , , and .
Thus, it can be concluded that the selection of this new side-
length extension formula for these specific cases will provide
better results in the determination of the resonant frequencies.
In Table IV, the resonant frequency results presented in some
of the previous studies are given in the normalized form corre-
sponding to several substrate thicknesses. It is observed that the
results of this model are lower than that of the moment method,
as in the previous cases.

In Fig. 2, the change of the normalized dynamic permittivity
with the normalized substrate thickness is given for and

modes. It is observed that the dynamic permittivity value
approaches the substrate permittivity for thin substrates, and de-
creases with increasing substrate thickness. It is also observed
that dynamic permittivity values corresponding to the
mode are lower than that of the mode case. A similar
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behavior is valid for the other operational modes depending on
the mode index values.

All of the models mentioned above have not been modified
for the determination of resonant frequency of the air-gap tuned
triangular microstrip patch. In this study, a general formulation
is presented for the two-layer structure, which has the air gap
as one of the layers. The resonant frequencies corresponding
to the three different gap widths are presented in Table V. In
order to determine the air-gap tuning effect on the resonant fre-
quency, the normalized resonant frequency shift with the air-gap
thickness is shown for different substrate permittivities in Fig. 3.
It is clear that the effect of the air-gap width on the resonant
frequency increases for the high substrate permittivity values,
which can be explained with the dependence of the equivalent
relative permittivity expression on the air gap and substrate pa-
rameters.

IV. CONCLUSION

The resonant frequency of an equilateral triangular mi-
crostrip patch is determined from the cavity model by using a
new dynamic permittivity expression combined with the proper
sidelength extension formula. The method of computation
produces the most accurate results to date for the fundamental
and higher order modes. Therefore, it can be concluded that by
using the dynamic permittivity expression in the calculations,
instead of the effective one, better results with respect to the
moment method and other present forms of the cavity analysis
can be obtained. In this study, the computation is also extended
for the two-layer structure in order to determine the air-gap
tuning effect on the resonant frequency. It is expected that by
using the developed new dynamic permittivity expression, the
air-gap tuning effects on the other operational characteristics
of the two-layer structure will also be determined accurately in
future studies.
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