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Abstract—In this paper, a skin-effect modeling approach is
presented that is suitable for all frequency regimes of interest and
therefore is most appropriate for transient interconnect analysis.
Yet, the new formulation lends itself to a model that can be
abstracted for use in conjunction with surface integral and finite
difference-based electromagnetic tools for interconnect modeling.
While a volume filament technique is not computationally feasible
at high frequencies, where a fine discretization is necessary, the
formulation that is presented avoids this difficulty by carefully
casting the behavior of a conductor into the form of a global sur-
face impedance, thus requiring fewer unknowns. Several examples
illustrating the ability of the proposed model to accurately capture
proximity and skin-effect behaviors will be shown. Interconnect
resistance and inductance per-unit-length results are given and
compared with those obtained using different models.

Index Terms—Interconnects, transmission lines.

I. INTRODUCTION

T HE COMPLEXITY and the speed of electronic packages
require the use of accurate electromagnetic modeling for

effective high-speed interconnect design. Clock rates of several
hundred megahertz and rise times on the order of 100 ps at the
printed circuit board level are common today. The high end of
the spectra of some of the associated time waveforms may ex-
tend into the gigahertz range. This makes the use of accurate
skin-effect models necessary. Availability of complete skin-ef-
fect models is especially important for accurate loss and dis-
persion calculations in transient simulations where the current
is uniformly distributed over the cross section during the flat
portions of the signal, while a surface-like current distribution
exists during signal switching. As a result, several skin-effect
models are in use today for different applications. Some of the
early research work on skin-effect modeling was by the au-
thors of [1] and [2]. A much-explored area is a frequency do-
main skin-effect model for transmission line modeling of in-
terconnects. Recent advances in this area, presented in [3] and
[4], include surface formulation models based on Green’s first
identity. Here, we are concentrating on improving techniques
for the partial-element equivalent-circuit (PEEC) models [5] for
both the frequency and the time domains. Also, model order re-
duction (MOR) techniques have been employed in [6] for in-
ductance-resistance PEEC volume filament models in
order to make the method more computationally attractive when
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Fig. 1. Single conductive bar.

a large number of discretizations is necessary to capture the
skin-effect behavior at high frequencies.

To motivate our approach, we consider the example geometry
shown in Fig. 1 with a three-dimensional bar above a finite-size
ground plane. In such a problem, several sources of skin effect
are involved. The skin effect along the thickness of the plane
and the bar, and , will occur at the highest frequencies.

If the skin depth at the maximum spectral frequency is
smaller than the discretization[as is the case for the current
distribution in the conductor cross section of Fig. 2(a)], then a
volume filament model may be too computationally costly for
skin-effect modeling. For cases such as this, a surface-based
method for skin-effect modeling is more cost effective than
a volume-based method. However, the traditional surface
impedance representation, , is effectively a
local planar approximation. Currents at lower frequencies that
permeate the conductor, like that shown in Fig. 2(b), are not
accurately modeled by this surface impedance. It is also evident
from Fig. 2 that such a local surface impedance model is not
suitable for the accurate modeling of the effects of corners.

To address these modeling limitations, this paper pursues an
approach that captures the frequency- and spatial-dependent be-
havior of the current distribution inside the conductors through
the replacement of the high-frequency accurate local surface
impedance model with a broadband global surface impedance
(GSI) model. Sections II and III present the development of the
global surface impedance model and its validation. Once the
global surface impedance of a single conductor is generated,
Section IV establishes the way it can be used in the integral
equation formulation of the exterior electromagnetic boundary
value problem for the prediction of the surface current distribu-
tions. Section V will illustrate how interconnect resistance and

0018–9480/00$10.00 © 2000 IEEE



1436 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 48, NO. 9, SEPTEMBER 2000

(a) (b)

Fig. 2. (a) Volume mesh: Inaccurately models the high frequency current distribution. (b) Local surface impedance model on a surface mesh: Inaccurately models
the low frequency current distribution.

(a) (b)

Fig. 3. (a) Original PEEC mesh of a perfect electric conductor involving only surface unknowns. (b) Improved PEEC mesh of a lossy conductor.

inductance per-unit-length are computed using the new model
and how they compare with results from other methods. Sec-
tion VI will state the future directions of this work already un-
derway.

II. THE PROPOSEDMODEL

For simplicity, consider the bar conductor shown in Fig. 1.
Assuming that the current is flowing in the longitudinal direc-
tion, the electric field has only the -component .
The equation governing the fields inside the conductor is the
Helmholtz equation

(1)

where is the complex frequency andand are the con-
ductor’s permeability and conductivity, respectively. The goal of
improving lossy conductor models for the PEEC technique will
be achieved by deriving a global surface impedance that pre-
serves the physics of the interior of thelossyconductor while
treating the unknown quantities of interest in the same manner
as is done for the case of aperfectelectric conductor. Namely,
surface quantities are the only unknowns; there are no filament

quantities in the cross section that must be solved for, as shown
in Fig. 3(a).

In the improved PEEC model, the cross-section of the lossy
conductor is separated into a finite-difference (internal) model,
with unknowns at each of the “” locations, while the surface
cells constitute the external model, at each of the “” nodes, as
shown in Fig. 3(b). For uniform gridding, there are
total internal nodes and surface cells.
A two-dimensional (2-D) central difference approximation of
the Laplacian operator applied at internal boundary cell
is given below after substitution in (1). For a corner cell, the
operator will contain an additional term while analysis
of an exclusively internal cell (such as cell in Fig. 3)
will only contain values of adjacent neighbors

(2)

The interior unknowns are the values of at the nodes,
, which are contained in the vector . The surface
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unknowns are the quantities on each cell,
. The vector contains these surface cell

derivatives. We can write the resultant system ofequations,
each similar to (2), in a state variable form

(3)

where is an sparse matrix resulting from the dis-
crete approximation of while the entries of the diagonal
matrix , also , are . The input selector matrix

, filled with ones and zeros and of dimensions , in-
troduces the surface cell quantities, such as , that
are adjacent to internal cells lying on the conductor boundary
(such as cell in Fig. 3) as forcing terms for the system(s).
Since our goal is to avoid the computational expense of a vol-
umetric method, we do not want to actually find the electric
field or current density at each of the interior nodes. Instead,
a transfer function between the discrete values ofat the sur-
face boundary and an equivalent surface current density (to be
described later) is desired. These surface values ofare iso-
lated from the vector by an output selector matrix , filled
with ones and zeros and of dimensions , which chooses
the interior boundary cells adjacent to the surface cells to
render

(4)

For example, the field at interior cell , , is approxi-
mately equal to at surface cell .

On the surface of the conductor, the tangential magnetic field
is related to through Maxwell’s equation,

, which leads to

(5)

Recognizing that has the units of a surface current den-
sity, we can replace by an equivalent surface current density

; thus, . The vector
in (4) can now be replaced by a vector of surface currents,.

Thus, an impedance matrix relationship is established between
the electric field at the surface cells and the equivalent sur-
face currents on these cells

(6)

Matrices , and are frequency-independent and
need only be computedonceafter the mesh discretizations,
and , are chosen based on the maximum frequency of in-
terest. The matrix surface impedance relationship (6) couples
together the tangential electric and magnetic fields along a given
cross section of the conducting bar. If the cross section of the
bar is changing along the axis of the bar, a GSI must be de-
veloped for each different cross section. Clearly, the approxi-
mation is made here that the electromagnetic field penetration
inside the lossy conductor is dominated by the cross-sectional
geometry of the conductor, and thus a cross-sectional GSI model
suffices. While such an approximation is expected to be a good
one for long interconnect structures, it needs to be re-evaluated
for short interconnect segments or interconnect discontinuities

(a) (b)

Fig. 4. (a) A semi-infinite bulk conductor. (b) A conductive bar with finite
width and thickness

such as bends, where the surface current density has more than
one components. Such cases will be considered in forthcoming
papers.

The following sequence of matrix equations indicates the way
the eigendecomposition analysis of the matrix can be
used to cast the elements ofin a computationally convenient,
closed-form, and frequency dependent expression

(7)

Introducing the eigendecomposition, , where
is the diagonal matrix containing the eigenvalues of

we have

Let: and (8)

(9)

(10)

The pole/residue representation of the elements ofis
readily apparent from the expression in (10), a useful form
for including the GSI model into time-domain simulators.
Thus, over a cross section of a given interconnect, the surface
impedance matrix represents the interior regions of a PEEC
model in a straightforward and efficient manner, where the
equivalent surface currents can be directly incorporated into a
PEEC modeling scheme.

III. GLOBAL SURFACE IMPEDANCE (GSI) RESULTS

For a conducting half-space, as shown in Fig. 4(a), the sur-
face impedance is well known to be . On
the other hand, the corners of a bar with finite dimensions, such
as in Fig. 4(b), alter this behavior. However, for high enough
frequencies, and if the number of thickness divisions, N2, is
chosen large enough, the center surface cell indicated in Fig. 4,
along the width of the bar, will exhibit approximately the sur-
face impedance behavior of an infinitely wide conducting plane.
Thus, as an initial test of the GSI model Fig. 5 was generated in
order to verify the accuracy of the model in this limiting case.
In addition to model validation, the results displayed in Fig. 5
show that the finite difference cell thickness is sufficiently small
enough to model the skin effect if . With this dis-
cretization guideline in mind, we proceed next to the numerical
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demonstration of the frequency dependent GSI representation
of a cross-sectional geometry.

The sample geometry used for the remainder of this section
is a 20 m 5 m copper conductor with and

, as shown in Fig. 6. The “coupling” between sur-
face elements, or the lack thereof, is most noticeably visible
in the 2-D magnitude plots of in Figs. 6 and 7. For a
fixed frequency, each of these plots displays the magnitude of
the possible mutual and self-surface cell impedance values.
The bright (white) spots along the diagonal, on all three plots,
indicate large self-impedances and interactions at the corner
cells: 20–21, 25–26, and 45–46. For the high-frequency case
(Fig. 7), the self-impedance term is the largest, as expected (no-
tice the brightdiagonalcells). However, the low-frequency be-
havior displayed in Fig. 6 is noticeably different. The self-terms
are not dominant; the thru-coupling is just as prominent be-
tween cells on opposite sides of the conductor including adja-
cent corners. Notice theoff-diagonalbrightness between cells
a) [ : 6–15 and : 31–40] and b) [: 17–29 and : 17–29]. The
plot of the mid-frequency surface impedances in Fig. 7 illus-
trates the less-than obvious transition between uniform volume
current distribution and surface-like currents.

It is important to remember that for the generation of these
intensity plots, the same mesh and therefore the same system
eigenvalues are used, only the variable
changes. The results illustrate that a global surface impedance
was formulated in such a way as to capture thespatial and
frequencyvariations of a lossy conductor as well as separate the
interior conductor from its surroundings. The computational
benefits of a surface formulation have been previously stated. A
closer look at the advantages of an interior–exterior formulation
is now in order. The fact that a wire cross section can be char-
acterized, for a range of frequencies, with matrices, ,
and , independent of the surrounding geometry, lends itself
to the development of component libraries. For a given tech-
nology, a set of conductor descriptions would be available, for
all frequencies less than , independent of their location in a
PCB or interconnect structure. This library feature is illustrated
in Fig. 8 for a system of conductors embedded in a multilayer
board. Additionally, this GSI representation is one that is
amenable to inclusion within both surface integral and finite
difference-based methods. This abstraction of the conductor
behavior from its surroundings and method of computation
is extremely advantageous for modularity and portability of
the model to other circuit, interconnect, and electromagnetic
simulation tools. In the section that follows, the GSI that has
just been developed will be used in conjunction with a formu-
lation of the exterior problem in order to determine circuit-like
quantities for interconnect structures.

IV. I MPLEMENTATION OF GSI IN THE ELECTRIC FIELD

INTEGRAL EQUATION (EFIE)

The global surface impedance that was developed in the pre-
vious sections is a relative quantity: it is the ratio between the
electric field at the equivalent surface boundary and the equiv-
alent surface current that induces it. In order to determine the

Fig. 5. Validation of the proposed model versus analytical expression for the
surface resistance of a semi-infinite conducting space.

actualvalue of the current throughout a conductor’s cross-sec-
tion, the entire domain of interest and system of conductors and
dielectrics, such as the one in Fig. 9, must be incorporated into
the solution. This section describes a technique that incorporates
the GSI models into an electric field integral equation (EFIE)
formulation of the exterior problem.

Once again, for the purposes of this paper, it is assumed that
the interconnect structure of interest involves a set of parallel
conductors which poses a constant cross-sectional geometry.
Furthermore, the interconnect length is much longer than the
cross-sectional dimensions. Consequently, a quasi-TEM trans-
mission line model is appropriate. The EFIE that will be de-
veloped will be used to extract the per-unit-length inductance
and resistance matrices of the interconnect as functions of fre-
quency.

The longitudinal electric field just outside each of the surface
boundaries, , can be written as

(11)

Since none of the examples in this paper is influenced by an
impressed field, is set equal to zero; this term is in-
cluded in (11) for the sake of completeness. The fields just
outside the surface boundary are determined from

, where and are the magnetic vector
and electric scalar potential, respectively. Just inside the surface
boundary of each conductor, is related to the tangential
magnetic field through the previously developed GSI matrix,,
for the specific conductor.

Let and denote vectors that contain the
values of the electric field, and , respectively,
at each of the cells on each of theconductors. Let be the
number of surface cells on theth conductor; then, the length
of each one of the vectors and is

. The continuity condition of the tangential electric
field, , at all points on each conductor sur-
face requires that . Since the interior re-
gion of each conductor is described by a different GSI matrix,
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(a)

(b)

Fig. 6. (a) Example geometry and (b)jZijj at Low Frequency: 79.1 MHz.

Fig. 7. jZijj as a function of frequency.

Fig. 8. GSI library elements (one GSI per layer).

, a block diagonal impedance matrix, , is defined that con-
tains each of the global surface impedances previously derived
for each of the conductors

... (12)
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Fig. 9. Cross-sectional view of a system of lossy conductors.

In the following, an integral equation for the tangential elec-
tric field exterior to the conductor cross sections is derived. Let

denote the equivalent surface electric current on the con-
ductor cross sections. The vector potentialis expressed in
terms of these surface currents as follows:

(13)
Using the surface cells from part as pulse basis functions,

on conductor can be approximated as

where each constant has finite support only over the width
of surface cell on conductor . This simplifies (13) to

(14)

Using the method of moments with point testing at the center
of every surface cell on every conductor yields the following
system of equations:

(15)

where contains the vector potential response at each test point
“ .” The interactions between cells found in are
approximated in the same fashion as in Harrington [7].

To complete the development of the matrix equation that
describes the tangential electric field on the exterior of the
discretized surfaces of the conductor cross sections, the term

must be included. For the 2-D problem of interest it
is well known that is constant for each conductor [3].
If is arbitrarily specified for each conductor, it serves
as a potential difference per-unit-length, i.e., a voltage source,
which drives the problem. Alternatively, one may choose to
constrain the net current that flows through each conductor.
This essentially implies the use of a current source, in which
case is an additional unknown to be determined. For
reasons that will be discussed later, the latter approach is used.
More specifically, for one

conductor, and for all other
conductors. Imposing the continuity of the tangential electric
and magnetic fields at the conductor surface leads to the desired

integral equation. The relevant mathematical development is
summarized in the following:

a)

b)

and

(16)

a)

b) ...

... (17)

...

...

(18)

In (18), there are unknowns. The extra
equations are provided by constraint b) in (16).

.
This completes the development of the system of equations
needed for the calculation of the equivalent surface currents
on the surfaces of the cross sections of the conductors. If the
specific field distributions within a conductor are desired, they
can be found using the original internal models from Section II
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Fig. 10. Demonstration of the skin-effect behavior of a lossy (isolated)
conductor and lossy conductors in close proximity.

Fig. 11. Resistance of isolated square wire.

Fig. 12. Normalized resistance versus normalized frequency,P =
p
2��fA,

for various conductor aspect ratios.

and the equivalent surface currents found in. The entire
procedure is summarized below.

I) For each conductor cross section, compute the GSI ma-
trix in the form of (10), if it does not already exist in
the library of conductor cross sections.

II) Incorporate the multiconductor GSI representation,
, in the electromagnetic solver of choice for the

exterior problem.
III) Solve for the equivalent surface currents on the cross

sections of the coupled conductors.
IV) Compute resistance and inductance per-unit-length

(p.u.l.) as described in the following section. One can
also determine the interior electric field .

V. RESULTS

It is important to realize that since both the interior and
exterior of the conductor are rigorously modeled and the proper
boundary conditions are enforced, both local (internal) and
global (external) electrical effects are modeled accurately. In
Fig. 10, a single GSI matrix is used to determine the current
distributions for both a single and coupled two-line geometry.
Column one illustrates how the current density exhibits a sur-
face like distribution when the skin-effect behavior is dominant.
If the sameGSI model for each cross section is then used in the
two-conductor case of column two, the preferential crowding
of the current on the side next to the other conductor caused by
the proximity effect (a global phenomenon) is clearly visible
along with the skin-effect behavior.

Transmission line-type quantities such as resistance and in-
ductance per unit length are easily computed from field and cur-
rent quantities as follows:

(19)

The results that follow can be compared with the results pre-
sented in Tsuk and Kong [3]. Their work is benchmarked along
with results that exclusively use either surface or volume based
techniques. All of the results in this section were generated by
selecting and to meet the discretization condition that
was validated in Section III: . Depending on the
resources available, a memory storage limit will be reached as

of a frequency response is increased. However, nonuni-
form gridding or formulation in terms of entire domain basis
functions can be used to address this problem. When comparing
our results to results from the literature, it is important to em-
phasize the primary attribute of the GSI model. The fact that the
GSI representation avoids the development of a system of cou-
pled integral equations allows for repeated use of a conductor
(cross section) without introducing new models for each occur-
rence (see Fig. 8). Thus, the number of surface cells needed
for the development of a GSI becomes a secondary issue. In
fact, if full domain basis functions are used, especially those
that mimic the singular behavior of the surface current-density
at conductor edges, a GSI can be generated in a very efficient
fashion, independent of the discretization size chosen for the ex-
terior problem.

Our first example is the isolated copper conductor of Fig. 11.
The conductivity throughout its square cross section is

( -m) . Using 20 divisions per side, our results shown
in Fig. 11 are nearly identical to the results in [3] (not shown).
To illustrate the accuracy of our GSI model, independent of a
conductor’s aspect ratio, the thickness of the conductor used in
Fig. 11 was varied in order to simulate the conductor aspect ra-
tios presented in Fig. 12. Although it was not necessary to do so,
the ratio, , between the number of divisions along the
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Fig. 13. Cross-sectional geometries of a two-conductor system where one of
the conductors is used as the return path.

Fig. 14. Per-unit-length resistance of the two-conductor lines of Fig. 13.

Fig. 15. Per-unit-length inductance of the two-conductor lines of Fig. 13.

conductor’s width and thickness (respectively) were scaled to
equal each specific idth/ hickness ratio. While the con-
ductivity was held constant at ( -m) , each curve
was normalized to the value for each specific ratio.
A direct comparison can be made between Fig. 12 and results
presented in [8], where is equal to the conductor’s cross-sec-
tional area. Each of the curves shown in Fig. 12 closely agrees
with the corresponding result found in [8].

The symmetric coupled interconnect geometries in Fig. 13 are
also examined by Tsuk and Kong. As with the single conductor
results, the correspondence between the results of the GSI model
and those of other, more computationally expensive methods,
are practically identical. Figs. 14 and 15 display the frequency
dependent behavior of the resistance and inductance for the two
geometries of Fig. 13 calculated using GSI models.

VI. CONCLUSIONS ANDFUTURE WORK

In summary, a GSI was developed which accurately and effi-
ciently models the quasistatic electromagnetic behavior of a 2-D
lossy conductor. Since the interior of the conductor cross section
is discretized and incorporated into the formulation of the GSI
model, it eliminates the need for a high-frequency volume fila-
ment approach. The modification was shown to accurately cap-
ture the spatial and frequency dependent behaviors associated
with boththe skin and proximity effects. More significantly, the
GSI matrix is compatible with both integral equation-based
and finite method-based modeling of interconnect structures for
the purposes of global signal integrity and interference analysis.
This is possible due to the abstraction of the GSI model from
its physical and computational settings. The GSI representa-
tion is also conducive to building a library of conductor element
models where the GSI serves as a rigorous surface impedance
description of the conductor interior. The pole-residue form of
the elements of the GSI matrix is directly compatible with the re-
cursive convolution schemes commonly used for the purpose of
a computationally efficient description of frequency-dependent
effects. The cost of using the GSI model in transient simulations
is directly related to the number of poles used in the pole–zero
representation. This cost can be controlled by utilizing model
order-reduction techniques [9].
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