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A Unified Analytical Model and Experimental
Validations of Injection-Locking Processes

Harris P. Moyer and Afshin S. Daryouskellow, IEEE

Abstract—Unified analytical expressions predicting the locking Most of the reported analytical models for the injec-
range for fundamental, subharmonic f» = 2), superharmonic tion-locked oscillators are based on the quasi-linear solution
(n = 2), and parametric injection (m = n = p = 1)lockingare ¢ gigfarential equations in one-port circuits [1], [2]. How-

presented and compared in this paper. Power series are employed . .
to model the device nonlinearity. Thea-parameters, relating non- ever, the reported results in the literature do not model the

linear I-V behavior, are extracted using a harmonic-balance ap- different locking processes using a unified approach. A unified
proach. These expressions are verified using an UHF oscillator; analytical model needs to be developed to compare merits
and good agreement is obtained between the experimental and an-of various injection-locking methods. With the advent of
alytical results. transistors and their popularity over diodes, injection-locking
Index Terms—Harmonic balance, injection locking, microwave range calculations should be presented for two-port networks.
oscillator, nonlinear circuits, parametric injection locking, power The purpose of this paper is to present a unified modeling of
series. L .
injection-locked oscillators that are based on two-port network
models. Therefore, analytical results comparing the various
I. INTRODUCTION injection-locking methods are presented for a feedback-based

TABILIZED oscillators, employed for frequency transla_oscillator. The analytical models are then experimentally
’ \erified and conclusions are drawn.

ions, are an important front-end part in any electronics sy
tems. One method of oscillator stabilization, made popular in
the 1950’s and 1960's, is injection locking [1], [2]. This tech- Il. BACKGROUND
nique involves injecting a stable reference signal into a free-run-

ning oscillator. Injection-locking methods are now becominP The initial analytical modeling of the injection-locked oscil-
popular once again in a variety of applications [3]-[5]. ators are reported by Adler [1] and Kurokawa [2]. To extend

Different methods of injection locking are reported [1], [Z]Fh(_air analyses to the case ofatwo—.port network, n(_)nlinear anal-
[6]-[9]. Fundamental locking [1], [2] occurs whefiy,; &~ fio; YSIS methods such as a power series, Volterra series, or the har-

a large associated locking range is obtained, however, a stdBRnic balance could be applied to compare the locking ranges
source at a frequency close to the frequency of oscillation mdigf the various injection-locking techniques. o

be available. Whetfin; ~ fio/n, annth subharmonic injection A power series is a po_sable method fqr character|_2|_ng the
locking [6] takes place with a reduced locking range. Superhgr.erturbatmn. pf an oscillating system resulting fr(_)m an injected
monic injection locking [7] is observed whefiy,; ~ . fi,, how- S|g_nal. T_rad|t|or_1ally, power sene;_have been ut!llzed to chargc—
ever, this technique has not been fully investigated due to dif1ze mllq nonllnearltles in amplifiers .[10]'. Oscillator analysis
ficulty of having a stable injection source at a frequency mary more difficult for two reasons. The first is that the power se-
times the free-running oscillator. Parametric injection locking€S cannot handle the dynamic nonlinearity associated with the
[8] has also not received much attention since it occurs whERUt capacitance of atransistor. Thus, the oscillation con(_jltlon
m finit + 7 finj2 & pfio, TEQUINING two injection sources. TheMay not be accurately determined. The second reason is that

idler method [9] is the same as the parametric only when off¢he power series representation could account for the device
source is replaced with a higB-dler; i.e.,m fus: +nfe: & MEMOTY, a large number of terms would be required to model
»fio. The mixing of the injected signal with a local oscillatofth® full operating range of the transistor. _ _
generates a sideband, which is passed through a®iéjter A Volterra series is able to account for dynamic nonlin-
and fed back into the oscillator along with the injected signdarities, but becomes difficult to apply when the nonlinearity
A single source is used in this “pseudo” parametric approach.large. Previously, \olterra series have been used to model
However, a highg idler is required at a frequency close to théystems with mutiple inputs and a mild nonlinearity, such

oscillator frequency. Thus, the idler approach has not been 8- Would be found in a receiver front-end [11], even thQUQh
tensively pursued. attempts are made recently to apply that to strongly nonlinear

systems such as self-oscillating mixers [12]. The harmonic-bal-
. . ance method using a full nonlinear transistor model such as
Manuscript received August 18, 1998. .
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For the parametric case: mfiyiy + nfiniz ~ Pflg The difficulty in implementing higher order parametric injection
locking arises from the inefficient generation of higher order
mixing products. This situation allows for an accurate solution
to be obtained using the first three terms of the power series to
model the nonlinearity. Fig. 1 indicates that the point of the har-
monic balance is to occur at the input of the nonlinear network.

The first step is to define the input voltage to the nonlinear
networkw, and the injection voltages,s andviy;»

Resonator

— Ho
1+ j(2Q8c00/0)0)

point of
harmonic

balance,
\

Nonlinear
Network

W i i
Vio = 57 et et 1)
iout = 81Vin + 82Vin” + 83Vin®
‘/infl ; .
jwinj1 t —j(winj1t
RL=500 Vvinjl = 5 . |:GJ(‘~ jit+e1) te J(winj1 +¢1):| (2)
Vinj1:finj1 Vinj2-finj2
Vinj2 o e
i i . o Vinjz = UL |:CJ(“'"U2t+¢2) +e J(wuuzt-l-¢2):| . (3)
Fig. 1. Diagram of system to be analyzed for basic parametric injection 2

locking. Removing one of the sources allows for the analysis of fundament@ihese voltage components are mixed together in the nonlinear
subharmonic, and superharmonic injection locking. network and fed back through the bandpa@s (: wlo)
resonator to the input node to balance all the harmonics. The

~ The best method of developing an analytical model fgpixing process may be defined as an output current in terms of
injection combines the power series and harmonic-balang nonlinear transconductance

method [6]. The oscillation condition is determined from a full -

nonlinear model, which determines the operating point of the i = Z auh (4)
. . . . out n

device. This procedure may be done using a harmonic-balance —

simulator such as Microwave Harmonicar a time-domain

simulator similar to the transient time-domain test bench in

Libra2 Once the operating point has been determined, the 3

series is applied to determine the nature of the nonlinearity at + a3(Vlo + Vinj1 + Vinj2)". ®)

this point. Thus, the number of terms retained depends on #®m many terms generated as a result of expansion in (5), the

amount of perturbation one expects about the operating pointerms of interest are those that fall closeftg. The following

components afj, are generated:

i 2
fout = a1 (Vio + Vinj1 + Vinj2) + 62(Vio + Vinj1 + Vinj2)

[ll. ANALYTICAL MODELING Yo
. . . . . Froma,vi, — A — e/“tet
The first step in developing a universal set of locking-range 2

equations is to define the oscillator system to be analyzed. Figkom agvi —ay - (M) . f ((Winj1 Hwinje)t+H(p1+2))

depicts a basic feedback oscillator with two injection sources to 2

be used for the case of parametric injection locking. Removing 8 _an .| (Y 3 v1ovi2nj1 UloUianQ

one of the sources allows for analysis of fundamental, subhar: 0 #8vin 7 203 ( 2 ) + 4 + 4

monic, and superharmonic injection locking. The system con- et

sists of a single pole in parallel with a nonlinear gain element. e ’

A power series describes the nonlinear voltage—current relatighhese expressions, the conjugate term has been dropped to

ship, and the injected voltage provides a stable reference at {i@jify the analysis.

input of the nonlinear element. Next, these components must be passed through the resonator
The oscillator has reached the steady-state voltagg afthe - hack to the input for the harmonic balance to be performed. In

input of the nonlinear device before the stable source is injectedyiliprium, the voltage af;. fed through the resonator must

The injected voltage af;,; now perturbs this input voltage. Thepe equal tas,,, which is the input to the amplifier at.. The

harmonic-balance method is applied to determine the changgmonic balance of;, at the input node results in
in the oscillator-input voltage and the associated locking range.

Derivation of the locking-range equation in the case of para- Ry - H,
metric injection locking is presented since it has not been re- 2Q6w
: 144 ==
ported. The analyses for the fundamental, subharmanie 2), w
and superharmonia:(= 2) follow the same procedure. " Vi1 Vi '
Currently, basic parametric locking (i.en = 1, n = 1, {al 7" + as (LZ““J) eI erten)
p = 1in Fig. 1) is the only realistic type of forced oscilla-

tion that could be implemented in weakly nonlinear circuits.

IMicrowave Harmonica is a Trademark of Ansoft Software, Inc., Pittsburgh,

2 2
Vo \? VloVinj1 VloVipnj2
PA. Vo

2 ibra is a Trademark of Agilent EEsof, Westlake Village, CA. = 9 (6)
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The Ry, term is the load resistance. Equation (6) is now ex- TABLE |

panded ino s eal and imaginary part by mulipying the tof* CATENE TIEAITER Eeresson ron T cameRes
and bottom of the left-hand side of the equation by the quantity

[1 — j(2Qbéw,/w,)]. The resulting equations for the real and

. : Injection Locking Method Normalized Locking Range
imaginary are as follows.
Real Part:
Fundamental

Ry - H, . £, = iy a1% +ay 3*{“4)3 +—vi2“%vl° + 3*V—‘2°;i“j

1+ 200w ado 4 a;[?» *{Vﬁf + 5"‘————Vznjvlo

w 2 2 8
11
) [al % T oas (Uind;ian) an
205 2nd Subharmonic [6] (vgnj)
. w ~ a——
: <COS(¢1 + ¢2) +sin(pr + ¢a) - < ” )) fiy= £/ A

s ulppf o2

Vo \ 3 U10U~2j1 UloU'2j2 g g ¢ 12)
3 ‘ —O) 111 1n
+ 3ag 5 + 1 + 1 v
VI, 2nd Superharmonic VioVinj’

g <5

Imaginary Part: )
Parametric az(Vinleian)

RL M Ho finjl + finj2= flo 3 2 -y
W a1%+ 3 (\;_0)3 + 104m_|1)+( 1041n)2)
1+ (10

w
o —2Q06 inj1Vinj
o (2 o)
Solving for the normalized locking range yields
in(1 + ) — cos(s + ) - |
. ln — .
s ! 2 CostP1 2 w 2Q6w
. 3 ' 01}2 . W
L Ry -H, S 3as (&) + lo¥inj1 " Ving1Ving2
- <2Q6w> 2 4 _ 2\ 5
w Yo 4 (Ulo )3 n VloVini1 n VoV .
a; — a —
N VloUjio < —2Q6w ) ) 3\ 2 4 4
4 w (10)
=0. (8)

This equation defines the normalized locking range for basic
parametric injection locking using a three-term series. A
The real and imaginary equations may be solved simultaneouslynmary of the results for the fundamental, basic parametric,
to obtain the output level of the oscillatoy, , and the locking subharmonic+ = 2), and superharmonicw( = 2) is pre-
rangedw,. Using the equation for the imaginary, the maximurgented in Table I. These locking range equations (i.e., (10)
normalized locking range may be solved for in terms of the imnd [Table I, eq. (11)-(13)]) allow for comparison of various
jected voltage by setting the sum of the angles- ¢ = £90°.  injection-locking methods in a specific oscillator.
Doing this eliminates the cosine term and sets the sine term
equal to one. Théw, term in the resulting equation is the max- IV. EXPERIMENTAL VALIDATION
imum one-sided locking range for a given pair of injected volt-

ages To verify the derived injection-locking range (i.e., (10) and

(11)—(13) in Table I) that are shown in Table |, experiments are
conducted for a feedback oscillator. The UHF oscillator is real-

2Q6w ized using a bipolar junction transistor (BJT) (Siemens BFP405)
< ) and replicates the system block diagram shown in Fig. 1. The

(%)3 . <Ulovﬁlj1> <U10U12nj2> H quality @-factor of the oscillator may be predicted by the fol-

W

5 1 1 lowing equation describing the bandpass resonator:

— ay (”L;nﬂ) , 9) S,1(dB) =

!
. |fL1 ?O + 3@3

—27.3f,7

0. (24)
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wheref, is the resonant frequency,is the resonantor’s group 10
delay, and?,, is the unloaded)-factor. From network analyzer
measurementdfz;| ~ —12.5 dB, f, = 770 MHz, andr =~
3.84 ns), a@,, of 6.45 is calculated for the feedback circuit.
Gummel-Poon model parameters of the BJT, provided by i
the manufacturer, are employed for SPICE modeling. Nonlinear :
simulation of the oscillator is conducted using the MWSPICE r /5’
model in the time-domain bench of Libra. The simulated os- 0.1 z=
cillation frequency is 770.5 MHz with an output power-eb ,//ﬁ
dBm; the measured results are output power-8t8 dBm at
Jio & 740 MHz. Since the oscillator is modeled accurately, then 001 Lo b e v b i v iy
the simulation technique may be used to extractatiparame- -35 -30 25 -20 -15 -10
ters of the gain block, which are important parameters in the P /P (dB)
locking-range equations.
The method of a-parameter extraction is presented ifFig.2. Plotof the subharmonie(= 2) locking range as a function of injected
Appendix. Results from the extraction may be summarizégwer gain P;,;/ Po.t) comparing the experimental and analytical results.

LI S B B B B B B S S A A

—e— Sub (n=2) Expt.
—8 -Sub (n=2) Theory

,//[J

Locking Range (MHz)

as follow [cf. (A.1)—(A.3)]: a1 = 0.05475/102.96°S,
a; = 0.11823/—-103.2°S/V, andas = 0.629/—50.45°S/V?. 10
Thesea-parameter values are valid for the simulated oscillator E L

operating condition and may be used in (10) and (11)—(13) in
Table I. The locking ranges for the different injection-locking
methods are measured and compared with predicted results for
the feedback oscillator.

The experimental verification of the derived equations
are now presented. The experimental setup consists of a
Rohde—Schwarz (100 kHz-1 GHz) signal generator and a
Systron Donner (model #1626) microwave synthesizer used as 3
injection sources and a Tektronix (2756P) spectrum analyzer
to measure the power spectra. The injected power levels are i} i
limited to 15 dB below the oscillator’s output power so that P /P (dB)

a weakly nonlinear assumption remains valid. The minimum e

injected power level is also selected by the frequency reSOIUtiQB. 3. Plot of the superharmonia (= 2) locking range as a function of
the injeCted SyntheSized source and the oscillator frequenﬂycted power gainRR,;/ P...) comparing the experimental and analytical
drift. The oscillator drift is as result of temperature and loadingsults.

of the circuit.

The first step is to measure the fundamental locking ranggyrces with equal input powers, however, different frequencies
to verify the Q. of the oscillator. The fundamental injection-gre jnjected to the UHF oscillator.
locking range may be reduced to an expression similar t0 thethe predicted and measured parametric injection-locking
Adler's locking range [1] by neglecting the small effects Ofange results are in relative good agreement. As the frequency
higher order terms in (11) (see Table I). The derived equatigffference becomes more pronounced (fe; = 610 MHz
IS and finj» = 130 MHz), the match between experimental and

theoretical results degrades. The case when unequal power

= . . (15) levels are injected shows the same trend of frequency-depen-
2Qext Vout dent behavior. Table Il depicts locking range when the power
By fitting the experimental data for fundamental injectiorI1evels are off by 5 dB. These results indicate that the greater

locking, a Q. Of six is calculated. This predicted result isthe frequency difference, the greater the effect of the offset

N : power. The case of 130-610 MHz (the 130-MHz signal being 5
rcéosii;?gu 7 6.45, the predicted unloadeg of the bandpass dB lower than the 610-MHz signal) and 610-130 MHz shows

di ity than both of the other f binations.
This @ value is applied to the normalized locking rangerznore 'spartly than both of the otherirequency combinations

equations for subharmonie (= 2), superharmonici = 2),
and parametricre = 1, n = 1, p = 1). Figs. 2 and 3 depict the
locking range Qw,) as a function of the injected power gain Using the fundamental data as a baseline, the analytical model
(Pinj/Fout) of the second subharmonic and superharmoniompares well with the experimental. For the parametric injec-
cases (i.e.n = 2). The experimental and analytical resultsion-locking cases, there is a frequency dependence more pro-
match; the difference is, at worst, a factor of two. Fig. 4(a)—(cjounced than with the = 2 subharmonic or superharmonic
presents parametric injection-locking range as a function cdises. Even with this frequency dependence, the results still fall
the injected power gain. The locking range is measured as twiihin a factor of three in the worst case. This degradation may

/m/

—g—— Super (n=2) Expt. E
—f] - Super (n=2) Theory

Locking Range (MHz)

Wo ‘/inj

Aw,

V. DISCUSSION
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Fig. 4. Parametric injection-locking range as a function of injected power @&ip/@.,..:) with equal input powers. (a) Frequencies of 410 and 330 MHz, (b)
510 and 230 MHz, and (c) 610 and 130 MHz.

be explained by the frequency dependence of:tparameters locking ranges, and Type-Il injection locking cannot be pre-
as the frequency is varied over a wide range. dicted. Possible methods to predict these attributes are time-do-
Comparing the measured locking ranges, one can see tmatin simulations transformed to the frequency domain [16] or
the superharmonic provides the largest locking range and thdull harmonic-balance routine, as demonstrated by Riztol
the parametric locking range (assuming equal power levels)ais [15].
greater than the subharmonic. For equal injection levels, (10)
indicates that the parametric locking range should ideally be
twice as high as the subharmonic locking range defined by (12)
in Table I. However the measurements indicates that this factof~or the first time, unified equations have been presented,
is between 1.2-1.5 times higher. One interesting result is theedicting the injection-locking range of fundamental, sub-
large superharmonic injection-locking range. The locking randggarmonic ¢ = 2), superharmonicy{ = 2), and parametric
is 3—4 times higher than the corresponding 2 subharmonic (m = 1, n = 1) injection-locked two-port oscillators. These
injection locking. A higher value should be expected since (18}juations are applicable to oscillators constructed with transis-
in Table | indicates that the locking range is proportional ttors (two-port devices) and provide a method of comparison
Vlo - Vin; iINStead ofv?nj, even though Forrest al.[7] proposed between the different methods for a specific oscillator. Using
superharmonic injection locking as a means of phase shiftingthrese equations, merit of each injection-locking techniques
antenna arrays, but does not indicate this distinct advantagecofild now be analytically compared depending on the forced
superharmonic injection locking over the subharmonic injectiarscillation application and the free-running oscillator topology.
locking. Experimental results indicate good agreement with the
Although the analytical model does well at predicting théheory. Including in the extracted-parameters frequency
locking range for low-to-intermediate injected power levels, dependence in addition to its level dependence could make
does not describe the properties of the process. Propertiesusther model improvement. The derived analytical results
injection locking such as the locked output power, asymmetrould also be expanded to the higher order injection-locking

VI. CONCLUSION
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TABLE I

CHARTS COMPARING THE LOCKING RANGES FORPARAMETRIC INJECTION

LOCKING WITH UNEQUAL POWER LEVELS BEING INJECTED FOR (a) 330
AND 410 MHz, (b) 230aND 510 MHz,AND (c) 130AND 610 MHz.
THE LOWER POWER LEVEL IS ATTRIBUTED TO THE FIRST FREQUENCY

INDICATED AT THE HEAD OF THE COLUMN

IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 48, NO. 4, APRIL 2000

P, /Py, (@B Theory 330-410 MHz 310330 Mz
30725 B Kz 85Kz TRz
25720 780 KHz 740 Kiiz 735 Kz
20715 900 KHz 1005 Kz 395 Kz

@

B 7P, (Bm) Theory 730-510 MHz 570-230 MHz
30725 BRIz 50Kz 5Kz
725720 780 Kz 10 KAz 5Kz
20715 900 KHz 310 Kz 385 KAz

(b)

Poot/Prps (ABI) Theory T30-610 MHz 610-130 MHz
30723 3 Kz B KAz 55 Kiiz
725720 780 Kiz 110 KAz 135 Kz
20713 500 KHz 775 Kz 65 Kz

processes, though not practical in weakly nonlinear systems.
Note that the injection locking of oscillators could also be

(©

extended to its optical counterparts [17].

APPENDIX

DERIVATION OF THE a-PARAMETERS FOR THEGAIN BLOCK

Nonlinear
Network

Vg =0.13 volts peak

Fig. 5. Diagram of the amplifier used to determine thg@arameters. The
source is set to give an input voltage of 0.09-V peak.

contains the fundamental signal, set at 750 MHz, and its har-
monics. Fig. 5 shows the transition from the oscillator (cf. Fig. 1)
to an amplifier with an equivalent voltage amplitude at the base.

From the time-domain test bench, the transistor base voltage
in the oscillation condition is simulated to €0.09-V peak.

A generator with a 532 source impedance must be driven at
0.13-V peak at an angle of 1 the harmonic-balance test bench
to generate 0.0637-V rms-0.09-V peak) at the base of the tran-
sistor. The phase of the input voltage-i85.95. The phase of
the input voltage is accounted for when calculatingifparam-
eters.

The power spectra resulting from this excitation may be used
to determine the output current at each harmonic frequency. The
a-parameters are determined by dividing the harmonic currents
by the input voltage

Il (wo
Uin(wo)
| 3.49¢73/67.01

©0.0637/-35.9
= 0.05475/102.96°S (A.1)

a; =

12(2(4)0)

Level-dependent nonlinear-parameters are used to char-
acterize the nonlinear current—voltage relationship in the gain
block of the oscillator. To accurately simulate the BJT-based
amplifier behavior, the Gummel-Poon model [13] provided
by the manufacturer is used. This appendix describes how to
extract the nonlinear-parameters at a particular frequency
and power level. The basis of the extraction is a time domain
simulation in Libra, which is used to determine the input
voltage to the transistor under the oscillation condition. The
parameters are determined from the output current that is a
nonlinear function of the input voltage.

For extracting thex-parameters of the BJT, the first step is
to use the time-domain simulator to determine the base voltage
under the oscillation condition. Once this voltage has been de-
termined, an equivalent source voltage (in &b8ystem) at the

a2

- Vid(we)
4.8¢74/-175.1
(0.0637)2/—71.9
=0.11823/—103.2°SIV

Ig(3wo)
T V3w
1.63¢=4/—-175.1
(0.0637)3/—107.86
= 0.629/—50.45°S/V?2.

as

(A.2)

(A.3)

It is important to note that the-parameters here are derived

frequency of oscillation is employed to recreate this voltage @pecifically for the simulated feedback oscillator. The calculated
the base. The next step is to simulate the device as an amplifiatues are not necessarily valid if the oscillator’'s bias condition
in a 5042 system with the same bias condition: the base voltagechanged in any manner. At microwave frequenciesatpa-
setto 2.4V andthe collector voltage setto 3.0V, which producemmeters will display more pronounced frequency dependence
a collector current of 5 mA. The resulting power spectrunbecause of the device intrinsic and package parasitic.
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