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FDTD Characterization of Evanescent
Modes—Multimode Analysis of
Waveguide Discontinuities

Enrique A. NavarroMember, IEEEThamar M. Bordallo, and Joaquin Navasquillo-Miralles

Abstract—in this paper, a finite-difference time-domain numer- and inaccurate post-processing of the FDTD simulated data.
ical dispersion relation for evanescent waves is derived, and its im- An example can be found in the application of the fast Fourier
pact on the modeling accuracy is studied. The numerical evanes- yanstorm (FFT): the freedom of the user to locate a window in

cent constant is found to differ from the analytical one. As a re- . . . .
sult, a correction must be used to compute discontinuity param- the FDTD-space time to which the FFT is applied may result

eters. This influences the reference plane chosen for the analysisin different accuracy of the FDTD results.
of propagating modes. Moreover, on calculating multimode trans- In the analysis of waveguide discontinuities, a typical situa-
mission and reflection coefficients, the dispersion for evanescent tion is produced when choosing the points at which the trans-
higher order modes is determinant. The dispersive relation is de- 1iytaq fields are sampled. At these points, evanescent higher
rived, discussed, and used to correct the evanescent constants for d d ted to b liciibl ! dert tacl
the multimode analysis of a waveguide discontinuity. or e.r modes are ex_pec edtobe negligible, inoraerto ge a.C ean
_dominant propagating mode at the outputs of the FDTD simu-
Index Terms—£vanescent modes, FDTD methods, numerical |ataq device. An FDTD user must be cautious in choosing the
anaIyS|s, scatterlng matrices, Wavegmde discontinuities. . i .
sampling planes; the further the better, but with larger memory
resources because longer waveguide ports must be meshed. This
I. INTRODUCTION increases the consumption of memory and central processing

HE finite-difference time-domain (FDTD) method is aunit (CPU) time [5]. The optimum length of a waveguide port

well-established tool for the microwave engineering contS the shortest that warranties negligible higher order evanes-
munity. Thus far, the FDTD method has been applied to moq%ellntmodes while providing sufficient accuracy for the dominant
microwave circuits and antennas [1]. The usual procedure de_. Determining th_e _opt|mum Ieng_th can be dc_)ne _by asys-
analyze a given device, using FDTD, involves the followin matical error analysis in FDTD, as will be shown in this paper.
steps: ’ ' the numerical domain of FDTD, evanescent modes are found

Step 1: use of a fine mesh to avoid numerical dispersio ohdecay mortla slowly tha{\ the ?nilytlgily ca:c;ulat(?[g mOdTSt'
suitable to establish boundary conditions; e numerical evanescent constant is different from the analyt-

Step 2: application of an effective absorbing boundar)'/Cally obtained one. Consequently, knqwledge of a num_erlcal
condition (ABC); evanescent constant can be used to estimate the waveguide ports

Step 3: selection of a suitable excitation in space and timéength' In particular, in the calculation of multimode scattering

Step 4: verification of FDTD results by comparison with parameters of a waveguide discontinuity, an appropriate refer-
other techniques or measurements ence plane needs to be located by using the numerically calcu-

If FDTD results present a good agreement in Step 4, St?lgged evanescent phase constant. Large errors are produced in

1-3 will be extended to the next device sharing similar g he calculation of the .multimode parameters unless the proper
ometry. If not, Steps 1-3 must be revised. Once Step 4 ha Eesc}enttclf]onéltsa\_lr_llt:)lf u.?]eq. has b full di
been achieved successfully, simulated results in subsequen us tar, the echnique has been successiufly used in
applications of FDTD are expected to be as accurate as in {ES analysis of wavegu'lde discontinuities where the scattering
first application. The procedure is considered to be consistdif ameters were f)btalned for the fundamefithl, propa-
and warranties a bound in the FDTD results. Some studgai"d mode. ABC's warranted the accuracy of the simulation

have addressed the accuracy of the FDTD modeling [2], wi fr the propagating modes. In [6], the multimode transmission

the conclusion that second-order accuracy is achieved with ﬁ%efﬁf:lents were calculated for a_two-dmenyonal disconti-
FDTD discretization. However, this second-order accuracy CHE'W in which second-order absorbing boundaries were used to

be polluted by inaccurate ABC's, numerical dispersion [2]_[45\\, sorb evanescent waves. In the analysis, numerical dispersion
’ vas neglected and results were obtained for two propagating

modes and two evanescent modes for a given frequency [7]. In
[8], FDTD is combined with modal expansion.
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[12], [13]. The application of PML’s in a small three-dimen-
sional mesh enables one to obtain the general scattering ma
(GSM) of any step discontinuity. To show the utility and accu
racy of our procedure, results are presented for a transition t 208F
tween two waveguides of different dimensions.

Once the multimode parameters are obtained, the applicati
of the GSM formalism can provide the electrical modeling o
any complex device by cascading the multimode parameterstl
are obtained with FDTD for each simple discontinuity.
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Assume a plane wave in the discretized three-dimensior toar )
FDTD space with the wave being a propagating wave or & 192} °
evanescent wave. A propagatmg plane wave would have t , , , ,
space-time dependemﬂx Y, z,t) = EO( )-e —jkF .k being e 10 20 30 40 50 g & g0
the wave vector andthe position vector. By su bstltutmg itinto
the Maxwell equations and performing numerical derivative,
the following expression is obtained:

L. 1 L

A/ AX

Fig. 1. Evanescent constant fbi., mode under cutoff as a function of the

.2 ko Az .2 kyAy . k.Az FDTD discretizatiomAx = Ay = Az.
sin sin sin
4 2 2 2 .

AL? + Ay? + AL Now, let us consider an evanescent plane wave decaying
in the z-direction. Its analytical form can be expressed as

) E(a:, Y, 2Z,t) = Eo(t) e~ ikazthyy) L o—k-2 By substitution of

A —2X+1 ; SN . . )

2=~ () this electric field into the Maxwell' equations and performing
AAE? the mathematical manipulations similar to those for the propa-

where the standard notationgating wave, the following stability condition is obtained:

Eﬁ"(i,j, k) = E_’(iAa:,jAy, kAz,nAt) was used, 1

and\ = (E}*Y/EP), (I = 2,y, 2) is defined as the numerical cAt < . (8

growth factor [14]-[16]. The above equation is solved for 1 1 sinh? ((kZAz/Z))

A, and the stability conditionA| < 1 implies the following Az + Ay A2

expression:

The new dispersion relation for the evanescent wave then be-

. of kxAzx . o f kyAy . of k:Az comes
sin 5 sin”( =5— | sin 5 A A A
Ax? * Ay? + Az2 At < e sin2< = a:) sin2< y2 U) sinh2< Z2 Z)
+ —

(2) 2 2 2
for any wave vectok. This leads to the well-known FDTD sta- 2% Ay Az

bility condition sin? <WTM>
cAt < : 11 : @) EYNCIE 7
\/Ax2 + Ay? T A2 The above numerical diSQpersion rQeIatiOQn apgroachgs the ana-
lytical dispersion relatioriw?®/c) = k; + k; — k2 only in the
wherec = (1/,/p). limit Az, Ay, Az, — 0.

Similarly, for a monochromatic plane wave, with time depen- Let us consider the particular case of a rectangular
dence in the forme?«t, the substitution into the vector wavewaveguide for theTE.; mode under cutoff. For a given
equation frequency under cutoff, this would have an evanescent con-

- stant? = /(27/a)? —w?pe. Suppose that the waveguide
UV E— uca E -0 (4) has dimensions = 2.286 cm, b = /2, the TEy, mode
ot? cutoff frequency is then 13.12 GHz. If the given frequency
leads to the well-known dispersion relation of FDTD is 8.5 GHz, the evanescent constant for the exponentially
decaying field is 209.41 m'. However, the numerical value
sin2<k'”Ax) sin2<kyAy> sin2<kZAZ> for this constant calculated from (7) is not the same. Its nu-
2 2 2 merical FDTD dispersive value depends on the discretization.
Ax? Ay? Az? If Ax = Ay = Az, andAt = 0.8Az/c, it starts from nearly
Gin? <wAt> zero value atAz = A/3 and moves toward the analytical
)

value with the smaller space increment. These results are

2
shown in Fig. 1 where it is seen that even far = A\/20,

AR
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Fig. 3. Transition between two waveguides having different cross
section. Waveguide,, a; = 22.86 mm, b; = 12.70 mm. Waveguide
b, az = 19.05 mm,b, = 9.525 mm,d; = 1.905 mm,d; = 1.5875 mm.

@122 124 126 128 13 182 184 1as 188 14 whereg; (), and & M(7) are the normalized mode vectors,
andV;""(t) andV;"M(¢) are the mode voltages. Due to the or-
thogonality of the mode vectors, we can determine the mode
voltages at any cross section by multiplying both sides of (8
Fig. 2. Numerical FDTD and analytical dispersion relatidm| (versus . 9 y . y ply .g . ( )
frequency), fofT E.q mode using three different discretizationss= 2.286 cm with the. CorreSpond'n_g mOde. vector and integrating over the
is the largest waveguide wallls = Ay = Az. (—): analytical. FDTD: waveguide cross section. Noting that the mode vectors are nor-

Frequency (GHz)

(x)Az = a/5,(0)Ar = a/10,(-)Azx = a/20. malized, we obtain
the numerical evanescent constant is only 206'm3.1% /E(F, 1) - E(7) - dS = Vi(t) 9)
lower than the analytical value. For the saffiB;; mode, the S

numerical FDTD evanescent constant versus frequency is ajggere: is the mode index for both TE and TM, in both sides
calculated. The results of this investigation are presenteddfthe discontinuity. The above integral is performed over the
Fig. 2, where numerical and analytical dispersion relatiorgoss sectiors of the waveguide, ;jmfif(p7 t) is the numerically
were plotted versus frequency for three different discretizatioggnulated FDTD field at the cross section of the waveguide. The
(Ar = a/5, Az = a/10, Az = a/20). It shows that numerical FFT of V;(¢) givesV;(w). These coefficients are normalized and
cutoff frequency differs from the analytical value, and thigperated to give the multimode scattering parameters
difference increases with the coarseness of the mesh.

Theinfluence of the above results is critical inthe FDTD mod- S; (W) = Vi(w) - \/Z‘(w) (10)
eling of evanescent modes, especially in determining how far the " Vi(w) - VZ;(w)
FDTD sampling plane is away from the discontinuity or the re-

gionwhere these modes are generated. Inthe waveguide ana&' Sse parameters can be shifted to a phase reference plane by
forthe dominantmod ,theinfluence ofthe numerical dis- b : , ,
ellE10) Itiplying with the phase term@? 2% ande?% 46 [17], 1;, 1,

persion of evanescentmodes can be avoided by placing the FOTB

sampling plane far enough from any simulated discontinuity. TIL? N9 tg? c;|§tan(i(has from thet.samplmgt] p[{anefsﬂgo thidref(zlrence
location of the plane is decided with the numerically calculatet anesy;, 3; are the propagating constants of the modas

constants rather than the analytical ones as the numerical evaﬁe[sQSpeCt'vely' These propagation constants will be the evanes-

cent constants are smaller than the analytical ones. When FOIBM E?Qﬂ?nésr “[‘lgﬁgfj“t"” (evanescent higher order modes),
e PN ore .

simulation is carried out for higher order modes under cutoff,e" . . . .
the numerical evanescent dispersion pollutes the behavior of { én the_ following sec_tlon, this procedure 'S used to calcglate
evanescentfield, particularly when FDTD is used to calculate t 4 multlmode scatterlr_1g parameters for a given sample discon-
multimode parameters of a given discontinuity. To avoid errorgr,m't_y' In that calculation, the value_:s of the evan_escer_n prop-
the fields that are sampled close to the discontinuity must be ¢ Ig_atlon constants are corrected using the numerical dispersion

rected with the numerical evanescent constant. relation obtained in Section II.

greZi(w) is the impedance for modeat the frequencw.

I1l. FDTD M ULTIMODE FORMULATION IV. RESULTS

The transmitted and reflected fields in the waveguides at aThe above procedure is used to analyze a transition in wave-
short distance from the waveguide discontinuity can be eguide that connects two rectangular waveguides with different
panded as a sum over all possible modes inside the waveguig#®ensions. Waveguide has the dimensions of 22.86 mm
This total electric field at the time instant = nA¢ can be 12.70 mm, and waveguide has 19.05 mmx 9.525 mm, as
expressed as shown in Fig. 3. The waveguide discontinuity was modeled

using a 40x 10 x 20 mesh in thez—y—z-directions, respec-
E(Ft) =Y [é‘zw(f) : ViTE(t)} +> [é‘er(f') : VjTM(t)} tively. Twenty PML layers were used to simulate the matched
J loads at both sides of the discontinuity, with the conductivity
(8) having a profilec = oppax - ({/lmax)?, Whereg and oy, are

D
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Deviation %

-20r

-25F

Sij (dB)

Distance to reference plane/Ax

Fig. 4. Dependence of the deviation on the distance from the sampling pl¢
to the reference plane. Results fr,;, y = 5,6, 7, 8, frequency= 9 GHz.

adjusted for a theoretical reflection coefficient 680 dB,
[9], [12], [2]. lwmax is the total thickness of the PML ards
the penetrating depth inside the PML region. The excitatic
consisted of a sinusoidally modulated pulse in the time dome
whose spectrum covered the operating frequency band of ‘ L
TE;, mode in the first waveguide (waveguiden Fig. 3). The “s 82 84 86 88 9 92 94 96 98 10
spatial distribution of the incident field was of th&:; o mode
in the cross section of the waveguideThe mode voltages of
the transmitted and reﬂeCt.ed Slgnals werg obtainedrivfo, Fig.5. Multimode transmission and reflection parameters for the discontinuity
TE30, TE12, TE3; modes in both waveguides. These modegFig. 3, incident isTE, , in waveguider : (o) S, 5, andS, .. (+)Sy.q, and
are numbered 1-4 for waveguidg and 5-8 for waveguidé.  Si.:.(x)Sir, andS1s. (-)S1s, andSy 4. (—): MM results.(—+—): FDTD
Therefore, the multimode reflection coefficients &fg; for ~Without correction.
J = 1,2, 3, 4 and the transmission coefficients ase ;, for
j = 5,6, 7, 8. Equation (9) is numerically integrated at everprders of the modes; in our results, the deviation is larger for
time step of the FDTD simulation over the cross section of bothe TE3 > mode. Fig. 4 shows how this error depends on the
waveguides, five cells from the discontinuity. The referendéistance from the sampling plane to the reference plane. Fig. 4
plane chosen for the scattering parameters is the one whereigier S1 ;, j = 5, 6, 7, 8 at the central frequency (9 GHz). The
discontinuity is located. The parameters shift [17] is done wifRDTD parameters calculated with numerigal,,, are plotted in
the numerical evanescent constant obtained from (7). The u§é@l 5. These results are compared with results without the dis-
mode impedances are also affected by this correction as Igrgfsive correction and results obtained by the mode-matching
as they depend on the evanescent constant (MM) technique. The present results were obtained using 3000
FDTD time iterations, which took around 20 min of CPU time

; 2 2 2 in a 486 personal computer.
2 sinh ! AZ\/Sln(k.Tn) +Sln(kym) _Sln(kt)

Frequency (GHz)

P = Az Az Ay cAt
(11) V. CONCLUSION
A numerical dispersion relation is derived for the numerical
wherekt = wAt/2 kx,, = nrAx/2a, kyn, = mnAy/2b modeling of evanescent waves in FDTD. In the numerical do-
Wi main of FDTD, evanescent waves decay slower than in the an-
LT, = . (12)  alytical space time domain. This numerical dispersion is ex-

pected to affect the numerical sampling of the propagating and
The difference between the results obtained using an analytieashnescent modes in the vicinity of a waveguide discontinuity
and a numericaf, ,,, does not affect the fundamentfi£;, because numerical attenuation is lower than analytical attenua-
mode since it is a propagating mode. The numerical dispersition. FDTD is used to obtain multimode transmission and reflec-
only has a strong influence on the phase constant. The restitia coefficients of a three-dimensional discontinuity. It is nec-
for higher order modes using analyti¢al ..., differin 5%-12% essary to use the numerical FDTD dispersion relation to correct
from the ones calculated using the numerical dispersive valiiie obtained multimode parameters in order to achieve a reason-
(8—-10-GHz frequency band). The difference increases with thble degree of accuracy in the numerical results.
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