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Moment-Method Analysis of Arbitrary 3-D
MetallicN -Port Waveguide Structures
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Abstract—Moment-method analysis of arbitrarily shaped
perfectly conducting (“metallic”) waveguide structures with
waveguide ports is presented that is based on the free-space
Green's function. Utilizing the Kirchhoff–Huygens principle,
the problem is formulated in terms of the electric-field integral
equation. The eigenvectors of the waveguide port sections and the
Rao–Wilton–Glisson functions for triangular patches are used
as basis functions for the magnetic and electric surface current
densities, respectively. The accuracy of the method is verified by
measurements or reference values. Its versatility is demonstrated
at several design examples of practical interest, such as a lateral
coax-fed waveguide, a twisted waveguide, and a waffle-iron filter
with round teeth.

Index Terms—CAD, method of moments, waveguide discontinu-
ities, waveguide filters, waveguide junctions.

I. INTRODUCTION

M OMENT-METHOD [1] solutions of waveguide discon-
tinuity problems have been widely studied in the past

and applied to many practical examples, such as irises, obsta-
cles, probes, and septa in waveguides [2]–[7]. The utilization of
the eigenfunctions of the waveguide structure under considera-
tion for the Green's function in these approaches automatically
meets the boundary conditions, but restricts, on the other side,
the solutions to this specific waveguide structure type.

This paper describes a new moment-method analysis for ar-
bitrarily shaped three–dimensional (3-D) metallic-port wave-
guide structures [cf. Fig. 1(a)]. Based on the Green's functions
for the potentials in free space, the advantage of the method is
its high flexibility.

The accuracy of the method is verified by measurements at a
post compensated T-junction, as well as a structure with two
crossed posts, and by reference calculations. Its versatility is
demonstrated at several design examples of practical interest.

II. THEORY

The entire structure to be investigated is subdivided into two
regions [8], [9]: regions and [cf. e.g., Fig. 1(b)]. Region

is further subdivided into subregions corresponding to
waveguides connected to the general-port waveguide struc-
ture: region . Both regions are separated by a perfectly con-
ducting surface , where . In order to
maintain the original problem, magnetic surface current densi-
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ties are introduced in the usual way, which restore the tangential
electric field on the surface .

Enforcing the continuity of the tangential magnetic field on
the aperture surface yields the following equation:

on (1)

where is the magnetic surface current density, and ,
, and are the tangential incident magnetic

field in region , the linear operator for the tangential scattered
magnetic field in region and the linear operator for the tangen-
tial scattered magnetic field in region, respectively [8], [9].
The field is generated by the magnetic surface current
density placed inside region on the perfectly conducting
surface . is the field caused by the magnetic surface
current density placed inside region on and radiating
in presence of the perfectly conducting surfaceof the 3-D
waveguide structure.

A. Region

For the solution of (1), the method of moments is employed.
The magnetic surface current density is approximated by
linear independent basis functions on the aperture surface

on (2)

where are the expansion coefficients for the magnetic surface
current density to be determined on theapertures, and
denotes the free-space wave impedance. Introducing a set of

linear independent test functions on results in a
system of linear equations

(3a)

with the excitation matrix

(3b)

the admittance matrices for regionsand

(3c)

(3d)
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(a)

(b)

(c)

Fig. 1. (a) Arbitrary 3-D metallic waveguide structure withN waveguide
ports. (b) RegionsI; II , separated by a perfectly conducting surfaceS , where
S = S + � � � + S . (c) Discretization of an example: Lateral coax-fed
rectangular waveguide.

and the inner products defined as

(3e)

The index denotes the excitation by a modeguided by wave-
guide .

The elements of the waveguide admittance matrix for region
and the excitation matrix are elucidated in the Appendix.

B. Region

The calculation of the -port admittance matrix for the ar-
bitrarily shaped metallic 3-D waveguide structureis based
on the Kirchhoff–Huygens principle [10], [11]. The electromag-
netic field in region is calculated using the magnetic surface
current densities on and the electric surface current densities
on and

on
on

(4a)

on or (4b)

The electromagnetic field in region can be written as

(5a)

(5b)

with the Green's function for the potentials in free space

(5c)

and where a time dependence of is understood. The cal-
culations in this paper are based on (5a), for reasons that are
elucidated in Section III-A.

The magnetic and electric surface current densities are ap-
proximated by (2) and

on and (6)

respectively, where the electric surface current density is ap-
proximated by linear independent basis functions on the
surfaces and .

The electric and magnetic surface current densities in (5a) are
replaced by the approximations (2) and (6). The tangential fields
on the surfaces and are related with the corresponding sur-
face current densities via (4a) and (4b). After introducing a set
of linear independent test functions on and , writing
inner products of and (5a), a system of linear equations re-
sults as follows:

(7a)
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with

(7b)

(7c)

(7d)

where we have omitted the arguments for the sake of a more
compact notation. Vectors and denote the column of
the corresponding matrices for a excitation by the mode. The
system of linear equations (7a) can be solved for the current
vector

(8)

Now utilizing the linearity of the operator and (4b), the
following expression can be derived:

(9)

Introducing the matrix

(10)

equation (9) can be written in the matrix form

(11)

From this equation and (8), the expression for the admittance
matrix for region results as follows:

(12)

C. Calculation of the Scattering Matrix

Using the orthonormality of the eigenvectors, the following
expression for the elements of the modal scattering matrix is
obtained:

(13)

In deriving this equation, it has been assumed that every incident
mode is of an amplitude equal to one. The summation index

considers all basis functionson the aperture of the wave-
guide, which is associated with the mode. As already men-
tioned above, theth column of is the vector of the ex-
pansion coefficients for the magnetic surface current density for
a excitation with mode only.

(a)

(b)

(c)

Fig. 2. (a) Two crossed posts. Dimensions:a = 15:7988 mm,
b = 7:8994 mm,c = 2:5 mm,c = 4:0 mm,d = 3:0 mm,e = 5:0 mm. (b)
Two crossed posts,e = 5:0 mm. Scattering parameterS over frequency. (c)
Two crossed posts,e = 11:51 mm. Scattering parameter,S over frequency.

III. I MPLEMENTATION

A. Choice of the Basis Functions and Test Functions

Own investigations and those in [12]–[14] have shown
that the choice of basis functions for the electric and mag-
netic surface current densities is critical. The use of the
Rao–Wilton–Glisson (RWG) triangular basis functions[15]
for both the electricand magnetic surface current densities
would result in a numerically singular matrix .

A more illustrative explanation of this fact may be the ob-
servation that the electric field given by the first term on the
right-hand side of (5a), if caused by an RWG basis function for
the magnetic surface current density, would not be “well tested”
by an RWG test function (see also [14]). The numerical eval-
uation of the corresponding-matrix integrals in (7b) requires
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(a)

(b)

Fig. 3. (a) Tee with post. Dimensions:a = 15:7988 mm, b = 7:8994 mm,
c = 2:5 mm, c = 4:0 mm, d = 3:0 mm. (b) Tee with post. Scattering
parameters over frequency.

the separation into a Cauchy principal value term and a residue
term in the well-known way1 as follows:

(14)

For the case (self-coupling), the first term on the
right-hand side of this expression gives the main contribution to
the integral on the left-hand side, which is (with an additional
negative sign) the electric field caused by a basis function for
the magnetic surface current density. This term is tested out
to zero when using RWG functions for both the basis and test
functions in (7b).

Therefore, the are chosen as basis functions for the
magnetic surface current density. Due to their orthonormality,
the admittance matrix and the incident current vectors

are given analytically. Moreover, usually the number of
columns of the matrices and is advantageously
small.

1The expression is derived using a limiting processr! r for the expression
with therot-operator under the integral sign.

(a)

(b)

Fig. 4. (a) Tee with post. Dimensions:a = 22:86 mm, � = 0:1 mm,h =

8:8 mm, r = 0:75 mm. (b) Tee with post. Scattering parametersS over
frequency.

When applying the magnetic-field integral equation (MFIE),
which may be derived from (5b), a selection of RWG basis func-
tions in the form for the electric surface current densities
seems to be appropriate. However, because of theopera-
tion required for the RWG basis functions, their usual physically
skillful attributes vanish. This set no longer meets the boundary
conditions for the electric surface current density on open sur-
faces automatically, and it produces line charges. Therefore, the
electric-field integral equation (EFIE) is preferred for the calcu-
lations in this paper. See [14] for further discussions concerning
the choice of basis and test functions.

As for the test functions according to the chosen Galerkin
Method, the functions are the basis functions for
the magnetic surface current density ; the functions

are those for the electric surface current density.
Symmetry walls are utilized in order to reduce memory and

central processing unit (CPU) time requirements. For the corre-
sponding implementation, every basis function is supplemented
with additional images of itself.

B. Evaluation of the Moment-Method Integrals

The -matrix elements are transformed into the well-known
mixed potential form in order to have merely a singularity.
The singularities are integrated analytically, e.g., with the help
of the formulas developed in [16]. The remaining numerical
integrations are evaluated in normalized area coordinates [15]
using a three- and a seven-point rule [17].
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(a)

(b)

Fig. 5. (a) Coax-feed for a rectangular waveguide. Dimensions:
a = 34:8488 mm,b = 15:7988 mm, c = 11:6 mm,d = 2� 1:5240 mm,
d = 2 � 4:8768 mm, d = 2 � 4:0 mm,h = 3:4 mm,h = 4:5 mm.
(b) Coax-feed of a rectangular waveguide. Scattering parameterS over
frequency.

The correct evaluation of the-matrix elements requires the
separation of the source point integral into a Cauchy principal
value term and a residue term in the usual way (see also Sec-
tion III-A).

IV. RESULTS

For verification purposes, three examples are calculated
(Figs. 2–4) where measurements are available. Fig. 2(a) shows
two crossed metal posts in a WR-62 waveguide. The input
return loss for different post distances mm [see
Fig. 2(b)] and mm [see Fig. 2(c)] demonstrates
good agreement with measurements and own finite-difference
frequency-domain (FD–FD) calculations as reference values,
respectively.

An -plane T-junction with a post in the side port is shown
in Fig. 3(a). The rather fast convergence of the method can be
demonstrated by the fact that, e.g., for this example, only 12
modes, 36 triangular patches for each port waveguide cross sec-
tion and 400 patches for the metallic surfaces have turned out to
be sufficient. Already this low number of modes and this rather
coarse grid yield scattering parameters, which show merely de-
viations in the order of a fraction of a decibel [see Fig. 3(b)] as

(a)

(b)

Fig. 6. (a) 90 -twisted waveguide. Dimensions of the rectangular waveguide
cross section:a = 22:86 mm, b = 10:16 mm. Length of the structure:l =
31:75 mm. (b) Scattering parameterS of the twisted waveguide of Fig. 6(a).

compared with FD–FD reference values. For the FD–FD calcu-
lations, a subgrid technique [21] has been applied with an ade-
quately fine subgrid level for convergent results.

A post in the main waveguide of an-plane T-junction [see
Fig. 4(a)] yields a broad-band compensation of the side-port re-
turn loss [18]. Such structures are advantageous, e.g., as a com-
biner for diplexer applications. Good agreement with measure-
ments is demonstrated in Fig. 4(b).

Fig. 5(a) shows the example of a lateral coax feed for a rect-
angular waveguide. The discretization using triangular RWG
patches of one-half of this structure and its apertures is illus-
trated in Fig. 1(c). The return loss in Fig. 5(b) demonstrates
good agreement with reference calculations by a finite-element
mode-matching method [19].

A triangular mesh describing a twisted WR-90 waveguide is
given in Fig. 6(a). The scattering parameters shown in Fig. 6(b)
are compared with reference values of a hybrid finite-element
mode-matching method [19] using a staircase approximation
with 60 steps.

The versatility of the presented method is demonstrated by
the design example of a WR-650 waffle-iron filter with round
teeth [see Fig. 7(a) and (b)]. For the initial filter dimensions, the
values given in [20] have been chosen. The distance to the port
waveguide of height 8.89 mm [20] and the lengths between the
teeth rows have been optimized for a return loss of better than
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(a)

(b)

(c)

Fig. 7. (a) Waffle-iron filter with round teeth. (b) Waffle-iron filter with round
teeth. Dimensions:a = 165:1 mm, b = 40:894 mm, b = 8:89 mm, l =

15:1182 mm, l = 31:0174 mm, l = 32:5328 mm, r = 11:3411 mm,
h = 17:78 mm. (c) Scattering parameters of the waffle-iron filter of Fig. 7(b).

26 dB. The scattering parameters are presented in Fig. 7(c). The
reliability of the method is demonstrated by comparison of the
results (solid lines) with calculations (dashed lines) using the
FD–FD method of [21].

V. CONCLUSION

A flexible moment method for the analysis of arbitrary 3-D
metallic waveguide -port structures has been presented. The
calculations are based on the EFIE applying the free-space
Green's function. The accuracy of the method is verified by
measurements or reference values. Its versatility and flexibility
is demonstrated by examples of practical importance, including
a twisted waveguide structure and a waffle-iron filter with
round teeth.

APPENDIX

A. Equations for Region

The elements of the waveguide admittance matrix and the
excitation matrix are defined as [9]

and associated with
the same waveguide port

else
(15a)

and

and associated with
the same waveguide port

else
(15b)

with

and associated with the
same waveguide port

else
(15c)

and

and associated with the
same waveguide port

else,
(15d)

where the are the TE and TM eigenvectors of the waveguides
and is the modal admittance of the mode. is the am-
plitude of the incident mode. The summation indexin (15a)
considers all modes of the waveguide that is associated with
and .

The eigenvectors are normalized in the usual way

(16)
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