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An Analytical Approach in Calculation of Noise
Spectrum in Microwave Oscillators Based on

Harmonic Balance
Esfandiar Mehrshahi and Forouhar Farzaneh, Senior Member, IEEE

Abstract—In this paper, a novel method for nonlinear analysis
of noise in microwave oscillators is presented. Based on harmonic
balance, the method is general from the point-of-view of circuit
topology, noise sources spectral distribution, and their cross cor-
relation. In this method, the effects such as frequency conversion
and frequency modulation are considered simultaneously in a uni-
fied treatment. Relatively precise estimations for the output signal
spectral density of an oscillator is practically obtained.

Index Terms—Harmonic analysis, microwave oscillators, non-
linear circuits, oscillator noise, phase noise.

I. INTRODUCTION

SPECTRAL purity of the microwave oscillators is of prime
importance in microwave communication systems and

radars so that its computation has become one of the concerns
of microwave circuit designers. Many calculation methods in
this regard are based on empirical relations and have taken
into account only noise [1]–[3]. Using the pushing figure
for computation of oscillator’s noise spectrum is also
an approximate method, which is simple and interesting [4].
Kurokawa has developed closed-form relations for a one-port
oscillator’s spectrum in the presence of uncorrelated noise
sources [5]. Noise spectral analysis by conversion matrices is
another method, which takes into account cross correlation
of the noise sources, but is not accurate near the carrier due
to frequency modulation effect [6]–[8]. Recently, a method
has been devised that takes into account both conversion and
modulation effects separately for far from carrier and near to
the carrier [9]. The time-domain method has also been used,
which by direct resolution of Longevin equations, computes
the noise spectrum whether due to modulation or conversion
[10], but it is time consuming.

In this paper, a unified treatment is presented which, based on
the harmonic-balance resolution of a nonlinear multiport oscil-
lator, computes directly the output spectrum at any port of the
oscillator. The noise sources can be white or colored, and their
cross correlation is taken into account in a matrix form. This
method is completely analytical once the amplitude and fre-
quency derivatives of the harmonic-balance characteristic equa-
tion are known.

In this paper, analytical results will be presented for the sake
of comparison with existing references, the method is then ap-
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Fig. 1. General form of the oscillator circuit for harmonic-balance analysis.

plied to an MESFET oscillator, and the results are compared to
the measurements of Anzillet al. [10].

II. M ICROWAVE-OSCILLATOR ANALYSIS BY

HARMONIC BALANCE

The harmonic-balance method is a mixed frequency-time do-
main method for obtaining the steady-state periodic response
of a nonlinear circuit [11], [12]. In this method, the circuit is di-
vided into linear and nonlinear subcircuits, as in Fig. 1. All inde-
pendent sources are transferred to the interconnecting ports. The
noise sources are also referred to the interconnecting ports and
represented by shunt current sources and series voltage sources.
The unknowns are voltage vectors at all ports and harmonics.
The linear subcircuit is analyzed in the frequency domain and
the nonlinear subcircuit in the time domain.

A general form of the interconnecting port voltages can be
represented as in

(1)

where and are their respective amplitude and
phases. Writing the KCL at the interconnecting nodes, the
harmonic-balance equation is obtained as follows:

(2)
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In (2), the nonlinear subcircuit contains nonlinear transconduc-
tances and nonlinear transcapacitances. The resolution of this
equation gives the voltage vectors at all ports and harmonics
[11], [12].

III. N OISE SOURCES TRANSFER TO THE

INTERCONNECTINGPORTS

In general, noise sources are dispersed in the network. In the
nonlinear subcircuit, the intersecting nodes are chosen to be the
noise sources ports; in the linear subcircuit, by linear transfer
functions noise sources can be referred to the interconnecting
ports. In the linear subcircuit, consider the noise sources vector
as . The members of this vector are functions of fre-
quency. The nature of these sources can be described by the cor-
relation matrix as in

(3)

where signifies the transpose conjugate.
For transferring these sources to the connecting nodes, a

transfer matrix can be defined such that

(4)

By this transfer matrix, the Norton equivalent of the noise
sources are determined at the interconnecting ports. The new
correlation matrix would then be

(5)

Now taking into account the fact that linear subcircuit noise
sources are uncorrelated with the nonlinear subcircuit noise
sources, the correlation matrix of the total sources would be in
form of

(6)

where signifies the correlation matrix of the linear sub-
circuit transferred to the interconnecting nodes, and
signifies the correlation matrix of the nonlinear ports noise
sources.

The noise-source currents at the interconnecting ports can be
represented in a bandpass form about each harmonic, as in

(7)

As such, the general form of noise sources can be considered
with regard to the spectral distribution, circuit topology, and
their cross correlation.

IV. NOISEANALYSIS, AMPLITUDE, AND PHASE FLUCTUATIONS

In this section, we assume that the harmonic-balance analysis
of the oscillator circuit has been performed and the steady-state
values for harmonic voltages has been obtained [11]. From there
on, the amplitude and phase fluctuations (modulations due to
noise) are calculated, and from there after, the oscillator signal
spectral density is derived. By presence of noise, the voltage
vector members in (1) will be transformed into

(8)

where represents amplitude fluctuations and
represents the phase fluctuations due to noise. By the fact that
noise sources are small compared to the harmonic voltages, we
can assume that and

. From there, (8) can be rewritten as

(9)

where is
the complex frequency. Inserting (9) in the harmonic-balance
characteristic equation (2), putting noise components in the
right-hand side, and expanding with the first-order derivatives,
we obtain

(10)

Here, is the offset com-
plex frequency vector whose elements are

. Complex matrices
and are the amplitude and frequency derivatives of
the vector . Separating real and imaginary parts of (10), one
obtains a system of matrix equations, shown in (11) and (12),
at the bottom of this page. Now, by transforming (11) into the

(11)

(12)



M
E

H
R

S
H

A
H

IA
N

D
FA

R
Z

A
N

E
H

:A
N

A
LY

T
IC

A
L

A
P

P
R

O
A

C
H

IN
C

A
LC

U
LAT

IO
N

O
F

N
O

IS
E

S
P

E
C

T
R

U
M

IN
M

IC
R

O
W

AV
E

O
S

C
ILLAT

O
R

S
824

A1 =

@F0;0

@!
!=!

@F0;0

@!

�

!=!

1

jV0;0j
0 � � � 0 � � � 0

0
@F0;1

@!
!=!

@F0;1

@!

�

!=!

1

jV0;1j
� � � 0 � � � 0

...
...

. . .
...

0 0
@Fm;k

@!
!=!

@Fm;k

@!

�

!=!

1

jVm;kj
0

...
...

. . .
...

0 0 � � � 0 � � �
@FN�1;H�1

@!
!=!

@FN�1;H�1

@!

�

!=!

1

jVN�1;H�1j

(15)

A2 =

@F r
0;0

@!
!=!

j!

jV0;0j
0 � � � 0 � � � 0

0
@F r

0;1

@!
!=!

j!

jV0;1j
� � � 0 � � � 0

...
...

.. .
...

0 0
@F r

m;k

@!
!=!

j!

jVm;kj
0

...
...

. ..
...

0 0 � � � 0 � � �
@F r

N�1;H�1

@!
!=!

j!

jVN�1;H�1j

(16)

A3 =

@F i
0;0

@!
!=!

j!

jV0;0j
0 � � � 0 � � � 0

0
@F i

0;1

@!
!=!

j!

jV0;1j
� � � 0 � � � 0

...
...

.. .
...

0 0
@F i

m;k

@!
!=!

j!

jVm;kj
0

...
...

. ..
...

0 0 � � � 0 � � �
@F i

N�1;H�1

@!
!=!

j!

jVN�1;H�1j

(17)



MEHRSHAHI AND FARZANEH: ANALYTICAL APPROACH IN CALCULATION OF NOISE SPECTRUM IN MICROWAVE OSCILLATORS 825

frequency domain, one obtains (12). The resolution of this set
of equations gives and vectors as follows:

(13)

(14)

where and are coefficient matrices defined by
(15)–(17), shown on the previous page.

V. SIGNALS SPECTRA AT THEINTERCONNECTINGPORTS

Having calculated and in the previous section,
we are in a position to calculate the oscillator’s signal spectrum
at any interconnecting ports. For this purpose, we first introduce
the correlation matrix of the voltages at ports and harmonics by
(18), shown at the bottom of this page. The elements of (18) are
the cross correlation between different port voltages at different
harmonics, defined by

(19)
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The calculation of integrals involved in (19) for results in
(20) (see Appendix A). Note that for .

(20)

where and are
the phase and amplitude autocorrelation functions, respectively,
and is the phase–amplitude cross-cor-
relation function. The Fourier transform of the correlation ma-
trix results in , the spectral density matrix; this is
an involved matrix, whose elements are given by (21), shown
at the bottom of the prevous page, where is
the offset frequency from theth harmonic. Off the diagonal
elements give the cross-correlation spectrum; the diagonal ele-

ments of this matrix give the power spectral densities of the port
at the th harmonic as in

(22)

In this spectrum, one can separate amplitude and phase noise
contributions as in (23), shown at the bottom of this page, and
(24), shown at the bottom of this page. Here, the power spectral
densities at ports and harmonics are expressed in terms of phase
and amplitude fluctuations and cross-correlation spectral densi-
ties, given by (25)–(27), shown at the bottom of the following
page. These quantities, in turn, can be readily reduced from (13)
and (14). As such, we have obtained a complete set of analyt-
ical expressions for determining power spectral densities at the
interconnecting ports of the oscillator, the only thing needed to
compute these spectral densities, given the noise sources, is the
matrix form derivatives of the harmonic-balance characteristics
equation.

VI. SPECTRAL DENSITY AT THE OUTPUT PORT

We now have known the spectral densities at the intercon-
necting ports. It is quite often needed to compute the spectral

for

for

(23)

for

for

(24)
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density at a specified port connected to the linear subcircuit. For
this purpose, consider the circuit connection shown in Fig. 2. It
is possible to calculate the voltage at port “” from the voltages
at the interconnecting ports through a linear transformation.

In (28), is a matrix, which performs this trans-
formation.

...

...

(28)

The spectral density vector at port “” would then become

(29)

Regarding (29), the total single-sideband noise of the oscil-
lator at port “ ” and frequency normalized
to the carrier level can be expressed as (30), shown at the
bottom of the following page, where

is nearly equal to unity.

VII. A PPLICATIONS

A. Noise Spectrum in Kurokawa Oscillator

As an example, we consider a one-port oscillator. Fig. 3
shows a simple oscillator model used by Kurokawa [5], in

(25)

(26)

(27)
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Fig. 2. Transformation of interconnecting voltages to port “L,” through a
linear subcircuit.

which the nonlinear elements are represented by its admittance
describing function (first-order harmonic balance).
represents the only noise current source present in the circuit.
The characteristics equation of the oscillator is given by

(31a)

(31b)

By taking the noise current source into account and adding
it to the right-hand side of (31a), Kurokawa has resolved these
equations with the assumption of zero cross correlation between
in-phase and quadrature noise components. In addition, he has
considered that the two components of noise have equal spectral
densities. Equation (32) describes the phase noise component
obtained by Kurokawa [5] as follows:

(32)

Fig. 3. Simplified one-port oscillator model.

Later, Rizzoliet al. [9] have taken into account the cross corre-
lation between in-phase and quadrature noise components. The
relations of (33) describe the correlation matrix elements

(33)

Rizzoli et al. [9] have computed the near-to-carrier phase noise

(34)

Using the method described in this paper, we have calculated
the same quantity, taking into account the noise cross correla-
tion. The general relation for the phase noise is obtained by (30)
using (13) and (14). Equation (35), shown at the bottom of the
following page, describes off-the-carrier single-sideband noise.
where is given by (see Appendix B)

(36)

Relations obtained by Kurokawa [5] and Rizzoliet al. [9] are
special cases of (35), namely, when and
by neglecting the effect of amplitude fluctuations, (35) reduces
to (32). When is very small and amplitude fluctutions are
ignored, (35) reduces to (34).

(30)
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Fig. 4. NEC710 oscillator circuit diagram.

As such, the analytical relation presented here is a more pre-
cise version of the relations existing in the literature.

B. Noise Computation in an MESFET Oscillator

As another example, we have considered an MESFET oscil-
lator, whose model is represented in Fig. 4. The single-sideband
noise measurement of this oscillator has previously been made
by Anzill et al. [10] with the given circuit details. We have de-
veloped our own nonlinear model for the NEC710 transistor and
used the same noise sources with the same spectral distribution
as used by Anzill. A total of nine noise sources have been con-
sidered. , and are nonwhite current noise sources.

Fig. 5 shows the single-sideband oscillator noise spectrum
obtained by this harmonic-balance-based development along
with the measurement points obtained by Anzill. White noise
and noise contributions are shown separately. Reasonable
accordance is observed up to 10 MHz off the carrier.

VIII. C ONCLUSION

In this paper, a unified treatment for the analysis of a
microwave oscillator’s spectrum was presented. Harmonic-bal-
ance resolution of the oscillator problem is the basis for this
analysis. Matrix form derivatives of the harmonic-balance

Fig. 5. Single-sideband noise spectrum of a 14.3-GHz MESFET oscillator.
1) 1=f noise contribution. 2) White-noise contribution. 3) Total spectrum.
*: measured values [10].

characteristic equation with respect to the harmonic amplitudes
and frequency are used along with the noise vector spectral
densities. A correlation matrix for the noise vector was defined,
through which white or colored noise sources could be taken
into account.

Amplitude and phase fluctuations in all ports and harmonics
were calculated by matrix equations and from there on, the
power spectrum of the voltages at any port were computed.
Explicit relations for power spectral densities were obtained for
any port voltage at any harmonic.

Analytical results of this treatment were compared to the
existing litterature relations. Finally, the numerical results
obtained for an MESFET oscillator were compared to the
measurements made by Anzillet al.The method is general in
the sense of circuit topology and noise source’s distribution.

(35)
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APPENDIX A

Here, we derive the exact expression for with
phase-amplitude correlation and the corresponding simplified
form for small phase and amplitude fluctuations.

Substituting and in (19), (A.1) is obtained as fol-
lows:

(A.1)

Using trigonometric rules and noting that the time variations
of phase and amplitude fluctuations are much smaller than,
(A.1) reduces to

(A.2)
Equation (A.2) can be rewritten as

(A.3)

The above equation, which is the exact expression for
, can be written as (A.4) shown at the bottom

of this page. By the fact that noise sources are small, the
phase and amplitude fluctuations are small, thus, (A.4) can be
approximated by

(A.5)

where the third-order and higher order differentials are ne-
glected. The former equation can be reduced to

(A.6)

which is exactly the same as (20).

(A.4)
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(B.2)

APPENDIX B

Here, the expressions for single-side-band noise in the
Kurokawa oscillator are derived. Inserting the values of

from (13) and (14) into (30), where the har-
monic-balance characteristic function is replaced by
(31a), taking into account the cross-correlation matrix of the
in-phase and the quadrature components of the noise source,
which is defined by (33), (35) is obtained.

In regard to definition of , by substitution of (31a) into (26),
taking into account the expression (33), one gets (B.2), shown
at the top of this page.

(B.1)

By insertion of (B.2) in (B.1) and integrating, one obtainsas

(B.3)
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