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Full-Wave Analysis of Circular Microstrip Resonators
in Multilayered Media Containing Uniaxial

Anisotropic Dielectrics, Magnetized
Ferrites, and Chiral Materials

Vicente Losada, Rafael R. Boix, Member, IEEE, and Manuel Horno, Member, IEEE

Abstract—In this paper, Galerkin’s method in the Hankel
transform domain is applied to the determination of the resonant
frequencies, quality factors, and radiation patterns of circular
microstrip patch resonators. The metallic patches are assumed
to be embedded in a multilayered substrate, which may contain
uniaxial anisotropic dielectrics, magnetized ferrites, and/or chiral
materials. The numerical results obtained show that important
errors can be made in the computation of the resonant frequencies
of the resonators when substrate dielectric anisotropy, substrate
magnetic anisotropy and/or substrate chirality are ignored. Also,
it is shown that the resonant frequencies of circular microstrip
resonators on magnetized ferrites can be tuned over a wide fre-
quency range by varying the applied bias magnetic field. Finally,
the computed results show that the resonance and radiation
properties of a circular microstrip patch on a chiral material is
very similar to those of a circular patch of the same size printed
on a nonchiral material of lower permittivity.

Index Terms—Complex media, microwave planar circuits, mi-
crostrip patches, resonators.

I. INTRODUCTION

C IRCULAR microstrip patch resonators can be used either
as antennas [1] or as components of oscillators and filters

in microwave integrated circuits (MIC’s) [2]. Since the band-
width of microstrip patch resonators around their operating res-
onant frequencies is very narrow [2], it is important to develop
accurate algorithms for the computation of those resonant fre-
quencies.

Multilayered media have proven to have an application
as substrates of MIC’s and printed circuit antennas (PCA’s).
For instance, concerning microstrip antennas, one superstrate
(radome) placed on top of a microstrip patch antenna can be
used for protecting that antenna against environmental hazards,
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such as rain, fog, and snow [3]. When a superstrate is placed on
top of a patch antenna, the resonant frequency of the antenna
is shifted and this shift may take the antenna out of its original
operating frequency band [3]. Therefore, an algorithm for the
computation of the resonant frequencies of microstrip patches
should be able to account for multilayered substrate effects.

Apart from multilayered media, in the last few years, some in-
terest has arisen on studying how the performance of MIC’s and
PCA’s is affected when complex materials—e.g., anisotropic di-
electrics, magnetized ferrites, chiral materials, etc.—are used as
substrates of those circuits and antennas. Thus, bearing in mind
that some of the standard materials used as substrates of printed
microwave circuits and antennas exhibit dielectric anisotropy
[4], Pozar has shown that substrate dielectric anisotropy should
always be taken into account when designing microstrip patch
antennas because if anisotropy were ignored, the antennas might
operate out of the expected frequency band [5]. Magnetized fer-
rites belong to the class of complex materials that have proven to
have potential application as substrates of MIC’s and PCA’s. For
instance, measurements have shown that the resonant frequen-
cies of microstrip antennas printed on ferrite substrates can be
varied over a wide frequency range by adjusting the bias mag-
netic field [6]. Apart from that, ferrite substrates can be used
for reducing the radar cross section of microstrip antennas [7],
[8] and for achieving circularly polarized microstrip antennas
with a single feed [9]. Also, it should be pointed out that when
ferrite materials are used as substrates of microstrip phased ar-
rays, a considerable improvement in the “impedance-matching
versus scan angle” performance is achieved [9], [10]. Very re-
cently, some attention has also been paid to the possibility of
using chiral materials [11] as substrates of MIC’s and PCA’s.
Pozar [12] has stated that there are serious disadvantages to
using chiral materials as substrates of microstrip antennas be-
cause of increased losses due to surface-wave excitation and
high cross-pol levels. However, Toscano and Vegni [13] have re-
cently shown that chiral substrates can be advantageously em-
ployed for increasing the directivity and the small bandwidth
of microstrip antennas. These two latter results indicate that the
performance of microstrip antennas on chiral substrates still has
to be studied more thoroughly.

In this paper, the authors apply Galerkin’s method in the
Hankel transform domain (HTD) [14]–[16] to the full-wave
computation of the resonant frequencies, quality factors, and
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radiation patterns of the resonant modes of circular microstrip
patch resonators in the case in which the metallic patches
are embedded in multilayered media, which may contain
uniaxial anisotropic dielectrics, magnetized ferrites, and chiral
materials. Since there are abundant results for the behavior of
microstrip resonators of rectangular geometry on anisotropic
dielectrics [2], [17]–[20], in this paper, just a few original
results will be presented for microstrip resonators of circular
geometry on anisotropic dielectrics. Concerning the topic of
microstrip resonators on magnetized ferrites, although this
topic has already been treated by several researchers [20]–[22],
these researchers have not considered phenomena such as
the existence of a cutoff frequency region for the resonant
frequencies of microstrip resonators on magnetized ferrites,
which will be addressed in detail in this paper. Aside from
the effect of anisotropic materials on microstrip resonators,
this paper will also show that microstrip resonators printed on
chiral substrates tend to behave as microstrip resonators printed
on nonchiral substrates of lower permittivity. In Section II, the
application of Galerkin’s method in the HTD to the analysis of
the circular microstrip resonators is described. In Section III,
results are presented for the resonant frequencies, quality
factors, and radiation patterns of circular microstrip resonators
on substrates of the different types treated in this paper. Finally,
conclusions are summarized in Section IV.

II. FORMULATION OF THEPROBLEM AND NUMERICAL METHOD

Fig. 1(a) and (b) shows the side and top views of a circular mi-
crostrip patch of radius embedded in a multilayered medium.
The electromagnetic fields existing inside this resonant struc-
ture are assumed to show a time dependence of the type
(where is complex to account for radiation losses), which will
be suppressed throughout. Both the circular metallic patch and
the ground plane of Fig. 1 are assumed to be perfect electric
conductors (PEC’s) of neglecting thickness. The layers of the
substrate are assumed to be of infinite extent along theand

coordinates, and these layers are also assumed to be made of
any of the three following materials:

1) uniaxial anisotropic dielectrics;
2) magnetized ferrites with applied bias magnetic field;
3) chiral materials.

In case theth layer of the multilayered substrate
is a uniaxial anisotropic dielectric, its optical axis will be as-
sumed to be the-axis [4]. For that case, the permeability of the
anisotropic dielectric will be taken as and the permittivity
tensor will be taken as [5]

(1)

In case the th layer of the substrate is a
magnetized ferrite, it will be assumed that the bias magnetic
field of the ferrite is directed along the-axis. For that case,
the permittivity of the ferrite material will be taken as and
the permeability tensor will be taken as [9]

(2)

Fig. 1. (a) Side and (b) top views of a circular microstrip patch embedded
in a multilayered medium that may contain uniaxial anisotropic dielectrics,
magnetized ferrites, and chiral materials.

Throughout this paper, ferrite materials will be assumed to be
magnetically saturated. Under this assumption, the elements of
the permeability tensor of (2), , can be obtained in terms of
the gyromagnetic ratio C/kg, the saturation
magnetization of the ferrite material , the internal bias mag-
netic field , and the linewidth , as explained in [23].

Finally, in case theth layer of the substrate of Fig. 1
is a chiral material, this material will be assumed to

be both chiral and reciprocal (i.e., it will be a Pasteur medium
according to [11]) with permittivity , permeability ,
and dimensionless chiral parameter. Inside this material, the
constitutive relations among the four vector quantities, , ,
and will be given by [11]

(3)

(4)

Under resonant conditions, let
and

be the expressions of both the current den-
sity on the patch of Fig. 1 and the transverse electric field at the
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plane of the patch, respectively, when cylindrical coordinates
are used and . Owing to the revolu-
tion symmetry of the multilayered medium of Fig. 1 around the
-axis, when the Helmholtz equations for the axial field com-

ponents and are solved in cylindrical coordinates inside
each of the layers of that medium, it turns out that the depen-
dence of and on the coordinate is of the type

and, as a consequence of this
fact, the dependence of and on the

coordinate is also of the type . This implies that
and can both be written as follows:

(5)

(6)

By virtue of (5) and (6), it is possible to follow a math-
ematical reasoning completely parallel to that shown in
[24, eqs. (1)–(14)] for obtaining a relation between
and in the spectral domain given by (see
[24, eq. (13)])

(7)

where and are vector functions that have
to be determined in terms of the th and th Hankel
transforms of , , , and as
follows:

(8)

(9)

In (7), stands for a 2 2 matrix, which plays the
role of a dyadic Green’s function in the HTD [24]. This dyadic
Green’s function in the HTD can be obtained in a straightfor-
ward way in terms of the two-dimensional Fourier transform
(TDFT) of the dyadic Green’s function of the multilayered
medium of Fig. 1 (see [24, eqs. (9) and (14)]), which, in turn,
can be determined by using a recurrent algorithm obtained via
the equivalent boundary method [25].

Once (7) has been obtained, Galerkin’s method in the HTD
can be applied to that equation in order to determine the
resonant frequencies and quality factors of the resonant modes
of the circular microstrip patch of Fig. 1. After following
the process described in [24, eqs. (15)–(22)], a nonlinear
eigenvalue equation for the operating angular frequencyis
obtained. The solutions of this nonlinear equation provide the

necessary information for obtaining the resonant frequencies
and quality factors of the resonant modes of the structure
of Fig. 1. In fact, let

be the set of complex
roots of the aforementioned nonlinear equation. In that case, the
quantities stand
for the resonant frequencies of the circular microstrip patch
and the quantities

stand for the quality factors [2].
Once and are known for a particular resonant

mode of the structure of Fig. 1, one can derive expressions for
the vector functions and corresponding to
that particular resonant mode. The vector function
can then be used for computing the radiation electric field

in the air upper half-space of Fig. 1 is
a local set of spherical coordinates defined in Fig. 1) by means
of the stationary phase method (see [26, pp. 164–169] and
[24, eqs. (23) and (24)]).

The basis functions chosen in this paper for approximating
the current density on the circular patch of Fig. 1 [see (5)]
have different expressions for axial–symmetric resonant modes

[14] and for nonaxial-symmetric resonant modes
[15]. In the case of axial-symmetric modes, the basis

functions chosen for and are given by

(10)

(11)

where and
stand for Chebyshev polynomials of the second and first kinds,
respectively.

For nonaxial-symmetric modes, the basis functions chosen
for approximating and when (see (5))
are given by

(12)

(13)

The basis functions of (10)–(13) are very similar to the basis
functions of [24, eqs. (25)–(28)]. However, whereas is
taken to be zero in [24], in this paper. In order to ex-
plain this, it should be noted that when the multilayered medium
of Fig. 1 is made of isotropic (and/or anisotropic) dielectrics, the
dominant axial-symmetric modes are modes
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[14] and, as a consequence of this, the azimuthal component
of the current density on the patch are zero for these modes

. However, when the multilayered medium con-
tains either ferrite layers or chiral layers, all axial-symmetric
modes are hybrid modes and and, there-
fore, the two components of the current density on the patch in
these modes turn out to be different from zero and

.
In [24], the authors demonstrated that the basis functions of

the type shown in (10) and (13) are very appropriate for the
HTD analysis of microstrip patches embedded in multilayered
isotropic dielectric substrates. That is because they ensure a
quick convergence of Galerkin’s method in the HTD with re-
spect to the number of basis functions, their Hankel transforms
can be obtained in closed form in terms of spherical Bessel func-
tions (see [24, Appendix B]), and they lead to HTD infinite in-
tegrals, which are amenable to asymptotic analytical integration
techniques (see [24, Sec. IV and Appendix C]). Fortunately, all
these advantages are kept when the aforementioned basis func-
tions are used in the HTD analysis of circular patches fabricated
on anisotropic dielectrics, magnetized ferrites, and/or chiral ma-
terials (see Section III for details).

III. N UMERICAL RESULTS

In order to check the validity of the method described in Sec-
tion II, our results for the resonant frequencies, quality factors,
and radiation patterns of the first resonant modes of circular
microstrip patches on isotropic dielectric substrates have been
compared with previously published results [2], [14], [16] and
with measurements. Good agreement has been found in all cases
(see [24, Figs. 3–6] for more details).

In Table I, the convergence of the numerical method de-
scribed in Section II is checked with respect to the number of
basis functions (of the type shown in (10)–(13)) used in the
approximation of the current density. Results are presented for
several resonant modes of circular microstrip patches printed on
different materials (one anisotropic dielectric, one magnetized
ferrite, and one chiral material). It can be noticed that seven
basis functions suffice to obtain the resonant frequencies and
quality factors within five significant figures when the substrate
is either an anisotropic dielectric or a magnetized ferrite, and
within four significant figures when the substrate is a chiral
material. Since a small number of basis functions provides very
accurate results for the resonant frequencies and quality factors
in all the cases studied in Table I, it seems that the basis func-
tions of (10)–(13) are very appropriate for approximating the
surface current density on circular microstrip patches fabricated
on any kind of substrate. It should be pointed out that whereas
the results shown in Table I for the resonant frequencies and
quality factors of the circular patches on anisotropic dielectric
and chiral material are all for modes in which , the
results for the circular patch on magnetized ferrite include
values of resonant frequencies and quality factors for the mode

. In order to explain this, it should be said that whereas
in those cases in which the multilayered substrate of Fig. 1
only contains anisotropic dielectrics and/or chiral materials,
the resonant frequencies and quality factors of the resonant

TABLE I
CONVERGENCEPATTERN OF THERESONANT FREQUENCIES ANDQUALITY

FACTORS OFSEVERAL RESONANTMODES OF ACIRCULAR MICROSTRIPPATCH

ON DIFFERENTSUBSTRATES WITHRESPECT TO THENUMBER OF BASIS

FUNCTIONS USED IN THEAPPROXIMATION OF THECURRENTDENSITY. IN ALL

TABLES a = 5 mm AND h = 1:27 mm. SUBSTRATES: (a) UNIAXIAL

ANISOTROPICDIELECTRIC (� = 5:12; � = 3:4). (b) MAGNETIZED FERRITE

(� = 15; � M = 0:065 T, � H = 0:1 T, � �H = 0:004 T).
(c) CHIRAL MATERIAL (� = 4; � = 1; � = 1:5)

modes have been found to verify that and
; in the cases in which magnetized ferrites are

allowed to be a part of the multilayered substrate, the authors
have found that and . This latter
behavior is attributed to the nonreciprocal character of ferrite
materials and it is predicted by the cavity model of a circular
patch printed on a ferrite substrate [9], [23].

In Fig. 2, results are presented for the resonant frequencies
of the fundamental mode of circular microstrip patches printed
on different anisotropic dielectric substrates and covered
by anisotropic dielectric superstrates in such a way that the
material of the superstrate always coincides with that of the sub-
strate. In this figure, the results obtained for every patch placed
between two anisotropic dielectric layers are compared with
the results that would be obtained if the dielectric anisotropy
of the layers were neglected and the layers were assumed
to be isotropic. The differences between the results obtained
considering dielectric anisotropy and the results obtained ne-
glecting dielectric anisotropy reach 4.5% when the anisotropic
dielectric is sapphire, 6% when the dielectric is Epsilam-10,
and 10% when the dielectric is boron nitride. The authors have
also obtained results (not plotted in the current paper) for the
circular patches analyzed in Fig. 2 in the case in which the
anisotropic dielectric superstrates are not present (i.e.,
in Fig. 2). In this latter case, the differences existing between
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Fig. 2. Normalized resonant frequencies of the fundamental mode(m = 1,
n = 1) of circular microstrip patches printed on an anisotropic dielectric layer
with an anisotropic dielectric superstrate of the same type(h = 0:635 mm,
h = h , sapphire:� = 9:4 and � = 11:6, epsilam-10:� = 13 and
� = 10:3, boron nitride:� = 5:12 and� = 3:4). The normalization factor
f = 1:841=2�a

p
� � � is taken as the resonant frequency that would be

obtained in each case by means of the cavity model. The results obtained for the
patches on anisotropic dielectrics (dashed lines) are compared with the results
obtained for patches on isotropic dielectrics of permittivity� � (solid lines).

the results obtained considering dielectric anisotropy and the
results obtained neglecting dielectric anisotropy reach 2% when
the anisotropic dielectric is sapphire, 3% when the dielectric is
Epsilam-10, and 5% when the dielectric is boron nitride. This
indicates that the errors made by ignoring dielectric anisotropy
in the computation of the resonant frequencies of a microstrip
patch printed on an anisotropic dielectric substrate [5] can be
actually doubled when the patch is covered by an anisotropic
dielectric superstrate.

In Fig. 3, results are presented for the resonant frequencies
of the first five resonant modes of a circular microstrip patch
printed on a magnetized ferrite. In this figure, the resonant fre-
quencies are plotted versus the magnitude of the bias magnetic
field. As in [6], [9], and [22], it is found that all resonant fre-
quencies can be tuned over a wide frequency range by means
of the bias magnetic field (in fact, when is varied from
0 to 0.4 T in Fig. 3, the resonant frequency of the resonant
mode , changes more than 100% and the res-
onant frequencies of the rest of the modes change more than
50% in most cases). Also, as in [10], convergent results for the
resonant frequencies are not achieved in the frequency region

owing to the
propagation in that frequency region of an infinite number of
magnetostatic volume-wave modes along the conductor-backed
ferrite layer supporting the circular patch. As a consequence of
the existence of this cutoff region, the resonant frequencies of all
resonant modes appear below and above the cutoff region. Both
the existence of a cutoff frequency region and the existence of
resonances above and below the cutoff region are predicted by
the cavity model (see [9, Fig. 5]). However, the cavity model
fails to predict the correct limits of the cutoff region since the
cavity model does not account for the propagation of magne-
tostatic modes [27]. This is clearly shown in Fig. 3, in which
comparison is carried out between the resonant frequencies ob-
tained for the modes , and , via
the method of Section II, and the resonant frequencies obtained
for those two modes via the cavity model. Although very good

Fig. 3. Resonant frequencies of the first five resonant modes of a
circular microstrip patch on a magnetized ferrite versus bias magnetic field
(h = 1:27 mm, a = 5 mm, � = 15, � M = 0:065 T, � �H = 0 T).
Galerkin’s method results for the first two resonant modes (solid lines:m = 1,
n = 1, dashed lines:m = �1, n = 1) are compared with results obtained
for these two modes by means of the cavity model (+:m = 1, n = 1, �:
m = �1, n = 1).

Fig. 4. Normalized phase constants (solid lines) of the magnetostatic
volume-wave modes propagating along the conductor-backed ferrimagnetic
slab that supports the circular microstrip patch of Fig. 3 (h = 1:27 mm,
� = 15, � H = 0:2 T, � M = 0:065 T, � �H = 0 T).

agreement is found between both sets of results for the reso-
nant mode , (differences are always below 7%),
part of the results provided by the cavity model for the resonant
mode , are completely wrong because they lie
inside the actual cutoff region. The numerical results plotted in
Fig. 3 for the resonant frequencies of circular microstrip patch
on a ferrite substrate closely resemble the experimental results
shown in [22, Fig. 4] for the resonant frequencies of a rectan-
gular patch on a magnetized ferrite. These experimental results
seem to show the existence of a cutoff region with resonances
above and below that cutoff region in spite of the fact that the
theoretical model used in [22] does not predict the existence of
that cutoff region. In Fig. 4, results are presented for the nor-
malized phase constants of magnetostatic volume-wave modes
propagating along the conductor-backed ferrite slab used as a
substrate for the circular microstrip resonator of Fig. 3. As men-
tioned above, an infinite number of magnetostatic volume-wave
modes are excited inside the ferrite layer in the frequency re-
gion

, which prevents resonances from oc-
curring inside the structure of Fig. 3 in that frequency region.
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Fig. 5. Resonant frequencies of the first five resonant modes of a circular
microstrip patch printed on an isotropic dielectric layer with a magnetized ferrite
superstrate (h = 1:27 mm, h = 2h , a = 5 mm, � = 2:5, � = 15,
� M = 0:178 T, � �H = 0:0045 T).

The phase constants of the magnetostatic volume-wave modes
have been obtained by computing the zeros of
[see (7)] in the real axis of the complex-plane (these zeros

are the poles of the determinant of [28]. Since the
results plotted in Fig. 3 have been obtained for a lossless fer-
rite , it may be thought that these results experience
strong changes when ferrite losses are considered (i.e., when

. However, the authors have obtained that whereas the
ferrite linewidth value has a strong effect on the quality factors
of the resonant modes, its effect on the resonant frequencies is
negligible. Thus, in the case of the structure analyzed in Fig. 3,
the authors have numerically found that as the ferrite linewidth
is varied from T to T, the quality fac-
tors of the first five resonant modes are reduced to values that are
at least 50% below the values in the lossless case (
T), but the resonant frequencies of the same modes (i.e., those
plotted in Fig. 5) change less than 1%.

In Fig. 5, results are presented for the resonant frequencies
of the first five resonant modes of a circular microstrip patch
printed on a dielectric layer on top of which there is a ferrite
superstrate. The figure shows that although the ferrite material
does not occupy the space between the circular metallic patch
and the ground plane, this material still has some effect on the
resonant frequencies of the circular patch. In fact, it can be seen
that as the bias field of the ferrite is varied, the resonant frequen-
cies of the patch can be tuned over a certain frequency range.
However, the width of the tuning frequency interval obtained in
this case is smaller than the width of the interval that would be
obtained if the ferrite were placed between the circular patch
and ground plane (compare Figs. 3 and 5). Thus, when
is varied from 0 to 0.4 T in Fig. 5, the changes in the resonant
frequencies of most resonant modes are below 40%, and these
changes in the resonant frequencies are much smaller than those
observed in Fig. 3. As it happens with Fig. 3, in Fig. 5 there is
a cutoff frequency region in which resonances are forbidden,
and also the resonances of all resonant modes occur below the
cutoff region as well as above the cutoff region. Once again,
the existence of the cutoff frequency region is based on the ex-

Fig. 6. Resonant frequencies of the fundamental mode(m = 1, n = 1) of
circular microstrip patches printed on chiral materials with different values of
� (solid lines) and of circular microstrip patches printed on nonchiral materials
(dashed and dotted lines) (h = 1:27mm and� = 1 in all cases). The resonant
frequencies of the patches on nonchiral materials with permittivities� = 1:949
and� = 1:032 coincide with those of the patches on chiral materials with
� = 1:5 and� = 1:8, respectively, whena=h = 5.

citation in that region of an infinite number of magnetostatic
volume-wave modes along the double-layered dielectric-ferrite
substrate giving support to the circular microstrip resonator an-
alyzed in Fig. 5.

In Fig. 6, the authors plot three solid lines, which stand for the
resonant frequencies of the fundamental mode of circular mi-
crostrip patches printed on chiral substrates (with and

) and for the resonant frequencies of the same patches
printed on a nonchiral substrate of the same permittivity (for
which ). It can be checked that the differences between
the set of results obtained for the patches on chiral substrates
and the set of results obtained for the patches on the nonchiral
substrate with reach 42% when , and 93% when

. Since the resonant frequencies of the patches on chiral
substrates are higher than those of the patches on a nonchiral
substrate with the same permittivity, it seems that the patches
on chiral substrates behave as patches printed on nonchiral sub-
strates of lower permittivity. In order to check this statement,
in Fig. 6, results are also plotted for the resonant frequencies
of circular microstrip patches on two nonchiral substrates of
lower permittivity (dotted and dashed lines) (the permittivity of
these two substrates is computed in such a way that the reso-
nant frequencies of the patches on chiral substrates and those
of the patches on nonchiral substrates with lower permittivity
coincide for ). Comparison between the results ob-
tained for patches on chiral substrates and those obtained for
patches on nonchiral substrates of lower permittivity indicate
that concerning the calculation of the resonant frequencies of
the patches, chiral substrates are equivalent to nonchiral sub-
strates of lower permittivity, this permittivity being slightly de-
pendent on the geometry of the patch. Also, the permittivity of
the equivalent nonchiral substrates decreases as the chiral pa-
rameter of the chiral substrates increases. In Fig. 7, results are
presented for the quality factors of the fundamental resonant
mode of the circular microstrip patches analyzed in Fig. 6. It
can be noticed that given the value of both the radius of the
patch and the thickness of the substrate, the quality factor of
the patches on chiral substrates decreases as the chiral parameter



LOSADA et al.: FULL-WAVE ANALYSIS OF CIRCULAR MICROSTRIP RESONATORS IN MULTILAYERED MEDIA 1063

Fig. 7. Quality factors of the fundamental resonant mode(m = 1; n =
1) of the circular microstrip patches printed on chiral and nonchiral materials
analyzed in Fig. 6(h = 1:27 mm,� = 1).

Fig. 8. Radiation patterns of the fundamental resonant mode(m = 1; n =
1) of circular microstrip patches printed on chiral and nonchiral materials (see
Fig. 6: h = 1:27 mm, a=h = 5, � = 1). Solid lines stand for the results
obtained when� = 4 and� = 0 in (a) and (b). Dashed lines stand for the
results obtained when� = 4 and� = 1:5 in (a), and when� = 4 and
� = 1:8 in (b). Dotted lines stand for the results obtained when� = 1:949
and� = 0 in (a), and when� = 1:032 and� = 0 in (b).

increases. Also, the quality-factor values of the patches on chiral
substrates are very close to those of the patches on equivalent
nonchiral substrates of lower permittivity. Looking at Fig. 7 and
taking into account that the bandwidth (inversely proportional to
the quality factor) of microstrip antennas on nonchiral dielectric
substrates increases as the permittivity decreases [1], it is pos-
sible to explain why the authors of [13] found that the bandwidth
of microstrip antennas on chiral substrates increases as the chiral
parameter increases. In Fig. 8(a) and (b), the authors plot the ra-
diation patterns of some of the circular microstrip patches on
chiral and nonchiral substrates analyzed in Fig. 6. As in Fig. 7,
the results obtained in Fig. 8(a) and (b) for the patches on chiral
substrates are very close to those obtained for the patches on
equivalent nonchiral substrates of lower permittivity. Note that

the directivity of the pattern emitted by the patches on chiral
substrates increases as the chiral parameter increases, which is
in agreement with the results obtained in [13] for the directivity
of rectangular microstrip antennas on chiral substrates. Once
again, this can be justified by the fact that the directivity of mi-
crostrip antennas printed on nonchiral dielectric substrates in-
creases as the permittivity decreases [1].

IV. CONCLUSIONS

Galerkin’s method in the HTD has been used for the numer-
ical calculation of the resonant frequencies, quality factors, and
radiation patterns of the resonant modes of circular microstrip
patch resonators when the patches are embedded in a multilay-
ered substrate that may contain uniaxial anisotropic dielectrics,
magnetized ferrites, and/or chiral materials. The numerical
results obtained have shown that important errors may arise in
the computation of the resonant frequencies of the resonators
when substrate dielectric anisotropy or substrate chirality
are ignored. Also, the numerical results obtained for circular
microstrip resonators on substrates containing ferrite layers
have shown that the resonant frequencies of these resonators
can be tuned by means of the bias magnetic field. However, it
has been demonstrated that there is a cutoff frequency region
for the resonant frequencies of these resonators on substrates
containing ferrites owing to the excitation of an infinite number
of magnetostatic volume-wave modes along the substrates of
the resonators in the cutoff frequency region. Finally, the res-
onance and radiation properties of circular microstrip patches
on chiral substrates have been explained by establishing an
equivalence between the behavior of these patches and that
of patches of the same size printed on nonchiral substrates of
lower permittivity. This equivalence is such that the permittivity
of the equivalent nonchiral substrates decreases as the chiral
parameter of the chiral substrates increases.
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